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⌘ A review on entanglement 

⌘ Tripartite Entanglement 

●  h → τ−τ+Z

●  e+e− → t t̄ Z

⌘ Conclusion
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<latexit sha1_base64="lfgw6eDDEELjpxlG0LOyWCUG0Po=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCBxntkOlFGHrxOMG9wFpKmqVbWJrWJBVGt+/hxa/ixYMingQPfhvTrgfdfCDkx///PCTP348Zlcqyvo2l5ZXVtfXSRnlza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH11nfueBCEkjfqfGMXFDNOA0oBgpLXlmzRki5YhhdOnIJPQovPeoczpxYkk1CMQHjDhsduXapOyZFatq5QUXwS6gAopqeuan049wEhKuMENS9mwrVm6KhKKYkWnZSSSJER6hAelp5Cgk0k3z3abwWCt9GERCH65grv6eSFEo5Tj0dWeI1FDOe5n4n9dLVHDhppTHiSIczx4KEgZVBLOgYJ8KghUba0BYUP1XiIdIIKx0nFkI9vzKi9CuVe16tX57VmlcFXGUwCE4AifABuegAW5AE7QABo/gGbyCN+PJeDHejY9Z65JRzByAP2V8/QD8GaIF</latexit>

ω̂ =
∑

i

qi |εi→↑εi|

Ensemble:
<latexit sha1_base64="Nx1b5CxZX2hoePUQ286n8w2AzyY=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwUcpMkVpwU3TjsoJ9QFOGTJq2oZnMNMkIZeyvuPFX3LhQpDvxZ0zbAbX1QOBwzj3c3ONHnCntOJ9WZm19Y3Mru53b2d3bP7APjxoqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9Ic3M7/5QKViobjX44h2AtwXrMcI1kby7ApKUGHkuVePKFLMc5HEos9pAcGRV0rF0o+IuqFWqIAmOc/OO0VnDrhK3JTkQYqaZ09NmMQBFZpwrFTbdSLdSbDUjHA6yaFY0QiTIe7TtqECB1R1kvmFE3hmlC7shdI8oeFc/Z1IcKDUOPDNZID1QC17M/E/rx3rXqWTMBHFmgqyWNSLOdQhnNUFu0xSovnYEEwkM3+FZIAlJtqUOivBXT55lTRKRbdcLN9d5KvXaR1ZcAJOwTlwwSWogltQA3VAwBN4AW/g3Xq2Xq0Pa7oYzVhp5hj8gfX1DboToqI=</latexit>

{ q1; |ω1→, q2; |ω2→, . . . }
<latexit sha1_base64="2oOJ8ihMYFXPbQdpSxerLoLEKI8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIVDdC0Y3LCvYBTQiT6U07dCaJMxOhlIIbf8WNC0Xc+hPu/BunbRbaei4XDufcy8w9YcqZ0o7zbS0sLi2vrBbWiusbm1vb9s5uQyWZpFCnCU9kKyQKOIuhrpnm0EolEBFyaIb967HffACpWBLf6UEKviDdmEWMEm2kwN6/D5jXBeyceKawpzIRMGzESzewS07ZmQDPEzcnJZSjFthfXiehmYBYU06UartOqv0hkZpRDqOilylICe2TLrQNjYkA5Q8nN4zwkVE6OEqk6Vjjifp7Y0iEUgMRmklBdE/NemPxP6+d6ejCH7I4zTTEdPpQlHGsEzwOBHeYBKr5wBBCJTN/xbRHJKHaxFY0IbizJ8+TxmnZrZQrt2el6lUeRwEdoEN0jFx0jqroBtVQHVH0iJ7RK3qznqwX6936mI4uWPnOHvoD6/MHSD2WBw==</latexit>

qi → 0,
∑

i

qi = 1

Time Evolusion:

Measurement:

<latexit sha1_base64="pvTgstAg362wyIBk2pRw3hRdTns=">AAACFnicbZDLSgMxFIYz9VbrrerSTbAI7cIyI1LdCEU3Lis4baEzlkyatqGZC8kZoQx9Cje+ihsXirgVd76NmWlBbT0Q8vP955Cc34sEV2CaX0ZuaXlldS2/XtjY3NreKe7uNVUYS8psGopQtj2imOABs4GDYO1IMuJ7grW80VXqt+6ZVDwMbmEcMdcng4D3OSWgUbd47AwJYEcOwzJU8AW20+uHmZWM3Dk9Mhgw2S2WzKqZFV4U1kyU0Kwa3eKn0wtp7LMAqCBKdSwzAjchEjgVbFJwYsUiQkdkwDpaBsRnyk2ytSb4SJMe7odSnwBwRn9PJMRXaux7utMnMFTzXgr/8zox9M/dhAdRDCyg04f6scAQ4jQj3OOSURBjLQiVXP8V0yGRhIJOsqBDsOZXXhTNk6pVq9ZuTkv1y1kceXSADlEZWegM1dE1aiAbUfSAntALejUejWfjzXiftuaM2cw++lPGxzecTpyP</latexit>

ω̂(t) = U(t)ω̂(0)U(t)†

<latexit sha1_base64="qHED16XLlyeyt4lxDR0T9VJ0LUY=">AAACIXicbVBNS8MwGE7n15xfVY9egkOYl9GKzF2EoRdvTtgXrKWkWbaFpWlJUmGU/RUv/hUvHhTZTfwzpl0F3Xwg5MnzvC9v3sePGJXKsj6Nwtr6xuZWcbu0s7u3f2AeHnVkGAtM2jhkoej5SBJGOWkrqhjpRYKgwGek609uU7/7SISkIW+paUTcAI04HVKMlJY8s+4wxEeMQGeMFLyHjsieniPGIbyGiSMC2BKzyo+dXql37pllq2plgKvEzkkZ5Gh65twZhDgOCFeYISn7thUpN0FCUczIrOTEkkQIT9CI9DXlKCDSTbINZ/BMKwM4DIU+XMFM/d2RoEDKaeDrygCpsVz2UvE/rx+rYd1NKI9iRTheDBrGDKoQpnHBARUEKzbVBGFB9V8hHiOBsNKhlnQI9vLKq6RzUbVr1drDZblxk8dRBCfgFFSADa5AA9yBJmgDDJ7AC3gD78az8Wp8GPNFacHIe47BHxhf3yOkokM=</latexit>

→Ô↑ω = Tr(Ôω̂)

<latexit sha1_base64="Ls6m0fsCAp85cBLSG/gp1t6Dw8c="></latexit>

Û(t) = e→iĤt

● General quantum states are faithfully described by density operators:
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<latexit sha1_base64="rGrNSsP1qoiueEq1rAqBbfOLHpk="></latexit>

|ω±→ =
↑
p |0→±

√
1↓ p |1→

<latexit sha1_base64="eCWMDgoVIz+P7+TDEEoYIAnd1QM=">AAACI3icbZDLSgMxFIYzXmu9jbp0EyxCRSwTkSquim5cVrAX6Awlk6ZtaCYTkoxQxr6LG1/FjQuluHHhu5i2s9DWAyEf/38OyflDyZk2nvflLC2vrK6t5zbym1vbO7vu3n5dx4kitEZiHqtmiDXlTNCaYYbTplQURyGnjXBwO/Ebj1RpFosHM5Q0iHBPsC4j2Fip7V5L+AQ96CssepxCn89uz6qnsIjO5IkltOAjq7bdglfypgUXAWVQAFlV2+7Y78QkiagwhGOtW8iTJkixMoxwOsr7iaYSkwHu0ZZFgSOqg3S64wgeW6UDu7GyRxg4VX9PpDjSehiFtjPCpq/nvYn4n9dKTPcqSJmQiaGCzB7qJhyaGE4Cgx2mKDF8aAETxexfIeljhYmxseZtCGh+5UWon5dQuVS+vyhUbrI4cuAQHIEiQOASVMAdqIIaIOAZvIJ38OG8OG/O2PmctS452cwB+FPO9w+ScaCO</latexit>

p|0→↑0|+ (1↓ p)|1→↑1|
<latexit sha1_base64="BY3HzreI/ZptUyiQMo9ovG+aRxU=">AAACQnicbVDNS8MwHE39nPOr6tFLcAiCbLRDpsehF48T3IespaRZuoWlaUlSYXT727z4F3jzD/DiQRGvHky3HnTbg5DHe+/HL3l+zKhUlvVqrKyurW9sFraK2zu7e/vmwWFLRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7wJvPbj0RIGvF7NYqJG6I+pwHFSGnJMx8cFQiE7SocQyeW1DuHjkC8zwh0WH7P5DHU1ly4vDxc1n7RM0tWxZoCLhI7JyWQo+GZL04vwklIuMIMSdm1rVi5KRKKYkYmRSeRJEZ4iPqkqylHIZFuOq1gAk+10oNBJPThCk7VvxMpCqUchb5OhkgN5LyXicu8bqKCKzelPE4U4Xi2KEgYVBHM+oQ9KghWbKQJwoLqt0I8QLolpVvPSrDnv7xIWtWKXavU7i5K9eu8jgI4BifgDNjgEtTBLWiAJsDgCbyBD/BpPBvvxpfxPYuuGPnMEfgH4+cXvhOt5w==</latexit>

1
2 |ω+→↑ω+|+ 1

2 |ω→→↑ω→|

<latexit sha1_base64="GoCD8z6bWXGRBt18Emvrau4X7Ks="></latexit>{
|0→ · · · p

|1→ · · · 1↑ p

<latexit sha1_base64="KP9GlCyZGkNFBw5MWJ2UCGcJfOw="></latexit>{
|ω+→ · · · 1

2

|ω→→ · · · 1
2

<latexit sha1_base64="MpKI2zyOt8KjwqkIivAUcXzlgIU="></latexit>→↑
physically 
equivalent

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
<latexit sha1_base64="7IB0lXHOE9HjqOtKIHvptH4b/Qg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6MVjBfsBTSib7aZZutkNuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvZAYJrhkbeAgWC/VjCShYN1wfDfzu09MG67kI0xSFiRkJHnEKQEr+X5MAPs6VvgGD6o1t+7OgVeJV5AaKtAaVL/8oaJZwiRQQYzpe24KQU40cCrYtOJnhqWEjsmI9S2VJGEmyOc3T/GZVYY4UtqWBDxXf0/kJDFmkoS2MyEQm2VvJv7n9TOIroOcyzQDJuliUZQJDArPAsBDrhkFMbGEUM3trZjGRBMKNqaKDcFbfnmVdC7qXqPeeLisNW+LOMroBJ2ic+ShK9RE96iF2oiiFD2jV/TmZM6L8+58LFpLTjFzjP7A+fwBujOQ2A==</latexit>

ω̂ =

● For a given density operator, the pure state decomposition is not unique!
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● The state is called separable if it admits the expression

<latexit sha1_base64="8Fk7d4bMkQ8i7dqtVIvZhA41XTw="></latexit>

ω =
∑

i

pi ω
A
i → ωBi

● otherwise it is called entangled.

<latexit sha1_base64="VpukZQDl2HcMn+flV3nxf3EWf38="></latexit>

pi → 0,
∑

i

pi = 1

“Entanglement is not just one, but the characteristic trait of QM”
Erwin Schrödinger 

⌘ Definition:
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<latexit sha1_base64="A58v0svx60gtRzZU3O1GzJ9Twzg="></latexit>ωA
<latexit sha1_base64="scXWR1rduQItuQScN51AEOYSxX8="></latexit>ωB

<latexit sha1_base64="th/LOo0fMK59Jk8kTNj2AS1YALo="></latexit>

|ω→ = 1↑
2

[
|0→A ↓ |1→B ↔ |1→A ↓ |0→B

]
<latexit sha1_base64="buUMdSuWBV6C3eAEpKnUUoPr3lg="></latexit>

|0→A ↑ |1→B
measurement

⌘ LOCC introduces a partial ordering on quantum states.

<latexit sha1_base64="pu6yJjagTJIaroTIW8Mz5ISXSV8="></latexit>

ω0
LOCC→→→→↑ ω1

LOCC→→→→↑ · · · LOCC→→→→↑ ωsep

entanglement
High Low

maximally entangled
<latexit sha1_base64="IGC7Y/2s7Uvp4kPu3N6VOhWAruM="></latexit>

1→
2
[|00→± |11→]

<latexit sha1_base64="hOVvn8Guo6UPS3dYCoEUsxEmOWQ="></latexit>

1→
2
[|01→± |10→]

Local Operation & Classical Communication

entangled not entangled
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● Concurrence quantifies entanglement: 

<latexit sha1_base64="uQawYDtTae/qaCAgvY/LytRAkQs="></latexit>

0 → C(ω) → 1(separable) (maximally entangled)

<latexit sha1_base64="A3lOsIuqR3lMXOkcKaA6GJauUJ4="></latexit>

C(ω) = max ( 0, ε1 → ε2 → ε3 → ε4 )

<latexit sha1_base64="Tzm48RwHRCucDGlkHTXDPg4O7xg="></latexit>

ω1 → ω2 → ω3 → ω4 are the eigenvalues of
↑
εε̃ with ε̃ = (ϑy↓ϑy)ε→(ϑy↓ϑy).

Wootters' (1998)

⌘ Mixed states:

⌘ Pure states:
<latexit sha1_base64="A+LY8LJCBbperDqBLMoFdSgjob8="></latexit>

C(|ω→) ↑
√

2(1↓ Trε2A)
<latexit sha1_base64="oqT9tkNF97cIS4ZoclAaXwYQnQ0="></latexit>

ωA = TrB |ε→↑ε|

For 2-qubit
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<latexit sha1_base64="330hoQx/C88N6reL4xw6Wikdw5M="></latexit>

BCHSH →






2 LHV, ωsep

2
↑
2 QM

4 beyond QM

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0

<latexit sha1_base64="qYyut/9IO/Jx6c+4fgYZpXpMO1A="></latexit>

I({ωa,ωb}) →
∣∣↑A0B0↓+ ↑A0B1↓+ ↑A1B0↓ ↔ ↑A1B1↓

∣∣
<latexit sha1_base64="TL4mc/nG6zQJ816BuNRakgtgZKI="></latexit>

BCHSH → max
ωa,ωb

I({ωa,ωb}) ↑ 2

separable

Bell NL

entangled

beyond QM

Bell test can certify Bell nonlocality and probe beyond QM
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beam

<latexit sha1_base64="sPvnHXW4iNKv0ZbNTiP5oEca89w=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSEhKFWCUGGsYOlYJPpQm7RyXKe16jxkO0hVVAYWfoWFAYRY+Qc2/gYnzQAtR7Lv0Tn3yr7HCRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiCDimNRxwALecpAgjPqkLqlkpBVygjyHkaYzukn85j3hggb+nRyHxPbQwKcuxUgqqacfVKFVtGSQXCjqnsK0nBUf2u3uSU8vGCUjBZwnZkYKIEOtp39Z/QBHHvElZkiIjmmE0o4RlxQzMslbkSAhwiM0IB1FfeQRYcfpFhN4pJQ+dAOuji9hqv6eiJEnxNhzVKeH5FDMeon4n9eJpHtlx9QPI0l8PH3IjRiUAUwigX3KCZZsrAjCnKq/QjxEHGGpgsurEMzZledJ47xklkvl24tC5TqLIwf2wSE4Bia4BBVQBTVQBxg8gmfwCt60J+1Fe9c+pq0LWjazB/5A+/wB3smW6w==</latexit>

H → ω
+
ω
→
, ZZ

↑

<latexit sha1_base64="kkRQEo2iFnKdHQR3LyQL7jvQQH8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WvXisYGuhCWWz3bRLN5tldyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRUpwA5737ZTW1jc2t8rblZ3dvf2qe3DYMWmmKWvTVKS6GxHDBJesDRwE6yrNSBIJ9hCNb2b+wyPThqfyHiaKhQkZSh5zSsBKfbeqFA4gxYCDiGgMfbfm1b058CrxC1JDBVp99ysYpDRLmAQqiDE931MQ5kQDp4JNK0FmmCJ0TIasZ6kkCTNhPj98ik+tMsBxqm1JwHP190ROEmMmSWQ7EwIjs+zNxP+8XgbxVZhzqTJgki4WxZnAs09tCnjANaMgJpYQqrm9FdMR0YSCzapiQ/CXX14lnfO636g37i5qzesijjI6RifoDPnoEjXRLWqhNqIoQ8/oFb05T86L8+58LFpLTjFzhP7A+fwBjd6SZA==</latexit>

pp → tt̄

Can we measure various quantum properties at collider?
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In the past few years, entanglement and other quantum properties in bipartite 
systems have been extensively studied.

●  W W, Z Z

●  t t̄

●  τ+τ−
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Maltoni, Sioli [2110.10112], Aoude, Madge, Maltoni, Mantani [2203.05619], Afik, de Nova 
[2203.05582], Aguilar-Saavedra, Casas [2205.00542], Fabbrichesi, Floreanini, Gabrielli 
[2208.11723], Afik, de Nova [2209.03969], Severi, Vryonidou [2210.09330], Dong, Gonçalves, 
Kong, Navarro [2305.07075], Aguilar-Saavedra [2307.06991], …

Altakach, Lamba, Maltoni, Mawatari, KS [2211.10513], Ma, Li [2309.08103], Ehatäht, 
Fabbrichesi, Marzola, Veelken [2311.17555], Fabbrichesi, Marzola [2405.09201], 
Fabbrichesi, Low, Marzola [2501.03311], Han, Low, Su [2501.04801], Zhang, Zhou, 
Liu, Wu, Li, Han et al. [2504.01496], Jeans [2603.12609], Lee, Lawless, Riggall 
[2603.28868], ...

Barr [2106.01377], Aguilar-Saavedra, Bernal, Casas, Moreno [2209.13441], Aguilar-
Saavedra [2209.14033], Ashby-Pickering, Barr, Wierzchucka [2209.13990], Fabbrichesi, 
Floreanini, Gabrielli, Marzola [2302.00683], Fabbrichesi, Floreanini, Gabrielli, Marzola 
[2304.02403], Morales [2306.17247], Aoude, Madge, Maltoni, Mantani [2307.09675], 
Fabbri, Howarth, Maurin [2307.13783], Bernal, Caban, Rembieliński [2307.13496], …
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ATLAS and CMS observed entanglement in tt̄
EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Nature 633 (2024) 542
DOI: 10.1038/s41586-024-07824-z

CERN-EP-2023-230
October 3, 2024

Observation of quantum entanglement with top

quarks at the ATLAS detector

The ATLAS Collaboration

Entanglement is a key feature of quantum mechanics [1–3], with applications in fields such as
metrology, cryptography, quantum information, and quantum computation [4–8]. It has been
observed in a wide variety of systems and length scales, ranging from the microscopic [9–13]
to the macroscopic [14–16]. However, entanglement remains largely unexplored at the highest
accessible energy scales. Here we report the highest-energy observation of entanglement,
in top–antitop quark events produced at the Large Hadron Collider, using a proton–proton
collision dataset with a center-of-mass energy of

→
𝐿 = 13 TeV and an integrated luminosity

of 140 fb↑1 recorded with the ATLAS experiment. Spin entanglement is detected from the
measurement of a single observable 𝑀, inferred from the angle between the charged leptons
in their parent top- and antitop-quark rest frames. The observable is measured in a narrow
interval around the top–antitop quark production threshold, where the entanglement detection
is expected to be significant. It is reported in a fiducial phase space defined with stable particles
to minimize the uncertainties that stem from limitations of the Monte Carlo event generators
and the parton shower model in modeling top-quark pair production. The entanglement marker
is measured to be 𝑀 = ↑0.537 ± 0.002 (stat.) ± 0.019 (syst.) for 340 < 𝑁

𝐿𝐿
< 380 GeV. The

observed result is more than five standard deviations from a scenario without entanglement
and constitutes the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement so far.

© 2024 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Abstract
Entanglement is an intrinsic property of quantum mechanics and is predicted to be exhibited in
the particles produced at the Large Hadron Collider. A measurement of the extent of
entanglement in top quark-antiquark (t̄t) events produced in proton–proton collisions at a
center-of-mass energy of 13 TeV is performed with the data recorded by the CMS experiment at
the CERN LHC in 2016, and corresponding to an integrated luminosity of 36.3 fb−1. The events
are selected based on the presence of two leptons with opposite charges and high transverse
momentum. An entanglement-sensitive observable D is derived from the top quark
spin-dependent parts of the t̄t production density matrix and measured in the region of the t̄t
production threshold. Values of D<→1/3 are evidence of entanglement and D is observed
(expected) to be →0.480+0.026

−0.029 (→0.467+0.026
−0.029) at the parton level. With an observed significance

of 5.1 standard deviations with respect to the non-entangled hypothesis, this provides
observation of quantum mechanical entanglement within t̄t pairs in this phase space. This
measurement provides a new probe of quantum mechanics at the highest energies ever produced.

Keywords: CMS, top quark, entanglement

1. Introduction

Entanglement is a fundamental concept in quantum mech-
anics that describes a strong correlation between particles,
such that the state of one particle cannot be independently
described without considering the state of the other, regard-
less of the distance between them [1–3]. Quantum entangle-
ment has been extensively studied in the context of photons
and electrons [4–6]. In these measurements, entanglement is
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often determined through observations of particle properties,
such as spin or polarization [7]. When considering the entan-
glement of two spin-1/2 particles, it is convenient to describe
the quantum state of each particle as a linear combination of
its basis states, usually denoted as |0〉 and |1〉 (correspond-
ing to spin-up and spin-down states). In this formalism, one
typically refers to each particle as a quantum bit (qubit) of
information. An entangled state for two qubits is a superpos-
ition of their joint states that cannot be factorized into indi-
vidual states. A common example is the Bell state, |ψ−〉=
(|01〉→ |10〉)/

√
2, which can be realized to show the viola-

tion of Bell’s inequality [8–10]. This state provides important
insights into the Einstein–Podolsky–Rosen paradox [11], con-
tributing to the ongoing discussion about the foundations of
quantum mechanics. In a maximally entangled state, measur-
ing the state of one qubit instantaneously determines the state
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Also, very recently, in  H → ZZ*

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: PRL CERN-EP-2026-061
March 30, 2026

Measurements of 𝜴-boson pair entanglement in

decays of Higgs bosons at the ATLAS experiment

The ATLAS Collaboration

Entanglement is a key property of quantum systems. In this Letter the first measurements of
quantum entanglement between spins in pairs of 𝐿 bosons are reported, using proton–proton
collision data from the Large Hadron Collider (LHC) at center-of-mass energies of 13 TeV and
13.6 TeV, recorded with the ATLAS detector. Measurements of angular observables sensitive
to 𝐿𝐿→ spin-density-matrix elements in the 𝑀 ↑ 𝐿𝐿→ ↑ 𝑁+𝑁↓𝑁+𝑁↓ process yield coe!cients
𝑂2,1,2,↓1 = ↓0.71 ± 0.45 and 𝑂2,2,2,↓2 = 0.08 ± 0.44, consistent with their Standard Model
predictions. A complementary hypothesis test using the full angular distribution, and relying
on several Standard Model assumptions in the decays, provides substantially higher sensitivity
to quantum correlations and disfavors the separable-state hypothesis at a significance of
4.7 standard deviations (expected 4.9𝑃) relative to the entangled Standard Model hypothesis.
These results provide strong evidence of quantum entanglement between massive bosons (spin
qutrits) at the electroweak scale.

© 2026 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Abstract

Kinematic distributions in Higgs boson decay to four leptons H ! 4` are studied us-
ing matrix element techniques, optimizing sensitivity to the tensor structure of Higgs
boson interactions and spin correlations in the decay process. The data were col-
lected by the CMS experiment at the LHC, corresponding to integrated luminosities
of 138 and 62 fb�1 at proton-proton center of mass energies of 13 and 13.6 TeV, respec-
tively, covering the 2016–2018 and 2022–2023 data-taking periods. A simultaneous
measurement of eight Higgs boson couplings to electroweak vector bosons is carried
out within the frameworks of anomalous couplings and effective field theory. Under
the assumption of CP symmetry conservation, the polarization density matrix in the
H ! ZZ decay is measured, and a search for CP violation in the polarization of the
Z bosons is conducted. Quantum mechanical interference is tested through the per-
mutation of identical leptons. Implications regarding quantum entanglement and the
violation of a Bell-type inequality are discussed.
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QI properties in tripartite systems are much less explored.

● There are several opportunities for colliders:
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t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V

<latexit sha1_base64="DH2IsQewSVga8d3uQDDA/A6tFLI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUqS6LblxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zx7yT0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbud+54kqzSL5YKYx9QUeSRYygo2VHl3UNxGq1S4G5YpbdTOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfZgfP0JlVhiiMlH3SoEz9vZFiofVUBHZSYDPWy95c/M/rJSa89lMm48RQSRYfhQlHNuQ8PRoyRYnhU0swUczeisgYK0yM7ahkS/CWI6+Sdq3q1av1+8tK4yavowgncArn4MEVNOAOmtACAgKe4RXeHOW8OO/Ox2K04OQ7x/AHzucP1xWPJQ==</latexit>

0 → 223
<latexit sha1_base64="SN/7fV4YQUQ63OeiT2HVNZ06lQA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEYwTwgWcPsZDYZMzu7zPQKYck/ePGgiFf/x5t/4+Rx0MSChqKqm+6uIJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ+84lrI2J1j6OE+xHtKxEKRtFKjQ7S9OGsWyy5ZXcKsky8OSnBHLVu8avTi1kacYVMUmPanpugn1GNgkk+LnRSwxPKhrTP25YqGnHjZ9Nrx+TEKj0SxtqWQjJVf09kNDJmFAW2M6I4MIveRPzPa6cYXvmZUEmKXLHZojCVBGMyeZ30hOYM5cgSyrSwtxI2oJoytAEVbAje4svLpHFe9irlyt1FqXo9jyMPR3AMp+DBJVThFmpQBwaP8Ayv8ObEzovz7nzMWnPOfOYQ/sD5/AFB8o7w</latexit>

ω+

<latexit sha1_base64="Sy4LswzG7SFiAqDj6aE7Djtl8HE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMYB6QrGF2MpuMmZ1dZnqFsOQfvHhQxKv/482/cfI4aGJBQ1HVTXdXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+cS1EbG6x1HC/Yj2lQgFo2ilRgdp+nDWLZbcsjsFWSbenJRgjlq3+NXpxSyNuEImqTFtz03Qz6hGwSQfFzqp4QllQ9rnbUsVjbjxs+m1Y3JilR4JY21LIZmqvycyGhkzigLbGVEcmEVvIv7ntVMMr/xMqCRFrthsUZhKgjGZvE56QnOGcmQJZVrYWwkbUE0Z2oAKNgRv8eVl0jgve5Vy5e6iVL2ex5GHIziGU/DgEqpwCzWoA4NHeIZXeHNi58V5dz5mrTlnPnMIf+B8/gBE+o7y</latexit>

ω→

<latexit sha1_base64="wF9UNcg9VoS4m5MXBKV+QA8JZT4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALxTjOk=</latexit>

Z

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

Horodecki, KS, Shaleena 
Spannowsky [2502.19470],


KS, Spannowsky [2310.01477]

Banacki, Ohta, Shaleena, 
Caban, Eckstein, KS, 

Spannowsky, Horodecki 
[2607.26122]

Goncalves, Navarro, KS 
[2606.11296]

Spin reconstruction is possible for weakly decaying particles; 
<latexit sha1_base64="nvsWvIZ6tdO+JWxwmANbQ1uvqxs="></latexit>

t, ω,W±, Z

<latexit sha1_base64="yKz0D+wVIl/UVAEiskKu7FeuBFQ="></latexit>

e+

<latexit sha1_base64="63t4Yc3DeNb9XkAH9xcD5IAYfwc="></latexit>

e→

● There are several opportunities for colliders:

QI properties in tripartite systems are much less explored.
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A

B C

CAB

CBC

CAC

3-partite entanglement has a much richer structure than 2-partite one !

● Entanglement btw individual particles (one-to-one)
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A

B C

CAB

3-partite entanglement has a much richer structure than 2-partite one !

● Entanglement btw individual particles (one-to-one)

<latexit sha1_base64="A3lOsIuqR3lMXOkcKaA6GJauUJ4="></latexit>

C(ω) = max ( 0, ε1 → ε2 → ε3 → ε4 )

<latexit sha1_base64="Tzm48RwHRCucDGlkHTXDPg4O7xg="></latexit>

ω1 → ω2 → ω3 → ω4 are the eigenvalues of
↑
εε̃ with ε̃ = (ϑy↓ϑy)ε→(ϑy↓ϑy).

<latexit sha1_base64="Ttl6Z39b7cXZqjtbmSYpMcAmPRI="></latexit>

CAB = C(ωAB)
<latexit sha1_base64="t3ckb6HZvXwpCutMcO6J7YnHh3g="></latexit>

ωAB = TrC |ε→↑ε|

Wootters 2-qubit formula: 
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AA

B C

CA(BC)

3-partite entanglement has a much richer structure than 2-partite one !

● Entanglement btw individual particles (one-to-one)

● Entanglement btw one particle and the other subsystem

<latexit sha1_base64="ss23n1flEwXDfp6UiLMAQYDEeiM="></latexit>

CA(BC) =
√

2(1→ Trω2A)
<latexit sha1_base64="mTPE8lfwqwgcnopjLfG8QK9SYO8="></latexit>

ωA = TrBC |ε→↑ε|
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CAB CAC

AA

CA(BC)B C

3-partite entanglement has a much richer structure than 2-partite one !

● Entanglement btw individual particles (one-to-one)

● Entanglement btw one particle and the other subsystem

● Monogamy of entanglement: C2
A(BC) ≥ C2

AB + C2
AC
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A

B C

● Entanglement btw individual particles (one-to-one)

● Entanglement btw one particle and the other subsystem

● Monogamy of entanglement:

● Genuinely Multipartite Entanglement (GME)

C2
A(BC) ≥ C2

AB + C2
AC

<latexit sha1_base64="1a6TGrIvoLgiOxXpZQOvKE/de2U=">AAACLXicbVDLSgMxFM3UV62vqks3F4tQEcqM+FrW1oXLCvYBnVIyadqGZjJDkhHKtD/kxl8RwUVF3Pobpg+htp4kcDjnXnLv8ULOlLbtkZVYWV1b30hupra2d3b30vsHFRVEktAyCXggax5WlDNBy5ppTmuhpNj3OK16veLYrz5RqVggHnU/pA0fdwRrM4K1kZrpuwG4oWLgSiw6nDZvwQ0086lKZQdgm/NrxIXiEM5gAA6YO6+eQjOdsXP2BLBMnBnJoBlKzfSb2wpI5FOhCcdK1R071I0YS80Ip8OUGykaYtLDHVo3VGAzUCOebDuEE6O0oB1I84SGiTrfEWNfqb7vmUof665a9Mbif1490u2bRsxEGGkqyPSjdsRBBzCODlpMUqJ53xBMJDOzAuliiYk2AadMCM7iysukcp5zrnKXDxeZfGEWRxIdoWOURQ66Rnl0j0qojAh6Rq9ohD6sF+vd+rS+pqUJa9ZziP7A+v4BZJalJQ==</latexit>

| iA ⌦ (|00iBC + |11iBC)

3-partite entanglement has a much richer structure than 2-partite one !
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A

B C

● Entanglement btw individual particles (one-to-one)

● Entanglement btw one particle and the other subsystem

● Monogamy of entanglement:

● Genuinely Multipartite Entanglement (GME)

C2
A(BC) ≥ C2

AB + C2
AC

<latexit sha1_base64="1a6TGrIvoLgiOxXpZQOvKE/de2U=">AAACLXicbVDLSgMxFM3UV62vqks3F4tQEcqM+FrW1oXLCvYBnVIyadqGZjJDkhHKtD/kxl8RwUVF3Pobpg+htp4kcDjnXnLv8ULOlLbtkZVYWV1b30hupra2d3b30vsHFRVEktAyCXggax5WlDNBy5ppTmuhpNj3OK16veLYrz5RqVggHnU/pA0fdwRrM4K1kZrpuwG4oWLgSiw6nDZvwQ0086lKZQdgm/NrxIXiEM5gAA6YO6+eQjOdsXP2BLBMnBnJoBlKzfSb2wpI5FOhCcdK1R071I0YS80Ip8OUGykaYtLDHVo3VGAzUCOebDuEE6O0oB1I84SGiTrfEWNfqb7vmUof665a9Mbif1490u2bRsxEGGkqyPSjdsRBBzCODlpMUqJ53xBMJDOzAuliiYk2AadMCM7iysukcp5zrnKXDxeZfGEWRxIdoWOURQ66Rnl0j0qojAh6Rq9ohD6sF+vd+rS+pqUJa9ZziP7A+v4BZJalJQ==</latexit>

| iA ⌦ (|00iBC + |11iBC)

3-partite entanglement has a much richer structure than 2-partite one !

