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Take-Home message

»Time operator is induced by
measurement in Lee-Tsutsui formalism:

> It obeys CCR-like relation with
& time-energy uncertainty relation

>»Lee error of diverges:
time-of-arrival measurement cannot see energy =



Time in QM
»Time is usually parameter, not operator
(cf. Pauli’'s theorem)
»Time-energy uncertainty relation subject to long-
standing debate
»Time operator by Aharonov and Bohm:

symmetric operator (# self-adjoint operator)

m

=—? + ,[ , ]=—i

»Many other approaches using measurement-
theoretic machinery, especially POVM
(Kijowski 1974, Holevo 1978, etc.) s



Lee-Tsutsui(LT) formalism

Quantum (H) Classical (1)
. measurement M
state p € Z(H) > pc W(Q) (PDF)
) pullback
observable A € S(H) f € R(§2) (real func.)

»Recently(2020’s) proposed by Lee and Tsutsui
»Measurement(M) induces pullback(M*):

(M 1),= Dwmp

>LT error and Lee error(partial inverse of pullback M*|~1)
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Position and momentum

Our previous work for position and momentum
using Gaussian wave-packet basis(PTEP(2025),
063A02)

(1801 =)5 2,

"It would be fascinating to explore the time-
energy uncertainty relation on this ground.”

This talk does exactly that with time-of-arrival measurement

5/13



Concept

Detector by time-translated Gaussian wave-packet
basis at X detects time of particle arriving there

t T

O Time-of-arrival

/ N IS around here
Wave-packet @

£ partic <i
of particle

Detector ——

| u 613




Gaussian detector
Positive-Operator-Valued Measure(POVM):

w) =0, [dw!l(w) =1, Prob(w) = Tr[ll(w)/]

Gaussian detector(POVM):

7. temporal interval in which we perform
time measurements
Outcome space Q = 7 U ND: detection can fail !

) ‘)TD);P;UD><)TD:P;O-D|
TD .—YIRdd P (Zﬂ)d )

ND) = — j dTD TD
J
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Pullback time operator
and its conditional expectation

When particle is coming straight towards detector
XD_XS OCPS, (XD_XS)'PS > O
conditional expectation of 7 reproduces

classical arrival time ! opsios) res. /o
g/ M
( ) XDS >
= TS + m-—— =. TCl source ps
() ‘PS| detector Xp

Xps = [Xp — Xs|
This suggests 7' Is legitimate operator
corresponding to arrival time o/13



Commutator with free Hamiltonian

Analogous to CCR!

(7, o] = =

Sharing same structure as result written in Hohn et al., 2021 for n=1
case, whereas its conceptual background is different from ours

RHS involves /, not 1, so this clearly evades Pauli’s
obstruction
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Time—energy uncertainty relation

Conditioned on detection

1 1
A |T;M] o | ]2§PD[;M]—'—>E
A [7; M] : standard deviation of measured values of

arrival time
g [ | : quantum fluctuation of free Hamiltonian

Pp[7; M] : total detection probability given state
and measurement M

10/13



Time measurement cannot see energy

By definition, the following must hold:

el /1o 71 = [ dTo [MAI(To)M? | e (To)
In reality, there is no solution, so
¢ ran M~
Lee error of for considered measurement blows up
by definition:

& M ] = 4o
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Summary(Take-Home message)

»Time operator is induced by
measurement in Lee-Tsutsui formalism:

> It obeys CCR-like relation with
& time-energy uncertainty relation

>»Lee error of diverges:

time-of-arrival measurement cannot see energy



Thank you!

T QR code for
PTEP(2025),063A02

(position momentum paper)



Backup




Main Theme

Time as M |

o S \V
o R
A
o
i+ +

operator induced by A 2

measurement
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Lee-Tsutsui(LT) formalism

»Recently(2020’s) proposed by Lee and Tsutsui

»Universal and operational

»Measurement (M) induces pullback M*:
Map from classical to quantum observable
Critical for constructing time operator

>LT error and Lee error(partial inverse)

»We applied LT formalism to Gaussian Wave-
packet basis: plausible uncertainty relation for

position and momentum (previous work)
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H: system Hilbert space, Q: outcome space

Observable State

Classical Real function Probability distribution
f(w) € R(Q) p(w) € W(Q)
Quantum | Self-adjoint operator Density operator
eE S(H e (H
Expectation value Seminorm Semi-inner
product

Classical 13 = (f%)p (f, ), = (fg),

(fyp = fﬂ deo £(e0)p (@)

Quantum

(1) = Tr[/)

B
(4,5, = (=)

17/13




LT-measurement process

Abstract map representing
guantum measurement

» LT-measurement process M .
» Map from Z(H) (3 7)) to W(Q) (3 p)
> (If we consider probabilistic mixture) Affinity

M(Ao +(1—=2)7) = AM(0) + (1 —=A)M()
A €1]0,1]

Hereafter denote M(/) as Mp



Lee-Tsutsui(LT) adjoint (Pullback)

Measurement process M induces
for given
classical observable f and any

(M) = DHwmp

Defined as operator by mapping
classical observable to quantum side
via quantum measurement

(critical for considering time)




Pushforward M, A
( ) ) — <M*A’ f)Mﬁ

Lee-Tsutsui(LT) error [ r=c) | [ig=¢
r—

e [4;M] = [IA12 = M Al
N~ -

Pre-measurement Post-measurement

Clear operational meaning 201



Lee error If3 :=f dw f*(w)p(w)

I A 1% = (A7)

M*[~1A4 |3, — 2 € ran M*

&1/ M] = \J" IA I, — 212 ( )
+00 (4 € ran M%)
Post-measurement Pre-measurement

where (standard) partial inverse

of pullback :
M*|71A := argmin.

