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e General quantum states are faithfully described by density operators:

Ensemble: 1{q1;|¥1), q25|¥2), .-} q; > 0, Z‘h’: 1

D= qi|vi) (¥

Time Evolusion:  A(t) = U(t)p(0)U (¢)" ﬁ(t) _ il

Measurement: (0), = Tr(Op)



® [For a given density operator, the pure state decomposition is not unique!
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“Entanglement is not just one, but the characteristic trait of QM”
Erwin Schrodinger

a8 Definition:

The state is called separable if it admits the expression

P:Zpi:@?@p? pi = 0, pr@:l

otherwise it Is called entangled.



Local Operation & Classical Communication
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3 LOCC introduces a partial ordering on quantum states.
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e Concurrence quantifies entanglement:

(separable) 0<C(p) <1 (maximally entangled)

3 Pure states: C(ly)) = \/2(1 —Trp%)  pa="Trp|Y){Y|

3 Mixed states: For 2-qubit

C(,O) — Imax ( 0, A\ — Ao — A3 — A4 ) Wootters' (1998)

~~

A1 > Ay > A3 > M\g are the eigenvalues of \/pp with p = (0,®0,)p* (0, Q0y).



Bell test can certify Bell nonlocality and probe beyond QM

I({d,b}) = [(AoBo) + (AgBy) + (A1 Bo) — (A1 By))

beyond QM

Bensu = max I({d,b}) < 2
a,b

entangled

2 LHV, pup

Bensa < { 2vV2 QM
4 beyond QM

separable



Can we measure various quantum properties at collider?
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In the past few years, entanglement and other quantum properties in bipartite
systems have been extensively studied.
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ATLAS and CMS observed entanglement in 1

nature View all journals
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Article Open access Published: 18 September 2024
Observation of quantum entanglement with
top quarks at the ATLAS detector

The ATLAS Collabaoration

Entanglement 1s a key feature of quantum mechanics [1-3], with applications 1n fields such as
metrology, cryptography, quantum information, and quantum computation [4-8]. It has been
observed in a wide variety of systems and length scales, ranging from the microscopic [9—13]
to the macroscopic [14-16]. However, entanglement remains largely unexplored at the highest
accessible energy scales. Here we report the hlghes_t energy observation of entanglement,

in top—antitop quark events produced at the Large Hadron Collider, using a roton—proton“

collision dataset with a center-of-mass energy of /s = 13 TeV and an integrated luminosity
of 140 fb~! recorded with the ATLAS experiment. Spin entanglement is detected from the

OPEN ACCESS
10P Publishing Reports on Progres:
Rep. Prog. Phys. 87 (2024) 117801 (33pp) https://doi.org/10.1088/1361-6

Observation of quantum entanglement
in top quark pair production in
proton—proton collisions at /s = 13 TeV

The CMS Collaboration

Abstract

Entanglement 1s an intrinsic property of quantum mechanics and 1s predicted to be exhibited in
the particles produced at the Large Hadron Collider. A measurement of the extent of
entanglement in top quark-antiquark (tt) events produced in proton—proton collisions at a
center-of-mass energy of 13 TeV is performed with the data recorded by the CMS experiment at
the CERN LHC in 2016, and corresponding to an integrated luminosity of 36.3 fb—!. The events
are selected based on the presence of two leptons with opposite charges and high transverse
momentum. An entanglement-sensitive observable D 1s derived from the top quark
spin-dependent parts of the tt production density matrix and measured in the region of the tt
production threshold. Values of D < —1/3 are evidence of entanglement and D is observed
(expected) to be —O. 480+8 8%8 (—0. 467+8 8%8) at the parton level. With an observed significance
of 5.1 standard deviations with respect to the non- entangled hypothesis, this provides

=== = ———

observation of quantum mechanical entanglment within tt pairs in this phase space. This

measurement provides a new probe of quantum mechanics at the highest energies ever produced.
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Also, very recently, in H — Z/*

ATLAS [2603.26463] [CMS PAS HIG-25-011]

Measurements of Z-boson pair entanglement in Study of spin correlations in Higgs boson decays to four
decays of Higgs bosons at the ATLLAS experiment leptons at CMS

The CMS Collaboration
The ATLAS Collaboration
Abstract

Kinematic distributions in Higgs boson decay to four leptons H — 4/ are studied us-
ing matrix element techniques, optimizing sensitivity to the tensor structure of Higgs
boson interactions and spin correlations in the decay process. The data were col-
lected by the CMS experiment at the LHC, corresponding to integrated luminosities
of 138 and 62 fb~! at proton-proton center of mass energies of 13 and 13.6 TeV, respec-
tively, covering the 2016-2018 and 2022-2023 data-taking periods. A simultaneous
measurement of eight Higgs boson couplings to electroweak vector bosons is carried
out within the frameworks of anomalous couplings and effective field theory. Under

to quantum correlations and disfavors the separable-state hypothesis at a significance of the assumption of CP symmetry conservation, the polarization density matrix in the

4.7 standard deviations (expected 4.90") relative to the entangled Standard Model hypothesis. H — ZZ decay is measured, and a search for CP violation in the polarization of the

oy e . . Z bosons is conducted. Quantum mechanical interference is tested through the per-
These results provide strong evidence of quantum entanglement between massive bosons (spin , ) , ST ,
mutation of identical leptons. Implications regarding

utrits) at the electroweak scale.
quirits) violation of a Bell-type inequality are discussed.