● Bell nonlocality is extended to 3-partite system
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h → τ+τ− Z

<latexit sha1_base64="SN/7fV4YQUQ63OeiT2HVNZ06lQA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEYwTwgWcPsZDYZMzu7zPQKYck/ePGgiFf/x5t/4+Rx0MSChqKqm+6uIJHCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ+84lrI2J1j6OE+xHtKxEKRtFKjQ7S9OGsWyy5ZXcKsky8OSnBHLVu8avTi1kacYVMUmPanpugn1GNgkk+LnRSwxPKhrTP25YqGnHjZ9Nrx+TEKj0SxtqWQjJVf09kNDJmFAW2M6I4MIveRPzPa6cYXvmZUEmKXLHZojCVBGMyeZ30hOYM5cgSyrSwtxI2oJoytAEVbAje4svLpHFe9irlyt1FqXo9jyMPR3AMp+DBJVThFmpQBwaP8Ayv8ObEzovz7nzMWnPOfOYQ/sD5/AFB8o7w</latexit>

ω+

<latexit sha1_base64="Sy4LswzG7SFiAqDj6aE7Djtl8HE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMYB6QrGF2MpuMmZ1dZnqFsOQfvHhQxKv/482/cfI4aGJBQ1HVTXdXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+cS1EbG6x1HC/Yj2lQgFo2ilRgdp+nDWLZbcsjsFWSbenJRgjlq3+NXpxSyNuEImqTFtz03Qz6hGwSQfFzqp4QllQ9rnbUsVjbjxs+m1Y3JilR4JY21LIZmqvycyGhkzigLbGVEcmEVvIv7ntVMMr/xMqCRFrthsUZhKgjGZvE56QnOGcmQJZVrYWwkbUE0Z2oAKNgRv8eVl0jgve5Vy5e6iVL2ex5GHIziGU/DgEqpwCzWoA4NHeIZXeHNi58V5dz5mrTlnPnMIf+B8/gBE+o7y</latexit>

ω→

<latexit sha1_base64="wF9UNcg9VoS4m5MXBKV+QA8JZT4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALxTjOk=</latexit>

Z

<latexit sha1_base64="6IEFCPMXj6hqrcGCpWbRrBoFopw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0YuM9w==</latexit>

h

<latexit sha1_base64="DH2IsQewSVga8d3uQDDA/A6tFLI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUqS6LblxWsA9ph5JJM21okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zx7yT0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbud+54kqzSL5YKYx9QUeSRYygo2VHl3UNxGq1S4G5YpbdTOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfZgfP0JlVhiiMlH3SoEz9vZFiofVUBHZSYDPWy95c/M/rJSa89lMm48RQSRYfhQlHNuQ8PRoyRYnhU0swUczeisgYK0yM7ahkS/CWI6+Sdq3q1av1+8tK4yavowgncArn4MEVNOAOmtACAgKe4RXeHOW8OO/Ox2K04OQ7x/AHzucP1xWPJQ==</latexit>

0 → 223
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H(pH)

V (pV )

f(pA)

f̄(pB)
M(1)

mf

M(2)

mf

M(3)

Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)

– 5 –

H(pH)

V (pV )

f(pA)

f̄(pB)
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mf
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mf
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read
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M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,
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√

1 ↗ ĉ2 =
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√

1 ↗ ĉ2 =
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H → f f̄ V

Lagrangian:

For  : f = τ

Diagrams:

Spin state:

where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB

2
, 0, 0, kA

)
, pµB =

(mAB

2
, 0, 0, ↑kA

)
, kA =

1

2

√
m2

AB ↑ 4m2

f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
, kV =

√
E2

V ↑ m2

V =
ϑ1/2(m2

H , m2

AB, m2

V )

2 mAB
, (2.3)

where ϑ(m2

H , m2

AB, m2

V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.

– 4 –

Kinematics:  we work at the rest frame of the fermion pair.
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB
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)
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, kA =

1

2

√
m2

AB ↑ 4m2

f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
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AB ↑ m2

V

2 mAB
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V =
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where ϑ(m2
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V )2 ↑ 4 m2
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V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB

2
, 0, 0, kA

)
, pµB =

(mAB

2
, 0, 0, ↑kA

)
, kA =

1

2

√
m2

AB ↑ 4m2

f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
, kV =

√
E2

V ↑ m2

V =
ϑ1/2(m2

H , m2

AB, m2

V )

2 mAB
, (2.3)

where ϑ(m2

H , m2

AB, m2

V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB
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)
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(mAB
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)
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f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
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V =
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where ϑ(m2
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V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.
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Figure 1: Definition of the coordinate system used to parametrise the kinematics.

type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB

2
, 0, 0, kA

)
, pµB =

(mAB

2
, 0, 0, ↑kA

)
, kA =

1

2

√
m2

AB ↑ 4m2

f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
, kV =

√
E2

V ↑ m2

V =
ϑ1/2(m2

H , m2

AB, m2

V )

2 mAB
, (2.3)

where ϑ(m2

H , m2

AB, m2

V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.

– 4 –

● Fermion momenta are fixed up to their invariant mass mAB

● Gauge boson momentum is fixed up to the angle θ
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB

2
, 0, 0, kA

)
, pµB =

(mAB

2
, 0, 0, ↑kA

)
, kA =

1

2

√
m2

AB ↑ 4m2

f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
, kV =

√
E2

V ↑ m2

V =
ϑ1/2(m2

H , m2

AB, m2

V )

2 mAB
, (2.3)

where ϑ(m2

H , m2

AB, m2

V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.
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Figure 1: Definition of the coordinate system used to parametrise the kinematics.

type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB

2
, 0, 0, kA

)
, pµB =

(mAB

2
, 0, 0, ↑kA

)
, kA =

1

2

√
m2

AB ↑ 4m2

f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
, kV =

√
E2

V ↑ m2

V =
ϑ1/2(m2

H , m2

AB, m2

V )

2 mAB
, (2.3)

where ϑ(m2

H , m2

AB, m2

V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.

– 4 –

● The kinematics is completely fixed by the two parameters:
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as
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where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain
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V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.
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Figure 1: Definition of the coordinate system used to parametrise the kinematics.

type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as

pµA =
(mAB

2
, 0, 0, kA

)
, pµB =

(mAB

2
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)
, kA =

1
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√
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f , (2.1)

where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
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V

2 mAB
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where ϑ(m2
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V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.
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type, such as h → µ→µ+Z and h → bb̄Z, as well as to decays of new scalars in theories

beyond the Standard Model, upon substituting the appropriate couplings and masses.

2.1 Kinematics

We work in the rest frame of the ff̄ subsystem, labelling the fermion f and the antifermion

f̄ by A and B, respectively, so that A and B tag their momenta and helicities throughout.

Choosing the z–axis along the direction of f , we write the two momenta as
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where m2

AB ↓ (pA + pB)2 is the invariant mass of the ff̄ pair and mf is the common mass of

f and f̄ . We choose the x–axis so that the vector boson momentum ωpV lies in the xz–plane

and (pV )x ↔ 0. The vector boson four-momentum can then be written as

pµV = (EV , kV sin ε, 0, kV cos ε) , (2.2)

where ε is the polar angle between f and V (see Fig. 1), and EV and kV ↓ |ωpV | are the energy

and momentum magnitude of V , respectively.

Imposing the mass-shell condition for the scalar, p2H = (pA + pB + pV )2 = m2

H , we obtain

EV =
m2

H ↑ m2

AB ↑ m2

V

2 mAB
, kV =

√
E2

V ↑ m2

V =
ϑ1/2(m2

H , m2

AB, m2

V )

2 mAB
, (2.3)

where ϑ(m2

H , m2

AB, m2

V ) ↓ (m2

H ↑ m2

AB ↑ m2

V )2 ↑ 4 m2

ABm2

V is the Källén function. All

momenta are thus fixed by the two independent parameters, mAB ↗ [ 2mf , mH ↑ mV ] and

ε ↗ [ 0, ϖ ]. At the two endpoints of the mAB range, the vector boson energy and momentum

behave as

mmin

AB = 2mf : EV , kV ↘ m2

H ↑ m2

V

4mf
,

mmax

AB = mH ↑ mV : EV = mV , kV = 0 . (2.4)

Note that for mf → 0 the vector boson energy and momentum diverge at the threshold

mAB → 2mf ; this observation will play an important role below.

– 4 –

: fermion threshold

: gauge boson threshold
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CP properties:

it is in these regions that the genuine 2 → 2 → 3 character of the state is most pronounced. At

ω = 1 one of the two fermion reduced states — εA at cos ϑ ↑ +1 and εB at cos ϑ ↑ ↓1 —

becomes maximally mixed, which explains the rise of ϖmin(εω→) and ϖmin(εω+) towards 1/2

in the corresponding hot spots of Fig. 4. These features will be quantified further in Sec. 3.

Before proceeding, we comment on the robustness of this tree-level picture against radia-

tive corrections. For h ↑ ϱ→ϱ+Z the expansion parameter is almost constant across the phase

space, ς ↔ 0.03, while one-loop corrections enter at the relative order φ/↼ ↗ g2/(16↼2) ↔
2–3 ↘ 10→3, which lies between ς and ς2. Nevertheless, the hierarchy of the expansion is

preserved at loop level. The amplitudes of the same-helicity configurations, which support

|↽(1)≃, flip the fermion chirality and are therefore proportional to mf at any loop order; ra-

diative corrections cannot generate them at O(φ/↼), but only renormalise them at O(ς φ/↼).

In particular, the enhancements of the ς terms at the threshold and in the collinear regions

are tree-level chirality e!ects that loops cannot mimic, so radiative corrections remain a small

multiplicative correction to each order of the expansion everywhere in the phase space. The

largest higher-order e!ect is in fact real photon emission, which makes the observed spin state

slightly mixed; the soft part of the radiation is spin-diagonal and decoheres very little, and

we refer to Refs. [74–77] for quantitative studies of such decoherence e!ects.

2.3 CP properties

The e!ective interactions in Eq. (2.5) are CP invariant. On the final state, CP combines

charge conjugation, f ⇐ f̄ (i.e., exchange of qubits), with parity, which reverses all momenta

and helicities. Writing

|↽≃ =
∑

hA,hB ,hV

↽hA,hB ,hV (ϑ) |hA, hB, hV ≃ , (2.32)

the CP transformation maps the coe”cients to1

↽hA,hB ,hV (ϑ)
CP↓↓↑ ↽CP

hA,hB ,hV
(ϑ) = ↽→hB ,→hA,→hV (↼ ↓ ϑ) . (2.33)

The CP invariance thus implies

↽hA,hB ,hV (ϑ) = ↽→hB ,→hA,→hV (↼ ↓ ϑ) . (CP invariance) (2.34)

Noting |↓+≃ and |+↓≃ of the fermion part are CP invariant and |#±≃ |cos ε↑→ cos ε, hV ↑→hV =

|#±≃, as can be read o! Eq. (2.17), one can easily check the CP invariance of the leading

state |↽(0)≃ in Eq. (2.16). The CP invariance of the subleading state |↽(1)≃ in Eq. (2.19) can

also be confirmed by noting |++≃ CP⇒↑ |↓↓≃ and a(hV )

→ = a(→hV )

+

∣∣
cos ε↑→ cos ε

.

The CP relation (2.34) has a direct consequence for the quantum observables studied in

this work. It states that the state at ↼ ↓ ϑ is obtained from the state at ϑ by exchanging

1In general this relation involves helicity-dependent phase factors, generated by the parity transformation

and by the subsequent ω rotation about the z–axis needed to restore the convention (pV )x → 0. With our

choice of the helicity-state phases, these factors cancel for every helicity configuration.
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<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

ω

<latexit sha1_base64="uiiQU0OCQHwA411sFsd3gOU/GYw=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0/ixHgLevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++nvnte5CKx9GtniTghXQY8YAzqo3UaPULRWKTilu+dDGxXeJUSzNSch1CytixyRxFtES9X3jvDWKWhhBpJqhSXYck2suo1JwJmOZ7qYKEsjEdQtfQiIagvGx+6BSfGmWAg1iaijSeq98nMhoqNQl90xlSPVK/vZn4l9dNdVD1Mh4lqYaILRYFqcA6xrOv8YBLYFpMDKFMcnMrZiMqKdMmm7wJ4etT/D9plWynYlca58Xa1TKOHDpGJ+gMOegC1dANqqMmYgjQA3pCz9ad9Wi9WK+L1hVrOXOEfsB6+wQNsI0h</latexit>

V
<latexit sha1_base64="BKtLozXD7jGLCtFeL3DiFxl9YvQ=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadls4ibegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaavnDYskyL+uOfWFjy7Ssml1xMmLXqnYFl7WSoYRWaA6L74NRRJMAQkU5kbJftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3bLDum06qWGlerOPLoBJ2ic1RGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJMXuNOQ==</latexit>

f

<latexit sha1_base64="Fxhag3xy3pzzVdnJo9F6CpjMdnI=">AAAB7XicdVDLSgMxFL3js9ZX1aWbYBFclZkiY7srunFZwT6gHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YaSuo6FkdzrmXe+4JE860cd0PZ2V1bX1js7BV3N7Z3dsvHRy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJVe537qnSTIpbM01oEOORYBEj2Fip3Q+xQtGgVHYrroXvo5x4NdezpF6vVat15M0t1y3DEs1B6b0/lCSNqTCEY617npuYIMPKMMLprNhPNU0wmeAR7VkqcEx1kM3TztCpVYYokvawFAbN1e8bGY61nsahnYyxGevfXi7+5fVSE9WCjIkkNVSQxaEo5chIlL+OhkxRYvjUEkwUs1kRGWOFibEFFW0JX5+i/0m7WvH8in9zXm5cLusowDGcwBl4cAENuIYmtIDAHTzAEzw70nl0XpzXxeiKs9w5gh9w3j4BdEuPFQ==</latexit>

f̄

<latexit sha1_base64="IksX52OSp+tBzewG6ZihRejM6FQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCvooVDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/u8I7J</latexit>→
<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="Yn4FUbA9ZpYWpTp7727OaUkUyeQ=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOtK4zf</latexit>

P
<latexit sha1_base64="eRM/FCrxPlRX9AVeGnNlE18Wp0k=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELh4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT2txvP6HSPJIPZhqjH9KR5EPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYRS0KUhgmqdddzY+OnVBnOBM4KvURjTNmEjrBrqaQhaj9dHDojF1YZkGGkbElDFurviZSGWk/DwHaG1Iz1qjcX//O6iRne+imXcWJQsuWiYSKIicj8azLgCpkRU0soU9zeStiYKsqMzaZgQ/BWX14nrauyVylXGtel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJl3jNI=</latexit>

C
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

ω

<latexit sha1_base64="uiiQU0OCQHwA411sFsd3gOU/GYw=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0/ixHgLevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++nvnte5CKx9GtniTghXQY8YAzqo3UaPULRWKTilu+dDGxXeJUSzNSch1CytixyRxFtES9X3jvDWKWhhBpJqhSXYck2suo1JwJmOZ7qYKEsjEdQtfQiIagvGx+6BSfGmWAg1iaijSeq98nMhoqNQl90xlSPVK/vZn4l9dNdVD1Mh4lqYaILRYFqcA6xrOv8YBLYFpMDKFMcnMrZiMqKdMmm7wJ4etT/D9plWynYlca58Xa1TKOHDpGJ+gMOegC1dANqqMmYgjQA3pCz9ad9Wi9WK+L1hVrOXOEfsB6+wQNsI0h</latexit>

V

<latexit sha1_base64="BKtLozXD7jGLCtFeL3DiFxl9YvQ=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadls4ibegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaavnDYskyL+uOfWFjy7Ssml1xMmLXqnYFl7WSoYRWaA6L74NRRJMAQkU5kbJftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3bLDum06qWGlerOPLoBJ2ic1RGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJMXuNOQ==</latexit>

f

<latexit sha1_base64="Fxhag3xy3pzzVdnJo9F6CpjMdnI=">AAAB7XicdVDLSgMxFL3js9ZX1aWbYBFclZkiY7srunFZwT6gHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YaSuo6FkdzrmXe+4JE860cd0PZ2V1bX1js7BV3N7Z3dsvHRy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJVe537qnSTIpbM01oEOORYBEj2Fip3Q+xQtGgVHYrroXvo5x4NdezpF6vVat15M0t1y3DEs1B6b0/lCSNqTCEY617npuYIMPKMMLprNhPNU0wmeAR7VkqcEx1kM3TztCpVYYokvawFAbN1e8bGY61nsahnYyxGevfXi7+5fVSE9WCjIkkNVSQxaEo5chIlL+OhkxRYvjUEkwUs1kRGWOFibEFFW0JX5+i/0m7WvH8in9zXm5cLusowDGcwBl4cAENuIYmtIDAHTzAEzw70nl0XpzXxeiKs9w5gh9w3j4BdEuPFQ==</latexit>

f̄

<latexit sha1_base64="IksX52OSp+tBzewG6ZihRejM6FQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCvooVDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/u8I7J</latexit>→
<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="uiiQU0OCQHwA411sFsd3gOU/GYw=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ0/ixHgLevGYgFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4IrTciHtbK6tr6xmdvKb+/s7u0XDg5bKk4lgyaLRSw7PlUgeARNzbWATiKBhr6Atj++nvnte5CKx9GtniTghXQY8YAzqo3UaPULRWKTilu+dDGxXeJUSzNSch1CytixyRxFtES9X3jvDWKWhhBpJqhSXYck2suo1JwJmOZ7qYKEsjEdQtfQiIagvGx+6BSfGmWAg1iaijSeq98nMhoqNQl90xlSPVK/vZn4l9dNdVD1Mh4lqYaILRYFqcA6xrOv8YBLYFpMDKFMcnMrZiMqKdMmm7wJ4etT/D9plWynYlca58Xa1TKOHDpGJ+gMOegC1dANqqMmYgjQA3pCz9ad9Wi9WK+L1hVrOXOEfsB6+wQNsI0h</latexit>

V

<latexit sha1_base64="BKtLozXD7jGLCtFeL3DiFxl9YvQ=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadls4ibegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaavnDYskyL+uOfWFjy7Ssml1xMmLXqnYFl7WSoYRWaA6L74NRRJMAQkU5kbJftmLlpkQoRjnMC4NEQkzolIyhr2lIApBuujh0js+0MsJ+JHSFCi/U7xMpCaScBZ7uDIiayN9eJv7l9RPl192UhXGiIKTLRX7CsYpw9jUeMQFU8ZkmhAqmb8V0QgShSmdT0CF8fYr/Jx3bLDum06qWGlerOPLoBJ2ic1RGNdRAN6iJ2ogiQA/oCT0bd8aj8WK8LltzxmrmGP2A8fYJMXuNOQ==</latexit>

f

<latexit sha1_base64="Fxhag3xy3pzzVdnJo9F6CpjMdnI=">AAAB7XicdVDLSgMxFL3js9ZX1aWbYBFclZkiY7srunFZwT6gHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YaSuo6FkdzrmXe+4JE860cd0PZ2V1bX1js7BV3N7Z3dsvHRy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJVe537qnSTIpbM01oEOORYBEj2Fip3Q+xQtGgVHYrroXvo5x4NdezpF6vVat15M0t1y3DEs1B6b0/lCSNqTCEY617npuYIMPKMMLprNhPNU0wmeAR7VkqcEx1kM3TztCpVYYokvawFAbN1e8bGY61nsahnYyxGevfXi7+5fVSE9WCjIkkNVSQxaEo5chIlL+OhkxRYvjUEkwUs1kRGWOFibEFFW0JX5+i/0m7WvH8in9zXm5cLusowDGcwBl4cAENuIYmtIDAHTzAEzw70nl0XpzXxeiKs9w5gh9w3j4BdEuPFQ==</latexit>

f̄

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="jf3bwxzVcn4OMqCAcZi2EWkOYio=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZDZmeWmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsrSqWw6PtfXmFtfWNzq7hd2tnd2z8oHx61rM4M402mpTadiFouheJNFCh5JzWcJpHk7Wh8O/fbj9xYodUDTlIeJnSoRCwYRSe1expFwm2/XPGr/gLkLwlyUoEcjX75szfQLEu4Qiaptd3ATzGcUoOCST4r9TLLU8rGdMi7jirqloTTxbkzcuaUAYm1caWQLNSfE1OaWDtJIteZUBzZVW8u/ud1M4yvw6lQaYZcseWiOJMENZn/TgbCcIZy4ghlRrhbCRtRQxm6hEouhGD15b+kdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCgzE8wQu8eqn37L1578vWgpfPHMMveB/fiX2PuA==</latexit>→

<latexit sha1_base64="EDdKkuFreM+A49jahYsjjeBrGJ4=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Rb14jGgekCxhdjJJhsw+mJkVwpJP8OJBEa9+kTf/xtkkgooWNBRV3XR3+TFnUlnWh5FbWV1b38hvFra2d3b3ivsHLRklgtAmiXgkOj6WlLOQNhVTnHZiQXHgc9r2J1eZ376nQrIovFPTmHoBHoVsyAhWWrod9y/6xZJlntdc58xBlmlZVafsZsSpVpwysrWSoQRLNPrF994gIklAQ0U4lrJrW7HyUiwUI5zOCr1E0hiTCR7RrqYhDqj00vmpM3SilQEaRkJXqNBc/T6R4kDKaeDrzgCrsfztZeJfXjdRw5qXsjBOFA3JYtEw4UhFKPsbDZigRPGpJpgIpm9FZIwFJkqnU9AhfH2K/ictx7Rd072plOqXyzjycATHcAo2VKEO19CAJhAYwQM8wbPBjUfjxXhdtOaM5cwh/IDx9glyC43v</latexit>

hA

<latexit sha1_base64="ChCh3Bi0cQ3Bbc1myqgbuhtJQpA=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtbqRePFe0HtEvJpmkbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zMC2LBtcH4w8mtrW9sbuW3Czu7e/sHxcOjto4SRVmLRiJS3YBoJrhkLcONYN1YMRIGgnWC6VXmd+6Z0jySd2YWMz8kY8lHnBJjpdvJoDEolnAZW3geyohbxa4ltVq1Uqkhd2FhXIIVmoPie38Y0SRk0lBBtO65ODZ+SpThVLB5oZ9oFhM6JWPWs1SSkGk/XZw6R2dWGaJRpGxJgxbq94mUhFrPwsB2hsRM9G8vE//yeokZVf2UyzgxTNLlolEikIlQ9jcacsWoETNLCFXc3orohChCjU2nYEP4+hT9T9qVsuuVvZuLUr2xiiMPJ3AK5+DCJdThGprQAgpjeIAneHaE8+i8OK/L1pyzmjmGH3DePgFn643p</latexit>

hB

<latexit sha1_base64="kz4Cu57jCd+qXfLVwNwrfiWEdjM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqiGZNb0IvHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqenwiuNMYfVm5ldW19I79Z2Nre2d0r7h+0VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8389j2TisfRnZ4kzAvJMOIBp0Qb6XbUb/WLJWxjt1LDNYTtCnaqc4KxWy2fIceQGUqwRKNffO8NYpqGLNJUEKW6Dk60lxGpORVsWuiliiWEjsmQdQ2NSMiUl81PnaITowxQEEtTkUZz9ftERkKlJqFvOkOiR+q3NxP/8rqpDqpexqMk1Syii0VBKpCO0exvNOCSUS0mhhAqubkV0RGRhGqTTsGE8PUp+p+0yrbj2u7Neal+uYwjD0dwDKfgwAXU4Roa0AQKQ3iAJ3i2hPVovVivi9actZw5hB+w3j4BlemOBw==</latexit>

hV
<latexit sha1_base64="kz4Cu57jCd+qXfLVwNwrfiWEdjM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqiGZNb0IvHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqenwiuNMYfVm5ldW19I79Z2Nre2d0r7h+0VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX8389j2TisfRnZ4kzAvJMOIBp0Qb6XbUb/WLJWxjt1LDNYTtCnaqc4KxWy2fIceQGUqwRKNffO8NYpqGLNJUEKW6Dk60lxGpORVsWuiliiWEjsmQdQ2NSMiUl81PnaITowxQEEtTkUZz9ftERkKlJqFvOkOiR+q3NxP/8rqpDqpexqMk1Syii0VBKpCO0exvNOCSUS0mhhAqubkV0RGRhGqTTsGE8PUp+p+0yrbj2u7Neal+uYwjD0dwDKfgwAXU4Roa0AQKQ3iAJ3i2hPVovVivi9actZw5hB+w3j4BlemOBw==</latexit>

hV

<latexit sha1_base64="qytuwoVEOwPjcOdBY5SPKpevWlU=">AAACFXicdVBLS8NAGNzUV62vqEcvi0XwUEpSJLa3qhePFewD0hA22027dPNgdyOU0D/hxb/ixYMiXgVv/hs3aQMqOrAwzMy3++14MaNCGsanVlpZXVvfKG9WtrZ3dvf0/YOeiBKOSRdHLOIDDwnCaEi6kkpGBjEnKPAY6XvTq8zv3xEuaBTeyllMnACNQ+pTjKSSXL2WDvNLbD72nNSoGwqWVcuI2TRMRVqtZqPRmk/ci7mrV4sELBKwSEAztwyjCpbouPrHcBThJCChxAwJYZtGLJ0UcUkxI/PKMBEkRniKxsRWNEQBEU6aLzSHJ0oZQT/i6oQS5ur3iRQFQswCTyUDJCfit5eJf3l2Iv2mk9IwTiQJ8eIhP2FQRjCrCI4oJ1iymSIIc6p2hXiCOMJSFVlRJRQ/hf+TXqNuWnXr5qzavlzWUQZH4BicAhOcgza4Bh3QBRjcg0fwDF60B+1Je9XeFtGStpw5BD+gvX8BRaCbIA==</latexit>

hA

<latexit sha1_base64="iJ8LAtEqG6a/hHnbRZ1j1+G87vY=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadls4ibeQrx4jGgekCxhdjKbDJl9MDMrhCWf4MWDIl79Im/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa8yv3tPhWRReKdmMXUDPA6ZzwhWWrqdDJvDYskyL+uOfWEjy7Ssml1xMmLXqnYFlbWSoQQrtIbF98EoIklAQ0U4lrJftmLlplgoRjidFwaJpDEmUzymfU1DHFDppotT5+hMKyPkR0JXqNBC/T6R4kDKWeDpzgCrifztZeJfXj9Rft1NWRgnioZkuchPOFIRyv5GIyYoUXymCSaC6VsRmWCBidLpFHQIX5+i/0nHNsuO6dxUS43mKo48nMApnEMZatCAa2hBGwiM4QGe4NngxqPxYrwuW3PGauYYfsB4+wRzj43w</latexit>

hB

<latexit sha1_base64="Vrbe3S9D5uJZG/nhpvr2UoszNIc=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY0jSmtZdqRuXFewD2lAm00kzdCYJMxOhhP6CGxeKuPWH3Pk3TtoKKnrgwuGce7n3Hj9hVCrL+jAKa+sbm1vF7dLO7t7+QfnwqCvjVGDSwTGLRd9HkjAakY6iipF+IgjiPiM9f3qd+717IiSNozs1S4jH0SSiAcVI5dJFOGqNyhXLvGq4zqUDLdOy6k7VzYlTrzlVaGslRwWs0B6V34fjGKecRAozJOXAthLlZUgoihmZl4apJAnCUzQhA00jxIn0ssWtc3imlTEMYqErUnChfp/IEJdyxn3dyZEK5W8vF//yBqkKGl5GoyRVJMLLRUHKoIph/jgcU0GwYjNNEBZU3wpxiATCSsdT0iF8fQr/J13HtF3Tva1Vmq1VHEVwAk7BObBBHTTBDWiDDsAgBA/gCTwb3Hg0XozXZWvBWM0cgx8w3j4B3TKOJw==</latexit>

→hB

<latexit sha1_base64="Xdc8LSpNo5TnctfPpbqMCx2g4rs=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4sWSKjO2u6sZlBfuAdiiZNNMJTTJDkhHK0F9w40IRt/6QO//GTFtBRQ9cOJxzL/feEyScaYPQh1NYWV1b3yhulra2d3b3yvsHHR2nitA2iXmsegHWlDNJ24YZTnuJolgEnHaDyXXud++p0iyWd2aaUF/gsWQhI9jk0lk0vByWK6iKLDwP5sStI9eSRqNeqzWgO7cQqoAlWsPy+2AUk1RQaQjHWvddlBg/w8owwumsNEg1TTCZ4DHtWyqxoNrP5rfO4IlVRjCMlS1p4Fz9PpFhofVUBLZTYBPp314u/uX1UxPW/YzJJDVUksWiMOXQxDB/HI6YosTwqSWYKGZvhSTCChNj4ynZEL4+hf+TTq3qelXv9rzSvFrGUQRH4BicAhdcgCa4AS3QBgRE4AE8gWdHOI/Oi/O6aC04y5lD8APO2yfQCo4f</latexit>

→hA
<latexit sha1_base64="NY6efj6zURcpFnYS9yAse0htNS4=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY5hUG9td0Y3LCvYBbSiT6aQZOpOEmYlQQn/BjQtF3PpD7vwbJ20FFT1w4XDOvdx7j59wpjRCH1ZhZXVtfaO4Wdra3tndK+8fdFScSkLbJOax7PlYUc4i2tZMc9pLJMXC57TrT65zv3tPpWJxdKenCfUEHkcsYATrXDoLh51huYJs5NYaqAGRXUNOfU4QcuvVc+gYkqMClmgNy++DUUxSQSNNOFaq76BEexmWmhFOZ6VBqmiCyQSPad/QCAuqvGx+6wyeGGUEg1iaijScq98nMiyUmgrfdAqsQ/Xby8W/vH6qg7qXsShJNY3IYlGQcqhjmD8OR0xSovnUEEwkM7dCEmKJiTbxlEwIX5/C/0mnajuu7d5eVJpXyziK4Agcg1PggEvQBDegBdqAgBA8gCfwbAnr0XqxXhetBWs5cwh+wHr7BP+Mjj4=</latexit>

→hV

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="wlQSnGsiXl70SJGmdHdm9WMLy1E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR3VgSkepGKLpxWcE+oAllMp20QyeTMHMjlNiFv+LGhSJu/Q13/o3TNgutHrhw5px7mXtPkAiuwXG+rMLC4tLySnG1tLa+sbllb+80dZwqyho0FrFqB0QzwSVrAAfB2oliJAoEawXD64nfumdK81jewShhfkT6koecEjBS197zYMCAHOFL7CUcn+DZu2uXnYozBf5L3JyUUY561/70ejFNIyaBCqJ1x3US8DOigFPBxiUv1SwhdEj6rGOoJBHTfjbdf4wPjdLDYaxMScBT9edERiKtR1FgOiMCAz3vTcT/vE4K4YWfcZmkwCSdfRSmAkOMJ2HgHleMghgZQqjiZldMB0QRCiaykgnBnT/5L2meVtxqpXp7Vq5d5XEU0T46QMfIReeohm5QHTUQRQ/oCb2gV+vRerberPdZa8HKZ3bRL1gf39wxlLw=</latexit>

ω→ = ε → ω

<latexit sha1_base64="BEnp0LWa1dJNlb3mrf26Imop2PM="></latexit>

ωCP
h→
A,h→

B ,h→
V
(ε→) = ω↑hB ,↑hA,↑hV (ϑ → ε)

<latexit sha1_base64="LhQ2z3KKLL6YY1YqG/1iIg+vMF4="></latexit>

ωhA,hB ,hV (ε)
CP→→→→↑

<latexit sha1_base64="JTYO5vu2o2aEtiudpGhv9mjzxVo="></latexit>

O(A,B, V ; cos ω) = O(B,A, V ;→ cos ω)

<latexit sha1_base64="yORKTsE/pN6uhB2xFP1GHmgs48M=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJfFblxWsA9oB8mkmTY2jyHJCGXoP7hxoYhb/8edf2PazkJbDwQO55xL7j1Rwpmxvv/tFdbWNza3itulnd29/YPy4VHbqFQT2iKKK92NsKGcSdqyzHLaTTTFIuK0E40bM7/zRLVhSt7bSUJDgYeSxYxg66R2XwvUaD6UK37VnwOtkiAnFcjh8l/9gSKpoNISjo3pBX5iwwxrywin01I/NTTBZIyHtOeoxIKaMJtvO0VnThmgWGn3pEVz9fdEhoUxExG5pMB2ZJa9mfif10ttfB1mTCappZIsPopTjqxCs9PRgGlKLJ84golmbldERlhjYl1BJVdCsHzyKmlfVINatXZ3Wanf5HUU4QRO4RwCuII63EITWkDgEZ7hFd485b14797HIlrw8plj+APv8wfeto6v</latexit>

CP



25

where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state
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● Gauge boson states (pointer states) are
effectively 2 ⊗ 2 ⊗ 2
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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● In the leading correction, only  are populated:| ± ± ⟩

● The corresponding gauge boson states are

The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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The overlap vanishes only at the upper endpoint of mAB (kV = 0) or for collinear kinematics

(sin ω = 0). The leading state |ε(0)→ in Eq. (2.16) is thus e!ectively a GHZ-like 2↑2↑2 state:

only the two-dimensional subspace of the qutrit spanned by |”±→ is activated.