I F il

Clear operational meaning
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Lee-Tsutsui(LT) inequality

el4le[F] =

Al

T[4, 5] + RE[A, P

Lee inequality

£

~

el =

15 [A, 5]+ R3[4, F]

LT / Lee inequalities are CS inequalities
Error-disturbance relation is similar

22/13



Gaussian wave-packet basis
{IX,P;0)}(Husimi distribution) T

X

» Width /o for position, /1/c for
momentum

» Set of states localizing in the way of
Gaussian distribution

» Forms basis

» Nonorthogonality, overcomplete




Previous results with KO
for position and momentum




model
» Pure Gaussian initial state:

: = | Xin, Pin; 0in{Xin, Pin; Oin|

» Joint measurement of position and
momentum by POVM of another

Gaussian wave-packet M

» Calculate LT/Lee inequalities



LT error

Dependent on
width of Gaussian
wave-packet of
detector and initial
state

Lower bound

o)
= S
LT inequality
1
(e[71el]=)5 [ 2 0
,V Sumnl

saturated when
o—>00rog—- oo,
measurement
becomes projective
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Lee error

e[ =581 =5,

Dependent only on
— | width of Gaussian wave-
29 | hacket of detector

Lee Iinequality

Giving lower bound of

(€[] &[] =) 7 = -

usual uncertainty
relation,

and always saturating

27/13



Ongoing work with KO on time




Time-translated Gaussian wavepacket
basis {|X, P; 7))}

Power-law damping along trajector
— ping g traj 4

= Time g
=

X, P; ) = el oot [X,P;0) =
P 2m (t—T)%
Localizing around X(t) := X + E(t — T) with width o -

29/13 om?




Momentum representation of time-
translated Gaulssian wave-packet basis:

> 5\ ._ (94 - oy 9 N2
(p|X, P; o) = (ﬂ) exp (1E(p)T ip- X Z(pz P) )
E(p):=,—

Nonorthogonality:

(T,X",P’;0|T,X,P;0)
2
—exp (i P-;P/ . (X o X’) (X-Xx") o (P B P,)Z)

4o 4



Concept

Detector at xp(Xp) detects time of particle

arriving there

@

/

Wave-packet
of particle

Detector ——

@

\ Vi

tt(T)

Time-of-arrival
IS around here

x(X)

| u 31/13



Gaussian detector My, outcome space :
y: coupling constant dependent Q = {J,ND}

on details of detector [y] = —(d — 1)
POVM density of detection at time T}, :

‘)TD)»P; O-D><)TD):P; 0p

Tp) ==Y d¢ p [1(Tp)] =1
R4 (Zﬂ)d
POVM element of detection in interval 7 = [T, T¢]
J 3=f dTD TD , [ J ] =0
J

POVM element of ho-detection event:
ND) = —fg dTD TD' [ ND]:O

32/13



Perturbative condition

(Y111 |y)
(YY)

< 1,Tr[l1(7)] « 1

Under this condition, measurement-theoretic
description of our approach is valid



Pullback time operator for Gaussian
detector

(pl p) _
2

_ Y —q P’ P? L 71(n' — . ] g g

= anj dT Texp l(Zm 2m> Hi(p' —p) - Xp 2 (»" —p)

(p| p’)

= L[ dTex ;%%2 ﬂ>+wﬂ—plX - p)?
2m I b P 4

2m 2m

[ ]=-1 [F001 =0
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Conditional expectation value of
time operator
Under the head-on condition

XD_XSOCPS7 (XD_XS)PS>O

This suggests IS Indeed operator
corresponding to time

35/13



Commutator with free Hamiltonian

Analogous to CCR!

/) |=0

Due to nonorthogonality,
[7,/1=0(y%) # 0



NoneXxistence of partial inverse of and
divergence of Lee error of

el e 72 = | dTo [MASIT)M? | e (T)
Performing Fourier transformation,

d
fu(w) = (2\/21) E(p)e ' -») X+ (' -p)’ w=E()—E(p")
8%

In reality, there is no solution, so
*
¢ ran My

Lee error of for considered measurement blows up
by definition:
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Summary

»Time Is usually parameter, not operator in QM /
symmetric operator / POVM

»LT formalism: measurement-induced pullback
maps classical observables to quantum ones

»Pullback time operator and its conditional
expectation

»Commutator analogous to CCR

»Nonexistence of partial inverse and divergence of
Lee error of free Hamiltonian

38/13



Prospects

»Bell-CHSH inequality

»Angle and orbital angular momentum,
phase operator, and QCD axion

»Application of similar approach to Lorentz
iInvariant / covariant Gaussian wave-
packet basis, achieving relativistic
extension
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B ERN

(pIX,P; 0) == (%)% exp (—ipX - g (p - P)z)

FFIERZ

(X,P;0|X",P’;0)
1\ 2
:exp (l P-;P’ (X _ Xl) (X_X ) o (P . P’)Z)

4o 4
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DO XBE POVM
> {|X,P; o)X, P; 0|}z (& POVM :

|X,P;0)X,P;0| =0,

dxdp

R%:={(X, P)}

XP@MPU\
HIK(CLD POVM EITE M :