Entanglement is a key property of quantum systems. In this Letter the first measurements of
quantum entanglement between spins in pairs of Z bosons are reported, using proton—proton
collision data from the Large Hadron Collider (LHC) at center-of-mass energies of 13 TeV and
13.6 TeV, recorded with the ATLAS detector. Measurements of angular observables sensitive
to ZZ* spin-density-matrix elements in the H — ZZ* — {7~ {*{~ process yield coeflicients
Cr1.2,-1 =-0.71 £0.45 and Cy 52, —» = 0.08 £+ 0.44, consistent with their Standard Model
predictions. A complementary hypothesis test using the full angular distribution, and relying
on several Standard Model assumptions in the decays, provides substantially higher sensitivity
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QI properties in tripartite systems are much less explored.

® There are several opportunities for colliders:

2 — 222 22 — 223
Top decay q t
y "
t T v
\J t
Horodecki, KS, Shaleena Banacki, Ohta, Shaleena, Goncalves, Navarro, KS
Spannowsky [2502.19470], Caban, Eckstein, KS, [2606.1 1296]
KS, Spannowsky [2310.01477] Spannowsky, Horodecki
[2607.26122]
Spin reconstruction is possible for weakly decaying particles; ¢, 7, W —, Z
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QI properties in tripartite systems are much less explored.

® There are several opportunities for colliders:

2 — 222

Top decay //q
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Spin reconstruction is possible for weakly decaying particles; ¢, 7, W —, Z
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3-partite entanglement has a much richer structure than 2-partite one !

e Entanglement btw individual particles (one-to-one)

15



3-partite entanglement has a much richer structure than 2-partite one !

e Entanglement btw individual particles (one-to-one)

CAB

B ©

Wootters 2-qubit formula:

Cap =C(pa) pran = Trc|Y) (W]

C(p) :max((), )\1 —)\2—)\3—)\4)

A1 > Ag > A3 > Ay are the eigenvalues of \/pp with p = (o, ®0,)p* (0, ®0,).
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3-partite entanglement has a much richer structure than 2-partite one !

e Entanglement btw individual particles (one-to-one)

® Entanglement btw one particle and the other subsystem
Casoy

Capey = \/2(1 —Trp4) ra=TrpclY) (W

17



3-partite entanglement has a much richer structure than 2-partite one !

e Entanglement btw individual particles (one-to-one)
® Entanglement btw one particle and the other subsystem

¢ Monogamy of entanglement: Cj(BC) > Cip+ Ci

18



3-partite entanglement has a much richer structure than 2-partite one !

e Entanglement btw individual particles (one-to-one)

@ ® Entanglement btw one particle and the other subsystem

B

¢ Monogamy of entanglement: Cj(BC) > Cip+ Ci

® Genuinely Multipartite Entanglement (GME)

— 100 s+ Bo)—
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3-partite entanglement has a much richer structure than 2-partite one !

e Entanglement btw individual particles (one-to-one)
® Entanglement btw one particle and the other subsystem

¢ Monogamy of entanglement: Cj(BC) > Cip+ Ci

® Genuinely Multipartite Entanglement (GME)

— 100 s+ Bo)—

e Bell nonlocality is extended to 3-partite system

20



0 — 223
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H- ffVv

Vipv)
Diagrams: H(pw) ---- fpa) 758
VAL ME) e
Lagrangian:
my
gHff =
L D gaff wawf -~ JHVV HVMV” T gvff QPJWM (CLPL 1 CRPR) wf Vu 9 17,2
JHVV = v
Forf=1: cr, = ; sin @y ~ —0.269  cr = sin” Oy ~ 0.231
1 1
Cyy = §(CR—I-CL) ~ —0.019 CA = §(CR—CL) ~ ().250

Spin state: 1))

~

Z Mupabghy |hashp, hy)

hAahBahV

M ahghy = MY+ M2 4 B
\emn, e/
helicity 20



Kinematics: we work at the rest frame of the fermion pair.

f rest frame ¢ Fermion momenta are fixed up to their invariant mass m,
y V
w _ (MAB k) ﬂ:(mABOO_k> k:l\/2_42
DA f Dy Pa ( 9 707 07 Als, Pp 9 Al A 9 map mf7
0

e Gauge boson momentum is fixed up to the angle ¢

> U

py, = (Bv, kysind, 0, ky cosf),

PBy
J By = My — AR —m%/ ky = \/E mV = Al/Q(miﬁmiB,m%) ;
2MAB ’ 2map
® The kinematics is completely fixed by the two parameters:
m2 — m2 I
maAB € |2my¢, myg — my | M = om,: By, ky ~ fi V. : fermion threshold
my

0|0, ] MY = myg —my: Ey = my, ky = 0. :gauge boson threshold23



CP properties:

h'y by b,

(6)/) — w—hB,—hA,—hv (7T _ 6)

O(A,B,V;cos6) L

O(B, A,V; —cos0)

~
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Expansion in € my

e

V)

N

1

( Oy 1 g My 4 ... )

E

£€(3.14,321]x 1072 for h = 7t~ Z

V2my (mi, —m?p)

mv(

9 9 9
My — Mg — My,

)
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' ' | 3.14, 3.21] x 1072 + =
Expansion in &  my c € | x 1072 for h — 77~ Z

! 1 h % 2 .2
) = m ‘ 1O e o) +) e = \fmzf (mV2 mAB)Q)

my (my —mapg —my

\- y

®Inmy— 0,only |+ —)and | —+) in the fermion sector are populated:

Vipv)
|¢(O)> — CJ, |__|_> ‘\Ij_|_> + CR |—|——> ‘\IJ_> H(]?H)""%f(m) Ty -<
M) f(pp) M@ M®3)
e Gauge boson states (pointer states) are

effectively 2 ® 2 ® 2
W) = 4+ V(14 cos0) |4) — V2sinf |0) £ (1 F cosh) |-)
Ey Ey
i m?,  k? cos® 0 2k?
(LU, = (U_|U_) =21+ X -V C (U |T) = =Y sin? 0.