The unnormalised state corresponding to the leading correction is given by

|ε(1)→ = |++→ |#+→ + |↓↓→ |#→→ , (2.19)

where the pointer states |#±→ are written as

|#±→ = a(+)

± |+→ + a(0)± |0→ + a(→)

± |↓→ . (2.20)

with the coe$cients a(hV )

± given by

a(hV )

± = ↔ hV

↗
2 sin ω

[ 2cV m2

V

m2

V ↓ m2

AB

+
mAB (EV + mAB ± hV kV )

(
cV D ± cAmABkV cos ω

)

D+D→

]
, (2.21)

for the transverse helicities hV = ±1, and

a(0)± = 2

[
cA

kV
mV

(
2 +

m2

ABD sin2 ω

D+D→

)
↔ cV mV cos ω

(
2EV

m2

V ↓ m2

AB

+
mABm2

H

D+D→

)]
, (2.22)

for the longitudinal helicity. Here we used the vector and axial-vector couplings cV,A of

Eq. (2.8), together with the kinematic combinations D ↘ EV mAB + m2

V and D± ↘ D ±
mABkV cos ω.

As in |ε(0)→, the sub-leading state |ε(1)→ is e!ectively a GHZ-like 2 ↑ 2 ↑ 2 state, with

only a two-dimensional subspace of the qutrit activated. The activated fermionic subspace,

however, is the same-helicity one, {|++→ , |↓↓→}, orthogonal to the opposite-helicity subspace

supporting the leading state |ε(0)→. An immediate consequence is ≃ε(0)|ε(1)→ = 0: the two

states do not interfere.

At the threshold mAB ⇐ 2mf , the relative momentum of the ff̄ pair vanishes (kA ⇐ 0)

while the vector boson recoils ultra-relativistically, EV ⇒ kV ⇐ (m2

H ↓ m2

V )/(4mf ). In this

limit the transverse coe$cients a(±1)

± remain finite, whereas the longitudinal ones diverge as

1/mf ,

a(0)± ⇐ 4EV

mV
(cA ↔ cV cos ω) , (2.23)

the familiar growth of longitudinally polarised gauge-boson amplitudes. No analogous en-

hancement occurs in the leading state: the longitudinal coe$cient of |”±→ in Eq. (2.17),

↓
↗

2 sin ω, is energy independent. The 1/mf divergence exactly compensates the Yukawa

suppression ϑ ⇐
↗

2 mfmV /(m2

H ↓ m2

V ), and ϑ |ε(1)→ approaches the finite, purely longitudi-

nal limit

ϑ |ε(1)→ =
↗

2
[
(cA ↓ cV cos ω) |++→ + (cA + cV cos ω) |↓↓→

]
|0→ + O(mf ) . (2.24)
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● At the fermion threshold region,  .kV →
m2

H − m2
V

4mf

The growth of logitudinal amplitude  compensates the  suppression !a(0)
± ε
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In the same limit, mV /EV → 0 and the leading pointer states (2.17) also become purely

longitudinal, |!±↑ → ↓
↔

2 sin ω |0↑, so that the full state near the threshold takes the form

|εthr↑ =

↔
2

N

[
↓ (cV ↓ ϑ cA) sin ω |↓+↑ ↓ (cV + ϑ cA) sin ω |+↓↑

+ (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑
]
|0↑ , (2.25)

where ϑ ↗ 2kA/mAB =
√

1 ↓ 4m2

f/m2

AB is the fermion velocity. In the first two terms we

have restored the exact mf dependence of the opposite-helicity couplings, cL → cV ↓ϑcA and

cR → cV + ϑcA, to which they reduce at ϑ = 1. This follows from the exact identity for the

opposite-helicity currents of massive fermions,

ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)

i.e. the chiral current is proportional to the pure vector current, with the axial coupling

weighted by the fermion velocity — the familiar suppression of the axial charge for non-

relativistic fermions. This dressing is invisible at any fixed order of the mf expansion — ϑ is

not analytic in mf at mAB = 2mf — and ϑ ≃ 1 everywhere except in the immediate vicinity

of the threshold; it is, however, essential there, since ϑ → 0 at the endpoint. Equation (2.25)

exhibits two important features. First, the vector boson factors out in the longitudinal state

|0↑: the state is a product across the V |AB partition, and all quantum correlations reside

in the fermion sector. Second, at the endpoint ϑ → 0 the opposite-helicity components

collapse to the small vector-coupling remnant ⇐ cV , and the fermion pair is left in the nearly

maximally entangled Bell-like state (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑.
Near the threshold, the norms of the leading and subleading components behave as

⇒ε(0)|ε(0)↑ → 2 ⇒c2↑ sin2 ω , ϱ2 ⇒ε(1)|ε(1)↑ → 16
m2

f

m2

AB

(
c2A + c2V cos2 ω

)
, (2.27)

with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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● Consider the collinear regions, .sin θ → 0

where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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Not only the subleading state grows, but the leading state decreases at lower  .mAB

● At the collinaer regions, the state approaches
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Figure 5: The parameter ω of Eq. (2.29) as a function of mωω for h → ε→ε+Z in the Standard Model.
It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.

the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;

– 10 –
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spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;

– 10 –

5 10 15 20 25 30

m�� [GeV]

0

1

2

3

4

5

6

7

8

�

Figure 5: The parameter ω of Eq. (2.29) as a function of mωω for h → ε→ε+Z in the Standard Model.
It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.

the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|
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Figure 3: →ω(0)|ω(0)↑ (left), ε2 →ω(1)|ω(1)↑ (centre) and their ratio ε2 →ω(1)|ω(1)↑ / →ω(0)|ω(0)↑ (right)
on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard Model.
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Figure 4: The smallest eigenvalues of the single-particle reduced states, ϱmin(ςω→) (left), ϱmin(ςω+)
(centre) and ϱmin(ςZ) (right), on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard
Model. Note the logarithmic colour scale of the right panel.

subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.

the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads
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with
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Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
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)
/
[
(1+
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]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
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V )/(
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]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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● The smallest eigenvalue of the one-particle reduced states:
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on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard Model.
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Figure 4: The smallest eigenvalues of the single-particle reduced states, ϱmin(ςω→) (left), ϱmin(ςω+)
(centre) and ϱmin(ςZ) (right), on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard
Model. Note the logarithmic colour scale of the right panel.

subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at
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the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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Figure 4: The smallest eigenvalues of the single-particle reduced states, ϱmin(ςω→) (left), ϱmin(ςω+)
(centre) and ϱmin(ςZ) (right), on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves
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O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In

– 9 –



33

5 10 15 20 25 30

m�� [GeV]

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

co
s�

h�(0)|�(0)i :

0.1

0.2

0.3

0.4

0.5

5 10 15 20 25 30

m�� [GeV]

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

co
s�

�2h�(1)|�(1)i :

10�4

10�3

10�2

10�1

100

101

5 10 15 20 25 30

m�� [GeV]

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

co
s�

�2h�(1)|�(1)i / h�(0)|�(0)i :

10�4

10�3

10�2

10�1

100

101

102

103

104

Figure 3: →ω(0)|ω(0)↑ (left), ε2 →ω(1)|ω(1)↑ (centre) and their ratio ε2 →ω(1)|ω(1)↑ / →ω(0)|ω(0)↑ (right)
on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard Model.

5 10 15 20 25 30

m�� [GeV]

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

co
s�

�min(���) :

0.25

0.30

0.35

0.40

0.45

0.50

5 10 15 20 25 30

m�� [GeV]

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

co
s�

�min(��+) :

0.25

0.30

0.35

0.40

0.45

0.50

5 10 15 20 25 30

m�� [GeV]

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

co
s�

�min(�Z) :

10�4

10�3

10�2

10�1

Figure 4: The smallest eigenvalues of the single-particle reduced states, ϱmin(ςω→) (left), ϱmin(ςω+)
(centre) and ϱmin(ςZ) (right), on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard
Model. Note the logarithmic colour scale of the right panel.

subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In

– 9 –

where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by
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kµkω
m2

V
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, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2
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V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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In the same limit, mV /EV → 0 and the leading pointer states (2.17) also become purely

longitudinal, |!±↑ → ↓
↔

2 sin ω |0↑, so that the full state near the threshold takes the form

|εthr↑ =

↔
2

N

[
↓ (cV ↓ ϑ cA) sin ω |↓+↑ ↓ (cV + ϑ cA) sin ω |+↓↑

+ (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑
]
|0↑ , (2.25)

where ϑ ↗ 2kA/mAB =
√

1 ↓ 4m2

f/m2

AB is the fermion velocity. In the first two terms we

have restored the exact mf dependence of the opposite-helicity couplings, cL → cV ↓ϑcA and

cR → cV + ϑcA, to which they reduce at ϑ = 1. This follows from the exact identity for the

opposite-helicity currents of massive fermions,

ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)

i.e. the chiral current is proportional to the pure vector current, with the axial coupling

weighted by the fermion velocity — the familiar suppression of the axial charge for non-

relativistic fermions. This dressing is invisible at any fixed order of the mf expansion — ϑ is

not analytic in mf at mAB = 2mf — and ϑ ≃ 1 everywhere except in the immediate vicinity

of the threshold; it is, however, essential there, since ϑ → 0 at the endpoint. Equation (2.25)

exhibits two important features. First, the vector boson factors out in the longitudinal state

|0↑: the state is a product across the V |AB partition, and all quantum correlations reside

in the fermion sector. Second, at the endpoint ϑ → 0 the opposite-helicity components

collapse to the small vector-coupling remnant ⇐ cV , and the fermion pair is left in the nearly

maximally entangled Bell-like state (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑.
Near the threshold, the norms of the leading and subleading components behave as

⇒ε(0)|ε(0)↑ → 2 ⇒c2↑ sin2 ω , ϱ2 ⇒ε(1)|ε(1)↑ → 16
m2

f

m2

AB

(
c2A + c2V cos2 ω

)
, (2.27)

with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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opposite-helicity currents of massive fermions,

ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)

i.e. the chiral current is proportional to the pure vector current, with the axial coupling

weighted by the fermion velocity — the familiar suppression of the axial charge for non-

relativistic fermions. This dressing is invisible at any fixed order of the mf expansion — ϑ is

not analytic in mf at mAB = 2mf — and ϑ ≃ 1 everywhere except in the immediate vicinity

of the threshold; it is, however, essential there, since ϑ → 0 at the endpoint. Equation (2.25)

exhibits two important features. First, the vector boson factors out in the longitudinal state

|0↑: the state is a product across the V |AB partition, and all quantum correlations reside

in the fermion sector. Second, at the endpoint ϑ → 0 the opposite-helicity components

collapse to the small vector-coupling remnant ⇐ cV , and the fermion pair is left in the nearly

maximally entangled Bell-like state (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑.
Near the threshold, the norms of the leading and subleading components behave as

⇒ε(0)|ε(0)↑ → 2 ⇒c2↑ sin2 ω , ϱ2 ⇒ε(1)|ε(1)↑ → 16
m2

f

m2

AB

(
c2A + c2V cos2 ω

)
, (2.27)

with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)
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on the (mωω , cos ϑ) plane, computed for h ↓ ϖ→ϖ+Z in the Standard Model.
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subsystem equals the rank of its reduced density matrix, so a basis-independent diagnostic is

provided by the smallest eigenvalues ϱmin(ςX), X = A, B, V : the state is genuinely 2 ↔ 2 ↔ 3

wherever all three are non-zero.

Figure 4 shows these quantities for h ↓ ϖ→ϖ+Z in the Standard Model, evaluated at

tree level to all orders in mf . For the fermions, ϱmin(ςω→) stays close to its zeroth-order

value, min(c2L, c2R)/→c2↑ ↗ 0.4, across the entire plane, rising towards the maximal value 1/2

in the collinear hot spots; both qubits are thus fully activated everywhere. The qutrit behaves

di!erently: at zeroth order ςV is supported on the two states |”±↑, so ϱmin(ςV ) vanishes at

O(ε0) and remains small over most of the phase space — of O(ε2), between 10→4 and a few

↘10→3, as the logarithmic colour scale of the right panel makes visible. It becomes sizeable

only in the collinear regions cos ϑ ↓ ±1 at moderate invariant mass, mωω ≃ 10⇐15 GeV,

where it reaches ϱmin(ςV ) ↗ 0.25, to be compared with the maximal value 1/3; the additional

suppression along cos ϑ ↗ 0, also visible in the right panel, will find a natural explanation in

Sec. 3.2.

The enhancement of ϱmin(ςV ) in the collinear regions can be understood as follows. In
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where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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In the same limit, mV /EV → 0 and the leading pointer states (2.17) also become purely

longitudinal, |!±↑ → ↓
↔

2 sin ω |0↑, so that the full state near the threshold takes the form

|εthr↑ =

↔
2

N

[
↓ (cV ↓ ϑ cA) sin ω |↓+↑ ↓ (cV + ϑ cA) sin ω |+↓↑

+ (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑
]
|0↑ , (2.25)

where ϑ ↗ 2kA/mAB =
√

1 ↓ 4m2

f/m2

AB is the fermion velocity. In the first two terms we

have restored the exact mf dependence of the opposite-helicity couplings, cL → cV ↓ϑcA and

cR → cV + ϑcA, to which they reduce at ϑ = 1. This follows from the exact identity for the

opposite-helicity currents of massive fermions,

ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)

i.e. the chiral current is proportional to the pure vector current, with the axial coupling

weighted by the fermion velocity — the familiar suppression of the axial charge for non-

relativistic fermions. This dressing is invisible at any fixed order of the mf expansion — ϑ is

not analytic in mf at mAB = 2mf — and ϑ ≃ 1 everywhere except in the immediate vicinity

of the threshold; it is, however, essential there, since ϑ → 0 at the endpoint. Equation (2.25)

exhibits two important features. First, the vector boson factors out in the longitudinal state

|0↑: the state is a product across the V |AB partition, and all quantum correlations reside

in the fermion sector. Second, at the endpoint ϑ → 0 the opposite-helicity components

collapse to the small vector-coupling remnant ⇐ cV , and the fermion pair is left in the nearly
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with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
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The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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Figure 5: The parameter ω of Eq. (2.29) as a function of mωω for h → ε→ε+Z in the Standard Model.
It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.

the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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One-to-other entanglement 

the two fermions and reversing all helicity labels — i.e. by the A → B exchange combined

with a local unitary. Since the quantum-information quantities considered below — purities,

eigenvalues of reduced states, entanglement measures and optimised Bell-inequality violations

— are invariant under local unitaries, any such observable O obeys

O(A, B, V ; cos ω) = O(B, A, V ; ↑ cos ω) , (2.35)

where the arguments indicate the roles assigned to the three parties. Observables symmetric

under A → B, such as CV |AB or any quantity involving only εV or εAB, are therefore even

functions of cos ω, while observables that treat A and B asymmetrically come in mirror pairs,

e.g. ϑmin(εA)(cos ω) = ϑmin(εB)(↑ cos ω) and CA|BV (cos ω) = CB|AV (↑ cos ω). This behaviour

is already visible in Fig. 4: the ϖ→ and ϖ+ panels are mirror images of each other under

cos ω ↓ ↑ cos ω, while the Z panel is symmetric. The same pattern recurs throughout the

observables presented in the following sections.

3 Entanglement structure

The final spin state of H ↓ ff̄V carries quantum correlations at several structural levels,

which we now dissect. We first quantify the bipartite entanglement between a single particle

and the remaining pair (one-to-other), then the entanglement between each pair of particles

once the third is traced out (one-to-one), and finally the correlations that are irreducibly

2 ↔ 2 ↔ 3.

3.1 Bipartite entanglement

We quantify the bipartite entanglement of our 2↔2↔3 pure state |ϱ↗ with measures adapted

to the two types of partition. For the one-to-other partitions we use the I-concurrence of

Ref. [103], reviewed in Appendix B, which for a pure state is fixed by the single-party reduced

states alone. The one-to-one partitions involve mixed two-body states and thus a convex-roof

construction: there we use Wootters’ concurrence for the qubit–qubit pair and a tangle-based

measure for the two qubit–qutrit pairs. We treat the two cases in turn.

3.1.1 One-to-other entanglement

The normalised I-concurrences quantifying one-to-other entanglement of the three possible

partitions of A-B-V are given by

CA|BV =
√

2(1 ↑ Tr ε2A) , CB|AV =
√

2(1 ↑ Tr ε2B) , CV |AB =
√

3

2
(1 ↑ Tr ε2V ) , (3.1)

where εX ↘ TrX |ϱ↗≃ϱ| (X = A, B, V ) is the reduced state of the single party X, and TrX
denotes the partial trace over the two parties other than X.

At zeroth order, the pointer structure of Eq. (2.16) makes the reduced states immediate.

The two fermions are left in the diagonal states

ε(0)A =
1

≃c2↗

(
c2R 0

0 c2L

)
, ε(0)B =

1

≃c2↗

(
c2L 0

0 c2R

)
(3.2)
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Figure 6: One-to-other I-concurrences, Cω→|ω+Z (left), Cω+|ω→Z (centre) and CZ|ω→ω+ (right), com-
puted for h → ω→ω+Z in the Standard Model.

with ε = mf (m2

H ↑ m2

V )/(
↓

2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
ŝ ↗ 0.85 towards the upper

endpoint of mωω (where Q → 0), and a suppression towards the threshold at central angles

(where |Q| → P and the Z decouples), vanishing at the endpoint in accordance with Eq. (3.6).

The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation

(2.35): the Cω→|ω+Z and Cω+|ω→Z panels are mirror images of each other under cos ϑ → ↑ cos ϑ,

and the CZ | ω→ω+ panel is symmetric.
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ŝ2 + ĉ2
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, CB|AV = ŝ , CV |AB =

↓
3

2

↓
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the two fermions and reversing all helicity labels — i.e. by the A → B exchange combined

with a local unitary. Since the quantum-information quantities considered below — purities,

eigenvalues of reduced states, entanglement measures and optimised Bell-inequality violations

— are invariant under local unitaries, any such observable O obeys

O(A, B, V ; cos ω) = O(B, A, V ; ↑ cos ω) , (2.35)

where the arguments indicate the roles assigned to the three parties. Observables symmetric

under A → B, such as CV |AB or any quantity involving only εV or εAB, are therefore even

functions of cos ω, while observables that treat A and B asymmetrically come in mirror pairs,

e.g. ϑmin(εA)(cos ω) = ϑmin(εB)(↑ cos ω) and CA|BV (cos ω) = CB|AV (↑ cos ω). This behaviour

is already visible in Fig. 4: the ϖ→ and ϖ+ panels are mirror images of each other under

cos ω ↓ ↑ cos ω, while the Z panel is symmetric. The same pattern recurs throughout the

observables presented in the following sections.

3 Entanglement structure

The final spin state of H ↓ ff̄V carries quantum correlations at several structural levels,

which we now dissect. We first quantify the bipartite entanglement between a single particle

and the remaining pair (one-to-other), then the entanglement between each pair of particles

once the third is traced out (one-to-one), and finally the correlations that are irreducibly

2 ↔ 2 ↔ 3.

3.1 Bipartite entanglement

We quantify the bipartite entanglement of our 2↔2↔3 pure state |ϱ↗ with measures adapted

to the two types of partition. For the one-to-other partitions we use the I-concurrence of

Ref. [103], reviewed in Appendix B, which for a pure state is fixed by the single-party reduced

states alone. The one-to-one partitions involve mixed two-body states and thus a convex-roof

construction: there we use Wootters’ concurrence for the qubit–qubit pair and a tangle-based

measure for the two qubit–qutrit pairs. We treat the two cases in turn.

3.1.1 One-to-other entanglement

The normalised I-concurrences quantifying one-to-other entanglement of the three possible

partitions of A-B-V are given by

CA|BV =
√

2(1 ↑ Tr ε2A) , CB|AV =
√

2(1 ↑ Tr ε2B) , CV |AB =
√

3

2
(1 ↑ Tr ε2V ) , (3.1)

where εX ↘ TrX |ϱ↗≃ϱ| (X = A, B, V ) is the reduced state of the single party X, and TrX
denotes the partial trace over the two parties other than X.

At zeroth order, the pointer structure of Eq. (2.16) makes the reduced states immediate.

The two fermions are left in the diagonal states

ε(0)A =
1

≃c2↗

(
c2R 0

0 c2L

)
, ε(0)B =

1

≃c2↗

(
c2L 0

0 c2R

)
(3.2)
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Figure 6: One-to-other I-concurrences, Cω→|ω+Z (left), Cω+|ω→Z (centre) and CZ|ω→ω+ (right), com-
puted for h → ω→ω+Z in the Standard Model.

with ε = mf (m2

H ↑ m2

V )/(
↓

2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
ŝ ↗ 0.85 towards the upper

endpoint of mωω (where Q → 0), and a suppression towards the threshold at central angles

(where |Q| → P and the Z decouples), vanishing at the endpoint in accordance with Eq. (3.6).

The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation

(2.35): the Cω→|ω+Z and Cω+|ω→Z panels are mirror images of each other under cos ϑ → ↑ cos ϑ,

and the CZ | ω→ω+ panel is symmetric.
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H ↑ m2

V )/(
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2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
ŝ ↗ 0.85 towards the upper

endpoint of mωω (where Q → 0), and a suppression towards the threshold at central angles

(where |Q| → P and the Z decouples), vanishing at the endpoint in accordance with Eq. (3.6).

The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation

(2.35): the Cω→|ω+Z and Cω+|ω→Z panels are mirror images of each other under cos ϑ → ↑ cos ϑ,

and the CZ | ω→ω+ panel is symmetric.
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(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =
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anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
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exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,
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, CB|AV = ŝ , CV |AB =

↓
3

2

↓
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3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
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One-to-other entanglement 

the two fermions and reversing all helicity labels — i.e. by the A → B exchange combined

with a local unitary. Since the quantum-information quantities considered below — purities,

eigenvalues of reduced states, entanglement measures and optimised Bell-inequality violations

— are invariant under local unitaries, any such observable O obeys

O(A, B, V ; cos ω) = O(B, A, V ; ↑ cos ω) , (2.35)

where the arguments indicate the roles assigned to the three parties. Observables symmetric

under A → B, such as CV |AB or any quantity involving only εV or εAB, are therefore even

functions of cos ω, while observables that treat A and B asymmetrically come in mirror pairs,

e.g. ϑmin(εA)(cos ω) = ϑmin(εB)(↑ cos ω) and CA|BV (cos ω) = CB|AV (↑ cos ω). This behaviour

is already visible in Fig. 4: the ϖ→ and ϖ+ panels are mirror images of each other under

cos ω ↓ ↑ cos ω, while the Z panel is symmetric. The same pattern recurs throughout the

observables presented in the following sections.

3 Entanglement structure

The final spin state of H ↓ ff̄V carries quantum correlations at several structural levels,

which we now dissect. We first quantify the bipartite entanglement between a single particle

and the remaining pair (one-to-other), then the entanglement between each pair of particles

once the third is traced out (one-to-one), and finally the correlations that are irreducibly

2 ↔ 2 ↔ 3.

3.1 Bipartite entanglement

We quantify the bipartite entanglement of our 2↔2↔3 pure state |ϱ↗ with measures adapted

to the two types of partition. For the one-to-other partitions we use the I-concurrence of

Ref. [103], reviewed in Appendix B, which for a pure state is fixed by the single-party reduced

states alone. The one-to-one partitions involve mixed two-body states and thus a convex-roof

construction: there we use Wootters’ concurrence for the qubit–qubit pair and a tangle-based

measure for the two qubit–qutrit pairs. We treat the two cases in turn.

3.1.1 One-to-other entanglement

The normalised I-concurrences quantifying one-to-other entanglement of the three possible

partitions of A-B-V are given by

CA|BV =
√

2(1 ↑ Tr ε2A) , CB|AV =
√

2(1 ↑ Tr ε2B) , CV |AB =
√

3

2
(1 ↑ Tr ε2V ) , (3.1)

where εX ↘ TrX |ϱ↗≃ϱ| (X = A, B, V ) is the reduced state of the single party X, and TrX
denotes the partial trace over the two parties other than X.

At zeroth order, the pointer structure of Eq. (2.16) makes the reduced states immediate.

The two fermions are left in the diagonal states

ε(0)A =
1

≃c2↗

(
c2R 0

0 c2L

)
, ε(0)B =

1

≃c2↗

(
c2L 0

0 c2R

)
(3.2)
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A

B V

where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither
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common norm, ↑!+|!+↓ = ↑!→|!→↓ ↔ P . The vector boson is left in the rank-two mixture

ω(0)V =
c2L |!+↓↑!+| + c2R |!→↓↑!→|

↑c2↓ P
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A|BV and C(0)

B|AV are fixed entirely by the chiral couplings, independently of the

kinematics — a direct consequence of the GHZ-like structure of |ϑ(0)↓ — and the smallness

of ĉ2 [Eq. (2.9)] renders them nearly maximal in the Standard Model, ↘ 0.988. C(0)

V |AB carries

the same coupling factor but is bounded from above by
↗

3/2: a rank-two ωV can never reach

the qutrit maximum CV |AB = 1, which requires all three polarisations to be populated. Its

kinematic dependence resides entirely in the pointer-state overlap: the factor (3.5) equals

unity where the pointer states are orthogonal (Q = 0, at the upper endpoint of mAB and for

collinear kinematics), and vanishes where they become parallel (Q ≃ P , towards the threshold
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∣∣
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of Eq. (2.28), respectively.
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(
1 + ϱ2 sin2 ε

)
→ c2V
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(
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, (mAB ≃ 2mf ) (3.6)

the latter being the concurrence of the two-qubit state carried by the fermion pair in Eq. (2.25).
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2
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c4L + c4R + ς4↑c2↓2
(1 + ς2)2↑c2↓2

]
, (3.7)
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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Figure 6: One-to-other I-concurrences, Cω→|ω+Z (left), Cω+|ω→Z (centre) and CZ|ω→ω+ (right), com-
puted for h → ω→ω+Z in the Standard Model.

with ε = mf (m2

H ↑ m2

V )/(
↓

2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
ŝ ↗ 0.85 towards the upper

endpoint of mωω (where Q → 0), and a suppression towards the threshold at central angles

(where |Q| → P and the Z decouples), vanishing at the endpoint in accordance with Eq. (3.6).

The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation

(2.35): the Cω→|ω+Z and Cω+|ω→Z panels are mirror images of each other under cos ϑ → ↑ cos ϑ,

and the CZ | ω→ω+ panel is symmetric.
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. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as
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The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation
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with ε = mf (m2

H ↑ m2

V )/(
↓

2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
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anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
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the two fermions and reversing all helicity labels — i.e. by the A → B exchange combined

with a local unitary. Since the quantum-information quantities considered below — purities,

eigenvalues of reduced states, entanglement measures and optimised Bell-inequality violations

— are invariant under local unitaries, any such observable O obeys

O(A, B, V ; cos ω) = O(B, A, V ; ↑ cos ω) , (2.35)

where the arguments indicate the roles assigned to the three parties. Observables symmetric

under A → B, such as CV |AB or any quantity involving only εV or εAB, are therefore even

functions of cos ω, while observables that treat A and B asymmetrically come in mirror pairs,

e.g. ϑmin(εA)(cos ω) = ϑmin(εB)(↑ cos ω) and CA|BV (cos ω) = CB|AV (↑ cos ω). This behaviour

is already visible in Fig. 4: the ϖ→ and ϖ+ panels are mirror images of each other under

cos ω ↓ ↑ cos ω, while the Z panel is symmetric. The same pattern recurs throughout the

observables presented in the following sections.

3 Entanglement structure

The final spin state of H ↓ ff̄V carries quantum correlations at several structural levels,

which we now dissect. We first quantify the bipartite entanglement between a single particle

and the remaining pair (one-to-other), then the entanglement between each pair of particles

once the third is traced out (one-to-one), and finally the correlations that are irreducibly

2 ↔ 2 ↔ 3.

3.1 Bipartite entanglement

We quantify the bipartite entanglement of our 2↔2↔3 pure state |ϱ↗ with measures adapted

to the two types of partition. For the one-to-other partitions we use the I-concurrence of

Ref. [103], reviewed in Appendix B, which for a pure state is fixed by the single-party reduced

states alone. The one-to-one partitions involve mixed two-body states and thus a convex-roof

construction: there we use Wootters’ concurrence for the qubit–qubit pair and a tangle-based

measure for the two qubit–qutrit pairs. We treat the two cases in turn.