(IE{E%)
(e=T%)

> ODT‘C(X P) 18 DAIEMHES (X
Tr[|X, P; o)X, P; o|/]

=l

> IS &

E

N=D[E]EFA

Al

EDBEINIFTFE




Oda Ogawa(2025) D51

| It would be fascinating to explore the time-
energy uncertainty relation on this ground. |

Z ? “fascinating” ZZEPRICX > 1=
7-72 L ERFAIE Tld 7 < BIERZEIE ©

44/13




RAIERR M, AITEREEROZER] : Q = {R,ND}
y BIEBROFMICIKE T DREETER  =-d-1
A t (CAIFIMRHSNDERICHTILT D POVM EE

t) =vylx )(55 | [I1.(t)] =1
X[ 7 = [Ty, Te] ROFRICHIFHIRE SN DBRICHT IS
95 POVM E3x
J):=[, dtll, (t [£(3)] =0

R SNIRWESR=ND (CX]59d D POVM £3 :
—f dt t) [II,(ND)]=0 L
J

ND



IRR& 0 (COWTOEREMESR (FRIEREF)

Pol s Ml =Tl [ de il (6] = L dt M p1(0)

J

AR B R D SRS = BAFFE

Tr[o [, dttll, (t)] :fj dt t[M,.p](t) _ (ids)m. 5
Ppl7; My] [, dt[M,p](t) (X7)m,p

x7(t) =1, x3(ND) =0
id,(t) = t, id;(ND) = 0



RAIESR(ICDOWVWTCDEIERE URREFRAZE

2m 2m

| R ]

, - (p*  p2 L
(p|7. Ip)=2J, dttexp|—i Hi(p' —p) -

2m 2m

, - (p? p2 L
(pl/. Ip")=2/, dtexp|—i +i(p' —p) - x

RS id, 2, AE M, ZNMTUTCEF
BINSIERI ZETHEFEUVUTERLUIL




5 FH = DS T HAFFE
KIFHFE> I <tHHZRICEMN D TLBEWNWDEKE
X—XqxXPg, (x—Xg) - Psg>0
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IWMEMNCEFE CXTID T DIEEF ChdD I LZRE



T — ROAFEL (1927)
(& CEFEDRIEEOHEN/RXPSE(CEAT D
AN TE T B R

h

o[ 1ol ]2 5

. . h
0 R a[7la[7.] = DS

v

1)\— Y >oh—fisoB 2 H1Z/ERZR(IC DUV THiLE:



INEDAFIN (2003)

1
e?[A1e°[P] + e [Ala[F] + o[ A]e7[F] = S (14, 2D
0 X:E%E%%?ﬁ
N =0 — _ 2 — 5 —|(C
IINEDFRZE €9[/] V« X 1) )%EL%%

» BNRIRE CIRES FIRF B X D olhe |tz 151
> AIERRZE SBELICDWTCTERBRICAKDIID
> A= AQ 1 EWSEEFOHDBRIFISIRD A BAHE




INEDETAE TIIMUBEDAITERZ S EFIEN 2T
DEELDIEIZ 0 (CD D3

Ozawa, 1988;
Ozawa, 2002

von Neumann DEZIL: | L01:n0[5.] >

INHEIAREBIEETIL - e0[*n°[7.] =0
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IFhE & T RILF—DAEETERF#

AEAt = h

5l (B 2 SEE F C (IR0 ( cf. Pauli @
TEH) DOT., SFXIFREFOWREILHOTE
= (O)\— MY BIDOAZEZERTIERLY?)

FFUSHDTZWAFANEE [HRE & TR)ILF—OAREEERBFR—ICES2VER] =i
FEmiAREFARVol. 16 (2014) No. 3 =&i&
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Aharonov-Bohm DOSREI{ERAZR (FEABXT:EEY)

58 (CX 09 DIEBEFZiak I il (FE s
([CD I

P (A FMERRTHD CT. BEHEIEHR TR
ESNTLND (BZ . )\DOUDER)

P DOYPIBNEL(E [REFAU | THDEFEIRS

L CUL\B s3/1




A

5] =10 . o 2 12
THOBE | e [GM] = 1412 —I MATE,
AITE &Y AIERR
= ~ . o—— *1—1 1 112 _ 2
2 | ELSMI= IMGA N, 1A
A AR
E1/4M] = e |4 M]

RIS R D EAHE

54/13



¥ - BH/ZFOREROEL [0
0 €S(H) Lge R
H) x R(Q) LDO¥FMNIE :
(4,0, (5,8)) = {(AB) +{g)up—
H) XR(Q) EDFJILL

(NG ||==V(( D), (4, 1))
X9 D Cauchy-Schwarz OAER:
ICA D (5, g) 1= [(CA, D, (5, )

b~~~

Z-BH:A- A - f-> M, A
F iAo - M*| 714

)



F - BHORERLNEDTRERESA TS

O[] €[7) 2[4« [7] £ 2[4 5] + 2[4, 5]
- 1|l /,r~ -~
> ‘I [k_\_,ﬁ” > = ‘< A BD

._f£>[1}a-[zq i [1]60[14

BICE
Tr—RKR - -OA4) - Q)I\— MY OARSEFERESD
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AETE [E R DR HMHE IR FESR

SIAEIRIVIDRER | 1> TSaEDEES
B ; B OMEOAERE SEHENET BB
SF—R O - ON—RY S OFRER : BIE =
R RATEHES R CDNT (EEK)