20



~ |GHZ) = %(\oom + [111) )

C], —
) = cp |—H) W) + cr [+-) [P-)
CR —
e (Gauge boson states (pointer states) are
W) = 4+ -V (1+cosh) [+) — V25sind[0) + —Y (1 Fcosh) |-)
Ey Ey

At the gauge boson threshold, m,z — m5* (ky, = 0) (V4[¥-)

Greenberger, Horne, Zeilinger (1989)

maximally entangled state
N2® 2K 2

1
5 - sin? Oy ~ —0.269

sin’ Oy ~ 0.231

22
— E—QV sin? 6 = (
2
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¢ |n the leading correction, only | £ %

) are populated:

W) = [+ [@4) + |[—)

® [he corresponding gauge boson states are

D

+) =

o7 14 + a0y +

0) = < (1O + elp) +

D)

. |-)

MARB (EV + MAB hvkv)(CVD =

9 2
o) = Fhy V2 sing| —

my, —Mup

(O) _ 5 I kv 9 ] miBDSIHQH _
D.D_

e At the fermion threshold region, &,

Icvmv(3086’< 5 5—

D.D_

2Fy mABm%{>_

my, — Mip D.D_

2 2

4mf

- cAmABkV COS 9)}

D::

D = Eymap + m%/

D +

The growth of logitudinal amplitude aio) compensates the € suppression !

mapky cos 6
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* At the fermion threshold region m,; — 2m;, the state approaches

Vihr) = % —(cy — Bca)sinf |—+) — (cy + B ca)sinf |[+—)

+ (ca — ey cosB) |[+4) + (ca+ ey cosf) [——) | ]0)

B =2ka/map = \/1 — 4m?/m1243 is the fermion velocity

separable, AB | V
effectively 2 @ 2

29



e Consider the collinear regions, sin @ — 0.

Not only the subleading state grows, but the leading state decreases at lower m, 5 .

W) = cp |- [Wy) + cr [+—) [0) ;
W) = ::@(1 + cos ) |[+) — V2 sid0 |0) + @(1 T cosf) |—) < -
By Ly .
e At the collinaer regions, the state approaches -
D) legmomss O €L =) 4 = cr [+=) =) + K (er [==) = er [+4))[0) _ my (m} — md)
w> cos 0=—1 X CL __|_> _> — CR _|__> _|_> T K(CR _|__|_> — C[L __>) O> Qm?éleV

Is this state ganuinely 2 ® 2 ® 3 ?
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® The smallest eigenvalue of the one-particle reduced states:

v)\min(pr_> )‘min(pﬂ'+) .

1.00 1 0.50 1.00 1 0.50 1.00
0.75 1 : 0.75 1 : 0.75 4
L 0.45 L 0.45
0.507 i 0.50 1 - 0.50 §
0.25 - - Loao 0.25 1 " | Fo.40 V.20
S S SN |
p) _ 79 _ 79 l
L 0.00 L 0.00 2 0.00 $%
O O © |
0.25- L (090 0.25- [ —0.25 1%
—0.50 - : —0.50 - : —0.50
0.30 0.30
—0.75 - : 0.75 - : —0.75 1
~1.00 1= . . . . . 0.25 —1.00 I ——— . . . 0.25 ~1.00 - - . . .
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
m.. |GeV] m.. |GeV] M- |GeV]

® The state is almost maximally 2 @ 2 ® 3 at the collinear regions at

1 —|¢ ) 2cacy
_ ~ = ~ —(0.151 m-- ~ 12 GeV
s \/ > ~ (.65 C 2 1 2 ( )



® The smallest eigenvalue of the one-particle reduced states:

)‘min(pr+ ) |

v)‘min (1@7‘)

1.00 T— ' 0.50 1.00 — ' 0.50 1.00
0.75 i I 0.75 ' I 0.75 1
L 0.45 L 0.45
0.50 i 0.50 ' 0.50 £
h20 " | F0.40 0.25° - Loao 0.25
S S S .
X2 0.00 ©L (.00 - R 0.00 =
S k-2 3 k-2 o 000
S ran S ran S |
—0.25 - L | (030 0,25 - L | (039 _0.25 &
—0.50 - i —0.50 - : _0.50 &
0.30 0.30
_0.75 - i —0.75 - ! 0751
—1.00 = . . . . . 0.25 1,00 L —— . . . 0.25 —1.00
5 10 15 20 25 30 5 10 15 20 25 30
M- |(GeV] m;r |GeV]

® The state is almost maximally 2 @ 2 ® 3 at the collinear regions at

2

_ g 2
e \/1 ¢ ~ (.69 C = QCACV ~ —(.151 (Mmrr >~ 12 GeV)
2 cy T ¢y



® The smallest eigenvalue of the one-particle reduced states:

Arnin(ﬂr‘) )‘min(pﬂ'+) .