3.1.1 One-to-other entanglement

The normalised I-concurrences quantifying one-to-other entanglement of the three possible

partitions of A-B-V are given by

CA|BV =
√

2(1 ↑ Tr ε2A) , CB|AV =
√

2(1 ↑ Tr ε2B) , CV |AB =
√

3

2
(1 ↑ Tr ε2V ) , (3.1)

where εX ↘ TrX |ϱ↗≃ϱ| (X = A, B, V ) is the reduced state of the single party X, and TrX
denotes the partial trace over the two parties other than X.

At zeroth order, the pointer structure of Eq. (2.16) makes the reduced states immediate.

The two fermions are left in the diagonal states

ε(0)A =
1

≃c2↗

(
c2R 0

0 c2L

)
, ε(0)B =

1

≃c2↗

(
c2L 0

0 c2R

)
(3.2)
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A

B V

In the same limit, mV /EV → 0 and the leading pointer states (2.17) also become purely

longitudinal, |!±↑ → ↓
↔

2 sin ω |0↑, so that the full state near the threshold takes the form

|εthr↑ =

↔
2

N

[
↓ (cV ↓ ϑ cA) sin ω |↓+↑ ↓ (cV + ϑ cA) sin ω |+↓↑

+ (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑
]
|0↑ , (2.25)

where ϑ ↗ 2kA/mAB =
√

1 ↓ 4m2

f/m2

AB is the fermion velocity. In the first two terms we

have restored the exact mf dependence of the opposite-helicity couplings, cL → cV ↓ϑcA and

cR → cV + ϑcA, to which they reduce at ϑ = 1. This follows from the exact identity for the

opposite-helicity currents of massive fermions,

ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)

i.e. the chiral current is proportional to the pure vector current, with the axial coupling

weighted by the fermion velocity — the familiar suppression of the axial charge for non-

relativistic fermions. This dressing is invisible at any fixed order of the mf expansion — ϑ is

not analytic in mf at mAB = 2mf — and ϑ ≃ 1 everywhere except in the immediate vicinity

of the threshold; it is, however, essential there, since ϑ → 0 at the endpoint. Equation (2.25)

exhibits two important features. First, the vector boson factors out in the longitudinal state

|0↑: the state is a product across the V |AB partition, and all quantum correlations reside

in the fermion sector. Second, at the endpoint ϑ → 0 the opposite-helicity components

collapse to the small vector-coupling remnant ⇐ cV , and the fermion pair is left in the nearly

maximally entangled Bell-like state (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑.
Near the threshold, the norms of the leading and subleading components behave as

⇒ε(0)|ε(0)↑ → 2 ⇒c2↑ sin2 ω , ϱ2 ⇒ε(1)|ε(1)↑ → 16
m2

f

m2

AB

(
c2A + c2V cos2 ω

)
, (2.27)

with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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AB

(
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)
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with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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Fermion threshold
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CA|BV = CB|AV =

<latexit sha1_base64="yrIaGprJErq5RY6eqIaMEddMHd8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6E2l48VrAf2C4lm2bb0CS7JFmhrP0XXjwo4tV/481/Y9ruQasPBh7vzTAzL4g508Z1v5zcyura+kZ+s7C1vbO7V9w/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjOszv/1AlWaRvDOTmPoCDyULGcHGSvf1ftp6vK5Nr9x+seSW3TnQX+JlpAQZGv3iZ28QkURQaQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVRiQbWfzi+eohOrDFAYKVvSoLn6cyLFQuuJCGynwGakl72Z+J/XTUx46adMxomhkiwWhQlHJkKz99GAKUoMn1iCiWL2VkRGWGFibEgFG4K3/PJf0jore5Vy5fa8VK1lceThCI7hFDy4gCrcQAOaQEDCE7zAq6OdZ+fNeV+05pxs5hB+wfn4BqgikEU=</latexit>

CV |AB = 0

in the hA,B = +, → basis; all kinematic dependence cancels because the pointer states share a

common norm, ↑!+|!+↓ = ↑!→|!→↓ ↔ P . The vector boson is left in the rank-two mixture

ω(0)V =
c2L |!+↓↑!+| + c2R |!→↓↑!→|

↑c2↓ P
. (3.3)

Evaluating the purities at this order yields the compact closed forms for the I-concurrences

C(0)

A|BV = C(0)

B|AV =
2 |cLcR|

↑c2↓ = ŝ , C(0)

V |AB =

↗
3

2
ŝ

√
1 → Q2

P 2
, (3.4)

with Q ↔ ↑!+|!→↓; inserting Eq. (2.18), the kinematic factor reads

√
1 → Q2

P 2
=

2 mV

√
E2

V → k2

V cos2 ε

2E2

V → k2

V (1 + cos2 ε)
. (3.5)

At this order C(0)

A|BV and C(0)

B|AV are fixed entirely by the chiral couplings, independently of the

kinematics — a direct consequence of the GHZ-like structure of |ϑ(0)↓ — and the smallness

of ĉ2 [Eq. (2.9)] renders them nearly maximal in the Standard Model, ↘ 0.988. C(0)

V |AB carries

the same coupling factor but is bounded from above by
↗

3/2: a rank-two ωV can never reach

the qutrit maximum CV |AB = 1, which requires all three polarisations to be populated. Its

kinematic dependence resides entirely in the pointer-state overlap: the factor (3.5) equals

unity where the pointer states are orthogonal (Q = 0, at the upper endpoint of mAB and for

collinear kinematics), and vanishes where they become parallel (Q ≃ P , towards the threshold

at fixed sin ε ⇐= 0, where ω(0)V degenerates to rank one and the vector-boson decouples).

At the threshold region (mAB ≃ 2mf ) and the collinear regions (sin ε ⇒ mV /EV ), the

ϖ expansion breaks down and the state is approximately given by |ϑthr↓ of Eq. (2.25) and

|ϑ↓
∣∣
cos ω=±1

of Eq. (2.28), respectively.

At threshold the state is a product across the V |AB partition, so

CV |AB ≃ 0 , CA|BV = CB|AV ≃
c2A

(
1 + ϱ2 sin2 ε

)
→ c2V

c2A
(
1 + ϱ2 sin2 ε

)
+ c2V

, (mAB ≃ 2mf ) (3.6)

the latter being the concurrence of the two-qubit state carried by the fermion pair in Eq. (2.25).

Remarkably, at the endpoint ϱ ≃ 0 and in the collinear limit sin ε ≃ 0 this reduces exactly

to the zeroth-order value (3.4).

In the collinear regions, the three single party reduced states of Eq. (2.28) are all diagonal,

and one finds (for cos ε ≃ +1)

CA|BV =
2
√

(c2R + ς2c2L)(c2L + ς2c2R)

(1 + ς2) ↑c2↓ , CB|AV =
2 |cLcR|

↑c2↓ ,

CV |AB =

√
3

2

[
1 →

c4L + c4R + ς4↑c2↓2
(1 + ς2)2↑c2↓2

]
, (3.7)
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mf

M(2)
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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Figure 6: One-to-other I-concurrences, Cω→|ω+Z (left), Cω+|ω→Z (centre) and CZ|ω→ω+ (right), com-
puted for h → ω→ω+Z in the Standard Model.

with ε = mf (m2

H ↑ m2

V )/(
↓

2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
ŝ ↗ 0.85 towards the upper

endpoint of mωω (where Q → 0), and a suppression towards the threshold at central angles

(where |Q| → P and the Z decouples), vanishing at the endpoint in accordance with Eq. (3.6).

The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation

(2.35): the Cω→|ω+Z and Cω+|ω→Z panels are mirror images of each other under cos ϑ → ↑ cos ϑ,

and the CZ | ω→ω+ panel is symmetric.
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with ε = mf (m2

H ↑ m2

V )/(
↓

2 m2

AB mV ). For cos ϑ → ↑1, the roles of A and B are inter-

changed, in accordance with the CP relation (2.35). In terms of the coupling parameters ĉ

and ŝ of Eq. (2.9), these expressions collapse to the compact forms

CA|BV =

√

ŝ2 + ĉ2
(

2ε

1 + ε2

)
2

, CB|AV = ŝ , CV |AB =

↓
3

2

↓
ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the

rank-two bound
↓

3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
. (3.9)

For the h → ω→ω+Z process in the Standard Model, Cmax

V |AB ↗ 0.996. The qutrit thus becomes

almost maximally entangled with the fermion pair precisely in the genuinely 2↘ 2↘ 3 regions

identified in Fig. 4.

In Fig. 6 we show the three one-to-other concurrences for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The Cω→|ω+Z and Cω+|ω→Z are mostly

flat: with the Standard Model couplings (2.7) the zeroth-order value is ŝ ↗ 0.988, and, as

anticipated by Eqs. (3.6) and (3.7), rising to Cω→|ω+Z = 1 in the cos ϑ → +1 collinear region

around ε = 1 (mωω ↗ 10 GeV). The CZ | ω→ω+ map instead shows the pronounced kinematic

structure of Eqs. (3.4) and (3.5): a plateau at CZ | ω→ω+ ↗
↑
3

2
ŝ ↗ 0.85 towards the upper

endpoint of mωω (where Q → 0), and a suppression towards the threshold at central angles

(where |Q| → P and the Z decouples), vanishing at the endpoint in accordance with Eq. (3.6).

The bright spots with CZ | ω→ω+ ↗ 0.99 in the collinear regions, exceeding the rank-two bound↓
3/2, are quantitatively reproduced by Eq. (3.7). Finally, all three maps obey the CP relation

(2.35): the Cω→|ω+Z and Cω+|ω→Z panels are mirror images of each other under cos ϑ → ↑ cos ϑ,

and the CZ | ω→ω+ panel is symmetric.
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, CB|AV = ŝ , CV |AB =

↓
3

2

↓
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3/2: it is maximised at ε2 = (1+ ĉ2)/2, where the spectrum of ϖV is closest

to uniform, reaching

Cmax

V |AB =

√
3

3 + ĉ2
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Figure 5: The parameter ω of Eq. (2.29) as a function of mωω for h → ε→ε+Z in the Standard Model.
It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.

the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and

exact maximality at ε = 1, where the two terms complete the Pythagorean sum ŝ2 + ĉ2 = 1,

while CB|AV retains its zeroth-order value for any ε. Most strikingly, CV |AB now exceeds the
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ŝ2 + 4ε2

1 + ε2
. (3.8)

The concurrence CA|BV thus interpolates between the zeroth-order value ŝ (at ε → 0, ↔) and
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3.1.2 One-to-one entanglement

The one-to-one entanglement is stored in the two-body reduced states obtained by tracing

out the third party,

ωAB = TrV |ε→↑ε| , ωAV = TrB |ε→↑ε| , ωBV = TrA |ε→↑ε| , (3.10)

which describe a qubit–qubit pair (AB) and two qubit–qutrit pairs (AV , BV ). For a mixed

bipartite state ωXY , we define the (normalised) I-concurrence by the convex roof as

CXY = C(ωXY ) ↓ min
{pi,|ωi→}

∑

i

pi C(|εi→) , (3.11)

where the minimisation is taken over all possible pure state decompositions of ω; ω =
∑

i pi|εi→↑εi|
with pi ↔ 0,

∑
i pi = 1. For the reduced states (3.10), min(dA, dB) = min(dA, dV ) =

min(dB, dV ) = 2, and the I-concurrence is already normalised (see Appendix B).

For the 2 ↗ 2 state ωAB, the convex roof can be evaluated exactly with Wootters’ for-

mula [104],

CAB = max
(
0, ϑ1 ↘ ϑ2 ↘ ϑ3 ↘ ϑ4

)
, (3.12)

where ϑ1 ↔ ϑ2 ↔ ϑ3 ↔ ϑ4 are the square roots of the eigenvalues of ωAB ω̃AB with ω̃ =

(ϖy ↗ ϖy) ω↑(ϖy ↗ ϖy).

For the 2 ↗ 3 states ωAV and ωBV , no closed-form solution of the convex roof is known

for general mixed states. One can, however, resort to the I-tangle, defined as the convex roof

of the squared I-concurrence,

ϱ(ωXY ) = min
{pi,|ωi→}

∑

i

pi CI(|εi→)2 , ωXY =
∑

i

pi|εi→↑εi| (3.13)

Osborne [105] showed that for states of rank at most two the I-tangle admits the closed form

ϱ(ωXY ) = Tr(ω ω̃) + 2ϑmin

(
1 ↘ Tr ω2

)
, (3.14)

where ω̃ = (SX ↗ SY )(ω) is the universal state inverter of Eq. (B.4), and ϑmin is the smallest

eigenvalue of a real symmetric 3 ≃ 3 matrix M built as follows. Writing ω = p |v1→↑v1| + (1 ↘
p) |v2→↑v2| in its eigenbasis and setting ςij ↓ |vi→↑vj |, one forms the tensor

Tijkl = Tr
(
ςij ς̃kl

)
, (3.15)

in terms of which the independent entries of M read

M11 = 1

4
T1221 + 1

2
T1122 + 1

4
T2112 , M12 = i

4

(
T1221 ↘ T2112

)
,

M22 = ↘1

4
T1221 + 1

2
T1122 ↘ 1

4
T2112 , M13 = 1

4

(
T1121 ↘ T2122 + T1112 ↘ T1222

)
,

M33 = 1

4
T1111 ↘ 1

2
T1122 + 1

4
T2222 , M23 = i

4

(
T1121 ↘ T1112 + T2122 ↘ T1222

)
, (3.16)

with Mji = Mij .
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ω1 → ω2 → ω3 → ω4 are the eigenvalues of
↑
εε̃ with ε̃ = (ϑy↓ϑy)ε→(ϑy↓ϑy).

Wootters’ formula for 2 x 2
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i
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Osborne [105] showed that for states of rank at most two the I-tangle admits the closed form

ϱ(ωXY ) = Tr(ω ω̃) + 2ϑmin

(
1 ↘ Tr ω2

)
, (3.14)

where ω̃ = (SX ↗ SY )(ω) is the universal state inverter of Eq. (B.4), and ϑmin is the smallest

eigenvalue of a real symmetric 3 ≃ 3 matrix M built as follows. Writing ω = p |v1→↑v1| + (1 ↘
p) |v2→↑v2| in its eigenbasis and setting ςij ↓ |vi→↑vj |, one forms the tensor

Tijkl = Tr
(
ςij ς̃kl

)
, (3.15)

in terms of which the independent entries of M read

M11 = 1

4
T1221 + 1

2
T1122 + 1

4
T2112 , M12 = i

4

(
T1221 ↘ T2112

)
,

M22 = ↘1

4
T1221 + 1

2
T1122 ↘ 1

4
T2112 , M13 = 1

4

(
T1121 ↘ T2122 + T1112 ↘ T1222

)
,

M33 = 1

4
T1111 ↘ 1

2
T1122 + 1

4
T2222 , M23 = i

4

(
T1121 ↘ T1112 + T2122 ↘ T1222

)
, (3.16)

with Mji = Mij .
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with Mji = Mij . The spectrum of M does not depend on which orthonormal basis of the

support is chosen: a di!erent choice merely rotates the frame in which M is expressed,

M → R M RT with R ↑ SO(3), leaving ωmin, and hence ε , unchanged. This is not an

academic point: ϑAV and ϑBV turn out to have degenerate spectra in the collinear limit [cf.

Eq. (3.28)], where the eigenbasis of ϑ is not unique.

Our states qualify: since |ϖ↓ is pure, the Schmidt decomposition across the AV |B and

BV |A partitions guarantees that ϑAV and ϑBV share their non-zero spectra with the comple-

mentary single-party states ϑB and ϑA, so that

rank ϑAV = rank ϑB ↔ 2 , rank ϑBV = rank ϑA ↔ 2 (3.17)

hold exactly, and Osborne’s formula (3.14) applies. We therefore quantify the one-to-one

entanglement of the two qubit–qutrit pairs by

C̃XY ↗
√

ε(ϑXY ) , XY ↑ {AV, BV } . (3.18)

The square root of the I-tangle gives the upper bound on the I-concurrence in Eq. (3.11);

C̃XY ↘ CXY . Nonetheless, C̃XY itself is a faithful entanglement measure in its own right:

non-negative, vanishing i! the state is separable, and non-increasing under LOCC. We adopt

C̃XY as our one-to-one entanglement quantifier for AV and BV .

At zeroth order, tracing the vector boson out of |ϖ(0)↓ leaves the two fermions in a rank-

two state supported on the opposite-helicity subspace, with a single o!-diagonal element

generated by the pointer-state overlap,

ϑ(0)AB =
1

≃c2↓ P

(
c2L P cLcR Q

cLcR Q c2R P

)
(3.19)

in the {|⇐+↓ , |+⇐↓} basis. Wootters’ formula (3.12) then gives

C(0)

AB = ŝ
Q

P
= ŝ

k2

V sin2 ϱ

2E2

V ⇐ k2

V (1 + cos2 ϱ)
. (3.20)

Comparing with Eq. (3.4) reveals a neat complementarity,

(
C(0)

AB

)
2

+
(

2→
3
C(0)

V |AB

)
2

=
1

2

[(
C(0)

A|BV

)
2

+
(
C(0)

B|AV

)
2
]

. (3.21)

The physical content of this relation is a perfect trade-o!. Its right-hand side is fixed by

the couplings alone, 1

2
[(C(0)

A|BV )2 + (C(0)

B|AV )2] = ŝ2, while the two terms on the left share this

budget in proportions set by the overlap ratio Q/P : as the kinematics varies, entanglement

is shifted between the fermion pair and the V |AB partition, one growing precisely at the

expense of the other.

The origin of Eq. (3.21) is the monogamy of entanglement. At zeroth order the qutrit is

e!ectively a qubit, since ϑV has rank two, and the factor 2/
⇒

3 converts the qutrit-normalised
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Q

P
= ŝ
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Osborne’s formula, [Osborne (2005)], to analytically compute C̃

Wootters' (1998)
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For a normalised bipartite state ω acting on H = HX → HY , the double spin-flipped matrix

is then

ω̃ = (SX → SY )(ω) = 1XY ↑ ωX → 1Y ↑ 1X → ωY + ω , (B.4)

where ωX and ωY are the reduced density matrices of subsystems X and Y . For the 2-qubit

case this ω̃ reduces to (εy → εy)ω→(εy → εy). Equation (B.4) presupposes that ω is a state, i.e.

hermitian and of unit trace. For an arbitrary operator O on HX →HY the same construction

reads

Õ ↓ Tr
(
O†)1XY ↑

(
TrY O†) → 1Y ↑ 1X →

(
TrX O†) + O† , (B.5)

and reduces to Eq. (B.4) when O = ω. The trace and adjoint terms, immaterial for a state, are

essential in Sec. 3.1.2, where the inverter is applied to operators that are neither hermitian nor

of unit trace. Wootters’ 2-qubit concurrence is then naturally extended to the I-concurrence

with the following definition

CI(|ϑ↔) ↓
√

↗ϑ| ω̃ |ϑ↔, ω̃ = (SX → SY )(|ϑ↔↗ϑ|) . (B.6)

A direct calculation shows that the I-concurrence can equivalently be expressed through the

reduced state alone,

CI(|ϑ↔) =
√

2SL(ωX) , ωX = TrY |ϑ↔↗ϑ| , (B.7)

where SL(ω) ↓ 1 ↑ Tr ω2 is the linear entropy.

The I-concurrence is known to be a faithful entanglement measure — non-negative, and

positive if and only if the state is non-separable — and non-increasing under LOCC [121].

For a bipartite system of dimension dX ↘ dY it obeys the upper bound CI ≃
√

2(r ↑ 1)/r,

where r = min(dX , dY ) is the maximal Schmidt rank. Normalising by this bound, we define

the normalised I-concurrence as

C(|ϑ↔) =
√

r
r↑1

(1 ↑ Tr ω2X) , r = min(dX , dY ) . (B.8)

C Miyake classification and 223-tangle

In [83] Miyake used multidimensional determinants (hyperdeterminants) and their singulari-

ties in the classification of entanglement of pure multipartite states. For a 2 ↘ 2 ↘ 3 state

|ϑ↔ =
1∑

i,j=0

2∑

k=0

aijk |ijk↔ , (C.1)

the hyperdeterminant of the matrix A(ϑ) = [aijk] is defined as

HDet(ϑ) = m1(ϑ)m4(ϑ) ↑ m2(ϑ)m3(ϑ), (C.2)

where mi(ϑ), i = 1, . . . , 4 is the 3 ↘ 3 minor of the matrix



a000 a010 a100 a110
a001 a011 a101 a111
a002 a012 a102 a112



 (C.3)
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3.1.2 One-to-one entanglement

The one-to-one entanglement is stored in the two-body reduced states obtained by tracing

out the third party,

ωAB = TrV |ε→↑ε| , ωAV = TrB |ε→↑ε| , ωBV = TrA |ε→↑ε| , (3.10)

which describe a qubit–qubit pair (AB) and two qubit–qutrit pairs (AV , BV ). For a mixed

bipartite state ωXY , we define the (normalised) I-concurrence by the convex roof as

CXY = C(ωXY ) ↓ min
{pi,|ωi→}

∑

i

pi C(|εi→) , (3.11)

where the minimisation is taken over all possible pure state decompositions of ω; ω =
∑

i pi|εi→↑εi|
with pi ↔ 0,

∑
i pi = 1. For the reduced states (3.10), min(dA, dB) = min(dA, dV ) =

min(dB, dV ) = 2, and the I-concurrence is already normalised (see Appendix B).

For the 2 ↗ 2 state ωAB, the convex roof can be evaluated exactly with Wootters’ for-

mula [107],

CAB = max
(
0, ϑ1 ↘ ϑ2 ↘ ϑ3 ↘ ϑ4

)
, (3.12)

where ϑ1 ↔ ϑ2 ↔ ϑ3 ↔ ϑ4 are the square roots of the eigenvalues of ωAB ω̃AB with ω̃ =

(ϖy ↗ ϖy) ω↑(ϖy ↗ ϖy).

For the 2 ↗ 3 states ωAV and ωBV , no closed-form solution of the convex roof is known

for general mixed states. One can, however, resort to the I-tangle, defined as the convex roof

of the squared I-concurrence,

ϱ(ωXY ) = min
{pi,|ωi→}

∑

i

pi CI(|εi→)2 , ωXY =
∑

i

pi|εi→↑εi| (3.13)

Osborne [108] showed that for states of rank at most two the I-tangle admits the closed form

ϱ(ωXY ) = Tr(ω ω̃) + 2ϑmin

(
1 ↘ Tr ω2

)
, (3.14)

where ω̃ = (SX ↗ SY )(ω) is the universal state inverter of Eq. (B.4), and ϑmin is the smallest

eigenvalue of a real symmetric 3 ≃ 3 matrix M built as follows. Although ω acts on the full

dXdY –dimensional space, at most two of its eigenvalues are non-zero, so its support, the span

of the corresponding eigenvectors, is a two-dimensional subspace. Let {|v1→ , |v2→} be any

orthonormal basis of that subspace and set ςij ↓ |vi→↑vj |. One then forms the tensor

Tijkl = Tr
(
ςij ς̃kl

)
, (3.15)

where the tilde is understood in the general sense of Eq. (B.5): the ςij with i ⇐= j are traceless

and non-hermitian, so the state form (B.4) does not apply to them. In terms of Tijkl, the

independent entries of M read

M11 = 1

4
T1221 + 1

2
T1122 + 1

4
T2112 , M12 = i

4

(
T1221 ↘ T2112

)
,

M22 = ↘1

4
T1221 + 1

2
T1122 ↘ 1

4
T2112 , M13 = 1

4

(
T1121 ↘ T2122 + T1112 ↘ T1222

)
,

M33 = 1

4
T1111 ↘ 1

2
T1122 + 1

4
T2222 , M23 = i

4

(
T1121 ↘ T1112 + T2122 ↘ T1222

)
, (3.16)
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Osborne’s formula for a rank-2 density matrix:
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The universal inverter Õ of O is defined as

with Mji = Mij . The spectrum of M does not depend on which orthonormal basis of the

support is chosen: a di!erent choice merely rotates the frame in which M is expressed,

M → R M RT with R ↑ SO(3), leaving ωmin, and hence ε , unchanged. This is not an

academic point: ϑAV and ϑBV turn out to have degenerate spectra in the collinear limit [cf.

Eq. (3.28)], where the eigenbasis of ϑ is not unique.

Our states qualify: since |ϖ↓ is pure, the Schmidt decomposition across the AV |B and

BV |A partitions guarantees that ϑAV and ϑBV share their non-zero spectra with the comple-

mentary single-party states ϑB and ϑA, so that

rank ϑAV = rank ϑB ↔ 2 , rank ϑBV = rank ϑA ↔ 2 (3.17)

hold exactly, and Osborne’s formula (3.14) applies. We therefore quantify the one-to-one

entanglement of the two qubit–qutrit pairs by

C̃XY ↗
√

ε(ϑXY ) , XY ↑ {AV, BV } . (3.18)

The square root of the I-tangle gives the upper bound on the I-concurrence in Eq. (3.11);

C̃XY ↘ CXY . Nonetheless, C̃XY itself is a faithful entanglement measure in its own right:

non-negative, vanishing i! the state is separable, and non-increasing under LOCC. We adopt

C̃XY as our one-to-one entanglement quantifier for AV and BV .

At zeroth order, tracing the vector boson out of |ϖ(0)↓ leaves the two fermions in a rank-

two state supported on the opposite-helicity subspace, with a single o!-diagonal element

generated by the pointer-state overlap,

ϑ(0)AB =
1

≃c2↓ P

(
c2L P cLcR Q

cLcR Q c2R P

)
(3.19)

in the {|⇐+↓ , |+⇐↓} basis. Wootters’ formula (3.12) then gives

C(0)

AB = ŝ
Q

P
= ŝ

k2

V sin2 ϱ

2E2

V ⇐ k2

V (1 + cos2 ϱ)
. (3.20)

Comparing with Eq. (3.4) reveals a neat complementarity,

(
C(0)

AB

)
2

+
(

2→
3
C(0)

V |AB

)
2

=
1

2

[(
C(0)

A|BV

)
2

+
(
C(0)

B|AV

)
2
]

. (3.21)

The physical content of this relation is a perfect trade-o!. Its right-hand side is fixed by

the couplings alone, 1

2
[(C(0)

A|BV )2 + (C(0)

B|AV )2] = ŝ2, while the two terms on the left share this

budget in proportions set by the overlap ratio Q/P : as the kinematics varies, entanglement

is shifted between the fermion pair and the V |AB partition, one growing precisely at the

expense of the other.

The origin of Eq. (3.21) is the monogamy of entanglement. At zeroth order the qutrit is

e!ectively a qubit, since ϑV has rank two, and the factor 2/
⇒

3 converts the qutrit-normalised
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<latexit sha1_base64="V/LBrBAVe1h8K0B6vdhJJa5x6Pg="></latexit>

Our target density matrices ωAV and ωBV have the rank at most 2.

<latexit sha1_base64="tN0gPHCP/KjqZy1LjiajVAAwdrM="></latexit>

Let {|v1→, |v2→} be the two eigenvectors corresponding to the two nonzero
<latexit sha1_base64="eUC6iHVKRniK1jQdzuXAk9UxfYQ="></latexit>

eigenvalues of the rank-2 ω.

<latexit sha1_base64="cefgn9xkI8G9YUSYgSPgZR4b8Ac="></latexit>

ωmin is the smallest eigenvalue of the following 3→ 3 matrix M .
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Define the tensor Tijkl → Tr(ωij ω̃kl) from ωij = |vi↑↓vj |.
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Then, the matrix M is defined by
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where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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CAB = ŝ
k2V sin2 ω

2E2
V → k2V (1 + cos2 ω)
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CAV = CBV = 0

One-to-one entanglement 
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concurrence into the corresponding qubit tangle,
(

2→
3
CV |AB

)
2

= 2
(
1 → Tr ω2V

)
. For a pure

three-qubit state, the Co!man–Kundu–Wootters relations [82], C2

X|Y Z = C2

XY +C2

XZ +εXY Z ,

with the residual three-tangle εXY Z common to all three partitions, combine into

1

2

[
C2

A|BV + C2

B|AV

]
→
(

2→
3
CV |AB

)
2

= C2

AB → 1

2

[
C2

AV + C2

BV

]
. (3.22)

Equation (3.21) is therefore equivalent to the statement that C(0)

AV and C(0)

BV vanish at this

order, which we verify next.

Tracing out either fermion instead leaves a mixture of two product states,

ω(0)AV ↑ c2L |→↓↔→| ↗ |”+↓↔”+| + c2R |+↓↔+| ↗ |”↑↓↔”↑| , (3.23)

and likewise for ω(0)BV , because the traced fermion perfectly tags the two branches. Such a

mixture is separable, so

C̃(0)

AV = C̃(0)

BV = 0 . (3.24)

In the threshold region, the state (2.25) is a product across the V |AB partition: the

boson decouples while the fermion pair is left in a pure two-qubit state, so

C̃AV , C̃BV ↘ 0 , CAB ↘
c2A

(
1 + ϑ2 sin2 ϖ

)
→ c2V

c2A
(
1 + ϑ2 sin2 ϖ

)
+ c2V

, (mAB ↘ 2mf ) (3.25)

the latter coinciding with the one-to-other value (3.6), as it must for a pure two-qubit state.

In the collinear regions the situation is reversed. Tracing the boson out of Eq. (2.28)

projects onto its three orthogonal polarisations, leaving ωAB as a mixture of |→+↓, |+→↓
and the Bell-like combination (cR |→→↓→ cL |++↓)/

√
↔c2↓ with weights (c2L, c2R, ϱ2↔c2↓)/[(1+

ϱ2)↔c2↓]; Wootters’ formula gives

CAB = ŝ max

(
0,

ϱ2 → 1

ϱ2 + 1

)
. (cos ϖ ↘ ±1) (3.26)

The concurrence CAB thus vanishes identically for all ϱ ≃ 1 and revives beyond, growing

towards ŝ as ϱ ↘ ⇐, in agreement with the sin ϖ ↘ 0 limit of Eq. (3.25).

For the AV and BV pairs, Osborne’s formula (3.14) again yields closed-form results.

Since ĉ enters only quadratically, we quote them at leading order, neglecting O(ĉ2) corrections:

C̃AV = C̃BV =
min

(
2ϱ,

⇒
1 + 2ϱ2

)

1 + ϱ2
=






2ϱ

1 + ϱ2
, ϱ ≃ 1⇒

2
,

⇒
1 + 2ϱ2

1 + ϱ2
, ϱ ⇑ 1⇒

2
,

(cos ϖ ↘ ±1, ĉ2 ⇓ 1)

(3.27)

At this order the two collinear regions coincide; the O(ĉ2) corrections split C̃AV and C̃BV ,

the two being interchanged at cos ϖ ↘ → cos ϖ in accordance with the CP relation (2.35). One
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where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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C2
AB =

(
2→
3
CV |AB

)2
→ 1

2

[
C2

A|BV + C2
B|AV

]
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concurrence into the corresponding qubit tangle,
(

2→
3
CV |AB

)
2

= 2
(
1 → Tr ω2V

)
. For a pure

three-qubit state, the Co!man–Kundu–Wootters relations [82], C2

X|Y Z = C2

XY +C2

XZ +εXY Z ,

with the residual three-tangle εXY Z common to all three partitions, combine into

1

2

[
C2

A|BV + C2

B|AV

]
→
(

2→
3
CV |AB

)
2

= C2

AB → 1

2

[
C2

AV + C2

BV

]
. (3.22)

Equation (3.21) is therefore equivalent to the statement that C(0)

AV and C(0)

BV vanish at this

order, which we verify next.