> INEDRER : AENIES S (CHIX CRESE (S48
i) ZADTERER ; MEREDRIEERN TR
S - BHER  EE. SEEFMREE U EDLSR
TG ESD = [EEN] ; [MEEORIFRREE
AVBRRE] (7% CHERR)
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Ozawa, 1988;

vVOon Neumann O):Eg—“jl/ Ozawa, 2002

h
) O[] 25

= exp(—ih

UINHBIRRERIEET )L

B . Km (2 Je N B })
—eXP( W ( )t ( )

BRI E) (S X —4 K 2R &
e’[In°[r.] =0




DI E &IRRE

iEs AR
hi ESE SE2\ HESR R BEER
f(lw) € R(A) plw) € W(L2)
=7 e HIREE T EEEE T
e S(H eE (H

YIFBERZOR: TR COYIREN SHEBES (R(Q),5(H))
IRREZE[E]: 9 N TCOIRREMNSEDES (W (0),” (H))
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F /LA EFAIR

HAfFE ¥JILA ¥R
oy il I £ 15 = (f*) (f, g)p = (fg)
(Dp = fﬂ dw f(w)p(w) ’ ’ ’ )
BT Ay, = Tr[A7] A=) 1,y =
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HomU

AITE M,

(CDWTCORULEU M

LN 1R

7/
*

(4,

— A5}
(4, 0y, =

(, 2)p = (fg),




Lee-Tsutsui(LT) error

1—
e [4M] = [IAN1% = MJAIIE,,
N .

Pre- measurement Post-measurement

I A 1% = (A7)

112 = (f*)p

Clear operational meaning




= - BHOTRER
SHITE M (CDULT,

e[Ale[F] = |I5[4, 2] + RE[A, P

\
I EVrl | , B] [4, ] =
)= ) — )~ ), R T
U -
= ) >_<M*A:M*B>M,B FrhHIg
BEHDOAEL (L Cauchy-Schwarz A&
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= . BH&)SEDREEDREF

SINEDREIZF - BHDREXID/NELIRY : 200] = ¢ [1]
> X DFIILAE M| DFTARE - |IX| = [IM*] 7' Xy

#9000 = K5 1= 0 [0 = MM o [0]- 0 [ [0 = VML)

>0 [/ — | < e [A]
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JARe © &EHITE M [CDULTC,

~

E[A1] ]z\‘ﬂé[, |+ R[4, 5]

Jo- |4, B]i= ([Z'i]) e FIA

R[4, )= ), (|71 A, M| By, e

FDOAER (T Cauchy-Schwarz &1
Arthurs-Kelly-Goodman OAFERZZD
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¥ - BH/EORSREEE - BABMFRER<
R

e[AI[F] = |74, 2] + RE[A, P
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UETHEH=CTCHHIADMmM
BEHE  ||(X,P;0|X, P; 0)|?

FNE(C DOVWCHRICED : B ~+o TX' BADICHEE

1 ( (X —X’)z)
V2mo =P 20

fMEBICDWTHKkICED : W@~ J1/o TP,

(md

OH

D(CBRE

0}

Znexp(——(P P) )
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PO ZEREK {|X,P;0)} DERER :

(plX,P;0) = (%)% exp (—ipX — g (p — P)Z)

<2 4R81% ;

dXdP
fz o |1 X, P;o{X,P; 0| =
R




BIRDND AEREKELT(FIFERS
(X,P;0|X’,P":0)
(x-x")°

=exp ( e (X — X") — Z(P — P’)z)

LHEDR E TR D RIBERIEETRMD T Hilbert ZERIDIT
(CTEDCLYD

7]'77\&2& }EG(L_J:é HIJ}:E(BI_E %/HUE(;(ZU&'DEL\
. RTRB3LSIC Positive Operator Valued
Measure (POVM) HIZE(C/LD> TS

69/13



INEDAEZER DL E1—

POETER VR HITEZS R
0,00, . K, LK P,
X,P X), P

~_
A—4—YpiE=
[,P]1 =0, X|X,P) = X|X,P),P|X,P) = P|X, P)

BIaAEFH=R X), P
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N\ZEDTER =D POVM 11(X,P)ICDULT,
ReaFERIRIT D58 (%, ., 0,4, P) IMFET S:

0(x,P) =T {0 (1@ X, P)(X,P)) U (104)}

A=A —(CHHT D= :

11111
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FDEENS. INEISIRONEZDAZTNZFIC

(3] €215] + eQ[7] o5l5] + 0[] 207] > 5 (L2 7))
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  𝜆   ∫ ℐ   d t exp  [ − i  (      𝑷 ′ 2  2 m −    𝑷 2  2 m ) + i  (  𝒑 ′ − 𝒑 ) ⋅ 𝒙 ]


