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Heavy-ion collisions
Evidences for the formation of a fluid
• Investigate the thermodynamic and transport properties of QCD;


• Creation of numerous particles in a large volume.

H. Elfner and J. Bernhard (MADAI Collaboration).

• Validity of hydrodynamics is associated with proximity with equilibrium and small gradients;


• Hydrodynamics works, but is the system in equilibrium?



Relativistic Kinetic Theory
Boltzmann equation
Assuming a system of classical particles that can be described by a Boltzmann equation

kμ∂μ fk =
1
2 ∫ dK′￼dPdP′￼𝒲kk′￼↔pp′￼(fp fp′￼

− fk fk′￼)
L. Boltzmann, Wiener Berichte 66, 275-370 (1872).

Method of moments in a nutshell
Replace the equation for   by equations for its irreducible moments.fk
H. Grad, Comm. Pure Appl. Math. 2, 331 (1949); W. Israel and J. M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979).

G. S. Denicol and D. H. Rischke, “Microscopic Foundations of Relativistic Fluid Dynamics”, Springer (2021).

In Bjorken flow, the moment expansion of the single-particle distribution function is
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How many terms provide a sufficiently accurate solution for the Boltzmann equation?



Bjorken flow
Moment equations
The irreducible moments of the distribution function are
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All moments beyond the chosen truncation are identically set to zero.
These equations are coupled with relations for the thermodynamic quantities,
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How do the solutions change if we change the truncation?



Bjorken flow
Moment expansion

G. S. Denicol and D. H. Rischke, “Microscopic Foundations of Relativistic Fluid Dynamics”, Springer (2021).

Recalling the moment expansion in Bjorken flow,

fk = f0k

L

∑
ℓ=0

nmax

∑
n=0

n

∑
m=0

𝒜(n, ℓ)(βEk)2ℓP2ℓ(cos Θ)L(4ℓ+1)
n (βEk)

ϱn,ℓ

ϱeq
n,0

Fluid dynamics (14-moment approximation)
Coarse-grain the myriad of degrees of freedom contained in the moment expansion.

Transport (Exact solution)
Solve and include the dynamics of all irreducible moments in the moment expansion.
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L → ∞, nmax → ∞

How to truncate the moment expansion?



Multipoles of the distribution function
Unphysical divergence

ℱ(ℓ)
k ≡ ∫

1

−1
d cos Θ P2ℓ(cos Θ) fk

The moment expansion is divergent and it is thus necessary to employ resummation schemes.

CVPB, D. Wagner, G. S. Denicol and D. H. Rischke, arXiv:2411.06267 [nucl-th].



Multipoles of the distribution function
Resummation using a Borel-Padé scheme

ℱ(ℓ)
k ≡ ∫

1

−1
d cos Θ P2ℓ(cos Θ) fk

It is necessary to employ a Borel-Padé resummation scheme to obtain physical results. 

CVPB, D. Wagner, G. S. Denicol and D. H. Rischke, arXiv:2411.06267 [nucl-th].



Comparison of different truncations
Back to the initial motivation

Does a fluid-dynamical truncation provide a good description?

CVPB, “Nonequilibrium dynamics of ultrarelativistic gases from the method of moments”, PhD Thesis (2025). 

In Bjorken flow, the energy-momentum tensor reduces to

Fluid dynamics works even though the system is not in equilibrium.

Tμν = diag (ε0, P0 +
π
2

, P0 +
π
2

, P0 − π)



Comparison of different truncations

Hydrodynamics does not provide an accurate description of the exact solution.
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Photon production in heavy-ion collisions
The need for thermal photons
• Most photons are emitted by the decay of final-state particles;


• Emissions from hard processes at early stages do not account for the entire spectrum;


• Thermal photons are required to compensate this imbalance.

J.-F. Paquet, “Characterizing the non-equilibrium quark-gluon plasma with photons and hadrons”, Ph.D. Thesis (2015).

J.-F. Paquet et al., Phys. Rev. C 93, 044906 (2016).



C.-Y. Wong, “Introduction to High-Energy Heavy-Ion Collisions” (1994).

Thermal photon production
Forward scattering approximation
The main sources of thermal photons are quark–anti-quark annihilation and Compton processes.

Forward scattering approximation
Photons are emitted in the same direction of the incoming quark or anti-quark.
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K. Dusling, Nucl. Phys. A 839, 70-77 (2010).

The emission rate of photons with momentum  and energy  isk k0

Current status: assume equilibrium or 14-moment approximation for the distribution function.

How non-equilibrium effects beyond the hydrodynamic limit impact the emission rate?

J.-F. Paquet et al., Phys. Rev. C 93, 044906 (2016).



Thermal photon production
Forward scattering approximation
Photon momentum anisotropy

ϵ2,k =
∫ d cos Θ cos(2Θ) k0

dN
d3k

∫ d cos Θ k0
dN
d3k

CVPB, and G. S. Denicol, arXiv:2510.14547 [nucl-th].
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Summary

•  is well approximated by hydrodynamics even though the system is not in equilibrium;


• 14-moment approximation is not an accurate description for the exact solution;


• Impacts on observables in heavy-ion collisions


• The moment expansion is actually divergent;


• Convergent results obtained via a Borel-Padé resummation scheme;


• Nonhydrodynamic effects are relevant for the production of thermal photons.

Tμν

Accomplished ✓



The road ahead
Future developments

1. Investigate more realistic systems:


• Consider a multi-component system;


• Assume a gas of massive particles;


• Non-trivial radial dependence e.g. Gubser flow.


2. Further investigate the implications of these results for heavy-ion collisions:


• Thermal photon production;


• Transport coefficients for heavy quarks.