Tracing out either fermion instead leaves a mixture of two product states,

ω(0)AV ↑ c2L |→↓↔→| ↗ |”+↓↔”+| + c2R |+↓↔+| ↗ |”↑↓↔”↑| , (3.23)

and likewise for ω(0)BV , because the traced fermion perfectly tags the two branches. Such a

mixture is separable, so

C̃(0)

AV = C̃(0)

BV = 0 . (3.24)

In the threshold region, the state (2.25) is a product across the V |AB partition: the

boson decouples while the fermion pair is left in a pure two-qubit state, so

C̃AV , C̃BV ↘ 0 , CAB ↘
c2A

(
1 + ϑ2 sin2 ϖ

)
→ c2V

c2A
(
1 + ϑ2 sin2 ϖ

)
+ c2V

, (mAB ↘ 2mf ) (3.25)

the latter coinciding with the one-to-other value (3.6), as it must for a pure two-qubit state.

In the collinear regions the situation is reversed. Tracing the boson out of Eq. (2.28)

projects onto its three orthogonal polarisations, leaving ωAB as a mixture of |→+↓, |+→↓
and the Bell-like combination (cR |→→↓→ cL |++↓)/

√
↔c2↓ with weights (c2L, c2R, ϱ2↔c2↓)/[(1+

ϱ2)↔c2↓]; Wootters’ formula gives

CAB = ŝ max

(
0,

ϱ2 → 1

ϱ2 + 1

)
. (cos ϖ ↘ ±1) (3.26)

The concurrence CAB thus vanishes identically for all ϱ ≃ 1 and revives beyond, growing

towards ŝ as ϱ ↘ ⇐, in agreement with the sin ϖ ↘ 0 limit of Eq. (3.25).

For the AV and BV pairs, Osborne’s formula (3.14) again yields closed-form results.

Since ĉ enters only quadratically, we quote them at leading order, neglecting O(ĉ2) corrections:

C̃AV = C̃BV =
min

(
2ϱ,

⇒
1 + 2ϱ2

)

1 + ϱ2
=






2ϱ

1 + ϱ2
, ϱ ≃ 1⇒

2
,

⇒
1 + 2ϱ2

1 + ϱ2
, ϱ ⇑ 1⇒

2
,

(cos ϖ ↘ ±1, ĉ2 ⇓ 1)

(3.27)

At this order the two collinear regions coincide; the O(ĉ2) corrections split C̃AV and C̃BV ,

the two being interchanged at cos ϖ ↘ → cos ϖ in accordance with the CP relation (2.35). One
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CAB = ŝ
k2V sin2 ω

2E2
V → k2V (1 + cos2 ω)
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CAV = CBV = 0

in the hA,B = +, → basis; all kinematic dependence cancels because the pointer states share a

common norm, ↑!+|!+↓ = ↑!→|!→↓ ↔ P . The vector boson is left in the rank-two mixture

ω(0)V =
c2L |!+↓↑!+| + c2R |!→↓↑!→|

↑c2↓ P
. (3.3)

Evaluating the purities at this order yields the compact closed forms for the I-concurrences

C(0)

A|BV = C(0)

B|AV =
2 |cLcR|

↑c2↓ = ŝ , C(0)

V |AB =

↗
3

2
ŝ

√
1 → Q2

P 2
, (3.4)

with Q ↔ ↑!+|!→↓; inserting Eq. (2.18), the kinematic factor reads

√
1 → Q2

P 2
=

2 mV

√
E2

V → k2

V cos2 ε

2E2

V → k2

V (1 + cos2 ε)
. (3.5)

At this order C(0)

A|BV and C(0)

B|AV are fixed entirely by the chiral couplings, independently of the

kinematics — a direct consequence of the GHZ-like structure of |ϑ(0)↓ — and the smallness

of ĉ2 [Eq. (2.9)] renders them nearly maximal in the Standard Model, ↘ 0.988. C(0)

V |AB carries

the same coupling factor but is bounded from above by
↗

3/2: a rank-two ωV can never reach

the qutrit maximum CV |AB = 1, which requires all three polarisations to be populated. Its

kinematic dependence resides entirely in the pointer-state overlap: the factor (3.5) equals

unity where the pointer states are orthogonal (Q = 0, at the upper endpoint of mAB and for

collinear kinematics), and vanishes where they become parallel (Q ≃ P , towards the threshold

at fixed sin ε ⇐= 0, where ω(0)V degenerates to rank one and the vector-boson decouples).

At the threshold region (mAB ≃ 2mf ) and the collinear regions (sin ε ⇒ mV /EV ), the

ϖ expansion breaks down and the state is approximately given by |ϑthr↓ of Eq. (2.25) and

|ϑ↓
∣∣
cos ω=±1

of Eq. (2.28), respectively.

At threshold the state is a product across the V |AB partition, so

CV |AB ≃ 0 , CA|BV = CB|AV ≃
c2A

(
1 + ϱ2 sin2 ε

)
→ c2V

c2A
(
1 + ϱ2 sin2 ε

)
+ c2V

, (mAB ≃ 2mf ) (3.6)

the latter being the concurrence of the two-qubit state carried by the fermion pair in Eq. (2.25).

Remarkably, at the endpoint ϱ ≃ 0 and in the collinear limit sin ε ≃ 0 this reduces exactly

to the zeroth-order value (3.4).

In the collinear regions, the three single party reduced states of Eq. (2.28) are all diagonal,

and one finds (for cos ε ≃ +1)

CA|BV =
2
√

(c2R + ς2c2L)(c2L + ς2c2R)

(1 + ς2) ↑c2↓ , CB|AV =
2 |cLcR|

↑c2↓ ,

CV |AB =

√
3

2

[
1 →

c4L + c4R + ς4↑c2↓2
(1 + ς2)2↑c2↓2

]
, (3.7)
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in the hA,B = +, → basis; all kinematic dependence cancels because the pointer states share a

common norm, ↑!+|!+↓ = ↑!→|!→↓ ↔ P . The vector boson is left in the rank-two mixture

ω(0)V =
c2L |!+↓↑!+| + c2R |!→↓↑!→|

↑c2↓ P
. (3.3)

Evaluating the purities at this order yields the compact closed forms for the I-concurrences

C(0)

A|BV = C(0)

B|AV =
2 |cLcR|

↑c2↓ = ŝ , C(0)

V |AB =

↗
3

2
ŝ

√
1 → Q2

P 2
, (3.4)

with Q ↔ ↑!+|!→↓; inserting Eq. (2.18), the kinematic factor reads

√
1 → Q2

P 2
=

2 mV

√
E2

V → k2

V cos2 ε

2E2

V → k2

V (1 + cos2 ε)
. (3.5)

At this order C(0)

A|BV and C(0)

B|AV are fixed entirely by the chiral couplings, independently of the

kinematics — a direct consequence of the GHZ-like structure of |ϑ(0)↓ — and the smallness

of ĉ2 [Eq. (2.9)] renders them nearly maximal in the Standard Model, ↘ 0.988. C(0)

V |AB carries

the same coupling factor but is bounded from above by
↗

3/2: a rank-two ωV can never reach

the qutrit maximum CV |AB = 1, which requires all three polarisations to be populated. Its

kinematic dependence resides entirely in the pointer-state overlap: the factor (3.5) equals

unity where the pointer states are orthogonal (Q = 0, at the upper endpoint of mAB and for

collinear kinematics), and vanishes where they become parallel (Q ≃ P , towards the threshold

at fixed sin ε ⇐= 0, where ω(0)V degenerates to rank one and the vector-boson decouples).
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ϖ expansion breaks down and the state is approximately given by |ϑthr↓ of Eq. (2.25) and
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of Eq. (2.28), respectively.

At threshold the state is a product across the V |AB partition, so
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(
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→ c2V

c2A
(
1 + ϱ2 sin2 ε
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+ c2V

, (mAB ≃ 2mf ) (3.6)

the latter being the concurrence of the two-qubit state carried by the fermion pair in Eq. (2.25).

Remarkably, at the endpoint ϱ ≃ 0 and in the collinear limit sin ε ≃ 0 this reduces exactly

to the zeroth-order value (3.4).
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CV |AB

)2
= C2

AV + C2
BV + ω

where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
1

k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =

/k + mf

k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)

The spin quantum state of the ff̄V system is given by

|ε↔ ↗
∑

hA,hB ,hV

MhAhBhV |hA, hB, hV ↔ . (2.13)

Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first

diagram dominates in the limit mf ↘ mV , mH . Exploiting this hierarchy, we expand the

amplitudes in mf and retain terms up to linear order. At mf = 0, the amplitude M(1)

populates only the opposite-helicity subspace {|↓+↔ , |+↓↔}, while M(2) and M(3) vanish.

The spin state takes the form

|ε↔ =
1

N

(
|ε(0)↔ + ϑ |ε(1)↔ + · · ·

)
, (2.14)

where N is the normalisation factor and the expansion parameter is

ϑ →
≃

2mf (m2

V ↓ m2

AB)

mV (m2

H ↓ m2

AB ↓ m2

V )
. (2.15)

For h ⇐ ϖ↑ϖ+Z in the Standard Model, ϑ is small and remains nearly constant across the

accessible phase space, ϑ ↑ [3.14, 3.21] ⇒ 10↑2.

In the above expression, the unnormalised zeroth-order state is given by

|ε(0)↔ = cL |↓+↔ |#+↔ + cR |+↓↔ |#↑↔ (2.16)

with

|#±↔ = ± mV

EV
(1 ± cos ϱ) |+↔ ↓

≃
2 sin ϱ |0↔ ± mV

EV
(1 ⇑ cos ϱ) |↓↔ . (2.17)

Here and throughout, the phases of the helicity eigenstates |hA, hB, hV ↔ are fixed such that

the CP transformation takes a particularly simple, phase-free form (see Sec. 2.3). The vector-

boson states |#±↔ act as pointer states: |#+↔ and |#↑↔ are each correlated with a single

fermion helicity configuration, |↓+↔ and |+↓↔, respectively. These pointer states are neither

normalised nor mutually orthogonal, and their norms and overlap read

⇓#+|#+↔ = ⇓#↑|#↑↔ = 2

[
1 +

m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)

– 6 –

Bulk

in the hA,B = +, → basis; all kinematic dependence cancels because the pointer states share a

common norm, ↑!+|!+↓ = ↑!→|!→↓ ↔ P . The vector boson is left in the rank-two mixture

ω(0)V =
c2L |!+↓↑!+| + c2R |!→↓↑!→|

↑c2↓ P
. (3.3)

Evaluating the purities at this order yields the compact closed forms for the I-concurrences
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B|AV =
2 |cLcR|

↑c2↓ = ŝ , C(0)
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↗
3

2
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√
1 → Q2

P 2
, (3.4)

with Q ↔ ↑!+|!→↓; inserting Eq. (2.18), the kinematic factor reads

√
1 → Q2

P 2
=

2 mV

√
E2

V → k2

V cos2 ε

2E2

V → k2

V (1 + cos2 ε)
. (3.5)

At this order C(0)

A|BV and C(0)

B|AV are fixed entirely by the chiral couplings, independently of the

kinematics — a direct consequence of the GHZ-like structure of |ϑ(0)↓ — and the smallness

of ĉ2 [Eq. (2.9)] renders them nearly maximal in the Standard Model, ↘ 0.988. C(0)

V |AB carries

the same coupling factor but is bounded from above by
↗

3/2: a rank-two ωV can never reach

the qutrit maximum CV |AB = 1, which requires all three polarisations to be populated. Its

kinematic dependence resides entirely in the pointer-state overlap: the factor (3.5) equals

unity where the pointer states are orthogonal (Q = 0, at the upper endpoint of mAB and for

collinear kinematics), and vanishes where they become parallel (Q ≃ P , towards the threshold

at fixed sin ε ⇐= 0, where ω(0)V degenerates to rank one and the vector-boson decouples).

At the threshold region (mAB ≃ 2mf ) and the collinear regions (sin ε ⇒ mV /EV ), the

ϖ expansion breaks down and the state is approximately given by |ϑthr↓ of Eq. (2.25) and

|ϑ↓
∣∣
cos ω=±1

of Eq. (2.28), respectively.

At threshold the state is a product across the V |AB partition, so

CV |AB ≃ 0 , CA|BV = CB|AV ≃
c2A

(
1 + ϱ2 sin2 ε

)
→ c2V

c2A
(
1 + ϱ2 sin2 ε

)
+ c2V

, (mAB ≃ 2mf ) (3.6)

the latter being the concurrence of the two-qubit state carried by the fermion pair in Eq. (2.25).

Remarkably, at the endpoint ϱ ≃ 0 and in the collinear limit sin ε ≃ 0 this reduces exactly

to the zeroth-order value (3.4).

In the collinear regions, the three single party reduced states of Eq. (2.28) are all diagonal,

and one finds (for cos ε ≃ +1)

CA|BV =
2
√

(c2R + ς2c2L)(c2L + ς2c2R)

(1 + ς2) ↑c2↓ , CB|AV =
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√
3

2

[
1 →
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]
, (3.7)
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of ĉ2 [Eq. (2.9)] renders them nearly maximal in the Standard Model, ↘ 0.988. C(0)

V |AB carries

the same coupling factor but is bounded from above by
↗

3/2: a rank-two ωV can never reach

the qutrit maximum CV |AB = 1, which requires all three polarisations to be populated. Its

kinematic dependence resides entirely in the pointer-state overlap: the factor (3.5) equals

unity where the pointer states are orthogonal (Q = 0, at the upper endpoint of mAB and for

collinear kinematics), and vanishes where they become parallel (Q ≃ P , towards the threshold

at fixed sin ε ⇐= 0, where ω(0)V degenerates to rank one and the vector-boson decouples).

At the threshold region (mAB ≃ 2mf ) and the collinear regions (sin ε ⇒ mV /EV ), the

ϖ expansion breaks down and the state is approximately given by |ϑthr↓ of Eq. (2.25) and

|ϑ↓
∣∣
cos ω=±1

of Eq. (2.28), respectively.

At threshold the state is a product across the V |AB partition, so

CV |AB ≃ 0 , CA|BV = CB|AV ≃
c2A

(
1 + ϱ2 sin2 ε

)
→ c2V

c2A
(
1 + ϱ2 sin2 ε

)
+ c2V

, (mAB ≃ 2mf ) (3.6)

the latter being the concurrence of the two-qubit state carried by the fermion pair in Eq. (2.25).

Remarkably, at the endpoint ϱ ≃ 0 and in the collinear limit sin ε ≃ 0 this reduces exactly

to the zeroth-order value (3.4).

In the collinear regions, the three single party reduced states of Eq. (2.28) are all diagonal,

and one finds (for cos ε ≃ +1)

CA|BV =
2
√

(c2R + ς2c2L)(c2L + ς2c2R)

(1 + ς2) ↑c2↓ , CB|AV =
2 |cLcR|

↑c2↓ ,

CV |AB =

√
3

2

[
1 →

c4L + c4R + ς4↑c2↓2
(1 + ς2)2↑c2↓2

]
, (3.7)

– 13 –

in the hA,B = +, → basis; all kinematic dependence cancels because the pointer states share a

common norm, ↑!+|!+↓ = ↑!→|!→↓ ↔ P . The vector boson is left in the rank-two mixture

ω(0)V =
c2L |!+↓↑!+| + c2R |!→↓↑!→|

↑c2↓ P
. (3.3)

Evaluating the purities at this order yields the compact closed forms for the I-concurrences

C(0)

A|BV = C(0)

B|AV =
2 |cLcR|

↑c2↓ = ŝ , C(0)
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↑c2↓ = ŝ , C(0)

V |AB =

↗
3

2
ŝ
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where uA → u(pA, hA) and vB → v(pB, hB) are the external fermion spinors and ω→(pV ) →
ω→(pV , hV ) is the vector boson polarisation vector. The helicity labels run over hA, hB ↑
{+, ↓} and hV ↑ {+, 0, ↓}. The massive vector and internal fermion propagators are given

by

!µω(k) =
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k2 ↓ m2

V + i mV ”V

(
↓gµω +

kµkω
m2

V

)
, SF (k) =
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k2 ↓ m2

f + i mf”f
, (2.11)

with ”V (”f ) the width of the vector boson (fermion). The total amplitude is

MhAhBhV = M(1) + M(2) + M(3) . (2.12)
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Because M(2) and M(3) are proportional to the Yukawa coupling gHff ↗ mf , the first
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m2

V

E2

V

↓ k2

V cos2 ϱ

E2

V

]
, ⇓#+|#↑↔ =

2k2

V

E2

V

sin2 ϱ. (2.18)
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Figure 7: One-to-one entanglement measures for h → ω→ω+Z in the Standard Model, evaluated
at tree level to all orders in mf : the concurrence Cω→ω+ (left), the measure C̃ω→Z (centre), and the
di!erence C̃ω→Z ↑ C̃ω+Z (right, symmetric logarithmic colour scale).

with |v±↓ ↔ (|u+↓ ± |u→↓)/
↗

2, which gives the second branch. Osborne’s formula (3.14) re-

turns the smaller of the two: the decomposition (3.28) is the optimal one for ε ↘ 1/
↗

2, and

{|v±↓} beyond. Both measures rise from zero at ε → 0, matching the zeroth order, peak at

ε = 1/
↗

2, where the two branches cross, with the value 2
↗

2/3 ≃ 0.94, and fall o! again

towards the threshold side (ε → ⇐), where the boson decouples.

Figure 7 shows the three one-to-one measures for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The concurrence Cω→ω+ (left) follows the

zeroth-order form (3.20): it is largest, ≃ ŝ, at small mωω (where Q/P → 1), falls monotonically

to zero towards the upper endpoint (Q → 0), and displays the sin2 ϑ suppression along the

collinear edges. An exception to the last feature arises in the threshold–collinear regions,

where Cω→ω+ revives for ε > 1, in accordance with Eq. (3.26). The whole map is even in

cos ϑ. The measure C̃ω→Z (centre) is small over most of the phase space, but climbs to ≃ 0.9

in the collinear hot spots at ε ≃ 1/
↗

2 (mωω ≃ 12 GeV), in quantitative agreement with

Eq. (3.27). The map of C̃ω+Z is its exact mirror image under cos ϑ → ↑ cos ϑ, as dictated by

the CP relation (2.35), and the two are so close that they cannot be distinguished by eye; we

therefore display their di!erence, C̃ω→Z ↑ C̃ω+Z , in the right panel. The di!erence is an odd

function of cos ϑ, again by CP, and its magnitude stays below a few ⇒10→2, confirming that

the splitting of the two measures is the O(ĉ2) e!ect anticipated below Eq. (3.27). It is largest

at small mωω and towards the collinear edges, with C̃ω→Z > C̃ω+Z in the hemisphere where the

Z is emitted along the ω→ direction, and fades towards the upper endpoint, where the state

approaches the A–B symmetric generalised GHZ form. Comparing the three panels reveals

the monogamy-like trade-o! anticipated above: precisely where the ω→ω+ entanglement is

quenched, the ω↑Z entanglement is largest, and vice versa.

3.2 Genuine 2 ⇑ 2 ⇑ 3 entanglement

The tripartite (ff̄V ) state (2.14) is pure, therefore, to detect genuine 2⇑2⇑3 entanglement,

we can use tools introduced by Miyake in his classification [81]. The Miyake classification and
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zeroth-order form (3.20): it is largest, ≃ ŝ, at small mωω (where Q/P → 1), falls monotonically

to zero towards the upper endpoint (Q → 0), and displays the sin2 ϑ suppression along the

collinear edges. An exception to the last feature arises in the threshold–collinear regions,

where Cω→ω+ revives for ε > 1, in accordance with Eq. (3.26). The whole map is even in

cos ϑ. The measure C̃ω→Z (centre) is small over most of the phase space, but climbs to ≃ 0.9

in the collinear hot spots at ε ≃ 1/
↗

2 (mωω ≃ 12 GeV), in quantitative agreement with

Eq. (3.27). The map of C̃ω+Z is its exact mirror image under cos ϑ → ↑ cos ϑ, as dictated by

the CP relation (2.35), and the two are so close that they cannot be distinguished by eye; we

therefore display their di!erence, C̃ω→Z ↑ C̃ω+Z , in the right panel. The di!erence is an odd

function of cos ϑ, again by CP, and its magnitude stays below a few ⇒10→2, confirming that
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In the same limit, mV /EV → 0 and the leading pointer states (2.17) also become purely

longitudinal, |!±↑ → ↓
↔

2 sin ω |0↑, so that the full state near the threshold takes the form

|εthr↑ =

↔
2

N

[
↓ (cV ↓ ϑ cA) sin ω |↓+↑ ↓ (cV + ϑ cA) sin ω |+↓↑

+ (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑
]
|0↑ , (2.25)

where ϑ ↗ 2kA/mAB =
√

1 ↓ 4m2

f/m2

AB is the fermion velocity. In the first two terms we

have restored the exact mf dependence of the opposite-helicity couplings, cL → cV ↓ϑcA and

cR → cV + ϑcA, to which they reduce at ϑ = 1. This follows from the exact identity for the

opposite-helicity currents of massive fermions,

ū→ ϖµ (cLPL + cRPR) v± = (cV ↘ ϑ cA) ū→ ϖµ v± , (2.26)

i.e. the chiral current is proportional to the pure vector current, with the axial coupling

weighted by the fermion velocity — the familiar suppression of the axial charge for non-

relativistic fermions. This dressing is invisible at any fixed order of the mf expansion — ϑ is

not analytic in mf at mAB = 2mf — and ϑ ≃ 1 everywhere except in the immediate vicinity

of the threshold; it is, however, essential there, since ϑ → 0 at the endpoint. Equation (2.25)

exhibits two important features. First, the vector boson factors out in the longitudinal state

|0↑: the state is a product across the V |AB partition, and all quantum correlations reside

in the fermion sector. Second, at the endpoint ϑ → 0 the opposite-helicity components

collapse to the small vector-coupling remnant ⇐ cV , and the fermion pair is left in the nearly

maximally entangled Bell-like state (cA ↓ cV cos ω) |++↑ + (cA + cV cos ω) |↓↓↑.
Near the threshold, the norms of the leading and subleading components behave as

⇒ε(0)|ε(0)↑ → 2 ⇒c2↑ sin2 ω , ϱ2 ⇒ε(1)|ε(1)↑ → 16
m2

f

m2

AB

(
c2A + c2V cos2 ω

)
, (2.27)

with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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m2

AB

(
c2A + c2V cos2 ω

)
, (2.27)

with ⇒c2↑ ↗ c2L+c2R. Figure 3 shows ⇒ε(0)|ε(0)↑, ϱ2 ⇒ε(1)|ε(1)↑ and their ratio ϱ2 ⇒ε(1)|ε(1)↑ / ⇒ε(0)|ε(0)↑
on the (mωω , cos ω) plane, computed for h → ς↑ς+Z in the Standard Model. Although ϱ it-

self is small and nearly constant, the weight of the correction is not uniformly suppressed:

it grows towards the low end of the spectrum and, in accordance with Eq. (2.27), becomes

comparable to ⇒ε(0)|ε(0)↑ near the di-tau threshold mωω → 2mω . Since c2V ⇑ c2A in the Stan-

dard Model, the threshold value 4(c2A+c2V cos2 ω) is nearly independent of cos ω, as the central

panel displays. The ratio (right panel) grows further in the collinear limit, where ⇒ε(0)|ε(0)↑
vanishes as sin2 ω, and is therefore largest in the threshold–collinear regions.

The preceding discussion suggests that the e”ective dimensionality of the state is often

smaller than that of the full 2⇓2⇓3 Hilbert space: |ε(0)↑ and |ε(1)↑ are each e”ectively 2⇓2⇓2,

and at the threshold the full state (2.25) even reduces to a two-qubit (2 ⇓ 2) state, the qutrit

being frozen in |0↑. It is then natural to ask whether there exists a kinematical region where the

state is genuinely 2⇓2⇓3. For a pure state, the number of local dimensions explored by each
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CAV = CBV = 0

concurrence into the corresponding qubit tangle,
(

2→
3
CV |AB

)
2

= 2
(
1 → Tr ω2V

)
. For a pure

three-qubit state, the Co!man–Kundu–Wootters relations [82], C2

X|Y Z = C2

XY +C2

XZ +εXY Z ,

with the residual three-tangle εXY Z common to all three partitions, combine into

1

2

[
C2

A|BV + C2

B|AV

]
→
(

2→
3
CV |AB

)
2

= C2

AB → 1

2

[
C2

AV + C2

BV

]
. (3.22)

Equation (3.21) is therefore equivalent to the statement that C(0)

AV and C(0)

BV vanish at this

order, which we verify next.

Tracing out either fermion instead leaves a mixture of two product states,

ω(0)AV ↑ c2L |→↓↔→| ↗ |”+↓↔”+| + c2R |+↓↔+| ↗ |”↑↓↔”↑| , (3.23)

and likewise for ω(0)BV , because the traced fermion perfectly tags the two branches. Such a

mixture is separable, so

C̃(0)

AV = C̃(0)

BV = 0 . (3.24)

In the threshold region, the state (2.25) is a product across the V |AB partition: the

boson decouples while the fermion pair is left in a pure two-qubit state, so

C̃AV , C̃BV ↘ 0 , CAB ↘
c2A

(
1 + ϑ2 sin2 ϖ

)
→ c2V

c2A
(
1 + ϑ2 sin2 ϖ

)
+ c2V

, (mAB ↘ 2mf ) (3.25)

the latter coinciding with the one-to-other value (3.6), as it must for a pure two-qubit state.

In the collinear regions the situation is reversed. Tracing the boson out of Eq. (2.28)

projects onto its three orthogonal polarisations, leaving ωAB as a mixture of |→+↓, |+→↓
and the Bell-like combination (cR |→→↓→ cL |++↓)/

√
↔c2↓ with weights (c2L, c2R, ϱ2↔c2↓)/[(1+

ϱ2)↔c2↓]; Wootters’ formula gives

CAB = ŝ max

(
0,

ϱ2 → 1

ϱ2 + 1

)
. (cos ϖ ↘ ±1) (3.26)

The concurrence CAB thus vanishes identically for all ϱ ≃ 1 and revives beyond, growing

towards ŝ as ϱ ↘ ⇐, in agreement with the sin ϖ ↘ 0 limit of Eq. (3.25).

For the AV and BV pairs, Osborne’s formula (3.14) again yields closed-form results.

Since ĉ enters only quadratically, we quote them at leading order, neglecting O(ĉ2) corrections:

C̃AV = C̃BV =
min

(
2ϱ,

⇒
1 + 2ϱ2

)

1 + ϱ2
=






2ϱ

1 + ϱ2
, ϱ ≃ 1⇒

2
,

⇒
1 + 2ϱ2

1 + ϱ2
, ϱ ⇑ 1⇒

2
,

(cos ϖ ↘ ±1, ĉ2 ⇓ 1)

(3.27)

At this order the two collinear regions coincide; the O(ĉ2) corrections split C̃AV and C̃BV ,

the two being interchanged at cos ϖ ↘ → cos ϖ in accordance with the CP relation (2.35). One
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CAB =

H(pH)

V (pV )

f(pA)

f̄(pB)
M(1)

mf

M(2)

mf

M(3)

Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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Figure 7: One-to-one entanglement measures for h → ω→ω+Z in the Standard Model, evaluated
at tree level to all orders in mf : the concurrence Cω→ω+ (left), the measure C̃ω→Z (centre), and the
di!erence C̃ω→Z ↑ C̃ω+Z (right, symmetric logarithmic colour scale).

with |v±↓ ↔ (|u+↓ ± |u→↓)/
↗

2, which gives the second branch. Osborne’s formula (3.14) re-

turns the smaller of the two: the decomposition (3.28) is the optimal one for ε ↘ 1/
↗

2, and

{|v±↓} beyond. Both measures rise from zero at ε → 0, matching the zeroth order, peak at

ε = 1/
↗

2, where the two branches cross, with the value 2
↗

2/3 ≃ 0.94, and fall o! again

towards the threshold side (ε → ⇐), where the boson decouples.

Figure 7 shows the three one-to-one measures for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The concurrence Cω→ω+ (left) follows the

zeroth-order form (3.20): it is largest, ≃ ŝ, at small mωω (where Q/P → 1), falls monotonically

to zero towards the upper endpoint (Q → 0), and displays the sin2 ϑ suppression along the

collinear edges. An exception to the last feature arises in the threshold–collinear regions,

where Cω→ω+ revives for ε > 1, in accordance with Eq. (3.26). The whole map is even in

cos ϑ. The measure C̃ω→Z (centre) is small over most of the phase space, but climbs to ≃ 0.9

in the collinear hot spots at ε ≃ 1/
↗

2 (mωω ≃ 12 GeV), in quantitative agreement with

Eq. (3.27). The map of C̃ω+Z is its exact mirror image under cos ϑ → ↑ cos ϑ, as dictated by

the CP relation (2.35), and the two are so close that they cannot be distinguished by eye; we

therefore display their di!erence, C̃ω→Z ↑ C̃ω+Z , in the right panel. The di!erence is an odd

function of cos ϑ, again by CP, and its magnitude stays below a few ⇒10→2, confirming that

the splitting of the two measures is the O(ĉ2) e!ect anticipated below Eq. (3.27). It is largest

at small mωω and towards the collinear edges, with C̃ω→Z > C̃ω+Z in the hemisphere where the

Z is emitted along the ω→ direction, and fades towards the upper endpoint, where the state

approaches the A–B symmetric generalised GHZ form. Comparing the three panels reveals

the monogamy-like trade-o! anticipated above: precisely where the ω→ω+ entanglement is

quenched, the ω↑Z entanglement is largest, and vice versa.

3.2 Genuine 2 ⇑ 2 ⇑ 3 entanglement

The tripartite (ff̄V ) state (2.14) is pure, therefore, to detect genuine 2⇑2⇑3 entanglement,

we can use tools introduced by Miyake in his classification [81]. The Miyake classification and
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1 + ϑ2 sin2 ϖ

)
+ c2V

, (mAB ↘ 2mf ) (3.25)

the latter coinciding with the one-to-other value (3.6), as it must for a pure two-qubit state.

In the collinear regions the situation is reversed. Tracing the boson out of Eq. (2.28)

projects onto its three orthogonal polarisations, leaving ωAB as a mixture of |→+↓, |+→↓
and the Bell-like combination (cR |→→↓→ cL |++↓)/

√
↔c2↓ with weights (c2L, c2R, ϱ2↔c2↓)/[(1+

ϱ2)↔c2↓]; Wootters’ formula gives

CAB = ŝ max

(
0,

ϱ2 → 1

ϱ2 + 1

)
. (cos ϖ ↘ ±1) (3.26)

The concurrence CAB thus vanishes identically for all ϱ ≃ 1 and revives beyond, growing

towards ŝ as ϱ ↘ ⇐, in agreement with the sin ϖ ↘ 0 limit of Eq. (3.25).

For the AV and BV pairs, Osborne’s formula (3.14) again yields closed-form results.

Since ĉ enters only quadratically, we quote them at leading order, neglecting O(ĉ2) corrections:

C̃AV = C̃BV =
min

(
2ϱ,

⇒
1 + 2ϱ2

)

1 + ϱ2
=






2ϱ

1 + ϱ2
, ϱ ≃ 1⇒

2
,

⇒
1 + 2ϱ2

1 + ϱ2
, ϱ ⇑ 1⇒

2
,

(cos ϖ ↘ ±1, ĉ2 ⇓ 1)

(3.27)

At this order the two collinear regions coincide; the O(ĉ2) corrections split C̃AV and C̃BV ,

the two being interchanged at cos ϖ ↘ → cos ϖ in accordance with the CP relation (2.35). One
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(
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towards ŝ as ϱ ↘ ⇐, in agreement with the sin ϖ ↘ 0 limit of Eq. (3.25).