     T 𝒙 ^ =    M 𝒙 ⋆  id ℝ ^


     I 𝒙 ^ =    M 𝒙 ⋆  𝜒 ℝ ^


   id ℐ


   M 𝒙


      〈    T 𝒙 ^ 〉   𝜌 ^    〈    I 𝒙 ^ 〉   𝜌 ^ ≃  T S + m    | 𝒙 −  𝑿 𝐒 |   |  𝑷 𝐒 |


     T 𝒙 ^


  𝒙 −  𝑿 𝐒 ∝  𝑷 𝐒


   ( 𝒙 −  𝑿 𝐒 ) ⋅


   𝑷 𝐒


  > 0


  𝜎 [  x ^ ] 𝜎 [    p x ^ ] ≥  ℏ 2


  𝜎 [  x ^ ] 𝜎 [    p x ^ ]   =  ℏ 2


   𝜀 O [  A ^ ] ≔  〈   (  𝔸 ^ −  A ^ ⊗  1 ^ ) 2 〉


   𝔸 ^ −  A ^ ⊗  1 ^


   𝔸 ^


   𝜀 O [  A ^ ]  𝜀 O [  B ^ ] +  𝜀 O [  A ^ ] 𝜎 [  B ^ ] + 𝜎 [  A ^ ]  𝜀 O [  B ^ ] ≥  1 2 | 〈 [  A ^ ,  B ^ ] 〉 |


   𝜀 O [  x ^ ]  η O [    p x ^ ] ≥ 0


   𝜀 O [  x ^ ]  η O [    p x ^ ]   ≥  ℏ 2


   𝜀 O [  x ^ ]  η O [    p x ^ ]   = 0


  Δ E Δ t ≳ h


  [    T AB ^ ,    H free ^ ] = − i  1 ^


     T AB ^ = −  m 2 (      p x ^  − 1  x ^ +      x ^    p x ^  − 1 )


     T AB ^


     T AB ^


   𝜀   𝜌 ^ [  A ^ ; M ] ≔      ∥  A ^ ∥   𝜌 ^ 2   −   ∥  M ⋆  A ^ ∥  M  𝜌 ^ 2


     𝜀 ~   𝜌 ^ [  A ^ ; M ] ≔      ∥  M   𝜌 ^ ⋆  |  − 1  A ^ ∥  M  𝜌 ^ 2   −   ∥  A ^ ∥   𝜌 ^ 2


     𝜀 ~   𝜌 ^ [  A ^ ; M ]   ≥  𝜀   𝜌 ^ [  A ^ ; M ]


  〈 (  A ^ , f ) , (  B ^ , g ) 〉 ≔     〈  A ^  B ^ 〉   𝜌 ^ +   〈 fg 〉  M  𝜌 ^ −   〈    M ⋆ f ^      M ⋆ g ^ 〉   𝜌 ^


   A ^ ,  B ^ ∈ S ( ℋ )


  f , g ∈ R ( Ω )


  S ( ℋ )   × R ( Ω )


  S ( ℋ )   × R ( Ω )


  ∥ (  A ^ , f ) ∥ ≔  〈 (  A ^ , f ) , (  A ^ , f ) 〉


   A ^ →


   A ^ −  M ⋆  M ⋆  A ^


  f →  M ⋆  A ^


  ∥ (  A ^ , f ) ∥ ∥ (  B ^ , g ) ∥ ≥ | 〈 (  A ^ , f ) , (  B ^ , g ) 〉 |


   A ^ →


   A ^ −  M ⋆  M  ⋆ − 1  A ^


  f →  M ⋆  |  − 1  A ^


   𝜀 O [  x ^ ]  η O [    p x ^ ] ≥  ℏ 2


   U ^ = exp  ( − i ℏ  x ^    p y ^ )


   U ^ = exp  ( − i   K 𝜋  3  3 ℏ  { 2 (  x ^    p y ^ −    p x ^  y ^ ) + (  x ^    p x ^ −  y ^    p y ^ ) } )


   𝜀 O [  x ^ ]  η O [    p x ^ ]   = 0


  f ( 𝜔 )   ∈   R ( 𝛺 )


  p ( 𝜔 )   ∈   W ( 𝛺 )


   A ^   ∈   S ( ℋ )


   𝜌 ^   ∈   Z ( ℋ )


  R ( 𝛺 )


  S ( ℋ )


  W ( 𝛺 )


  Z ( ℋ )


    〈 f 〉 p   ≔     ∫ Ω   ⅆ ω f( ω )p( ω )


    ∥ f ∥ p 2   ≔   〈  f 2 〉 p


    〈 f , g 〉 p


  ≔   〈 fg 〉 p


    〈  A ^ 〉   𝜌 ^   ≔   Tr [  A ^  𝜌 ^ ]


    ∥  A ^ ∥   𝜌 ^ 2   ≔   〈    A ^ 2 〉   𝜌 ^


    〈  A ^ ,  B ^ 〉   𝜌 ^


  ≔


    〈   {  A ^ ,  B ^ } 2 〉   𝜌 ^


   A ^


   𝜌 ^


   M ⋆   A   ^


     M ⋆ f ^


    〈  A ^ ,  B ^ 〉   𝜌 ^


  ≔


    〈   {  A ^ ,  B ^ } 2 〉   𝜌 ^


    〈 f , g 〉 p


  ≔   〈 fg 〉 p


    〈  A ^ ,    M ⋆ f ^ 〉   𝜌 ^


    〈  M ⋆  A ^ , f〉  M  𝜌 ^


   𝜀   𝜌 ^ [  A ^ ; M ]   ≔      ∥  A ^ ∥   𝜌 ^ 2   −   ∥  M ⋆  A ^ ∥  M  𝜌 ^ 2


    ∥  A ^ ∥   𝜌 ^ 2   ≔   〈    A ^ 2 〉   𝜌 ^


    ∥ f ∥ p 2   ≔   〈  f 2 〉 p


  𝜀 [  A ^ ] 𝜀 [  B ^ ] ≥     ℐ   𝜌 ^ 2 [  A ^ ,  B ^ ]   +  ℛ   𝜌 ^ 2 [  A ^ ,  B ^ ]


