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do /dpr(j) [pb/GeV]

NNLO Predictions for pp — ttj

Simon Badger, Matteo Becchetti, Colomba Brancaccio, Michal Czakon, Heribertus Bayu Hartanto, Rene Poncelet and Simone Zoidq, in preparation
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Heribertus Bayu Hartanto, TOP 2025, Hanyang University, Seoul September 22nd, 2025


https://indico.cern.ch/event/1501204/contributions/6561357/attachments/3139567/5572304/Bayu_Top_2025.pdf

Two-Loop Amplitudes
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Two-loop master integrals for a planar topology contributing to pp — #¢] - - X - X
Badger. Becchetti, Chaubey, Marzucca, 221017477
R ) ol IR 3 ol R
Two-loop integrals for 17+ jet production at hadron colliders in the leading colour approximation 5
Badger, Becchetti, Giraudo, Zoia, 240412325 4 3 4 1

Numerical evaluation of two-loop QCD helicity amplitudes for gg — tfg at leading colour
Badger. Becchetti, Brancaccio, Hartanto, Zoia, 241213876

PB4 | PBp | PB¢ | all MIs | special func. (all) | special func. (non-polylog.) DE solution with DiffExp, Hidding, 2006.05510
(T) | 43s | T7s | 66s 309 s 297 s 16 s Bond diti AMFlow. Liu Mo 220111666
Table 2: Average time per segment and standard deviation for the solution of the DEs for the Drawback: reliance on Mathematica

MIs of each 2-loop family, cumulatively for all 2-loop MIs, for all special functions, and for the
non-polylogarithmic special functions alone. The time for all MIs keeps into account that PB4 and
PBp are needed in two permutations of the external legs, and that the time for the one-loop family

Alternative LINE, Prisco, Ronca, Tramontano, 220111669

(Py) is =~ 2s. Drawback: no support for sqrt
a
) Becchetti, Dlapa, Zoia, 2503.03603
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https://arxiv.org/abs/2210.17477
https://arxiv.org/abs/2404.12325
https://arxiv.org/abs/2412.13876
https://arxiv.org/abs/2503.03603
https://arxiv.org/abs/2006.05510
https://arxiv.org/abs/2201.11669
https://arxiv.org/abs/2201.11669

Numerical DE Solution

Original idea (as far as I know)

Numerical evaluation of the general massive 2-loop sunrise self-mass master integrals from differential equations
Caffo, Czyz, Remiddi, 0203256

First applications

NNLO fermionic corrections to the charm quark mass dependent matrix elementsin B — Xy
Boughezal, Czakon, Schutzmeier, 0707.3090

Expansions and numerical solution, boundaries from large-mass expansion

Tops from Light Quarks: Full Mass Dependence at Two-Loops in QCD
Czakon, 0803.1400
leading color full color
\ number of masters 36 145
Co number of functions 155 595
A Im mg, Im z 7 precision quadruple | double quadruple | double
200 - evolution in mg,
requested local error 10720 [ 10712 | 1072 | 1072|1072 | 10°!2
0 - contour deformation dm, 0.1 0.1 0.1 0.1 0.1 0.1
number of steps taken 2319 618 534 || 2932 77 1302
“““ Jacobian evaluation time [ms] 3.4 3.4 0.2 37 37 4.9
-200 - —
evolution in x
< - 10 requested local error 10718 {10719 | 10710 | 1071 | 10710 | 10710
0ms, 0T -400 | i 7.5 contour deformation oz 0.1 0.1 0.1 0.1 0.1 0.1
1 P — 5 number of steps taken 545 | 139 139 739 | 174 432
> “ Jacobian evaluation time [ms] 8.3 8.3 0.4 150 | 150 17
05 025 0 total evaluation t 9] 13 1] 957 | 243 26
Mso, Lo Ms1,T1 Re mg, Re x X =-t/s 0 ! =s/(4m2) -1 otal cvaluation time |5 =

Complex contour deformation Boundaries from Mellin-Barnes representations and high-energy expansion