For the AV and BV pairs, Osborne’s formula (3.14) again yields closed-form results.
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Figure 5: The parameter ω of Eq. (2.29) as a function of mωω for h → ε→ε+Z in the Standard Model.
It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.

the collinear limit the longitudinal component of |!±↓ is switched o” by sin ϑ → 0 while

its transverse components survive with weight mV /EV ; the mass-induced amplitudes, on the

other hand, supply the longitudinal mode with weight ϖ a(0)± ↔ mfEV . Indeed, in the collinear

regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads

|ϱ↓
∣∣
cos ω=+1

↔ cL |↘+↓ |+↓ ↘ cR |+↘↓ |↘↓ + ω ( cR |↘↘↓ ↘ cL |++↓ ) |0↓ ,

|ϱ↓
∣∣
cos ω=→1

↔ cL |↘+↓ |↘↓ ↘ cR |+↘↓ |+↓ + ω ( cR |++↓ ↘ cL |↘↘↓ ) |0↓ , (2.28)

with

ω ≃
mf

(
m2

H ↘ m2

V

)
⇐

2 m2

AB mV
. (2.29)

Both states are genuinely qubit–qubit–qutrit: all three qutrit levels are occupied, each tagged

by a distinct fermion configuration, so that ςV is diagonal with spectrum
(
c2L, c2R, ω2⇒c2↓

)
/
[
(1+

ω2)⇒c2↓
]
. The balance is controlled by ω, which decreases with mAB and passes through ω = 1

at mAB =
[
mf (m2

H ↘ m2

V )/(
⇐

2 mV )
]
1/2

. For h → ε→ε+Z in the Standard Model, the rela-

tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =

√
1 ↘ |ĉ|

2
↑ 0.65 (mεε ↑ 12 GeV) , (2.30)

where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving

φmax

min (ςV ) =
1 ↘ |ĉ|
3 ↘ |ĉ| ↑ 0.30 , (2.31)

which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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2
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3 ↘ |ĉ| ↑ 0.30 , (2.31)
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It decreases monotonically from the di-tau threshold towards the upper endpoint, crossing ω = 1 —
where the three qutrit populations of the collinear states (2.28) are balanced — at mωω ↑ 10 GeV.
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regions (sin ϑ ↗ mV /EV ) the state simplifies considerably. The cos ϑ → ±1 limit reads
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tion between ω and mεε is displayed in Fig. 5; ω = 1 is crossed at mεε ↑ 10 GeV. Around

this point the three qutrit populations are comparable, and at ω = 1 exactly φmin(ςV ) =

min(c2L, c2R)/(2⇒c2↓) ↑ 0.21. The maximum is attained slightly earlier, at

ω↑ =
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2
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where the mass-induced population ω2⇒c2↓ balances the smaller of c2L and c2R, giving
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which approaches the qutrit maximum 1/3 in the limit ĉ → 0. This is the origin of the hot

spots in the right panel of Fig. 4, whose values approach Eq. (2.31) from below as cos ϑ → ±1;
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Figure 7: One-to-one entanglement measures for h → ω→ω+Z in the Standard Model, evaluated
at tree level to all orders in mf : the concurrence Cω→ω+ (left), the measure C̃ω→Z (centre), and the
di!erence C̃ω→Z ↑ C̃ω+Z (right, symmetric logarithmic colour scale).

with |v±↓ ↔ (|u+↓ ± |u→↓)/
↗

2, which gives the second branch. Osborne’s formula (3.14) re-

turns the smaller of the two: the decomposition (3.28) is the optimal one for ε ↘ 1/
↗

2, and

{|v±↓} beyond. Both measures rise from zero at ε → 0, matching the zeroth order, peak at

ε = 1/
↗

2, where the two branches cross, with the value 2
↗

2/3 ≃ 0.94, and fall o! again

towards the threshold side (ε → ⇐), where the boson decouples.

Figure 7 shows the three one-to-one measures for the Standard Model h → ω→ω+Z

process, evaluated at tree level to all orders in mf . The concurrence Cω→ω+ (left) follows the

zeroth-order form (3.20): it is largest, ≃ ŝ, at small mωω (where Q/P → 1), falls monotonically

to zero towards the upper endpoint (Q → 0), and displays the sin2 ϑ suppression along the

collinear edges. An exception to the last feature arises in the threshold–collinear regions,

where Cω→ω+ revives for ε > 1, in accordance with Eq. (3.26). The whole map is even in

cos ϑ. The measure C̃ω→Z (centre) is small over most of the phase space, but climbs to ≃ 0.9

in the collinear hot spots at ε ≃ 1/
↗

2 (mωω ≃ 12 GeV), in quantitative agreement with

Eq. (3.27). The map of C̃ω+Z is its exact mirror image under cos ϑ → ↑ cos ϑ, as dictated by

the CP relation (2.35), and the two are so close that they cannot be distinguished by eye; we

therefore display their di!erence, C̃ω→Z ↑ C̃ω+Z , in the right panel. The di!erence is an odd

function of cos ϑ, again by CP, and its magnitude stays below a few ⇒10→2, confirming that

the splitting of the two measures is the O(ĉ2) e!ect anticipated below Eq. (3.27). It is largest

at small mωω and towards the collinear edges, with C̃ω→Z > C̃ω+Z in the hemisphere where the

Z is emitted along the ω→ direction, and fades towards the upper endpoint, where the state

approaches the A–B symmetric generalised GHZ form. Comparing the three panels reveals

the monogamy-like trade-o! anticipated above: precisely where the ω→ω+ entanglement is

quenched, the ω↑Z entanglement is largest, and vice versa.

3.2 Genuine 2 ⇑ 2 ⇑ 3 entanglement

The tripartite (ff̄V ) state (2.14) is pure, therefore, to detect genuine 2⇑2⇑3 entanglement,

we can use tools introduced by Miyake in his classification [81]. The Miyake classification and
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Figure 7: One-to-one entanglement measures for h → ω→ω+Z in the Standard Model, evaluated
at tree level to all orders in mf : the concurrence Cω→ω+ (left), the measure C̃ω→Z (centre), and the
di!erence C̃ω→Z ↑ C̃ω+Z (right, symmetric logarithmic colour scale).
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C3

<latexit sha1_base64="+Hurf0BiNT/StL+Vl7tn03ouxFg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbubuIm3qBePCZgHJEuYncwmY2YfzMwKIeQLvHhQxKuf5M2/cTaJoKIFDUVVN91dfsKZVJb1Yaysrq1vbOa28ts7u3v7hYPDloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW374+vMb99TIVkc3apJQr0QDyMWMIKVlhqX/ULRMi+qrnPuIMu0rIpTcjPiVMpOCdlayVCEJer9wntvEJM0pJEiHEvZta1EeVMsFCOczvK9VNIEkzEe0q6mEQ6p9KbzQ2foVCsDFMRCV6TQXP0+McWhlJPQ150hViP528vEv7xuqoKqN2VRkioakcWiIOVIxSj7Gg2YoETxiSaYCKZvRWSEBSZKZ5PXIXx9iv4nLce0XdNtlIu1q2UcOTiGEzgDGypQgxuoQxMIUHiAJ3g27oxH48V4XbSuGMuZI/gB4+0T+ViNFA==</latexit>

A
<latexit sha1_base64="R6WBsVaVcZceEgKvLlMTC/h9lsY=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkga3IL8eIxAfOAZAmzk9lkzOzsMjMrhCVf4MWDIl79JG/+jZOHoKIFDUVVN91dQSK4Nhh/OGvrG5tb27md/O7e/sFh4ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gcj33O/dMaR7LWzNNmB+RkeQhp8RYqVkfFIq4hC08D82JW8GuJdVqpVyuIndhYVyEFRqDwnt/GNM0YtJQQbTuuTgxfkaU4VSwWb6fapYQOiEj1rNUkohpP1scOkPnVhmiMFa2pEEL9ftERiKtp1FgOyNixvq3Nxf/8nqpCSt+xmWSGibpclGYCmRiNP8aDbli1IipJYQqbm9FdEwUocZmk7chfH2K/iftcsn1Sl7zslirr+LIwSmcwQW4cAU1uIEGtIACgwd4gmfnznl0XpzXZeuas5o5gR9w3j4B7ziNDg==</latexit>

B

<latexit sha1_base64="xMFMFHcVmZPn3+w96K/UqIOxbi0=">AAAB6HicdVDLTgJBEOzFF+IL9ehlIjHxtJlFWeFG9OIREgET2JDZYRZGZh+ZmTUhhC/w4kFjvPpJ3vwbZwETNVpJJ5Wq7nR3+YngSmP8YeVWVtfWN/Kbha3tnd294v5BW8WppKxFYxHLW58oJnjEWpprwW4TyUjoC9bxx1eZ37lnUvE4utGThHkhGUY84JRoIzXb/WIJ29it1HANYbuCneqcYOxWy2fIMSRDCZZo9IvvvUFM05BFmgqiVNfBifamRGpOBZsVeqliCaFjMmRdQyMSMuVN54fO0IlRBiiIpalIo7n6fWJKQqUmoW86Q6JH6reXiX953VQHVW/KoyTVLKKLRUEqkI5R9jUacMmoFhNDCJXc3IroiEhCtcmmYEL4+hT9T9pl23Ftt3leql8u48jDERzDKThwAXW4hga0gAKDB3iCZ+vOerRerNdFa85azhzCD1hvnx1FjSw=</latexit>

V

<latexit sha1_base64="yjJV5YNI3HPeyMcPMWyvObhkyvM=">AAACFnicdVBLSwMxGMz6rPW16tFLsAgedNnd1m29Fb14rGAf0C5LNk3b0OyDJCuUpb/Ci3/FiwdFvIo3/43ZtgsqOhAYZuZLvowfMyqkaX5qS8srq2vrhY3i5tb2zq6+t98SUcIxaeKIRbzjI0EYDUlTUslIJ+YEBT4jbX98lfntO8IFjcJbOYmJG6BhSAcUI6kkTz9Le7NLunzou6lpXNQc+9w+NQ3TrNplJyN2tWKXpxB51tTTS3kE5hGYR6CllAwlsEDD0z96/QgnAQklZkiIrmXG0k0RlxQzMi32EkFihMdoSLqKhiggwk1nG03hsVL6cBBxdUIJZ+r3iRQFQkwCXyUDJEfit5eJf3ndRA5qbkrDOJEkxPOHBgmDMoJZR7BPOcGSTRRBmFO1K8QjxBGWqsmiKiH/KfyftGzDcgznplKqXy7qKIBDcAROgAWqoA6uQQM0AQb34BE8gxftQXvSXrW3eXRJW8wcgB/Q3r8AnCWbQQ==</latexit>a1

<latexit sha1_base64="iTzIwan71sD/HatI/N1sfNnV5s8=">AAACFnicdVBLSwMxGMz6rPVV9eglWAQPumy3ta23ohePFewDtsuSTbNtaDa7JFmhLP0VXvwrXjwo4lW8+W/M9gEqOhAYZuZLvowfMyqVZX0aS8srq2vruY385tb2zm5hb78to0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90lfmdOyIkjfitGsfEDdGA04BipLTkFc7S3vQSRwx8N7XMi3rVPrdPLdOyana5mhG7VrHLE4g8e+IViosIXETgIgJLWslQBHM0vcJHrx/hJCRcYYakdEpWrNwUCUUxI5N8L5EkRniEBsTRlKOQSDedbjSBx1rpwyAS+nAFp+r3iRSFUo5DXydDpIbyt5eJf3lOooK6m1IeJ4pwPHsoSBhUEcw6gn0qCFZsrAnCgupdIR4igbDSTeZ1CYufwv9J2zZLVbN6Uyk2Lud15MAhOAInoARqoAGuQRO0AAb34BE8gxfjwXgyXo23WXTJmM8cgB8w3r8AnaqbQg==</latexit>a2
<latexit sha1_base64="GrgU527bO9UjVO1h3jsGcmpQDIY=">AAACFnicdVBLS8NAGNz4rPUV9ehlsQgetCRFYnsrevFYwT4gDWGz3bRLNw92N0IJ+RVe/CtePCjiVbz5b9ykDajowMIwM9/ut+PFjAppGJ/a0vLK6tp6ZaO6ubW9s6vv7fdElHBMujhiER94SBBGQ9KVVDIyiDlBgcdI35te5X7/jnBBo/BWzmLiBGgcUp9iJJXk6mfpsLjE5mPPSY26oWBZpzkxm4apSKvVbDRaGfRcM3P1WhmBZQSWEWgWlmHUwAIdV/8YjiKcBCSUmCEhbNOIpZMiLilmJKsOE0FihKdoTGxFQxQQ4aTFRhk8VsoI+hFXJ5SwUL9PpCgQYhZ4KhkgORG/vVz8y7MT6TedlIZxIkmI5w/5CYMygnlHcEQ5wZLNFEGYU7UrxBPEEZaqyaoqofwp/J/0GnXTqls357X25aKOCjgER+AEmOACtME16IAuwOAePIJn8KI9aE/aq/Y2jy5pi5kD8APa+xeFb5s0</latexit>

b1

<latexit sha1_base64="QMA+y3U0jWeGPpv3WAFYYG6McV4=">AAACFnicdVBLS8NAGNz4rPUV9ehlsQgetCRBYnsrevFYwT6gDWGz3bRLNw92N0IJ+RVe/CtePCjiVbz5b9ykDajowMIwM9/ut+PFjAppGJ/a0vLK6tp6ZaO6ubW9s6vv7XdFlHBMOjhiEe97SBBGQ9KRVDLSjzlBgcdIz5te5X7vjnBBo/BWzmLiBGgcUp9iJJXk6mfpsLhkwMeekxp1Q8G2T3NiNgxTkWazYVnNDHqulbl6rYzAMgLLCDQLyzBqYIG2q38MRxFOAhJKzJAQA9OIpZMiLilmJKsOE0FihKdoTAaKhiggwkmLjTJ4rJQR9COuTihhoX6fSFEgxCzwVDJAciJ+e7n4lzdIpN9wUhrGiSQhnj/kJwzKCOYdwRHlBEs2UwRhTtWuEE8QR1iqJquqhPKn8H/SteqmXbdvzmuty0UdFXAIjsAJMMEFaIFr0AYdgME9eATP4EV70J60V+1tHl3SFjMH4Ae09y+G9Js1</latexit>

b2

<latexit sha1_base64="pSnp5HUJ69/YcUip7A29Rq9ofjc=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbPRrMkt6MVjRPOAZAmzk0kyZPbBzGwgLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXHwuuNMYf1srq2vrGZm4rv72zu7dfODhsqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/vs781oRJxaPwXk9j5gVkGPIBp0Qb6W7Sc3qFIraxW67iKsJ2GTuVOcHYrZTOkWNIhiIsUe8V3rv9iCYBCzUVRKmOg2PtpURqTgWb5buJYjGhYzJkHUNDEjDlpfNTZ+jUKH00iKSpUKO5+n0iJYFS08A3nQHRI/Xby8S/vE6iBxUv5WGcaBbSxaJBIpCOUPY36nPJqBZTQwiV3NyK6IhIQrVJJ29C+PoU/U+aJdtxbff2oli7WsaRg2M4gTNw4BJqcAN1aACFITzAEzxbwnq0XqzXReuKtZw5gh+w3j4BcymN8A==</latexit>v1
<latexit sha1_base64="CYWVC9UKRBOjz9Gq68GQeTc/HIA=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbPRrMkt6MVjRPOAZAmzk9lkyOyDmdlACPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZm4rv72zu7dfODhsqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/us781phJxePoXk8S5oVkEPGAU6KNdDfulXqFIraxW67iKsJ2GTuVOcHYrZTOkWNIhiIsUe8V3rv9mKYhizQVRKmOgxPtTYnUnAo2y3dTxRJCR2TAOoZGJGTKm85PnaFTo/RREEtTkUZz9fvElIRKTULfdIZED9VvLxP/8jqpDirelEdJqllEF4uCVCAdo+xv1OeSUS0mhhAqubkV0SGRhGqTTt6E8PUp+p80S7bj2u7tRbF2tYwjB8dwAmfgwCXU4Abq0AAKA3iAJ3i2hPVovVivi9YVazlzBD9gvX0CdK2N8Q==</latexit>v2

<latexit sha1_base64="FaZUINKNq4ROOQ6VdaFTmi4Wgko="></latexit>

Ai, Bi, Vi → {↑1,+1}
Bell nonlocality :

<latexit sha1_base64="3BEsusDcKY68j0lwDSVR0msp2i4="></latexit>

Product of all four terms= (A1B1V1)2(A2B2V2)2

<latexit sha1_base64="2tvT+3mPdVHZpEMHbowZyFJ7yGo=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgIeEuRWIjBG0sI5gPSI6wt9lLluzuHbt7QjjyF2wsFLH1D9n5b9xLrtDEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn3R0lChC2yTikeoFWFPOJG0bZjjtxYpiEXDaDaZ3md99okqzSD6aWUx9gceShYxgk0k3gytvWK64VXcBtE68nFQgR2tY/hqMIpIIKg3hWOu+58bGT7EyjHA6Lw0STWNMpnhM+5ZKLKj208Wtc3RhlREKI2VLGrRQf0+kWGg9E4HtFNhM9KqXif95/cSE137KZJwYKslyUZhwZCKUPY5GTFFi+MwSTBSztyIywQoTY+Mp2RC81ZfXSadW9erV+kOt0rzN4yjCGZzDJXjQgCbcQwvaQGACz/AKb45wXpx352PZWnDymVP4A+fzBxiOjaE=</latexit>

=1

(LHVT)

<latexit sha1_base64="P/1gpQ/enFOTMz02cEJZogdLN3E=">AAAB/HicbVDLTgIxFO3gC/GFsnTTSExckRkW6JLoxiUm8khgQjrlDjS0nUnbIZlM8FfcuNAYt36IO//GArNQ8CQ3OT3n3vTeE8ScaeO6305ha3tnd6+4Xzo4PDo+KZ+edXSUKAptGvFI9QKigTMJbcMMh16sgIiAQzeY3i387gyUZpF8NGkMviBjyUJGibHSsFyBGUgsYWzfM8AGlNDDctWtuUvgTeLlpIpytIblr8EoookAaSgnWvc9NzZ+RpRhlMO8NEg0xIROyRj6lkoiQPvZcvk5vrTKCIeRsiUNXqq/JzIitE5FYDsFMRO97i3E/7x+YsIbP2MyTgxIuvooTDg2EV4kgUdMATU8tYRQxeyumE6IItSGoEs2BG/95E3Sqde8Rq3xUK82b/M4iugcXaAr5KFr1ET3qIXaiKIUPaNX9OY8OS/Ou/Oxai04+UwF/YHz+QPHF5Te</latexit>

even negative terms
<latexit sha1_base64="/uP7Jppwe/RUvVqbdZoirdPisVs=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCqzJTpLosuqmgUKE36JQhk562oZnMmGSEMvQJ3Pgqblwo4ta1O9/GtJ2Ftv4Q+PjPOZyc3484U9q2v62V1bX1jc3MVnZ7Z3dvP3dw2FRhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+6Gpabz2AVCwUdT2OoBuQgWB9Rok2lpcruJyIAQd87d1iV87YS1wZ4Jtqsz7BLod7XPJyebtoz4SXwUkhj1LVvNyX2wtpHIDQlBOlOo4d6W5CpGaUwyTrxgoiQkdkAB2DggSgusnsnAkuGKeH+6E0T2g8c39PJCRQahz4pjMgeqgWa1Pzv1on1v2LbsJEFGsQdL6oH3OsQzzNBveYBKr52AChkpm/YjokklBtEsyaEJzFk5ehWSo65WL57ixfuUzjyKBjdIJOkYPOUQVVUQ01EEWP6Bm9ojfryXqx3q2PeeuKlc4coT+yPn8ATG+bAQ==</latexit>

→IM ↑LHVT ↓ 2

[Mermin ’90]

<latexit sha1_base64="2SzNJPX1kPpWTHlUxfH7nwz6Evo=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjS4KLdgHdIaSSW/b0ExmTDJCGfoBbvwVNy4UcesHuPNvTKez0NYDgcM553Jzjx9xprRtf1u5ldW19Y38ZmFre2d3r7h/0FJhLCk0achD2fGJAs4ENDXTHDqRBBL4HNr++Hrmtx9AKhaKOz2JwAvIULABo0QbqVcsuZyIIQd826thV6a8l7gywI3aFLsc7vG5SdllOwVeJk5GSihDvVf8cvshjQMQmnKiVNexI+0lRGpGOUwLbqwgInRMhtA1VJAAlJekx0zxiVH6eBBK84TGqfp7IiGBUpPAN8mA6JFa9Gbif1431oNLL2EiijUIOl80iDnWIZ41g/tMAtV8Ygihkpm/YjoiklBt+iuYEpzFk5dJ66zsVMqVxnmpepXVkUdH6BidIgddoCq6QXXURBQ9omf0it6sJ+vFerc+5tGclc0coj+wPn8A+bSaTw==</latexit>

→IM ↑QM ↓ 4

<latexit sha1_base64="t+yAbvPq0fbNtRn3ku4fDpodUKU=">AAACJHicbVBJS8NAFJ7UrdYt6tHLYBEEsSRBqiBCrRc9CBXsAm0Ik+mkHTpZmJkIJfTHePGvePHgggcv/hYnaQ7a+uDBt7zHzPvciFEhDeNLKywsLi2vFFdLa+sbm1v69k5LhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3RVeq3HwgXNAzu5Tgito8GAfUoRlJJjn5+49zCC3jpmLCuuuVY8ChnlmJmxqzcM+FxzlLPcvSyUTGygvPAzEEZ5NVw9PdeP8SxTwKJGRKiaxqRtBPEJcWMTEq9WJAI4REakK6CAfKJsJPsyAk8UEofeiFXHUiYqb83EuQLMfZdNekjORSzXir+53Vj6Z3ZCQ2iWJIATx/yYgZlCNPEYJ9ygiUbK4Awp+qvEA8RR1iqXEsqBHP25HnQsipmtVK9OynX6nkcRbAH9sEhMMEpqIFr0ABNgMEjeAav4E170l60D+1zOlrQ8p1d8Ke07x+0yJzj</latexit>

IM = A1B1V2 +A1B2V1 +A2B1V1 →A2B2V2



53

<latexit sha1_base64="WrHbnsjzr0wLYqKtAXUe5oY+lLs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRFqstiNy4r2Ae0sUymk3boZBJnJoUS+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbRU2Nre2d4q7pb39g8Mj+/ikraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/0sj8zpRKxSLxoGcx9UI8EixgBGsjeWk/xHrs+6gxf6wO7LJTcRZA68TNSRlyNAf2V38YkSSkQhOOleq5Tqy9FEvNCKfzUj9RNMZkgke0Z6jAIVVeugg9RxdGGaIgkuYJjRbq740Uh0rNQt9MZhnVqpeJ/3m9RAc3XspEnGgqyPJQkHCkI5Q1gIZMUqL5zBBMJDNZERljiYk2PZVMCe7ql9dJu1pxa5Xa/VW5fpvXUYQzOIdLcOEa6nAHTWgBgSd4hld4s6bWi/VufSxHC1a+cwp/YH3+ADCskbw=</latexit>

C2
<latexit sha1_base64="WrHbnsjzr0wLYqKtAXUe5oY+lLs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRFqstiNy4r2Ae0sUymk3boZBJnJoUS+h1uXCji1o9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbRU2Nre2d4q7pb39g8Mj+/ikraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/0sj8zpRKxSLxoGcx9UI8EixgBGsjeWk/xHrs+6gxf6wO7LJTcRZA68TNSRlyNAf2V38YkSSkQhOOleq5Tqy9FEvNCKfzUj9RNMZkgke0Z6jAIVVeugg9RxdGGaIgkuYJjRbq740Uh0rNQt9MZhnVqpeJ/3m9RAc3XspEnGgqyPJQkHCkI5Q1gIZMUqL5zBBMJDNZERljiYk2PZVMCe7ql9dJu1pxa5Xa/VW5fpvXUYQzOIdLcOEa6nAHTWgBgSd4hld4s6bWi/VufSxHC1a+cwp/YH3+ADCskbw=</latexit>

C2

<latexit sha1_base64="Q7xGsYu1kg3bl8zx8z6z3aCTdLU=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiQq1WWxG5cV7APaWCbTSTt0Mokzk0IJ/Q43LhRx68e482+cpFlo64GBwzn3cs8cL+JMadv+tgpr6xubW8Xt0s7u3v5B+fCorcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v0kj9zpRKxULxoGcRdQM8EsxnBGsjuUk/wHrseagxf7wclCt21c6AVomTkwrkaA7KX/1hSOKACk04Vqrn2JF2Eyw1I5zOS/1Y0QiTCR7RnqECB1S5SRZ6js6MMkR+KM0TGmXq740EB0rNAs9MphnVspeK/3m9WPs3bsJEFGsqyOKQH3OkQ5Q2gIZMUqL5zBBMJDNZERljiYk2PZVMCc7yl1dJ+6Lq1Kq1+6tK/TavowgncArn4MA11OEOmtACAk/wDK/wZk2tF+vd+liMFqx85xj+wPr8ATIwkb0=</latexit>

C3

<latexit sha1_base64="+Hurf0BiNT/StL+Vl7tn03ouxFg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbubuIm3qBePCZgHJEuYncwmY2YfzMwKIeQLvHhQxKuf5M2/cTaJoKIFDUVVN91dfsKZVJb1Yaysrq1vbOa28ts7u3v7hYPDloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW374+vMb99TIVkc3apJQr0QDyMWMIKVlhqX/ULRMi+qrnPuIMu0rIpTcjPiVMpOCdlayVCEJer9wntvEJM0pJEiHEvZta1EeVMsFCOczvK9VNIEkzEe0q6mEQ6p9KbzQ2foVCsDFMRCV6TQXP0+McWhlJPQ150hViP528vEv7xuqoKqN2VRkioakcWiIOVIxSj7Gg2YoETxiSaYCKZvRWSEBSZKZ5PXIXx9iv4nLce0XdNtlIu1q2UcOTiGEzgDGypQgxuoQxMIUHiAJ3g27oxH48V4XbSuGMuZI/gB4+0T+ViNFA==</latexit>

A
<latexit sha1_base64="R6WBsVaVcZceEgKvLlMTC/h9lsY=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkga3IL8eIxAfOAZAmzk9lkzOzsMjMrhCVf4MWDIl79JG/+jZOHoKIFDUVVN91dQSK4Nhh/OGvrG5tb27md/O7e/sFh4ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gcj33O/dMaR7LWzNNmB+RkeQhp8RYqVkfFIq4hC08D82JW8GuJdVqpVyuIndhYVyEFRqDwnt/GNM0YtJQQbTuuTgxfkaU4VSwWb6fapYQOiEj1rNUkohpP1scOkPnVhmiMFa2pEEL9ftERiKtp1FgOyNixvq3Nxf/8nqpCSt+xmWSGibpclGYCmRiNP8aDbli1IipJYQqbm9FdEwUocZmk7chfH2K/iftcsn1Sl7zslirr+LIwSmcwQW4cAU1uIEGtIACgwd4gmfnznl0XpzXZeuas5o5gR9w3j4B7ziNDg==</latexit>

B

<latexit sha1_base64="xMFMFHcVmZPn3+w96K/UqIOxbi0=">AAAB6HicdVDLTgJBEOzFF+IL9ehlIjHxtJlFWeFG9OIREgET2JDZYRZGZh+ZmTUhhC/w4kFjvPpJ3vwbZwETNVpJJ5Wq7nR3+YngSmP8YeVWVtfWN/Kbha3tnd294v5BW8WppKxFYxHLW58oJnjEWpprwW4TyUjoC9bxx1eZ37lnUvE4utGThHkhGUY84JRoIzXb/WIJ29it1HANYbuCneqcYOxWy2fIMSRDCZZo9IvvvUFM05BFmgqiVNfBifamRGpOBZsVeqliCaFjMmRdQyMSMuVN54fO0IlRBiiIpalIo7n6fWJKQqUmoW86Q6JH6reXiX953VQHVW/KoyTVLKKLRUEqkI5R9jUacMmoFhNDCJXc3IroiEhCtcmmYEL4+hT9T9pl23Ftt3leql8u48jDERzDKThwAXW4hga0gAKDB3iCZ+vOerRerNdFa85azhzCD1hvnx1FjSw=</latexit>
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Ai, Bi, Vi → {↑1,+1}

Wu, Zong (2003)

Bell nonlocality :

4 Bell inequalities

To test the Bell nonlocality of the qubit–qubit–qutrit state of H → ff̄V , we employ three

Bell-type operators. All three derive from the 4 ↑ 4 ↑ 2 inequality of Wu and Zong [103],

which was proven to be tight in Ref. [104]. The inequality was recently applied to three-body

decays in which the final-state spins form a three-qubit system [85]. We follow the notation

of Ref. [85]:

I442 =
[
A1(B1 + B2) + A2(B1 ↓ B2)

]
(V1 + V2) +

[
A3(B3 + B4) + A4(B3 ↓ B4)

]
(V1 ↓ V2),

I →424 =
[
A1(V1 + V2) + A2(V1 ↓ V2)

]
(B1 + B2) +

[
A3(V3 + V4) + A4(V3 ↓ V4)

]
(B1 ↓ B2),

I →244 =
[
B1(V1 + V2) + B2(V1 ↓ V2)

]
(A1 + A2) +

[
B3(V3 + V4) + B4(V3 ↓ V4)

]
(A1 ↓ A2).

(4.1)

Here Ai, Bi and Vi denote dichotomic (±1-valued) observables acting on the two fermions and

on the vector boson, respectively. For the qubits, these take the form â ·ωε with â a unit Bloch

vector; observables proportional to the identity are excluded, since they cannot contribute

to a Bell violation [109]. A dichotomic qutrit observable can be written as Vi = ±(2! ↓ 1),

with ! = |v↔↗v| a rank-one projector onto a normalised state |v↔ in the three-dimensional

spin space of V . Fixing the unphysical global phase by taking the |+↔ coe”cient real and

non-negative, |v↔ is parametrised by four real compact parameters,

|v↔ = cos ϑ |+↔ + eiω sin ϑ cos ϖ |0↔ + eiε sin ϑ sin ϖ |↓↔, (4.2)

with ϑ, ϖ ↘ [0, ϱ/2] and ς, φ ↘ [0, 2ϱ). In each operator of Eq. (4.1), two of the parties measure

four settings and the remaining one measures two; the subscripts list the numbers of settings

of (A, B, V ) in order.

From these operators we define

B442 = max Tr(I442 ↼), B→
424 = max Tr(I →424 ↼), B→

244 = max Tr(I →244 ↼), (4.3)

with ↼ = |↽↔↗↽| the pure state of the qubit–qubit–qutrit system, where the maximisation is

taken over all measurement settings. Each observable obeys the local-hidden-variable (LHV)

bound B(→)
IJK ≃ 4 [103], so that a value above 4 certifies Bell nonlocality; the bound is tight

[104], i.e. it describes a facet of the LHV polytope, so that every correlation beyond the LHV

set violates it for some choice of settings. Quantum mechanics allows values up to 8, and

general no-signalling correlations up to 16 [85]. The CP relation (2.35) implies that B442

is an even function of cos ⇀, whereas B→
424

and B→
244

are mirror images of each other under

cos ⇀ → ↓ cos ⇀. Note that, because the inequality is tight, whether a given state admits an

LHV description does not depend on the assignment of the settings [85]; the three observables

of Eq. (4.3) di#er only in how strongly they expose the violation for a given state, which is

what we compare below.