1.00 T ' 0.50 1.00 — ' 0.50 1.00
0.75 i I 0.75 ' I 0.75 1
L 0.45 L 0.45
0.50 i 0.50 ' 0.50 £
h20 " | F0.40 0.25° - Loao 0.25
S S S .
X2 0.00 ©L (.00 - R 0.00 =
S k-2 3 k-2 o 000
S ran S ran S |
—0.25 - L | (030 0,25 - L | (039 _0.25 &
—0.50 - i —0.50 - : _0.50 &
0.30 0.30
—0.75 - i —0.75 - ! 0751
—1.00 = . . . . . 0.25 1,00 L —— . . . 0.25 —1.00
5 10 15 20 25 30 5 0 15 20 25 30
M- |(GeV] m.. |(GeV]
4 )

C
O(A,B,V;cosf) = O(B,A,V;—cos6)




cos 6

1.00 7

0.75¢

0.50

0.25

0.00

—0.25

—0.50

0754

—~1.00 =

10

15 20

myr |GeV|

25

30

effectively
2022
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effectively
2022

1.00 7

0.754

(U4 [W_) =0

0.50

0.25

D) = cp =) [Wy) + cr [+-)[T-)

cos 6

0.00

—0.25

~ |GHZ) = -5 (|000) + [111) )

—0.50

0754

—1.00 =

maxent. GHZin2 X2 R 2
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effectively
2022

Gauge boson threshold

{ — (cy — Bca)sinb (T4 [P_) =0

— (cy + Bca)sinb

D) = cp =) [Wy) + cr [+-)[T-)

+ (ca — cy cosB)

~ |GHZ) = -5 (|000) + [111) )

+ (ca + cy cosB)

maxent. GHZin2 X2 R 2

separable AB |V
effectively 2 @ 2
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[—(Cv—ﬁcA)Siné’
— (cy + Bca)sind
+ (cq — ¢y cosB)

+ (ca + cy cosB)

Collinear

effectively

D) = cp =) [Wy) + cr [+-)[T-)

) = —5(/000) + [111) )

maximally2@® 2 ® 3atm__~ 12GeV
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One-to-other entanglement

@ CA|BV — \/2(1 — It :0124) :

Cpav = \/2(1 — Trp}).

0

Cviap = \/3(1—Trp}).
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One-to-other entanglement

® \NO

Cviap = \/3(1—Trp}).

‘ C'A|BV — \/2(1 — It :0124) :

Cplav = \/2(1 —Trpg)

CP
O(A, B,V;cosf)

O(B,A,V;—cos6)

cos 6

1.00

0.75

0.50

0.25

0.00

—0.25

—0.50

—0.75

cos 0

1.00

0.75

0.50

0.25

0.00

—0.25

—0.50

—0.75

—1.00

OT_ T 7

10

10

15 20

mrr |GeV]

15 20

M- |(GeV]

25

25

30

30

1.00

0.98

0.96

0.94

0.92

0.90

1.00

0.98

0.96

0.94

0.92

0.90

cos 6

1.00

0.75

0.50

0.25

0.00

—0.25

—0.50

—0.75

—1.00

10

15 20

m;- (GeV]

25

30
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’ ’
1.00 &TTZ ' ',' ' 1.00 1.00 X
One-to-other entanglement 1
e < " "B
0.50 - ', ‘{ B 0.50 1 |
_ 2 ’ i i '
CA|BV — \/2(1 — 1r IOA) L 0.251 g |“ 0.96 V.25 L
@ L 0.00- : : I Qg 0.00 :
») I O
L 9 —0.2541 % | - 0.94 0. | :
CB\AV — \/2(1 — It IOB) : ' | R
@ ~0501 % P —0.50 §%
S P 0.92
—0.75 - e “ ' —0.75 S
_ 3 2 |
CV|AB — \/5(1 — 1T IOV) ; ~1.00 15 . . . — 0.90 100 . : | | |
. ¢ 5 10 15 20 25 304 4
“ m., [GeV] “

QmV\/E‘Z/ — ki, cos? 0
2E% — ki-(1 + cos? 0)
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One-to-other entanglement

@

0

= 20T 73

Cpav = \/2(1 — Trp}).

CyviaB = \/%(1 —Trpy,)

Fermion threshold

+ (ca — cy cosB)

+ (ca + cy cosB)

separable AB |V

o8 10 15 20 25

- m.. |GeV]

30

15

M- |(GeV]

20 25

0?4 (1 + B2 sin? 6’) — c%/

Capy = CUpjav =

Cyiap =0

A (1+ 32%sin”6) +¢2

Cy

1
2

(cr + cL)

Y

—0.019
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1.00 00
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0.25 006
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o
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One-to-one entanglement

r

paB = Try 1) (]

~\

J

r

.

pav = Trp V) (Y]
py = Tra |Y) (Y]

~\

J

A1 > A2 > A3 > )4 are the eigenvalues of \/pp with p = (o, ®0,)p* (0, ®0y).

Wootters’ formula for 2 x 2 Wootters' (1998)
C(p) — max((), )\1 — )\2 — )\3 — )\4)

—
—

T(pxy) =

{pmﬁpn Zp CI |¢z PXY = ZPH%‘M%W

éXY — \/T(pxy), XY € {AV,BV}.

Osborne’s formula, [Osborne (2005)], to analytically compute C
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Osborne’s formula for a rank-2 density matrix:

Osborne (2005)

s

\_

T(pxy)

~

Tr(p ) + 2Amin (1 — Trp?),

J

The universal inverter O of O is defined as

O = Ir (OT) ]lXY — (TryOT) ®]1Y — ]lx® (TI“XOT) + OT,

Amin 18 the smallest eigenvalue of the following 3 x 3 matrix M.

Our target density matrices pay and pgy have the rank at most 2.

rank pay = rank pgp < 2,

rank pgy = rank py <2

Let {|v1), |v2)} be the two eigenvectors corresponding to the two nonzero eigenvalues of the rank-2 p.