   ℐ   𝜌 ^   [  A ^ ,  B ^ ] ≔   〈   [  A ^ ,  B ^ ]  2 i 〉   𝜌 ^ −   〈   [    M ⋆  M ⋆  A ^ ^ ,  B ^ ]  2 i 〉   𝜌 ^   −   〈   [  A ^ ,    M ⋆  M ⋆  B ^ ^ ]  2 i 〉   𝜌 ^


   ℛ   𝜌 ^ [  A ^ ,  B ^ ]   ≔   〈   {  A ^ ,  B ^ } 2 〉   𝜌 ^ −   〈  M ⋆  A ^ ,  M ⋆  B ^ 〉  M  𝜌 ^


   𝜌 ^


   𝜀   𝜌 ^ O [  x ^ ]   ≥    𝜀   𝜌 ^ [  x ^ ]


   𝕏 ^


   M   𝜌 ^ ⋆  |  − 1


    ‖  𝕏 ^ ‖   𝜌 ^ =     ‖  M ⋆  |  − 1  𝕏 ^ ‖  M  𝜌 ^


   |  ℐ   𝜌 ^ [  x ^ ,  p ^ ] | ≥ |   〈   [  A ^ ,  B ^ ]  2 i 〉   𝜌 ^ |


   𝜎   𝜌 ^ [  x ^ −    M ⋆  M ⋆  x ^ ^ ]


   𝜎   𝜌 ^ [  p ^ ]


     𝜎   𝜌 ^ [  x ^ ] 𝜎   𝜌 ^ [  p ^ −    M ⋆  M ⋆  p ^ ^ ]


   𝜎   𝜌 ^ [  A ^ −    M ⋆  M ⋆  A ^ ^ ] ≤


   𝜀   𝜌 ^ [  A ^ ]


   𝜀 ~ [  A ^ ]  𝜀 ~ [  B ^ ] ≥     ℐ  0  𝜌 ^ 2 [  A ^ ,  B ^ ] +    ℛ ~   𝜌 ^ 2 [  A ^ ,  B ^ ]


   ℐ  0  𝜌 ^ [  A ^ ,  B ^ ]


    ⟨   [  A ^ ,  B ^ ]  2 i 〉   𝜌 ^


     ℛ ~   𝜌 ^ [  A ^ ,  B ^ ]


    ⟨   {  A ^ ,  B ^ } 2 〉   𝜌 ^   −   〈  M ⋆  |  − 1  A ^ ,  M ⋆  |  − 1  B ^ 〉  M  𝜌 ^


   𝜌 ^  


  𝜀 [  A ^ ] η [  B ^ ] ≥   ℐ   𝜌 ^ 2 [  A ^ ,  B ^ ]   +  ℛ   𝜌 ^ 2 [  A ^ ,  B ^ ]


   𝜀 ~ [  A ^ ]  η ~ [  B ^ ] ≥   ℐ  0  𝜌 ^ 2 [  A ^ ,  B ^ ] +    ℛ ~   𝜌 ^ 2 [  A ^ ,  B ^ ]


   1   2 𝜋 𝜎 exp  ( −      ( X −  X ′ ) 2  2 𝜎 )


    𝜎  2 𝜋 exp  ( −  𝜎 2    ( P − P ′ ) 2 )


  ∼    1 / 𝜎


  P ′


     | ⟨ X , P ; 𝜎 | X ′ , P ′ ; 𝜎 ⟩ | 2


  ∼  𝜎


   X ′


   ⟨ p |  X , P ; 𝜎 ⟩ ≔    (  𝜎 𝜋 )   1 4 exp  ( − ipX −  σ 2    ( p − P ) 2 )


   {  | X,P; 𝜎 ⟩ }


    ∫   ℝ 2     d X d P  2 𝜋 | X , P ; 𝜎 ⟩ ⟨ X , P ; 𝜎 | =  1 ^


   ⟨  X ,P; 𝜎 |  X ’,P’; 𝜎 ⟩


  exp  ( i   P + P ′ 2  ( X − X ′ ) −      ( X −  X ′ ) 2  4 𝜎 −  𝜎 4    ( P − P ′ ) 2 )


   U ^


   𝜌 ^


   x ^


   p ^


   𝛱 ^ ( X , P )


   𝜉 ^


   X ^


   P ^


     E ^   X ^ ( X )


     E ^   P ^ ( P )


     E ^   X ^ ( X ) ,        E ^   P ^ ( P )


  [  X ^ ,      P ^ ] = 0


   X ^  | X , P ⟩ = X  | X , P ⟩ ,  P ^  | X , P ⟩ = P  | X , P ⟩


   𝛱 ^ ( X , P )


   ( 𝓚 ,  𝜉 ^ ,  U ^ ,  X ^ ,   P ^ )


     N ^   q ^ ≔  ℚ ^ −  q ^ ⨂  1 ^


   ℚ ^ =  𝕏 ^


   ℙ ^


   q ^


   x ^


   p ^


  [  𝕏 ^ ,   ℙ ^ ] = 0   →


    〈   {  x ^ ,  p ^ } 2 〉     𝜌 ^ in =  X  in  P  in


    ‖  x ^ ‖     𝜌 ^ in 2


   X  in 2


     𝜎  in 2


    ‖  p ^ ‖     𝜌 ^ in 2  


   P  in 2


   1  2  𝜎  in


    〈   [  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in


   1 2


    ‖  M ⋆  x ^ ‖  M    𝜌 ^ in 2 =  X  in 2


     𝜎  in 2  2  𝜎  sum


    [ M ⋆  x ^ ] ( X , P )   =  X - :=   𝜎 red  (  X 𝜎 +    X  in   𝜎 in )