So far, both the tightness analysis [104] and the optimisation of these observables [85]

have been carried out for three-qubit systems only. One of the main results of this work
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Ai, Bi, Vi → {↑1,+1}

Wu, Zong (2003)

Bell nonlocality :

4 Bell inequalities

To test the Bell nonlocality of the qubit–qubit–qutrit state of H → ff̄V , we employ three

Bell-type operators. All three derive from the 4 ↑ 4 ↑ 2 inequality of Wu and Zong [103],

which was proven to be tight in Ref. [104]. The inequality was recently applied to three-body

decays in which the final-state spins form a three-qubit system [85]. We follow the notation

of Ref. [85]:

I442 =
[
A1(B1 + B2) + A2(B1 ↓ B2)

]
(V1 + V2) +

[
A3(B3 + B4) + A4(B3 ↓ B4)

]
(V1 ↓ V2),

I →424 =
[
A1(V1 + V2) + A2(V1 ↓ V2)

]
(B1 + B2) +

[
A3(V3 + V4) + A4(V3 ↓ V4)

]
(B1 ↓ B2),

I →244 =
[
B1(V1 + V2) + B2(V1 ↓ V2)

]
(A1 + A2) +

[
B3(V3 + V4) + B4(V3 ↓ V4)

]
(A1 ↓ A2).

(4.1)

Here Ai, Bi and Vi denote dichotomic (±1-valued) observables acting on the two fermions and

on the vector boson, respectively. For the qubits, these take the form â ·ωε with â a unit Bloch

vector; observables proportional to the identity are excluded, since they cannot contribute

to a Bell violation [109]. A dichotomic qutrit observable can be written as Vi = ±(2! ↓ 1),

with ! = |v↔↗v| a rank-one projector onto a normalised state |v↔ in the three-dimensional

spin space of V . Fixing the unphysical global phase by taking the |+↔ coe”cient real and

non-negative, |v↔ is parametrised by four real compact parameters,

|v↔ = cos ϑ |+↔ + eiω sin ϑ cos ϖ |0↔ + eiε sin ϑ sin ϖ |↓↔, (4.2)

with ϑ, ϖ ↘ [0, ϱ/2] and ς, φ ↘ [0, 2ϱ). In each operator of Eq. (4.1), two of the parties measure

four settings and the remaining one measures two; the subscripts list the numbers of settings

of (A, B, V ) in order.

From these operators we define

B442 = max Tr(I442 ↼), B→
424 = max Tr(I →424 ↼), B→

244 = max Tr(I →244 ↼), (4.3)

with ↼ = |↽↔↗↽| the pure state of the qubit–qubit–qutrit system, where the maximisation is

taken over all measurement settings. Each observable obeys the local-hidden-variable (LHV)

bound B(→)
IJK ≃ 4 [103], so that a value above 4 certifies Bell nonlocality; the bound is tight

[104], i.e. it describes a facet of the LHV polytope, so that every correlation beyond the LHV

set violates it for some choice of settings. Quantum mechanics allows values up to 8, and

general no-signalling correlations up to 16 [85]. The CP relation (2.35) implies that B442

is an even function of cos ⇀, whereas B→
424

and B→
244

are mirror images of each other under

cos ⇀ → ↓ cos ⇀. Note that, because the inequality is tight, whether a given state admits an

LHV description does not depend on the assignment of the settings [85]; the three observables

of Eq. (4.3) di#er only in how strongly they expose the violation for a given state, which is

what we compare below.

So far, both the tightness analysis [104] and the optimisation of these observables [85]

have been carried out for three-qubit systems only. One of the main results of this work
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(V1 ↓ V2),

I →424 =
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]
(B1 + B2) +

[
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]
(B1 ↓ B2),

I →244 =
[
B1(V1 + V2) + B2(V1 ↓ V2)

]
(A1 + A2) +

[
B3(V3 + V4) + B4(V3 ↓ V4)

]
(A1 ↓ A2).

(4.1)

Here Ai, Bi and Vi denote dichotomic (±1-valued) observables acting on the two fermions and

on the vector boson, respectively. For the qubits, these take the form â ·ωε with â a unit Bloch

vector; observables proportional to the identity are excluded, since they cannot contribute

to a Bell violation [109]. A dichotomic qutrit observable can be written as Vi = ±(2! ↓ 1),

with ! = |v↔↗v| a rank-one projector onto a normalised state |v↔ in the three-dimensional

spin space of V . Fixing the unphysical global phase by taking the |+↔ coe”cient real and

non-negative, |v↔ is parametrised by four real compact parameters,

|v↔ = cos ϑ |+↔ + eiω sin ϑ cos ϖ |0↔ + eiε sin ϑ sin ϖ |↓↔, (4.2)

with ϑ, ϖ ↘ [0, ϱ/2] and ς, φ ↘ [0, 2ϱ). In each operator of Eq. (4.1), two of the parties measure

four settings and the remaining one measures two; the subscripts list the numbers of settings

of (A, B, V ) in order.

From these operators we define

B442 = max Tr(I442 ↼), B→
424 = max Tr(I →424 ↼), B→

244 = max Tr(I →244 ↼), (4.3)

with ↼ = |↽↔↗↽| the pure state of the qubit–qubit–qutrit system, where the maximisation is

taken over all measurement settings. Each observable obeys the local-hidden-variable (LHV)

bound B(→)
IJK ≃ 4 [103], so that a value above 4 certifies Bell nonlocality; the bound is tight

[104], i.e. it describes a facet of the LHV polytope, so that every correlation beyond the LHV

set violates it for some choice of settings. Quantum mechanics allows values up to 8, and

general no-signalling correlations up to 16 [85]. The CP relation (2.35) implies that B442

is an even function of cos ⇀, whereas B→
424

and B→
244

are mirror images of each other under

cos ⇀ → ↓ cos ⇀. Note that, because the inequality is tight, whether a given state admits an

LHV description does not depend on the assignment of the settings [85]; the three observables

of Eq. (4.3) di#er only in how strongly they expose the violation for a given state, which is

what we compare below.

So far, both the tightness analysis [104] and the optimisation of these observables [85]

have been carried out for three-qubit systems only. One of the main results of this work
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Bell nonlocality :

4 Bell inequalities

To test the Bell nonlocality of the qubit–qubit–qutrit state of H → ff̄V , we employ three

Bell-type operators. All three derive from the 4 ↑ 4 ↑ 2 inequality of Wu and Zong [103],

which was proven to be tight in Ref. [104]. The inequality was recently applied to three-body

decays in which the final-state spins form a three-qubit system [85]. We follow the notation

of Ref. [85]:

I442 =
[
A1(B1 + B2) + A2(B1 ↓ B2)

]
(V1 + V2) +

[
A3(B3 + B4) + A4(B3 ↓ B4)

]
(V1 ↓ V2),

I →424 =
[
A1(V1 + V2) + A2(V1 ↓ V2)

]
(B1 + B2) +

[
A3(V3 + V4) + A4(V3 ↓ V4)

]
(B1 ↓ B2),

I →244 =
[
B1(V1 + V2) + B2(V1 ↓ V2)

]
(A1 + A2) +

[
B3(V3 + V4) + B4(V3 ↓ V4)

]
(A1 ↓ A2).

(4.1)

Here Ai, Bi and Vi denote dichotomic (±1-valued) observables acting on the two fermions and

on the vector boson, respectively. For the qubits, these take the form â ·ωε with â a unit Bloch

vector; observables proportional to the identity are excluded, since they cannot contribute

to a Bell violation [109]. A dichotomic qutrit observable can be written as Vi = ±(2! ↓ 1),

with ! = |v↔↗v| a rank-one projector onto a normalised state |v↔ in the three-dimensional

spin space of V . Fixing the unphysical global phase by taking the |+↔ coe”cient real and

non-negative, |v↔ is parametrised by four real compact parameters,

|v↔ = cos ϑ |+↔ + eiω sin ϑ cos ϖ |0↔ + eiε sin ϑ sin ϖ |↓↔, (4.2)

with ϑ, ϖ ↘ [0, ϱ/2] and ς, φ ↘ [0, 2ϱ). In each operator of Eq. (4.1), two of the parties measure

four settings and the remaining one measures two; the subscripts list the numbers of settings

of (A, B, V ) in order.

From these operators we define

B442 = max Tr(I442 ↼), B→
424 = max Tr(I →424 ↼), B→

244 = max Tr(I →244 ↼), (4.3)

with ↼ = |↽↔↗↽| the pure state of the qubit–qubit–qutrit system, where the maximisation is

taken over all measurement settings. Each observable obeys the local-hidden-variable (LHV)

bound B(→)
IJK ≃ 4 [103], so that a value above 4 certifies Bell nonlocality; the bound is tight

[104], i.e. it describes a facet of the LHV polytope, so that every correlation beyond the LHV

set violates it for some choice of settings. Quantum mechanics allows values up to 8, and

general no-signalling correlations up to 16 [85]. The CP relation (2.35) implies that B442

is an even function of cos ⇀, whereas B→
424

and B→
244

are mirror images of each other under

cos ⇀ → ↓ cos ⇀. Note that, because the inequality is tight, whether a given state admits an

LHV description does not depend on the assignment of the settings [85]; the three observables

of Eq. (4.3) di#er only in how strongly they expose the violation for a given state, which is

what we compare below.

So far, both the tightness analysis [104] and the optimisation of these observables [85]

have been carried out for three-qubit systems only. One of the main results of this work

– 23 –

4 Bell inequalities

To test the Bell nonlocality of the qubit–qubit–qutrit state of H → ff̄V , we employ three

Bell-type operators. All three derive from the 4 ↑ 4 ↑ 2 inequality of Wu and Zong [103],

which was proven to be tight in Ref. [104]. The inequality was recently applied to three-body

decays in which the final-state spins form a three-qubit system [85]. We follow the notation

of Ref. [85]:

I442 =
[
A1(B1 + B2) + A2(B1 ↓ B2)

]
(V1 + V2) +

[
A3(B3 + B4) + A4(B3 ↓ B4)

]
(V1 ↓ V2),

I →424 =
[
A1(V1 + V2) + A2(V1 ↓ V2)

]
(B1 + B2) +

[
A3(V3 + V4) + A4(V3 ↓ V4)

]
(B1 ↓ B2),

I →244 =
[
B1(V1 + V2) + B2(V1 ↓ V2)

]
(A1 + A2) +

[
B3(V3 + V4) + B4(V3 ↓ V4)

]
(A1 ↓ A2).

(4.1)

Here Ai, Bi and Vi denote dichotomic (±1-valued) observables acting on the two fermions and

on the vector boson, respectively. For the qubits, these take the form â ·ωε with â a unit Bloch
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on the vector boson, respectively. For the qubits, these take the form â ·ωε with â a unit Bloch

vector; observables proportional to the identity are excluded, since they cannot contribute

to a Bell violation [109]. A dichotomic qutrit observable can be written as Vi = ±(2! ↓ 1),

with ! = |v↔↗v| a rank-one projector onto a normalised state |v↔ in the three-dimensional

spin space of V . Fixing the unphysical global phase by taking the |+↔ coe”cient real and

non-negative, |v↔ is parametrised by four real compact parameters,

|v↔ = cos ϑ |+↔ + eiω sin ϑ cos ϖ |0↔ + eiε sin ϑ sin ϖ |↓↔, (4.2)

with ϑ, ϖ ↘ [0, ϱ/2] and ς, φ ↘ [0, 2ϱ). In each operator of Eq. (4.1), two of the parties measure

four settings and the remaining one measures two; the subscripts list the numbers of settings

of (A, B, V ) in order.

From these operators we define

B442 = max Tr(I442 ↼), B→
424 = max Tr(I →424 ↼), B→

244 = max Tr(I →244 ↼), (4.3)

with ↼ = |↽↔↗↽| the pure state of the qubit–qubit–qutrit system, where the maximisation is

taken over all measurement settings. Each observable obeys the local-hidden-variable (LHV)

bound B(→)
IJK ≃ 4 [103], so that a value above 4 certifies Bell nonlocality; the bound is tight

[104], i.e. it describes a facet of the LHV polytope, so that every correlation beyond the LHV

set violates it for some choice of settings. Quantum mechanics allows values up to 8, and

general no-signalling correlations up to 16 [85]. The CP relation (2.35) implies that B442

is an even function of cos ⇀, whereas B→
424

and B→
244

are mirror images of each other under

cos ⇀ → ↓ cos ⇀. Note that, because the inequality is tight, whether a given state admits an

LHV description does not depend on the assignment of the settings [85]; the three observables

of Eq. (4.3) di#er only in how strongly they expose the violation for a given state, which is

what we compare below.

So far, both the tightness analysis [104] and the optimisation of these observables [85]

have been carried out for three-qubit systems only. One of the main results of this work
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<latexit sha1_base64="vuTxTQoZPCrmf6R+m42f0YniFHs=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZmNZk1uQS8eo5gHJEuYncwmQ2YfzMwKIeQPvHhQxKt/5M2/cTaJoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fJX57XsmFY+jOz1JmBeSYcQDTok20m1v1i+WsI3dSg3XELYr2KnOCcZutXyGHEMylGCJRr/43hvENA1ZpKkgSnUdnGhvSqTmVLBZoZcqlhA6JkPWNTQiIVPedH7pDJ0YZYCCWJqKNJqr3yemJFRqEvqmMyR6pH57mfiX1011UPWmPEpSzSK6WBSkAukYZW+jAZeMajExhFDJza2IjogkVJtwCiaEr0/R/6RVth3Xdm/OS/XLZRx5OIJjOAUHLqAO19CAJlAI4AGe4NkaW4/Wi/W6aM1Zy5lD+AHr7RMJII25</latexit>

}

<latexit sha1_base64="hdiymtquGlDGJjktDAwi625C4Ps=">AAAB6HicdVDLTgJBEOzFF+IL9ehlIjHxtJlFWeFG9OIREgET2JDZYRZGZh+ZmTUhhC/w4kFjvPpJ3vwbZwETNVpJJ5Wq7nR3+YngSmP8YeVWVtfWN/Kbha3tnd294v5BW8WppKxFYxHLW58oJnjEWpprwW4TyUjoC9bxx1eZ37lnUvE4utGThHkhGUY84JRoIzVxv1jCNnYrNVxD2K5gpzonGLvV8hlyDMlQgiUa/eJ7bxDTNGSRpoIo1XVwor0pkZpTwWaFXqpYQuiYDFnX0IiETHnT+aEzdGKUAQpiaSrSaK5+n5iSUKlJ6JvOkOiR+u1l4l9eN9VB1ZvyKEk1i+hiUZAKpGOUfY0GXDKqxcQQQiU3tyI6IpJQbbIpmBC+PkX/k3bZdlzbbZ6X6pfLOPJwBMdwCg5cQB2uoQEtoMDgAZ7g2bqzHq0X63XRmrOWM4fwA9bbJ+OejQY=</latexit>

0

<latexit sha1_base64="rmEWb4dy/db55fwd+rm53FVSudM=">AAAB7HicdVBNSwMxEM36WetX1aOXYBE8Ldlq1/ZW9OKxgtsW2qVk02wbmmSXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzopQzbRD6cFZW19Y3Ngtbxe2d3b390sFhSyeZIjQgCU9UJ8KaciZpYJjhtJMqikXEaTsaX+d++54qzRJ5ZyYpDQUeShYzgo2Vgl4qYKVfKiMX+dU6qkPkVpFXmxOE/FrlHHqW5CiDJZr90ntvkJBMUGkIx1p3PZSacIqVYYTTWbGXaZpiMsZD2rVUYkF1OJ0fO4OnVhnAOFG2pIFz9fvEFAutJyKynQKbkf7t5eJfXjczcS2cMplmhkqyWBRnHJoE5p/DAVOUGD6xBBPF7K2QjLDCxNh8ijaEr0/h/6RVcT3f9W8vyo2rZRwFcAxOwBnwwCVogBvQBAEggIEH8ASeHek8Oi/O66J1xVnOHIEfcN4+AYkNjok=</latexit>±2
<latexit sha1_base64="hdiymtquGlDGJjktDAwi625C4Ps=">AAAB6HicdVDLTgJBEOzFF+IL9ehlIjHxtJlFWeFG9OIREgET2JDZYRZGZh+ZmTUhhC/w4kFjvPpJ3vwbZwETNVpJJ5Wq7nR3+YngSmP8YeVWVtfWN/Kbha3tnd294v5BW8WppKxFYxHLW58oJnjEWpprwW4TyUjoC9bxx1eZ37lnUvE4utGThHkhGUY84JRoIzVxv1jCNnYrNVxD2K5gpzonGLvV8hlyDMlQgiUa/eJ7bxDTNGSRpoIo1XVwor0pkZpTwWaFXqpYQuiYDFnX0IiETHnT+aEzdGKUAQpiaSrSaK5+n5iSUKlJ6JvOkOiR+u1l4l9eN9VB1ZvyKEk1i+hiUZAKpGOUfY0GXDKqxcQQQiU3tyI6IpJQbbIpmBC+PkX/k3bZdlzbbZ6X6pfLOPJwBMdwCg5cQB2uoQEtoMDgAZ7g2bqzHq0X63XRmrOWM4fwA9bbJ+OejQY=</latexit>

0

<latexit sha1_base64="vuTxTQoZPCrmf6R+m42f0YniFHs=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZmNZk1uQS8eo5gHJEuYncwmQ2YfzMwKIeQPvHhQxKt/5M2/cTaJoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QUnEqKWvSWMSy4xPFBI9YU3MtWCeRjIS+YG1/fJX57XsmFY+jOz1JmBeSYcQDTok20m1v1i+WsI3dSg3XELYr2KnOCcZutXyGHEMylGCJRr/43hvENA1ZpKkgSnUdnGhvSqTmVLBZoZcqlhA6JkPWNTQiIVPedH7pDJ0YZYCCWJqKNJqr3yemJFRqEvqmMyR6pH57mfiX1011UPWmPEpSzSK6WBSkAukYZW+jAZeMajExhFDJza2IjogkVJtwCiaEr0/R/6RVth3Xdm/OS/XLZRx5OIJjOAUHLqAO19CAJlAI4AGe4NkaW4/Wi/W6aM1Zy5lD+AHr7RMJII25</latexit>

}

<latexit sha1_base64="rmEWb4dy/db55fwd+rm53FVSudM=">AAAB7HicdVBNSwMxEM36WetX1aOXYBE8Ldlq1/ZW9OKxgtsW2qVk02wbmmSXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzopQzbRD6cFZW19Y3Ngtbxe2d3b390sFhSyeZIjQgCU9UJ8KaciZpYJjhtJMqikXEaTsaX+d++54qzRJ5ZyYpDQUeShYzgo2Vgl4qYKVfKiMX+dU6qkPkVpFXmxOE/FrlHHqW5CiDJZr90ntvkJBMUGkIx1p3PZSacIqVYYTTWbGXaZpiMsZD2rVUYkF1OJ0fO4OnVhnAOFG2pIFz9fvEFAutJyKynQKbkf7t5eJfXjczcS2cMplmhkqyWBRnHJoE5p/DAVOUGD6xBBPF7K2QjLDCxNh8ijaEr0/h/6RVcT3f9W8vyo2rZRwFcAxOwBnwwCVogBvQBAEggIEH8ASeHek8Oi/O66J1xVnOHIEfcN4+AYkNjok=</latexit>±2

<latexit sha1_base64="Z34hCEc5lZyneBUX21KdVXI6BhA=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSmtZb0YvHKrYW2lA22027dPPB7kYoof/AiwdFvPqPvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksuj6WlLOIthVTnHYTQXHoc3rnTy5z/+6eCsni6FZNE+qFeBSxgBGstHTTnw3KFcs8b7jOmYMs07LqTtXNiVOvOVVkayVHBZZoDcrv/WFM0pBGinAsZc+2EuVlWChGOJ2V+qmkCSYTPKI9TSMcUull80tn6EQrQxTEQlek0Fz9PpHhUMpp6OvOEKux/O3l4l9eL1VBw8tYlKSKRmSxKEg5UjHK30ZDJihRfKoJJoLpWxEZY4GJ0uGUdAhfn6L/Sccxbdd0r2uV5sUyjiIcwTGcgg11aMIVtKANBAJ4gCd4NibGo/FivC5aC8Zy5hB+wHj7BAUWjbY=</latexit>

}
<latexit sha1_base64="4xF8c1o0bD4JhFftEPgntCB4EEU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GtJpndZd0Y3LFuwD2qFk0kwbm8kMSUYoQ7/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVpoWCwh+7LuOhcORDZCNafiZsSpVZ0KLBslQwms0BwW3wejiCQhFZpwrFS/jGLtpVhqRjidFwaJojEmUzymfUMFDqny0sWhc3hmlBEMImlKaLhQv0+kOFRqFvqmM8R6on57mfiX1090UPdSJuJEU0GWi4KEQx3B7Gs4YpISzWeGYCKZuRWSCZaYaJNNwYTw9Sn8n3Qcu+zabqtaalyt4siDE3AKzkEZ1EAD3IAmaAMCKHgAT+DZurMerRfrddmas1Yzx+AHrLdP35SNAw==</latexit>

0
<latexit sha1_base64="HxtOLPrYrN5fZHlRTHiGthDjyvU=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jTmtZb0YvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk1bQUUfDDzem2FmXpgwqrTjfFiFtfWNza3idmlnd2//oHx41FFxKjHxccxi2QuRIowK4muqGeklkiAeMtINp9e5370nUtFY3OlZQgKOxoJGFCNtJH+QcOgOyxXHvmx67oULHdtxGm7Ny4nbqLs1WDVKjgpYoT0svw9GMU45ERozpFS/6iQ6yJDUFDMyLw1SRRKEp2hM+oYKxIkKssWxc3hmlBGMYmlKaLhQv09kiCs146Hp5EhP1G8vF//y+qmOmkFGRZJqIvByUZQyqGOYfw5HVBKs2cwQhCU1t0I8QRJhbfIpmRC+PoX/k45rVz3bu61XWlerOIrgBJyCc1AFDdACN6ANfIABBQ/gCTxbwnq0XqzXZWvBWs0cgx+w3j4BhQOOhg==</latexit>±2

<latexit sha1_base64="Z34hCEc5lZyneBUX21KdVXI6BhA=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSmtZb0YvHKrYW2lA22027dPPB7kYoof/AiwdFvPqPvPlv3LQVVPTBwOO9GWbm+QlnUlnWh1FYWV1b3yhulra2d3b3yvsHHRmngtA2iXksuj6WlLOIthVTnHYTQXHoc3rnTy5z/+6eCsni6FZNE+qFeBSxgBGstHTTnw3KFcs8b7jOmYMs07LqTtXNiVOvOVVkayVHBZZoDcrv/WFM0pBGinAsZc+2EuVlWChGOJ2V+qmkCSYTPKI9TSMcUull80tn6EQrQxTEQlek0Fz9PpHhUMpp6OvOEKux/O3l4l9eL1VBw8tYlKSKRmSxKEg5UjHK30ZDJihRfKoJJoLpWxEZY4GJ0uGUdAhfn6L/Sccxbdd0r2uV5sUyjiIcwTGcgg11aMIVtKANBAJ4gCd4NibGo/FivC5aC8Zy5hB+wHj7BAUWjbY=</latexit>

}

<latexit sha1_base64="HxtOLPrYrN5fZHlRTHiGthDjyvU=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jTmtZb0YvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xk1bQUUfDDzem2FmXpgwqrTjfFiFtfWNza3idmlnd2//oHx41FFxKjHxccxi2QuRIowK4muqGeklkiAeMtINp9e5370nUtFY3OlZQgKOxoJGFCNtJH+QcOgOyxXHvmx67oULHdtxGm7Ny4nbqLs1WDVKjgpYoT0svw9GMU45ERozpFS/6iQ6yJDUFDMyLw1SRRKEp2hM+oYKxIkKssWxc3hmlBGMYmlKaLhQv09kiCs146Hp5EhP1G8vF//y+qmOmkFGRZJqIvByUZQyqGOYfw5HVBKs2cwQhCU1t0I8QRJhbfIpmRC+PoX/k45rVz3bu61XWlerOIrgBJyCc1AFDdACN6ANfIABBQ/gCTxbwnq0XqzXZWvBWs0cgx+w3j4BhQOOhg==</latexit>±2
<latexit sha1_base64="4xF8c1o0bD4JhFftEPgntCB4EEU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GtJpndZd0Y3LFuwD2qFk0kwbm8kMSUYoQ7/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68zv3tPpWKRuNWzmHohHgsWMIK1kVpoWCwh+7LuOhcORDZCNafiZsSpVZ0KLBslQwms0BwW3wejiCQhFZpwrFS/jGLtpVhqRjidFwaJojEmUzymfUMFDqny0sWhc3hmlBEMImlKaLhQv0+kOFRqFvqmM8R6on57mfiX1090UPdSJuJEU0GWi4KEQx3B7Gs4YpISzWeGYCKZuRWSCZaYaJNNwYTw9Sn8n3Qcu+zabqtaalyt4siDE3AKzkEZ1EAD3IAmaAMCKHgAT+DZurMerRfrddmas1Yzx+AHrLdP35SNAw==</latexit>

0

<latexit sha1_base64="redsI+cLfXZo67D8G9BpksPw2mA="></latexit>

→I442↑, →I →
424↑, →I →

244↑ ↓






4 LHV, ωsep

8 QM

16 beyond QM

Laskowski, Paterek, 
Zukowski, Brukner (2004)
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c
<latexit sha1_base64="niZmMIBQctzdjKzm3lRYj4BgdMQ="></latexit>

Vk = ±(2|vk→↑vk|↓ 1l)

<latexit sha1_base64="6oIBQQmM4FPp58pkSlLSmvTC5zM="></latexit>

Ai = ωai · ωε
<latexit sha1_base64="Ox1wNS9jzLYDPiVIyZD7lh6kC64="></latexit>

Bi = ωbi · ωε

<latexit sha1_base64="hiYBHTrnXQtPut9Ylx2OaYkj0KE="></latexit>

|vk→ = cosωk|+→+ eiωk sinωk cosεk|0→+ eiεk sinωk sinεk|↑→
<latexit sha1_base64="7vp6z2so9mcgHRoH0+w+SSV9U5E="></latexit>

ωk,εk → [0, ω
2 ], ϑk, ϖk → [0, 2ϱ)

Calculation in QM:

<latexit sha1_base64="KDQjHnHhxAtfr2RopwmSkw5NIiU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpRESvUiFL14rGA/oI1ls9m0SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz87yYM6Vt+9vKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vdHN1G8/UqlYJO71OKZuiAeCBYxgbaSHMrtyznrcj7RC1dN+sWRX7BnQMnEyUoIMjX7xq+dHJAmp0IRjpbqOHWs3xVIzwumk0EsUjTEZ4QHtGipwSJWbzq6eoBOj+CiIpCmh0Uz9PZHiUKlx6JnOEOuhWvSm4n9eN9HBpZsyESeaCjJfFCQc6QhNI0A+k5RoPjYEE8nMrYgMscREm6AKJgRn8eVl0jqvOLVK7a5aql9nceThCI6hDA5cQB1uoQFNICDhGV7hzXqyXqx362PemrOymUP4A+vzB384kTs=</latexit>

(i = 1, . . . 4)

<latexit sha1_base64="zIwQa4sZVYxGVR/nauk6r40/WtI=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBahgpSkSPUiFL14rGA/oA1ls920SzabsLsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz8/yEM6Ud59sqrK1vbG4Vt0s7u3v7B/bhUVvFqSS0RWIey66PFeVM0JZmmtNuIimOfE47fng38ztPVCoWi0c9SagX4ZFgASNYG6lTCW/ci9r5wC47VWcOtErcnJQhR3Ngf/WHMUkjKjThWKme6yTay7DUjHA6LfVTRRNMQjyiPUMFjqjysvm5U3RmlCEKYmlKaDRXf09kOFJqEvmmM8J6rJa9mfif10t1cO1lTCSppoIsFgUpRzpGs9/RkElKNJ8Ygolk5lZExlhiok1CJROCu/zyKmnXqm69Wn+4LDdu8ziKcAKnUAEXrqAB99CEFhAI4Rle4c1KrBfr3fpYtBasfOYY/sD6/AFoxo5T</latexit>

(k = 1, 2)

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} 32 parameters for 
measurement settings.
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<latexit sha1_base64="XvreaLDb6NpleyBniNH+SqStwDw="></latexit>

[K±]ij = Tr[(ωi → ωj → (V1 ± V2)) · ε]<latexit sha1_base64="TIvdYI/xTY/o0iagjP6JbaXOcW0="></latexit>

= 2max
v1,v2

[
∑

x=→1,+1

√
µ2
1(Kx) + µ2

2(Kx)

]

analytically optimising {a, b} 

Banacki, Ohta, Shaleena, KS, 
Horodecki, et al [2607.26122]

<latexit sha1_base64="TEprR9T3AHD/Hbte8WOa2Chp2BI="></latexit>

µ1, µ2: the two largest eigenvalues
<latexit sha1_base64="cLV2KkKSanpg61pwABt3r233NLw="></latexit>

of
√
K†

xKx8 param. 
optimization

<latexit sha1_base64="Z1ij4FRo6mahgTnQVITEXR0zpS4="></latexit>

B442 = max
{a,b,v}

Tr [ I442 · ω ]

c
<latexit sha1_base64="niZmMIBQctzdjKzm3lRYj4BgdMQ="></latexit>

Vk = ±(2|vk→↑vk|↓ 1l)

<latexit sha1_base64="6oIBQQmM4FPp58pkSlLSmvTC5zM="></latexit>

Ai = ωai · ωε
<latexit sha1_base64="Ox1wNS9jzLYDPiVIyZD7lh6kC64="></latexit>

Bi = ωbi · ωε

<latexit sha1_base64="hiYBHTrnXQtPut9Ylx2OaYkj0KE="></latexit>

|vk→ = cosωk|+→+ eiωk sinωk cosεk|0→+ eiεk sinωk sinεk|↑→
<latexit sha1_base64="7vp6z2so9mcgHRoH0+w+SSV9U5E="></latexit>

ωk,εk → [0, ω
2 ], ϑk, ϖk → [0, 2ϱ)

Calculation in QM:

<latexit sha1_base64="KDQjHnHhxAtfr2RopwmSkw5NIiU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpRESvUiFL14rGA/oI1ls9m0SzebsLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz87yYM6Vt+9vKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vdHN1G8/UqlYJO71OKZuiAeCBYxgbaSHMrtyznrcj7RC1dN+sWRX7BnQMnEyUoIMjX7xq+dHJAmp0IRjpbqOHWs3xVIzwumk0EsUjTEZ4QHtGipwSJWbzq6eoBOj+CiIpCmh0Uz9PZHiUKlx6JnOEOuhWvSm4n9eN9HBpZsyESeaCjJfFCQc6QhNI0A+k5RoPjYEE8nMrYgMscREm6AKJgRn8eVl0jqvOLVK7a5aql9nceThCI6hDA5cQB1uoQFNICDhGV7hzXqyXqx362PemrOymUP4A+vzB384kTs=</latexit>
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measurement settings.
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Figure 9: The maximised Bell observables B442 (left), B→
424 (centre) and B→

244 (right), computed with
the semi-analytical methods of Secs. 4.1 and 4.2, over the phase space of h → ω↑ω+Z in the Standard
Model. The local-hidden-variable bound B ↑ 4 is violated everywhere; the quantum bound is 8.

Figure 10: Pairwise di!erences of the Bell observables of Fig. 9: B442 ↓ B→
424 (left), B442 ↓ B→

244

(centre) and B→
424 ↓ B→

244 (right), on a symmetric logarithmic colour scale. The isolated dots are
numerical artefacts of the residual optimisation.