VODE: A Variable-Coefficient ODE Solver
A Brown, Byrne, Hindmarsh, SIAM J. Sci. Stat. Comput. (1989) 1038.



https://arxiv.org/abs/hep-ph/0203256
https://arxiv.org/abs/0707.3090
https://arxiv.org/abs/0803.1400
https://epubs.siam.org/doi/10.1137/0910062

Numerical DE Solution

Switch to a different solver

Boost C++ Library, ODEINT, Bulirsch-Stoer algorithm

Exact quark-mass dependence of the Hi

M. Czakon, M. Niggetiedt, 2001.03008

Exact top-quark mass dependence in hadronic Higgs production

M. Czakon, R.V. Harlander. J. Klappert. M. Niggetiedt, 2105.04436
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https://arxiv.org/abs/2001.03008
https://www.boost.org
https://arxiv.org/abs/2105.04436

Numerical DE Solution

Reappraisal of the method

F

ast evaluation of Feynman integrals for Monte Carlo generators
Rosds, Bobadilla, 250712548

Different algorithms tested, best choice Bulirsch-Stoer
Solutions of linear system of equations

Boundaries from AMFlow

Integration in one variable at a time

Treatment of square roots by staying on the same branch and
decomposing roots into products of roots of factors

Proposal for an optimised choice of path
Discussion of speedup of Jacobian evaluation

Discussion of error control based on the available relative/
absolute estimators (needed since several solutions iterated)

Three examples including pp — tij
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D ko ki < : kz  h
- X « =
f k1 + ko 2 f k1 + ko 3
5
4 3 A
Ta, Tr R (7)[s] DiffExp (1) [s]
oR double 107'2, 10712 10 0.0881 580.85
A
quad 1072 1072 27 51.588 795.516
bR double 10712 102 10 0.100 555.438
B
quad 10728, 1072 27  89.088 826.219

Table 2: Performance summary for the evolution from a boundary point to a benchmark

kinematic configuration in two-loop families, using double and quadruple precision. In-

tegration was performed with the BS algorithm. The average integrator time in double

precision corresponds to the mean over 1000 runs. Shown are the absolute and relative

tolerances (74, Tr), the number of correct digits R, and the run-time of our integrator and

the DiffExp package.


https://arxiv.org/abs/2507.12548

Leading color 2-loop amplitudes for ttj

Baddger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet and Zoiq, in preparation

dG(X) = M(X) - G(X) M(X) =Y AidlogW;(X)+ Y Bjw;(X)
J
— — 2
X =d, d=(di2,da3,dsa,dss,d15,m;), dij =p;-p;
square roots | rat. letters | alg. letters | all letters | non-d log one-forms
minimal 9 o1 58 109 126
all 26 121 144 265 566
all (up to €*) 26 109 132 241 338

Crucial improvement: basis of functions for the finite remainder a la “pentagon functions”

All Two-Loop Feynman Integrals for Five-Point One-Mass Scattering

Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia, 2306.15431 Badger, Becchetti, Brancaccio, Hartanto, Zoia, 241213876
weight 0| 1| 2 3 4 | 4* | all e the connection matrices are polynomial in €, and are expressed in terms of dlog’s and Q-

linearly independent non-logarithmic one-forms;
generating set || 0 | 6 8 | 45 | 166 | 12 | 237

minimal DE bas e a0l 151 | 166 | 12 | 366 e we have sufliciently many numerical values of the MIs to establish reliably which e-coefficients
asls vanish and to check the relations returned by the algorithm of Ref. [53];
i 11 | 22 | 1 4 4
Al generating set || 0 07 1 699 | 48 ) 947 e the MIs whose DEs are not in canonical form on the maximal cut are non-zero only starting

DE basis 1 |11 | 80 | 443 | 699 | 48 | 1282 from the highest e-order that is required for the amplitude computation.


https://arxiv.org/abs/2306.15431
https://arxiv.org/abs/2412.13876

Leading color 2-loop amplitudes for ttj

Baddger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet and Zoiq, in preparation