    [ M ⋆  p ^ ] ( X , P )   =  P -


    𝜎 P +  𝜎 in  P  in  𝜎 +  𝜎 in


    ‖  M ⋆  p ^ ‖  M    𝜌 ^ in 2   =


   P  in 2


   𝜎  2  𝜎  in  𝜎  sum


    〈  M ⋆  x ^ ,  M ⋆  p ^ 〉  M    𝜌 ^ in


   X  in  P  in


   𝜎 sum  


  𝜎 +  𝜎 in


   𝜎 red


    𝜎  𝜎 in  𝜎 +  𝜎 in


  X


   X  in


   𝜎  in


  𝜎


  P


   P  in


  𝜎


   𝜎  in


   𝜀 2


   x ^


     𝜎  red 2 ,


   𝜀 2 [  p ^ ]=  1  2  𝜎  sum


  ∴ 𝜀 [  x ^ ] 𝜀 [  p ^ ] =  1 2     𝜎 red   𝜎 sum


   𝜀     𝜌 ^ in [  x ^ ; M ] ≔    ‖  x ^ ‖     𝜌 ^ in 2 −   ‖  M ⋆  x ^ ‖  M    𝜌 ^ in 2


    ‖  x ^ ‖     𝜌 ^ in 2  


   X  in 2


     𝜎  in 2


    ‖  p ^ ‖     𝜌 ^ in 2  


   P  in 2


   1  2  𝜎  in


    ‖  M ⋆  x ^ ‖  M    𝜌 ^ in 2 =  X  in 2


     𝜎  in 2  2  𝜎  sum


    ‖  M ⋆  p ^ ‖  M    𝜌 ^ in 2 =


   P  in 2


   𝜎  2  𝜎  in  𝜎  sum


     M ⋆  M ⋆ ^  x ^


    ∫   ℝ 2     d X d P  2 𝜋  X - | X , P ; 𝜎 ⟩ ⟨ X , P ; 𝜎 |


     M ⋆  M ⋆ ^  p ^


    ∫   ℝ 2     d X d P  2 𝜋  P - | X , P ; 𝜎 ⟩ ⟨ X , P ; 𝜎 |


   X - :=   𝜎 red  (  X 𝜎 +    X  in   𝜎 in )


   P -


    𝜎 P +  𝜎 in  P  in  𝜎 +  𝜎 in


    〈   [    M ⋆  M ⋆ ^  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in =    𝜎  in  2  𝜎  sum


    〈   [  x ^ ,    M ⋆  M ⋆ ^  p ^ ]  2 i 〉     𝜌 ^ in   =  𝜎  2  𝜎  sum


  ∴  ℐ     𝜌 ^ in [  x ^ ,  p ^ ]


   ℛ     𝜌 ^ in [  x ^ ,  p ^ ] = 0


   ℐ     𝜌 ^ in [  x ^ ,  p ^ ] ≔   〈   [  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in −   〈   [    M ⋆  M ⋆ ^  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in −   〈   [  x ^ ,    M ⋆  M ⋆ ^  p ^ ]  2 i 〉     𝜌 ^ in


   ℛ     𝜌 ^ in [  x ^ ,  p ^ ]


    〈   {  x ^ ,  p ^ } 2 〉     𝜌 ^ in   −   〈  M ⋆  x ^ ,  M ⋆  p ^ 〉  M    𝜌 ^ in


    〈  M ⋆  x ^ ,  M ⋆  p ^ 〉  M    𝜌 ^ in


   X  in  P  in


    〈   {  x ^ ,  p ^ } 2 〉     𝜌 ^ in   =  X  in  P  in


    〈   [  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in  


   1 2


  ( 𝜀 [  x ^ ] 𝜀 [    p x ^ ] = )  1 2     𝜎 red   𝜎 sum   ≥ 0


   𝜎 sum  


  𝜎 +  𝜎 in


   𝜎 red


    𝜎  𝜎 in  𝜎 +  𝜎 in


  𝜎 → 0


  𝜎 → ∞


   𝜀 O [  x ^ ]  η O [    p x ^ ] ≥ 0


   [  M ⋆  |  − 1  x ^ ]  ( X , P ) = X


   [  M ⋆  |  − 1  p ^ ] ( X , P ) = P


    〈  M ⋆  |  − 1  x ^ ,  M ⋆  |  − 1  p ^ 〉  M    𝜌 ^ in


   X  in  P  in


    ‖  M ⋆  |  − 1  x ^ ‖  M    𝜌 ^ in 2 =  X  in 2 +    𝜎  sum 2


    ‖  M ⋆  |  − 1  p ^ ‖  M    𝜌 ^ in 2 =  P  in 2 +  1  2  𝜎  red


   𝜎 sum  


  𝜎 +  𝜎 in


   𝜎 red


    𝜎  𝜎 in  𝜎 +  𝜎 in


  ∴  𝜀 ~ [  x ^ ]  𝜀 ~ [  p ^ ] =  1 2


     𝜀 ~ 2 [  x ^ ] =  𝜎 2


     𝜀 ~ 2 [  p ^ ] =  1  2 𝜎


     𝜀 ~   𝜌 ^ [  A ^ ; M ] ≔      ∥  M ⋆  |  − 1  A ^ ∥  M  𝜌 ^ 2   −   ∥  A ^ ∥   𝜌 ^ 2