Define the tensor T}k = Tr(v:;7%) from v;; = |v;)(v;|. Then, the matrix M is defined by

Mg = 2(Ti221 — Th112)
Mz = 1 (Th121 — Tor22 + Ti112 — Tio22)
Mg = L (Th121 — Thi12 + Tor2e — Tio22)
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One-to-one entanglement

Bulk

separable
Couvr = Corr — | pup o &)@ Ws] + )+ @ T (T
» C A k%/ sin” 0
=5
AB 2FE% — ki (1 + cos? 0)

- ,




One-to-one entanglement

Bulk

separable
Couvr = Corr — | pup o &)@ Ws] + )+ @ T (T
» C A k%/ sin” 0
=5
AB 2FE% — ki (1 + cos? 0)

.

relation between

2
Cip = =Cviap) —3|C2 + C} D
AB <¢§ ' ) > [Caipy + Chlav] one-to-one and one-to-other

A

©0)  _ ~(0) . (0)
CA|BV — YBlAV — 9 Cyiag =

V3 ZmV\/E‘Q/—k%/COSQH
= —3§
2 2E% — k(1 + cos?0)




One-to-one entanglement

Bulk Monogamy relation for the 2 X 2 X 2 system:
[Coffman, Kundu, Wootters ’99]

4 @ ) ( ) [ ) é )
(P[] 2
. * ©_@ J@ 2 ®
2y = Cpy = . y \ y \ y \ y
=) : A k2 sin® 0 (for all partitions)
=5
A 2FE% — ki (1 + cos? 0) , 2 , ,
- (ﬁCva) =Cay +Chy +7
: 12 12 2
s = (ZCvian) — [ pv + Chay] 5Chsv = [Chp + Cav + 7]
1 2 1 2 2
/\ 5CBjav = 3lCap + Cpy + 7]
) J3  2my E? — ki cos? 0
Cf(‘ag‘/ B CE;)AV — % C‘(/ORAB ~ 9 ° 2E% \/k%/(l—kcosz 0)
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One-to-one entanglement

Monogamy relation for the 2 X 2 X 2 system:

Bulk
[Coffman, Kundu, Wootters ’99]
4 @ ( @f(} ) ( ) )
f * ©_@ @ @
CAV — CBV — \ \ J - J J
=) 5 . o (for all partitions)
Cam — § ki sin” 0
2FE% — ki (1 + cos? 0)

’ <\/—CV|AB) —Cf/ +C/%/ +/
[CA|BV * CBIA\/} 1CA|BV — §[CAB "‘%v —I—/]/
1CB\AV — %[C,%B —I-%V

QmV\/E%/ — ki cos? 6
2E% — k(1 + cos?0)
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One-to-one entanglement

Bulk

2 . 9
ki sin” 0

2FE% — ki (1 + cos? 0)

J

cos @

1.00
0.75
0.50
0.25
0.00

—0.25

—0.50

—0.75 2=

cos @

1.00
0.75
0.50
0.25
0.00

~0.25

~0.50
~0.75

—1.00 =5
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One-to-one entanglement

Fermion threshold

[ (cy — Bca)sinf |—+

— (cy + Bca)sinf |[+—

)
)
+ (cq4 — cy cos@) |[++)
=)

+ (ca + cy cosf) |—

separable AB | V

9 220\ .2
Coup = CALE B S070) —cy Cay = Cppy =

4 (14 2 sin? 0) + ¢z,

1
Cy = §(CR—|—CL) ~ —(0.019
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One-to-one entanglement

. k2 —1 VU VL
CAB — S INlaxXx O, 5 R 0.75
K —|— ]. 0.50 0.50
0.25 1 0.25
SN | SN
N N min (2/{/7 \/1 | 2/{/2> § 0.00 § 0.00 .
CAV — CBV — —0.25 —0.25 4=
1 —|— /{2 —0.50 N 050
0.5 18 | 0T
- i | | | =y
8 :—1.00 5 ' 5 5 5 i 2.0 :100 |
C_ 0 0 B B W E OI .
k 2 2 i €\ Y = - mii'LGﬂVJ--"-'
7 W = e f (mH - mv)
" V2m?2 ,my
AB
; k=1/V2
X 4
3 Collinear
2_
1_
O_
5 10 15 20 % 30

mr |GeV] 51



Bell nonlocality :

.

Ing = A1B1Vo + A1 BV + A BV — As B Vo

J

= Product of all four terms = (A; B1V7)%(A3BaV5)?

— ] =) even negative terms wp
(LHVT)

[Mermin ’90]

(Ipr)ravr < 2

Inr)om < 4



Bell nonlocality :

Wu, Zong (2003)

-

\_

N
Iya2 = |A1(By + Ba) + Aa(B1 — B2) | (Vi + Va) + [A3(Bs + By) + As(Bs — By) | (Vi — Va)
Iog = [A1(Vi + V) + Ao(Vi — Va) | (By + Ba) + |As(Va + Vi) + Ag(Vs — Vi) | (B1 — Ba),
Loy = [Bl(Vl Vo) 4+ Ba(Vh — VQ): (A1 + As) [Bg(Vg Vi) 4+ B4(V3 — V4): (A1 — As).
Y,
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Bell nonlocality :

Wu, Zong (2003)

4 )
Iya2 = |A1(By + Ba) + Aa(B1 — B2) | (Vi + Va) + [A3(Bs + By) + As(Bs — By) | (Vi — Va)
Iog = [A1(Vi + V) + Ao(Vi — Va) | (By + Ba) + |As(Va + Vi) + Ag(Vs — Vi) | (B1 — Ba),
I§44 — [Bl(Vl VQ) BQ(Vl — VQ) (Al AQ) [Bg(V3 V4) B4(V3 — V4) (Al — AQ)

