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Bigger picture

Understand proton inner structure

Key question: Does the # of particles saturate (especially gluons) at
small xB (or high energy)
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Proton structure and DIS

Differential DIS cross section

dσ ∼ LµνW
µν

Hadron tensor

W µν = −W1(xB ,Q
2)

(
gµν − qµqν

q2

)
+

W2(xB ,Q
2)

m2
P

(
Pµ − P · q

q2
qµ

)(
Pν − P · q

q2
qν

)
Structure functions

F1(xB , Q
2) = mPW1(xB , Q

2) F2(xB , Q
2) =

Q2

2mpxB
W2(xB , Q

2)
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The (Q2, xB)-plane

One would like to understand F1 and F2 in the entire (Q2, xB)-plane.

To find signs of gluon saturation
→ need high precision in experiment
and theory

At small xB one uses the target rest frame, the dipole picture (DP) and
the Color Glass Condensate (CGC).
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The LO DIS dipole picture

1 What is the dipole picture?

2 Previous calculations

3 The phenomenological impact of exact kinematics in the dipole
picture.
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The dipole picture

Dipole picture amplitude

⟨f |i⟩ =
〈
q(k̄0), q̄(k̄1)

∣∣ Ŝ − I |γ∗(q̄)⟩

γ∗(q)

P

z

1− z

k0

k1

u

“Individual” qq̄ coordinates −→ ”Dipole system” coordinates

Positions: u = x0 − x1, v = zx0 + (1− z)x1

Momenta: K = k0 + k1, P = (1− z)k0 − zk1

Cross section

σγ∗P
L,T =

1

4π

∫
d2K

(2π)2
d2P

(2π)2
dz

z(1− z)
d2u d2v d2u′ d2v ′

× e iK·(v ′−v)e iP·(u
′−u) Ψγ∗qq̄

L,T (z , u)︸ ︷︷ ︸
Describes γ∗qq̄ splitting

(
Ψγ∗qq̄

L,T (z , u′)
)†

× N(z , u, v, u ′, v ′)︸ ︷︷ ︸
Describes target interaction

γ∗(q)

P

z

1− z

k0

k1

u u ′

Here N(z , u, v, u ′, v ′) has a quadrupole structure
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Structure functions and previous calculations

Structure functions in terms of polarization of γ∗

FT =
Q2

4π2αEM
σγ∗P
T , FL =

Q2

4π2αEM
σγ∗P
L

F2 = FL + FT , F1 = 2xBFL

In literature, phase space unbounded

σγ∗P
L,T =

1

4π

∫
d2K

(2π)2
d2P

(2π)2
dz

z(1− z)
d2u d2v d2u′ d2v ′

× e iK·(v ′−v)e iP·(u
′−u)Ψγ∗qq̄

L,T (z , u)
(
Ψγ∗qq̄

L,T (z , u′)
)†

× N(z , u, v, u ′, v ′)

⇓
σγ∗P
L,T = 1

4π

∫
dz

z(1−z)d
2u

∣∣∣Ψ̃γ∗qq̄
L,T (z , u)

∣∣∣2N(z , u)

γ∗(q)

P

z

1− z

k0

k1

u u ′

⇓

γ∗(q)

P

z

1− z

k0

k1

u

This is known as the optical theorem (OT) result.

N(z ,u) has a dipole structure.
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Phenomenological impact

Want invariant mass of qq̄ to be at most CM-energy of γ∗P-system

=⇒ M2
qq̄ = (k0 + k1)

2 =
P 2+m2

f
z(1−z) = P 2

z(1−z) + m̃2
f ≤ (q + P)2 = W 2

Implement in cross section through delta function

1 =
∫W 2

m̃2
f
dM2

qq̄ δ
(
M2 − P 2+m2

f
z(1−z)

)
Using exact kinematics of M2

qq̄, the cross section becomes

σγ∗P
L,T =

σ0
4

∫
dz

z(1− z)
d2u d2u′Ψγ∗qq̄

L,T (z , u)
(
Ψγ∗qq̄

L,T (z , u′)
)†

× N(z , u, u ′)H(z , u, u′, W 2, m̃2
f )

We call this the kinematically constrained (KC) result.

N(z , u, u ′) keeps quadrupole structure
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Saturation and quadrupole vs dipole

For the KC cross section

σγ∗P
L,T =

σ0
4

∫
dz

z(1− z)
d2u d2u′

×Ψγ∗qq̄
L,T (z , u)

(
Ψγ∗qq̄

L,T (z , u′)
)†

× N(z , u, u ′)︸ ︷︷ ︸
saturation

H(z , u, u′, W 2, m̃2
f )

For the OT cross section

σγ∗P
L,T =

1

4π

∫
dz

z(1− z)
d2u

×
∣∣∣Ψγ∗qq̄

L,T (z , u)
∣∣∣2N(z , u)︸ ︷︷ ︸

saturation

Saturation through the modeling of N-function.

McLerran-Venugopalan model is a common choice for the dipole
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Effect of kinematic constraint

FL and FT plotted vs W 2 ≈ Q2

xB

Q = 10 GeV and mf = 0.14 GeV are fixed. xB -range: 5 · 10−4 to 10−2.

NOTE → Kinematic constraint has larger effect on FT than on FL.
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Effect of kinematic constraint

Relative difference for FL and FT in part of (xB ,Q
2)-plane

Up to 8% effect in small-x HERA kinematics. Larger than exp.
uncertainty.
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Summary and conclusions

Implementing exact kinematics limits phase space the of qq̄-pair.

We obtain a cross section that depends on a quadrupole.

Integrate numerically → up to 0.8% effect on FL & 8.0% effect on FT .

These results will alter initial condition fits to BK evolution equation.

Study the effect of implementing constraint in NLO calculations
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Extra slides
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For the KC cross section

N(z , u, u ′) =
〈
1 + S (4) − S (2) − S (2)†

〉 For the OT cross section

N(z , u) =
〈
1− S (2)

〉
Trace of Wilson lines U (x , y , x ′, y ′) are functions of u,u ′ and z .

S (4) =
1

Nc
Tr
{
U(x)U†(y)U(y ′)U†(x ′)

}
←− quadrupole

S (2) =
1

Nc
Tr
{
U(x)U†(y)

}
←− dipole

S (2)† =
1

Nc
Tr
{
U(y ′)U†(x ′)

}
←− conjugate dipole

MV-model for two-point function S (2) and S (4) expressed through dipoles.
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