Bulirsch-Stoer solver from Boost, boundaries from AMFlow
* Non-linear system of equations for 947 functions

* Optimisation of the Jacobian
1. Each one-form parameterised with § variables that yield shortest expression
2.Rational coefficients simplified with MultivariateApart
3.Polynomials factored and factors evaluated only once
4.Expression in terms of polynomials further simplified in Mathematica

* Solution at m, = 1 (production version) and m, # 1 (benchmarking version)

Solution along a line in 5-dimensional space or along a curve in phasespace if
line leaves the phasespace

* Curve deformed for parameter j into the complex if o; # 0
Ld(0) =dy;+ (1440 = 0i5) (dyeq (1) — dy ;)
2.0; all different and non-zero only for positive invariants

3.sign of imaginary part does not need to be positive

* Square roots smooth along branch cut crossings

1. algorithm to search for brackets containing branch cut crossings based
on subdivision of the integration interval at fixed number of points

2.smoothness of square roots checked after integration (non-trivial)
3.if not smooth, increase subdivision, search for brackets, re-integrate

* Error control based on relative error wrt Born amplitude
1. minor modification of Boost code (allowed by copyright)
2.amplitude is 3379 coefficients of monomials in 947 functions + constant
3.coefficients computed in quadruple precision by default
4.error computed by standard error propagation

5.double precision achieves g digits for 10 digits requested (Bulirsch-Stoer
error control is very robust)

* Error estimate on amplitude based on integration starting from two
different boundary points

* Rescue system in octuple/quadruple precision


https://arxiv.org/abs/2101.08283

Comparison

Fast evaluation of Feynman intearals for Monte Carlo generators

Rosas, Bobadilla, 2507.12548 Badger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet and Zoia
Bulirsch-Stoer solver from Boost, boundaries form AMFlow * Bulirsch-Stoer solver from Boost, boundaries from AMFlow
Solutions of linear system of equations * Non-linear system of equations
Integration in one variable at a time * Solution along a line in 5-dimensional space or along a curve in phasespace if

. line leaves the phasespace
Treatment of square roots by staying on the same branch

and decomposing roots into products of roots of factors * Curve deformed for parameter j into the complex

Proposal for an optimised choice of path * Square roots smooth along branch cut crossings

Discussion of speedup of Jacobian evaluation . .
* Error control based on relative error wrt Born amplitude

Discussion of error control based on the available relative/

absolute estimators (needed since several solutions iterated) * Error estimate on amplitude based on integration starting from two different
boundary points


https://arxiv.org/abs/2507.12548

Apple M1 Max

Compiler g++-15 -02
Quadruple precision using boost::multiprecision::cpp_bin_float_quad

system

1282
1282 _mtl

366

366_mtl

366 _mtl _div
366_mtl_mul

Intel(R) Core(TM)

Some Benchmarks

Baddger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet and Zoiq, in preparation

double precision
der_time

avg_time

N

.61978
462443

8]

OO0

.126833

Compiler g++-13 -02
Quadruple precision using dd_real from the QD library

system
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double precision
der_time

avg_time
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. 65543
.11583

=

.201802
.150381
.1814
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.000188134
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quadruple precision
der_time

avg_time

114.946
75.9921

12.8849
9.97814
13.2533
16.3394

9.
.0525661

Ay

o000 ®

0793199

.0120771
.00933499
.0136928
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quadruple precision
der_time

avg_time

20.7156
14.05

2.82972
1.99558
2.43324
3.40485

o

OO0 ®

.0144029
.00972801

.00266182
.00186848
.0025114

.00249252
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Low-energy points

1. average # steps about 20

2. average # derivative evaluations about 1000
High-energy points

3. average # steps about 40

4. average # derivative evaluations about 1700
Amplitude coefficients about 30 times slower than

Cross section evaluation “live” rather than reweighting



Conclusions

* Practicable method for evaluation of master integrals
» Usefulness depends on the complexity/evaluation time of Jacobian

» Software will be released with amplitudes, can be adapted for any problem
(variables, square roots, Jacobian, error estimator must be replaced)
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