::2 O 1 O
() +2 0 +2
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Bell nonlocality :

(Tsa2), (Tyo4)s (Togy)

4 LHV, pu
< {8 QM
16 beyond QM

Wu, Zong (2003)

Laskowski, Paterek,
Zukowski, Brukner (2004)

4 )
Iya2 = |A1(By + Ba) + Aa(B1 — B2) | (Vi + Va) + [A3(Bs + By) + As(Bs — By) | (Vi — Va)
Iog = [A1(Vi + V) + Ao(Vi — Va) | (By + Ba) + |As(Va + Vi) + Ag(Vs — Vi) | (B1 — Ba),
I544 = |B1(Vi + Vo) + Ba(Vi — V)| (A1 + Ag) + |Bs(Va + Vi) + Ba(Vs — Vi) | (41 — Aa).

::2 O ::2 O
() +2 0 +2
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Calculation in QM:

Vie = £(2|vk) (v | — 1) 32 parameters for

0g) = cos ag|+) + €F sin oy cos B1]0) 4 e sin o sin By |—) measurement settings.

ok, B €10, 5], &k € |0, 2m) (k=1,2)

56



Calculation in QM:

Vi = £(2|vg) (vk| — 1) 32 parameters for
measurement settings.

) = cos a|+) + eF sin vy, cos 51,|0) + €7 sin oy, sin B, |—)

o, b €10, 5 LM € (0,27 k=1,2
| [ ’ 2]7 f 777 [ ’ ) ( ) Banacki, Ohta, Shaleena, KS,
Horodecki, et al [2607.26122]

analytically optimising {a, b}
Kilij =Trl[(0i ®0; @ (Vi £ V2)) - p)

= 2 5111%}2( Z \/,u% (Kz) + p3(Ky) 11, o: the two largest eigenvalues
T Le=—1,+41 i
8 param. of \/Kin
57

optimization



Bell nonlocality result:

1.00 7 442 ' 8.0 1.00 7 1.00 7
0751 I 7.5 0.75 - 0.75 -
0.50 1 e 70 0.50 - 0.50 -
6.5 6.5
0254 0254 0.25 -
N 6.0 O 6.0 O
7o N A
0.00 4 0.00 4 0.00 -
Q O Q
O 55 O -55 O
—0.25 1 —0.25 e ~0.25 A
5.0
—0.50 4 e L5 ~0.50 - R ~0.50 -
ogs{ R - w0 075 B ~075-
~1.00 . ’ ’ ' 3.5 ~1.00 - ’ ’ ’ i ~1.00
5 10 15 20 25 30 5 10 15 20 25 30
m;; [GeV] m:; [GeV]

e LHVT bound 4 is violated in all regions of phase space.

® Analytical expressions in some corners:

Fermion threshold: Buia2, Bioy, Bogy = 4\/1 + 0%, ~4v/2~56

Gauge-boson thres: By, — max |85 4v/1+ 52

/ / L
84247 [52447 — INaX

85, 4v/1 + 252

~ ().988
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1.00

! dU/(dm,. dcos0) [GeV™']

Observability at future colliders:

___________________________

0.75

0.50 ———-----;L------___;L_________;L _____

¢ QIS measurements seem promissing both at 025 3 107
HL-LHC and FCC-ee. % 0.00 B .
O | . . |
~0.25 C PammmmmmE
e Dedicated studies are needed for conclusion o . 3

———————————————————————————

—0.75

—1.00 ; ; ' '
5 10 15 20 25 30

BR(h — 77 777Z) ~ BR(h — ZZ*) x BR(Z* — 77) ~ 107 e [GeV]

. . . Events
Collider L |ab™| | Production 7 decay h— -1+ Z]
HL-LHC ] o(pp — h) Br(Z —ete” /uTu™) O(109
13.6 TeV| ~ 55 pb ~ (0.067
FCC-ee olete™ — Zh) 5
240 GeV] 010 ~ (.20 pb 2~ any O(10%)
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ete” > ttZ

22 — 223
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Kinematics:

lab-frame tt rest frame
p e m,: tt invariant mass, m € [ 2my, /s —myz|;
[ s ” e Oz: polar angle of Z in the lab frame, cosf, € [—1,1];
Y
B h, € o e 0;: polar angle of ¢ in the ¢t rest frame, cosf; € [—1,1];
e ¢: azimuthal angle of ¢ in the tt rest frame, ¢ € [0, 27).
tf Mg
(- )
_ b
O(t,t, Z;cos6z,cos0;,¢0) = O(t,t, Z; —cosby, —cosby, —p)
\_ ,

o1



,Y* 7 Z(p3) "Y* 7% ,y* 7 fY* .