    ‖  x ^ ‖     𝜌 ^ in 2


   X  in 2


     𝜎  in 2


    ‖  p ^ ‖     𝜌 ^ in 2


   P  in 2


   1  2  𝜎  in


    ‖  M ⋆  |  − 1  x ^ ‖  M    𝜌 ^ in 2   =  X  in 2 +    𝜎  sum 2


    ‖  M ⋆  |  − 1  p ^ ‖  M    𝜌 ^ in 2   =  P  in 2 +  1  2  𝜎  red


  ∴  ℐ  0    𝜌 ^ in [  x ^ ,  p ^ ]


   1 2


     ℛ ~     𝜌 ^ in [  x ^ ,  p ^ ] = 0


   ℐ  0    𝜌 ^ in [  x ^ ,  p ^ ]


    〈   [  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in


     ℛ ~     𝜌 ^ in [  x ^ ,  p ^ ]


    〈   {  x ^ ,  p ^ } 2 〉     𝜌 ^ in −   〈  M ⋆  |  − 1  x ^ ,  M ⋆  |  − 1  p ^ 〉  M     𝜌 ^ in


    〈  M ⋆  |  − 1  x ^ ,  M ⋆  |  − 1  p ^ 〉  M     𝜌 ^ in  


   X  in  P  in


    〈   {  x ^ ,  p ^ } 2 〉     𝜌 ^ in =  X  in  P  in


    〈   [  x ^ ,  p ^ ]  2 i 〉     𝜌 ^ in


   1 2


  (  𝜀 ~ [  x ^ ]


   𝜀 ~ [    p x ^ ] = )  1 2 ≥  1 2


   𝜀 O [  x ^ ]  η O [    p x ^ ] ≥  ℏ 2


  𝜎 [  x ^ ] 𝜎 [    p x ^ ] =  ℏ 2


  𝜀 [  x ^ ] η [    p x ^ ] ≥  ℏ 2


   ⟨   x → |   X → , 𝑷 ; 𝜎 ⟩ ≔    (  1  𝜋 𝜎    ( 1 + i   t − T  𝜎 m ) 2 )   d 4 exp  (   − i    𝒑 2  2 m  ( t − T ) − i 𝑷 ∙  ( 𝒙 − 𝑿 ) −  1  2 σ    ( 𝒙 − 𝑿 ) 𝟐  1 + i   t − T  𝜎 m )


     |  ⟨   x → |   X → , 𝑷 ; 𝜎 ⟩ | 2 ≔    (  1  𝜋 𝜎  ( 1 +    (   t − T  𝜎 m ) 2 ) )   d 2 exp  ( −      [ 𝒙 − 𝑿 −  𝑷 m  ( t − T ) ] 2  𝜎 +      ( t − T ) 2  𝜎  m 2 )


     |   X → , 𝑷 ; 𝜎 ⟩


  𝑿  ( t ) ≔ 𝑿 +


   𝑷 m  ( t − T )


  𝜎 +      ( t − T ) 2  𝜎  m 2


   𝜌 ^


   1 2 (  1 ^ +  r → ⋅  𝜎 → )


   𝜎 → = (    𝜎 1 ^ ,    𝜎 2 ^ ,    𝜎 3 ^ )  


     𝜎 i ^  ( i = 1 , 2 , 3 )


   𝜌 ^


   r → : =  (  r 1 ,  r 2 ,  r 3 )


   (  |  r → | ≤ 1 )


     S i ^ =  1 2


     𝜎 i ^


   ( i = 1 , 2 , 3 )


     S 3 ^


     S 1 ^


     S 2 ^


   M ⋆    S 1 ^ ( m ) =  {     1 2    r 1  1 +  r 3  ( m = +  1 2 )    1 2    r 1  1 −  r 3  ( m = −  1 2 )


   M ⋆    S 2 ^ ( m )


  =  {     1 2    r 2  1 +  r 3  ( m = +  1 2 )    1 2    r 2  1 −  r 3  ( m = −  1 2 )


   𝜀   𝜌 ^ [    S 1 ^ ]


   1 2  1 −    r 1 2  1 −  r 3 2


   𝜀   𝜌 ^ [    S 2 ^ ]


   1 2  1 −    r 2 2  1 −  r 3 2


  𝜀 [    S 1 ^ ] 𝜀 [    S 2 ^ ] =


     (  1 2 ) 2     (    r 1  r 2  1 −  r 3 2 ) 2 +  ( 1 −    r 1 2 +  r 2 2  1 −  r 3 2 )


   ℛ   𝜌 ^   = −    (  1 2 ) 2    r 1  r 2  1 −  r 3 2


   ℐ   𝜌 ^  


     (  1 2 ) 2  ( 1 −    r 1 2 +  r 2 2  1 −  r 3 2 )  r 3


    ℛ   𝜌 ^ 2 +  ℐ   𝜌 ^ 2 =


     (  1 2 ) 2     (    r 1  r 2  1 −  r 3 2 ) 2 +    ( 1 −    r 1 2 +  r 2 2  1 −  r 3 2 ) 2  r 3 2