6"‘(]6‘2) f(pz) et B ot 7 ot ;

Helicity amplitudes: M;L\i;\é,hg = Y MDaky, M), v(k2, A2), u(py, 1), 0(pa, ha), €(ps, hs))

I=a,...,e

Spin state: | 7 A o
)\ )\ — ./\/l ’ ]/L]_’ h2’ h3
(unnormalised) Vx10) Z h17h2»h3| )

hi,ha,hs
Density matrix: A o o
14N2 L 1,2 14/N\2 *
(unnormalised) R(h17h27h3)7(h/17h,27hg3) = M ha s [Mh’l,h’z,hg] < pure
d0.>\1,)\2 !
Differential cross section: hiha.hs - 2 pAihe

dP - 2_8 (h1,h2,h3),(h1,h2,h3)



The source of mixing:

1 1
Imperfect polarisaton: pe+ = 5(1+7>€:)\+><+\€: | 2(1 — Po)|—)(—|x Pt € |—1,1]

1t/ state: 1
R[P.- — Py, x, R Py, = —(14+MPo)(1+ A
(initial spin averaging) P Per] /\z; A2 ’ AA2 4( 1Pe )l 2Pet)
1,2
(mixed)
1t/ state: 1 The spin quantization axes (helicity
(phase-space integ.) s = / dop = / 2—R <—— Dbasis) are different from event to event.
. > > 45
(mixed) Ry is a fictitious state,
Afik, de Nova [2003.02280],
RZ Cheng, Han, Low [2311.09166]

Normalised state: o

B TIRE

03



T > g —
Separability classes: ¢ >0, ;¢ =1

Fully separable: pfS — Zqz’ ,054 ®,07J;B ®ch

1
_ M| M M M
M-separable: p"IM =" ¢g; pM ® p] Multipartite
0

Entangled

bi-separable: P = ¢ IOA\BC 1 g IOB\AC + g pC|AB

Genuine Multipartite GME £ bs
Entangled (GME): P P
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o |f state is separable, p 1B = sz Pi & (P; is Hermitian, Unit-Trace, PSD

If one finds a negative eigenvalue In pTB, the state Is guaranteed to be entangled.

= necessary condition, it is also sufficient for (d,, dy) = (2,2),(2,3),(3,2).

3 If p's > 0, the state p is called

“Positive-Partial-Transpose (PPT)”.

36 All separable states are PPT.

separable
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Negativity:

A, are the eigenvalues of p*? separable

3 Negativity is a faithful ENT measure only for 2 x 2 and 2 x 3 systems.

60



One-to-one entanglement

Reduced states:

pig = Trzlp] (2 x2),

prz = Trelpl (2% 3),

e
|
A\

|
I
X
o

X
o

Negativities:

Ny = Nt(ﬂtf)7
Nz = NZ(PtZ)a

Niz = Nz(piz) -

B

©
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One-to-other entanglement

Negativities:

N(Z|tt) = Nz(p) (3x4), N(t[tZ)= Ni(p) (2 x6),

0 < N(Z|t) < 1

(PPT) ) )
0 < N(t|tZ), N({|tZ) <

1
2

N(t|tZ) = Nz(p) (2 x6).

(maximally entangled)
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GME certification Jungnitsch, Moroder, Giihne [1010.6049]

e GME state cannot be a PPT mixture:

PPT-mix PPT PPT PPT
P = PAPA =~ T PBPB ~ T+ PCPC

e Consider the fully decomposable operator

Genuine Multipartite

W:PM—FQ?\}M Py 20, 0<Qp <1 Entangled

(for simultaneously all M)

e For all M-PPT states,
Trlpy, W) = Trlpas - Pul + Tr[(oag )™ Qur) > 0
e For all PPT mixtures,
Tr[p"PT™W) = pa Tr[p" T W) + pp Trlpg " W] + pe Tr[per " W] > 0

Tr[pWW] <0 = pis GME
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GME measure

e Genuine Multipartite Negativity (GMN) is defined as

Na(p) = min  Tr[pWV] Jungnitsch, Moroder,

1Py ,Qn}

Giihne [1010.6049]

e GMN (non-negative function) is a GME measure:

B

@
ZAN

¢ Ng(p) = 0 iff pis PPT-mix (which includes all bi-separable states)

¢ non-increasing under LOCC

e The general upper bound: Ng(p) < min

N(Z|th), N(t|tZ), N({[tZ)
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cos b,

cos 6,

One-to-one @ phase-space points:

Unpol: Vs =1 TeV, cosf;, =0, =0

1.00

0.75

II:O&S
0.4

-0.3

0.50

0.25

0.00
- 0.2

—0.25

—0.50
0.1

—0.75

0.0

—1.00

400 600

(1 [GGV]

800

Unpol: vs =1 TeV, cosf, =0, =0

1.00 0.5
0.75 -, I
0.4
0.50
0.25
o 0.3
= % 0.00
@)
© L 0.2

—0.25

—0.50
0.1

800

—0.75

0.0

—1.00

400 600

My [GeV]

One-to-other @ phase-space points:

Unpol: vs =1 TeV, cosf; =0, p=0
1.00

0.75
0.50
0.25 1

0.00 -

—0.25 -

—0.50
—0.75

—1.00

400 600

Tt [GeV]

800

Unpol: vs =1 TeV, cosf; =0, p=0
1.00

0.75
0.90 1
0.25 1

0.00 -

Niz

cos 6,

cosf; =0, p=0

Unpol: vs =1 TeV, cosf, =0, =0

1.00

0.75

0.50

0.25

0.00

—0.25

—0.50

—0.75

—1.00

400 600

(1 [GGV]

800

Unpol: Vs =1 TeV, cosf, =0, =0

0.75
0.4
0.50 A
0.25 A I Py
0.3 ES
0.00 ey
0.25 - 0.2 %
—0.50 A
0.1
—0.75
—1.00 0.0
400 600 800
Tt [GGV]

@
©

B)

e Small

e Separable in
some region

® ~ max. entangled
IN some region

/1



cos 0,

A

GME @ phase-space points A

Unpol: vs =1 TeV, cosf, =0, ¢ =0 @ @

1.00
0.75
0.90 -
0.25 -

e | arge GME @ central threshold region

0.00 -

—0.25 -

—0.90 -

—0.75

—1.00

400 600 800
(e [GGV]



After the phase-space integration (event averaging),

N,y = N;z = Ny, = for all /s

0.10
N(t|tZ)
0.08 - e N E )

® Entanglement is washed out due to
the phase-space Iintegration.




cos b,

One-to-one: 4, ¢ integrated

Unpol: vs =1 TeV

1.00

0.75

0.50

0.25

0.00

—0.25

—0.50

—0.75

—1.00

400

600
Tnff[(}e\[]

800

I\Oii

-0.4

-0.3

- 0.2

||OJ
0.0

=

cos b,

Unpol: vs =1 TeV

].oOO 0.5
0.75 II_
0.50 0.4
0.25 0.3
N
0.00 =
0.25 0.2
—0.75 ¢
~1.00 0.0

400 600 800
Tnif[(}e\/]

One-to-other: 4, ¢ integrated

Unpol: Vs =1 TeV

1.00

0.75

0.50

—0.50

—0.75

—1.00

400

Unpol: Vs =1 TeV

1.00 05
0.75 II_
0.50 - 0.4
0.25 - .
0.3IES
0.00 - >
005 - 0.2 =,
—0.50 14 0.1
—0.75
~1.00 0.0
400 600 800

e Small

A
B ©

e Separable in a large region

® | arge in the central threshold region

§]1|2 .

lcosbz| < 0.7 and my < 550 GeV

74



GMN: 6, ¢ integrated

1.00

0.75

0.50 1

0.25 -

—0.50 1 -

—0.75

—1.00

400

Unpol: Vs =1 TeV

600
(1 [GeV]

800

e Sizeable at the central threshold region
YoMmE @ |cosfz| < 0.5 and mys < 420 GeV

® [he cross section Is suppressed
at the central threshold region

Differential cross section

Unpol: vs =1 TeV

1.00 10—1
0.75 I
0.50 -
=
0.25 =C
N 1072 —
2 0.00 <
O o
~0.25 °[%
3
)
—0.50
10~°

—0.75

—1.00

400 600 300
TNt [GGV]



The effect of polarisation:

e Pol— beam configuration enhances

the cross section

101':

— (P.-, P.+)=(+0.8, —0.3)

Unpol Pol+ Pol— — (P.-, P.+)=(-0.8, +0.3)
---- Unpolarised

(P._,P..) | (0,0)  (+0.8,-0.3)  (—0.8, +0.3) . i .
1 1.5 2 3

Vs [TeV]

0'1|2 [fb] OGME [fb] N(Z‘tf) N(tﬁZ) NG

Unpol 0.41 0.054 0.199 0.136 0.156

Pol+ 0.27 0.036 0.216 0.150 0.169

Pol— 0.74 0.099 0.244 0.170 0.151

/0



A naive statistical estimate:

BR = [BR(t — bfv)]* -BR(Z — ¢T¢7) ~ 0.01

ny = oy - BR - L :#of events

Umax

Oy = Csys * . uncertainty on v € {N(Z|tt), N(t|tZ), N(t|tZ), Ng}.

NG

Uy;
Oy = 5 — \/ ox - BR - L the significance of the measurement for v
(Y, Umax

(7



Result:

N(Z|tD N (t|2) Ne
significance,
luminosities oy | L1s | Log | 0v | L15 | Log Oy Lis | Log
Unpol 1.1 6.2 | 248 | 15| 3.3 | 13.2 | 0.60 | 19.1 | 764
Pol+ 1.0} 79 | 31.7 |14 | 4.1 | 16.4 | 0.57 | 24.6 | 98.4
Pol— 1.9 23 | 91 |26 1.2 | 4.7 | 101 | 7.8 | 31.1

e ~ 20 certification for one-to-other entanglement

e ~ 10 certification for GME

0,: signif. at 8ab™!
L1,: lumi. required for 1o

Lo: lumi. required for 2o

lumi unit = ab

e Optimisation of event selection will improve the sensitivity further
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Conclusion:

e Colliders produce genuinely tripartite systems; =+ C* ® C* ® C°

® [he tripartite system has a structure that is absent in the bipartite system;
one-to-one vs one-to-other entanglement, monogamy, GME and tripartite nonlocality.

h—1 1777 (pure state) eTe” = tts (mixed state)

® Expanding in the fermion mass, the spin ® [he state depends on 5 kinematical param. A
state admits a simple expression in the partial integration mixes states with different
Kinematical corners. quantisation axes — a fictitious state.

® The bulk region is GHZ-type 2 ® 2 ® 2), ® one-to-one is small, while one-to-other and
while the collinear region is genuinely GME are sizeable in the central threshold
2R 2R 3. region.

® Experimental prospect is promissing ® Beam polarisation enhances the rate:

~ 104 (103) events at HL-LHC (FCC-ee). ~ 20 for one-to-other, ~ 10 for GME

79



Thank you for listening




s : spin direction of the decayingparticle
x : direction of decay product x (unit vector)

1 dI' 1+, (x-s)

['d(x - s)

helicity basis

(el, SHP 63) — (Il, I, k)

2

a, € [—1, + 1]: spin analyzing power

T —> T U.:

a~1

T > pv: ax~045
o~ —0.33

T = ¢ UU:

t — buvl™
t — bl :
t — bud :
t — bud :

a~ 1

a ~ 0.39
a~—0.32
a~ 0.97

31



Unpol: vs =1 TeV, cosf, =0, ¢ =0
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Unpol: v's =1 TeV, cosf; =0, =0
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