Consider next the upper endpoint, where the pointer states become orthogonal (Q → 0),

and the zeroth-order state (2.16) reduces to a generalised GHZ state:

|ε(0)↔ → |εGHZ(ϑ)↔ ↗ cos ϑ |↓+↔ |”→
+↔ + sin ϑ |+↓↔ |”→

↑↔ (mAB → mmax

AB ) , (4.21)

up to irrelevant phases, where

|”→
±↔ = ± 1

2
(1 ± cos ϖ) |+↔ ↓ 1↓

2
sin ϖ |0↔ ± 1

2
(1 ↘ cos ϖ) |↓↔ , ≃”→

+|”→
↑↔ = 0 , (4.22)

and cos ϑ ⇐ |cL|/
√

≃c2↔ and sin ϑ ⇐ |cR|/
√

≃c2↔, so that sin 2ϑ = 2|cLcR|/≃c2↔ = ŝ. The

quantum bound 8 is attained on the maximally entangled GHZ state [83]; for the generalised

GHZ family |εGHZ(ϑ)↔, an explicit optimisation of Eqs. (4.8) and (4.19) yields the closed

forms

B442 = max
(
8 sin 2ϑ , 4

√
1 + sin2 2ϑ

)
, B↔

424 = B↔
244 = max

(
8 sin 2ϑ , 4

√
1 + 2 sin2 2ϑ

)
,

(4.23)

– 28 –

Bell nonlocality result:

● LHVT bound 4 is violated in all regions of phase space.

● Analytical expressions in some corners:
<latexit sha1_base64="29+rQ7TCxDSX0kVHMGFOIk+nha0="></latexit>

B442, B→
424, B→

244 = 4
√

1 + C2
AB

<latexit sha1_base64="6tGUVRwTv/I/2ZZ7e3KM4G9GnL0=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExRUlVCmMFC2OR6ENqospxndaq7aS2g1RFXVj4FRYGEGLlH9j4G9w2A7Qc6UpH59yre+8JE0aVdt1va2V1bX1js7BV3N7Z3du3Dw6bKk4lJg0cs1i2Q6QIo4I0NNWMtBNJEA8ZaYXDm6nfeiBS0Vjc63FCAo76gkYUI22krn3iK8rJCFagr0ZSZ+UJzJULp9q1S67jzgCXiZeTEshR79pffi/GKSdCY4aU6nhuooMMSU0xI5OinyqSIDxEfdIxVCBOVJDNvpjAM6P0YBRLU0LDmfp7IkNcqTEPTSdHeqAWvan4n9dJdXQVZFQkqSYCzxdFKYM6htNIYI9KgjUbG4KwpOZWiAdIIqxNcEUTgrf48jJplh2v6lTvKqXadR5HARyDU3AOPHAJauAW1EEDYPAInsEreLOerBfr3fqYt65Y+cwR+APr8wef95dh</latexit>

→ 4
↑
2 → 5.6

<latexit sha1_base64="8ZNqFzb/sOmpb5JW+sDs8p06q+I="></latexit>

B442 = max
[
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Figure 2: Tree-level Feynman diagrams for H → ff̄V .

2.2 Spin quantum state

The process receives contributions from three tree-level Feynman diagrams, shown in Fig. 2,

with amplitudes M(1), M(2) and M(3). We compute them from the general e!ective inter-

actions

L ↑ gHff H ω̄fωf + gHV V H VµV µ + gV ff ω̄fε
µ (cLPL + cRPR) ωf Vµ , (2.5)

with PL,R = 1

2
(1 ↓ ε5) the chiral projectors and cL, cR ↔ R the left– and right–handed

couplings of the ff̄V vertex. If H is the Higgs boson,

gHff = ↗
mf

v
, gHV V =

2 m2

V

v
, (2.6)

with v the Higgs vacuum expectation value. For (f, f̄ , V ) = (ϑ→, ϑ+, Z), the chiral couplings

are given by

cL = ↗1

2
+ sin2 ϖW ↘ ↗0.269 , cR = sin2 ϖW ↘ 0.231 . (2.7)

It is also convenient to introduce the vector and axial-vector combinations

cV ≃ 1

2
(cR + cL) ↘ ↗0.019 , cA ≃ 1

2
(cR ↗ cL) ↘ 0.250 , (2.8)

whose strong hierarchy, c2V ⇐ c2A, is an accidental consequence of the proximity of sin2 ϖW
to 1/4; it will leave visible imprints on several observables below. Much of this coupling

dependence will enter through the combinations

ĉ ≃ 2 cAcV
c2A + c2V

↘ ↗0.151 , ŝ ≃
√

1 ↗ ĉ2 =
c2A ↗ c2V
c2A + c2V

=
2 |cLcR|
c2L + c2R

↘ 0.988 . (2.9)

With these general interaction terms, the three amplitudes read

M(1) = gHV V gV ff [ ūAεµ (cLPL + cRPR) vB ] ”µω(pA + pB) ϱ↑ ω(pV ) ,

M(2) = gHff gV ff ūA εµ (cLPL + cRPR) SF (pA + pV ) vB ϱ↑µ(pV ) ,

M(3) = gHff gV ff ūA SF (pB + pV ) εµ (cLPL + cRPR) vB ϱ↑µ(pV ) , (2.10)
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Figure 12: The normalised di!erential decay rate of h → ω→ω+Z in the Standard Model over the
(mωω , cos ε) plane (logarithmic colour scale). The distribution is even in cos ε, in accordance with the
CP relation (2.35), and peaks in the near-endpoint region mωω ↑ 25–30 GeV.

most distinctive 2 ↓ 2 ↓ 3 structures — the maxima of CV |AB, of the 223-tangle and of the

non-local magic — are rate-suppressed by a factor of a few relative to the peak.

A rough estimate of the available event yields is as follows. At
↔

s = 13.6 TeV the

inclusive Higgs production cross section is ϑ(pp → h) ↑ 55 pb [111], and the branching ratio

of the decay considered here is BR(h → ω→ω+Z) ↗ BR(h → ZZ↑) ↘ BR(Z↑ → ωω) ≃ 10→3

[111, 112]. With the ≃ 300 fb→1 per experiment collected by the end of Run 3, this corresponds

to ≃ 1.5 ↘ 104 decays, growing to ≃ 1.5 ↘ 105 at the HL-LHC (3 ab→1) [113]. Demanding a

clean tag of the on-shell boson through Z → e+e→, µ+µ→ costs a further factor ↑ 15 [112],

leaving O(103) and O(104) events, respectively, before reconstruction e”ciencies. We stress

that this is an order-of-magnitude yield estimate only: accessing the observables studied in

this paper requires reconstructing the ω± spin correlations and the Z polarisation from the

decay products, and a dedicated sensitivity study — including backgrounds and the finite ω

spin-analysing power — is beyond the scope of this work. The numbers nevertheless indicate

that a first exploration of the 2 ↓ 2 ↓ 3 correlations may become conceivable at the HL-LHC.

An e+e→ Higgs factory [114–117] would collect a much smaller but far cleaner sample.

At
↔

s ↑ 240–250 GeV the Higgsstrahlung cross section is ϑ(e+e→ → Zh) ↑ 0.2 pb, so an

integrated luminosity of 5–10 ab→1, as foreseen at the circular colliders, delivers 1–2↘106 Higgs

bosons and hence only ≃ 103 h → ω→ω+Z decays. Each event, however, carries much more

information than at a hadron collider: the recoil against the Higgsstrahlung Z tags the event

independently of the decay, all decay modes of the on-shell Z become usable, backgrounds are

small, and the kinematic constraints from the known initial state allow a full reconstruction

of the ω momenta, from which the spin correlations can be extracted [36, 43]. A qualitatively

better measurement per event may therefore compensate for the smaller yield.

– 36 –
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Collider L [ab→1] Production Z decay Events (h → ω→ω+Z)

HL-LHC
[13.6TeV]

3 ε(pp → h) ↑ 55 pb
Br(Z → e+e→ or µ+µ→)
↑ 0.067

O(104)

FCC-ee
[240GeV]

5–10 ε(e+e→ → Zh) ↑ 0.20 pb Z → any O(103)

Table 1: Comparison between the HL-LHC and FCC-ee.

Collider L [ab→1] Production Z decay Events (h → ω→ω+Z)

HL-LHC [13.6TeV] 3 ε(pp → h) ↑ 55 pb Br(Z → e+e→/µ+µ→) ↑ 0.067 O(104)

FCC-ee [240GeV] 5–10 ε(e+e→ → Zh) ↑ 0.2 pb Z → any O(103)

Table 2: Comparison of Higgs production channels relevant for the analysis.

1 Note

Collider L [ab→1] Production Z decay
Events

[h → ω→ω+Z]

HL-LHC
[13.6TeV]

3
ε(pp → h)
↑ 55 pb

Br(Z → e+e→/µ+µ→)
↑ 0.067

O(104)

FCC-ee
[240GeV]

5–10
ε(e+e→ → Zh)

↑ 0.20 pb
Z → any O(103)

selection indicator 300 fb→1 3000 fb→1

mtt̄ ↓ 353, ϑ ↓ 0.8 |Cxx + Cyy| 2.7ε 9.5ε

mtt̄ ↔ 1000,
|cos ϖCM| ↓ 0.2

|Crr ↗ Cnn| 1.7ε 5.8ε

1

Observability at future colliders:

● QIS measurements seem promissing both at 
● HL-LHC and FCC-ee.  

● Dedicated studies are needed for conclusion
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e+e− → t t̄ Z
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<latexit sha1_base64="T+33AofCOwOR9y8BHl1eBa93KGA=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtU+uu6MZlC/aB7VAyaaaNzWSGJCOUoV/gxoUibv0kd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ1eZ37mnUrFI3OhpTL0QjwQLGMHaSM3bQbGEbFR1KxcuRLaLnFo5I2XXQagCHRvNUQJLNAbF9/4wIklIhSYcK9VzUKy9FEvNCKezQj9RNMZkgke0Z6jAIVVeOj90Bk+MMoRBJE0JDefq94kUh0pNQ990hliP1W8vE//yeokOal7KRJxoKshiUZBwqCOYfQ2HTFKi+dQQTCQzt0IyxhITbbIpmBC+PoX/k3bZdqp2tXlWql8u48iDI3AMToEDzkEdXIMGaAECKHgAT+DZurMerRfrddGas5Yzh+AHrLdPE8CNJQ==</latexit>

Z

<latexit sha1_base64="kbHBpzH7csMk4jOFAGpfnLj61tA=">AAAB73icdVDLTgJBEJzFF+IL9ehlIjHxtJkFF/FG9OIRExEibMjsMMCE2YczvSZkw0948aAxXv0db/6Ns4CJGq2kk0pVd7q7/FgKDYR8WLml5ZXVtfx6YWNza3unuLt3o6NEMd5kkYxU26eaSxHyJgiQvB0rTgNf8pY/vsj81j1XWkThNUxi7gV0GIqBYBSM1O7CiAPt3faKJWKTqls5czGxXeLUyhkpuw4hFezYZIYSWqDRK753+xFLAh4Ck1TrjkNi8FKqQDDJp4VuonlM2ZgOecfQkAZce+ns3ik+MkofDyJlKgQ8U79PpDTQehL4pjOgMNK/vUz8y+skMKh5qQjjBHjI5osGicQQ4ex53BeKM5ATQyhTwtyK2YgqysBEVDAhfH2K/yc3Zdup2tWrk1L9fBFHHh2gQ3SMHHSK6ugSNVATMSTRA3pCz9ad9Wi9WK/z1py1mNlHP2C9fQJmipA8</latexit>

ωZ

<latexit sha1_base64="krbWZxz5/vJgAT8z95s6/Tix3oo=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXdOOygn1AG8pkOmmHTh7M3Agl9CPcuFDErd/jzr9x0lZQ0QMXDufcy733+IngCizrwyisrW9sbhW3Szu7e/sH5cOjjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr+9Dr3u/dMKh5HdzBLmBeSccQDTgloqQsDn0gMw3LFMi8brnPhYMu0rLpTdXPi1GtOFdtayVFBK7SG5ffBKKZpyCKggijVt60EvIxI4FSweWmQKpYQOiVj1tc0IiFTXrY4d47PtDLCQSx1RYAX6veJjIRKzUJfd4YEJuq3l4t/ef0UgoaX8ShJgUV0uShIBYYY57/jEZeMgphpQqjk+lZMJ0QSCjqhkg7h61P8P+k4pu2a7m2t0rxaxVFEJ+gUnSMb1VET3aAWaiOKpugBPaFnIzEejRfjddlaMFYzx+gHjLdPbKyPqA==</latexit>

tt̄
<latexit sha1_base64="p3uJl0o0LeKbUSwg4biUAPRdEzE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFdK0pnVXdOOygn1AE8pkOmmHTh7M3Agl9DfcuFDErT/jzr9x0lZQ0QMXDufcy733+IngCizrwyisrW9sbhW3Szu7e/sH5cOjropTSVmHxiKWfZ8oJnjEOsBBsH4iGQl9wXr+9Dr3e/dMKh5HdzBLmBeSccQDTgloyQ2HGbg+kRjmeFiuWOZl07EvbGyZltWwa05O7EbdruGqVnJU0ArtYfndHcU0DVkEVBClBlUrAS8jEjgVbF5yU8USQqdkzAaaRiRkyssWN8/xmVZGOIilrgjwQv0+kZFQqVno686QwET99nLxL2+QQtD0Mh4lKbCILhcFqcAQ4zwAPOKSURAzTQiVXN+K6YRIQkHHVNIhfH2K/ydd26w6pnNbr7SuVnEU0Qk6ReeoihqohW5QG3UQRQl6QE/o2UiNR+PFeF22FozVzDH6AePtExWjkb4=</latexit>

mtt̄

⊙ <latexit sha1_base64="SIQ4ZFyZdqbBT4bxfHxxBN2Miqg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM12067dZMPuRKih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeJ7HCfcj+ggFqFgFK3U7A4pkqdeqexW3BnIMvFyUoYc9V7pq9tXLI14jExSYzqem6CfUY2CST4pdlPDE8pGdMA7lsY04sbPZtdOyKlV+iRU2laMZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jMRJynymM0XhakkqMj0ddIXmjOUY0so08LeStiQasrQBlS0IXiLLy+T5nnFq1aqdxfl2nUeRwGO4QTOwINLqMEt1KEBDB7gGV7hzVHOi/PufMxbV5x85gj+wPn8AUeSjvQ=</latexit>

ẑ

<latexit sha1_base64="Hh6KjwfdzmnJBWHFXds0/lDeYWM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM12067dZMPuRCyh/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeJ7HCfcj+ggFqFgFK3U7A4pkqdeqexW3BnIMvFyUoYc9V7pq9tXLI14jExSYzqem6CfUY2CST4pdlPDE8pGdMA7lsY04sbPZtdOyKlV+iRU2laMZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jMRJynymM0XhakkqMj0ddIXmjOUY0so08LeStiQasrQBlS0IXiLLy+T5nnFq1aqdxfl2nUeRwGO4QTOwINLqMEt1KEBDB7gGV7hzVHOi/PufMxbV5x85gj+wPn8AUSKjvI=</latexit>

x̂

<latexit sha1_base64="CYDzR6kI5smrKB0hn9SuK7T3jfk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0Io/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wCzhfkSHSoSCUbRSqzeiSLJ+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6A/oRoFk3xa6qWGJ5SN6ZB3LVU04safzK+dkjOrDEgYa1sKyVz9PTGhkTFZFNjOiOLILHsz8T+vm2J47U+ESlLkii0WhakkGJPZ62QgNGcoM0so08LeStiIasrQBlSyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AUYOjvM=</latexit>

ŷ

lab-frame  rest framett̄
<latexit sha1_base64="NhvC4W9PwbIMbRTR0EQ4oYaXogE="></latexit>

ωptt̄<latexit sha1_base64="Kdhuu/2/Hnkb69OYAM6kzVrX6WY=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPoKewGXfUW9OIxgkmEZAmzk9lkyOyDmV4hLvkILx4U8er3ePNvnCQrqGhBQ1HVTXeXn0ih0bY/rMLC4tLySnG1tLa+sblV3t5p6ThVjDdZLGN161PNpYh4EwVKfpsoTkNf8rY/upz67TuutIijGxwn3AvpIBKBYBSN1O4OKZL7w165YlftGcicODVDTmzn3HWJk1sVyNHold+7/ZilIY+QSap1x7ET9DKqUDDJJ6VuqnlC2YgOeMfQiIZce9ns3Ak5MEqfBLEyFSGZqd8nMhpqPQ590xlSHOrf3lT8y+ukGJx5mYiSFHnE5ouCVBKMyfR30heKM5RjQyhTwtxK2JAqytAkVDIhfH1K/ietWtVxq+71caV+kcdRhD3YhyNw4BTqcAUNaAKDETzAEzxbifVovViv89aClc/swg9Yb5/UMY9D</latexit>

ẑ
→

<latexit sha1_base64="h5b0KHmBeCjE7QwpNPx0Y0BTQyQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPoKewGXfUW9OIxgnlAsoTZyWwyZPbBTK8QlnyEFw+KePV7vPk3TpIVVLSgoajqprvLT6TQaNsfVmFpeWV1rbhe2tjc2t4p7+61dJwqxpsslrHq+FRzKSLeRIGSdxLFaehL3vbH1zO/fc+VFnF0h5OEeyEdRiIQjKKR2r0RRTI57pcrdtWegyyIUzPkzHYuXZc4uVWBHI1++b03iFka8giZpFp3HTtBL6MKBZN8WuqlmieUjemQdw2NaMi1l83PnZIjowxIECtTEZK5+n0io6HWk9A3nSHFkf7tzcS/vG6KwYWXiShJkUdssShIJcGYzH4nA6E4QzkxhDIlzK2EjaiiDE1CJRPC16fkf9KqVR236t6eVupXeRxFOIBDOAEHzqEON9CAJjAYwwM8wbOVWI/Wi/W6aC1Y+cw+/ID19gnSrI9C</latexit>

ŷ
→

<latexit sha1_base64="ZOaa/yFqDySDEFjbf41MJEqIbJQ=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPoKewGXfUW9OIxgkmEZAmzk9lkyOyDmV4xLPkILx4U8er3ePNvnCQrqGhBQ1HVTXeXn0ih0bY/rMLC4tLySnG1tLa+sblV3t5p6ThVjDdZLGN161PNpYh4EwVKfpsoTkNf8rY/upz67TuutIijGxwn3AvpIBKBYBSN1O4OKZL7w165YlftGcicODVDTmzn3HWJk1sVyNHold+7/ZilIY+QSap1x7ET9DKqUDDJJ6VuqnlC2YgOeMfQiIZce9ns3Ak5MEqfBLEyFSGZqd8nMhpqPQ590xlSHOrf3lT8y+ukGJx5mYiSFHnE5ouCVBKMyfR30heKM5RjQyhTwtxK2JAqytAkVDIhfH1K/ietWtVxq+71caV+kcdRhD3YhyNw4BTqcAUNaAKDETzAEzxbifVovViv89aClc/swg9Yb5/RJ49B</latexit>

x̂
→

<latexit sha1_base64="MWW8hcsii5gAfnsm0eeUzCF5Gas=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqWSLrO2t6MVjBVsL7VKyabYNzWbXZFYoS/+EFw+KePXvePPfmG0rqOiDgcd7M8zMCxIpDBDy4RRWVtfWN4qbpa3tnd298v5Bx8SpZrzNYhnrbkANl0LxNgiQvJtoTqNA8ttgcpn7t/dcGxGrG5gm3I/oSIlQMApW6vZhzIEOYFCukCqx8DycE7dOXEsajXqt1sDu3CKkgpZoDcrv/WHM0ogrYJIa03NJAn5GNQgm+azUTw1PKJvQEe9ZqmjEjZ/N753hE6sMcRhrWwrwXP0+kdHImGkU2M6Iwtj89nLxL6+XQlj3M6GSFLhii0VhKjHEOH8eD4XmDOTUEsq0sLdiNqaaMrARlWwIX5/i/0mnVnW9qnd9VmleLOMooiN0jE6Ri85RE12hFmojhiR6QE/o2blzHp0X53XRWnCWM4foB5y3T43ZkFc=</latexit>

ωt

<latexit sha1_base64="iJxCmMeJ7zB7at83d89FzowK3rI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwGWZNb0IvHBMwDkiXMTnqTMbOzy8ysEJZ8gRcPinj1k7z5N04egooWNBRV3XR3BYng2hDy4eTW1jc2t/LbhZ3dvf2D4uFRW8epYtBisYhVN6AaBJfQMtwI6CYKaBQI6AST67nfuQeleSxvzTQBP6IjyUPOqLFS0wyKJVImFp6H58StEteSWq1aqdSwu7AIKaEVGoPie38YszQCaZigWvdckhg/o8pwJmBW6KcaEsomdAQ9SyWNQPvZ4tAZPrPKEIexsiUNXqjfJzIaaT2NAtsZUTPWv725+JfXS01Y9TMuk9SAZMtFYSqwifH8azzkCpgRU0soU9zeitmYKsqMzaZgQ/j6FP9P2pWy65W95kWpfrWKI49O0Ck6Ry66RHV0gxqohRgC9ICe0LNz5zw6L87rsjXnrGaO0Q84b587D41A</latexit>

t

<latexit sha1_base64="u4VqJZ3Iz7Xw9KmbFrlPiKAhw2I=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Gmbq9DG7ohuXFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAmjSjvOh5VbW9/Y3MpvF3Z29/YPiodHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wcjX3O/dEKir4rZ4mJIjRiNOIYqSN1O6HSEI9KJYc26n4Xq0MHbviuL53YYjv171qBbq2s0AJrNAcFN/7Q4HTmHCNGVKq5zqJDjIkNcWMzAr9VJEE4QkakZ6hHMVEBdni2hk8M8oQRkKa4hou1O8TGYqVmsah6YyRHqvf3lz8y+ulOqoHGeVJqgnHy0VRyqAWcP46HFJJsGZTQxCW1NwK8RhJhLUJqGBC+PoU/k/aZdut2tUbr9S4XMWRByfgFJwDF9RAA1yDJmgBDO7AA3gCz5awHq0X63XZmrNWM8fgB6y3T7QHj0A=</latexit>

t̄

<latexit sha1_base64="MswEuMIugZ/mh8r9RgkwXh+BqHE=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbmuwuSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJnjE2oYbwXqJYkQGgnWD6XXud++Z0jyO7swsYb4k44iHnBKTS4NkwoflCq5iC89DOXHr2LWk0ajXag3kLiyMK7BCa1h+H4ximkoWGSqI1n0XJ8bPiDKcCjYvDVLNEkKnZMz6lkZEMu1ni1vn6MwqIxTGylZk0EL9PpERqfVMBrZTEjPRv71c/Mvrpyas+xmPktSwiC4XhalAJkb542jEFaNGzCwhVHF7K6ITogg1Np6SDeHrU/Q/6dSqrlf1bi8qzatVHEU4gVM4BxcuoQk30II2UJjAAzzBsyOdR+fFeV22FpzVzDH8gPP2CW5fjoc=</latexit>

ω

Figure 1. Definition of the kinematical variables. Left: lab-frame view defining mtt̄ and ωZ . Right:
tt̄-rest-frame view defining ωt and ε.

In the lab frame, the tt̄ subsystem is back-to-back with the Z-boson. The momentum of tt̄

subsystem is p
µ
tt̄ = (p1 + p2)µ = (Ett̄, →q sin ωZ , 0, →q cos ωZ) with Ett̄ =

√
m

2

tt̄ + q2, where
m

2

tt̄ = (p1 + p2)2 is the tt̄ invariant mass. The conservation of the energy,
↑

s = E3 + Ett̄,

leads to q = 1

2

√
s → 2(m2

tt̄ + m
2

Z) + 1

s (m
2

tt̄ → m
2

Z)2 .
The kinematics of t and t̄ are determined as follows. We first describe the t and

t̄ momenta at the tt̄ rest frame as p
→
1

= [mtt̄
2

, p
→(sin ωt cos ε, sin ωt sin ε, cos ωt)] and p

→
2

=

[mtt̄
2

, →p
→(sin ωt cos ε, sin ωt sin ε, cos ωt)] with p

→ =

√
m2

tt̄
4

→ m
2
t . Here, ωt and ε are the polar

and azimuthal angles of the top momentum, where the polar axis is taken to be the boost
direction of the tt̄ subsystem (see the right panel of Fig. 1). The lab-frame momenta, p1

and p2, are obtained by Lorentz-transforming p
→
1

and p
→
2

to the lab-frame.
With the above parametrisation, the lab-frame momenta p1, p2 and p3 are completely

fixed (up to the cylindrical symmetry of the collider) by the following four parameters:

• mtt̄: tt̄ invariant mass, mtt̄ ↓ [ 2mt,
↑

s → mZ ];

• ωZ : polar angle of Z in the lab frame, cos ωZ ↓ [→1, 1];

• ωt: polar angle of t in the tt̄ rest frame, cos ωt ↓ [→1, 1];

• ε: azimuthal angle of t in the tt̄ rest frame, ε ↓ [0, 2ϑ).

In this parametrisation, CP acts on the final state as t ↔ t̄ together with ϖpi ↗ →ϖpi for
every final-state momentum. This reverses ϖ̂pZ in the lab frame, which sends εZ ↗ εZ + ϑ;
re-using the cylindrical symmetry of the collider to reset εZ = 0 (a rotation by ϑ about ẑ),
CP acts on the four variables as

CP : (mtt̄, cos ωZ , cos ωt, ε) →↗ (mtt̄, → cos ωZ , → cos ωt, →ε) . (2.2)

The sign flips of cos ωt and ε are most easily checked by decomposing CP into its two factors.
We treat CP as an active transformation acting only on the final state: the unpolarised
initial state is itself CP-symmetric, so the lab axes (x̂, ŷ, ẑ) are kept fixed throughout.

– 4 –

<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e
→ <latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e
+

<latexit sha1_base64="T+33AofCOwOR9y8BHl1eBa93KGA=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtU+uu6MZlC/aB7VAyaaaNzWSGJCOUoV/gxoUibv0kd/6NmbaCih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ1eZ37mnUrFI3OhpTL0QjwQLGMHaSM3bQbGEbFR1KxcuRLaLnFo5I2XXQagCHRvNUQJLNAbF9/4wIklIhSYcK9VzUKy9FEvNCKezQj9RNMZkgke0Z6jAIVVeOj90Bk+MMoRBJE0JDefq94kUh0pNQ990hliP1W8vE//yeokOal7KRJxoKshiUZBwqCOYfQ2HTFKi+dQQTCQzt0IyxhITbbIpmBC+PoX/k3bZdqp2tXlWql8u48iDI3AMToEDzkEdXIMGaAECKHgAT+DZurMerRfrddGas5Yzh+AHrLdPE8CNJQ==</latexit>

Z

<latexit sha1_base64="kbHBpzH7csMk4jOFAGpfnLj61tA=">AAAB73icdVDLTgJBEJzFF+IL9ehlIjHxtJkFF/FG9OIRExEibMjsMMCE2YczvSZkw0948aAxXv0db/6Ns4CJGq2kk0pVd7q7/FgKDYR8WLml5ZXVtfx6YWNza3unuLt3o6NEMd5kkYxU26eaSxHyJgiQvB0rTgNf8pY/vsj81j1XWkThNUxi7gV0GIqBYBSM1O7CiAPt3faKJWKTqls5czGxXeLUyhkpuw4hFezYZIYSWqDRK753+xFLAh4Ck1TrjkNi8FKqQDDJp4VuonlM2ZgOecfQkAZce+ns3ik+MkofDyJlKgQ8U79PpDTQehL4pjOgMNK/vUz8y+skMKh5qQjjBHjI5osGicQQ4ex53BeKM5ATQyhTwtyK2YgqysBEVDAhfH2K/yc3Zdup2tWrk1L9fBFHHh2gQ3SMHHSK6ugSNVATMSTRA3pCz9ad9Wi9WK/z1py1mNlHP2C9fQJmipA8</latexit>

ωZ
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<latexit sha1_base64="p3uJl0o0LeKbUSwg4biUAPRdEzE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFdK0pnVXdOOygn1AE8pkOmmHTh7M3Agl9DfcuFDErT/jzr9x0lZQ0QMXDufcy733+IngCizrwyisrW9sbhW3Szu7e/sH5cOjropTSVmHxiKWfZ8oJnjEOsBBsH4iGQl9wXr+9Dr3e/dMKh5HdzBLmBeSccQDTgloyQ2HGbg+kRjmeFiuWOZl07EvbGyZltWwa05O7EbdruGqVnJU0ArtYfndHcU0DVkEVBClBlUrAS8jEjgVbF5yU8USQqdkzAaaRiRkyssWN8/xmVZGOIilrgjwQv0+kZFQqVno686QwET99nLxL2+QQtD0Mh4lKbCILhcFqcAQ4zwAPOKSURAzTQiVXN+K6YRIQkHHVNIhfH2K/ydd26w6pnNbr7SuVnEU0Qk6ReeoihqohW5QG3UQRQl6QE/o2UiNR+PFeF22FozVzDH6AePtExWjkb4=</latexit>
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ω

Figure 1. Definition of the kinematical variables. Left: lab-frame view defining mtt̄ and ωZ . Right:
tt̄-rest-frame view defining ωt and ε.

In the lab frame, the tt̄ subsystem is back-to-back with the Z-boson. The momentum of tt̄

subsystem is p
µ
tt̄ = (p1 + p2)µ = (Ett̄, →q sin ωZ , 0, →q cos ωZ) with Ett̄ =

√
m

2

tt̄ + q2, where
m

2

tt̄ = (p1 + p2)2 is the tt̄ invariant mass. The conservation of the energy,
↑

s = E3 + Ett̄,

leads to q = 1

2

√
s → 2(m2

tt̄ + m
2

Z) + 1

s (m
2

tt̄ → m
2

Z)2 .
The kinematics of t and t̄ are determined as follows. We first describe the t and

t̄ momenta at the tt̄ rest frame as p
→
1

= [mtt̄
2

, p
→(sin ωt cos ε, sin ωt sin ε, cos ωt)] and p

→
2

=

[mtt̄
2

, →p
→(sin ωt cos ε, sin ωt sin ε, cos ωt)] with p

→ =

√
m2

tt̄
4

→ m
2
t . Here, ωt and ε are the polar

and azimuthal angles of the top momentum, where the polar axis is taken to be the boost
direction of the tt̄ subsystem (see the right panel of Fig. 1). The lab-frame momenta, p1

and p2, are obtained by Lorentz-transforming p
→
1

and p
→
2

to the lab-frame.
With the above parametrisation, the lab-frame momenta p1, p2 and p3 are completely

fixed (up to the cylindrical symmetry of the collider) by the following four parameters:

• mtt̄: tt̄ invariant mass, mtt̄ ↓ [ 2mt,
↑

s → mZ ];

• ωZ : polar angle of Z in the lab frame, cos ωZ ↓ [→1, 1];

• ωt: polar angle of t in the tt̄ rest frame, cos ωt ↓ [→1, 1];

• ε: azimuthal angle of t in the tt̄ rest frame, ε ↓ [0, 2ϑ).

In this parametrisation, CP acts on the final state as t ↔ t̄ together with ϖpi ↗ →ϖpi for
every final-state momentum. This reverses ϖ̂pZ in the lab frame, which sends εZ ↗ εZ + ϑ;
re-using the cylindrical symmetry of the collider to reset εZ = 0 (a rotation by ϑ about ẑ),
CP acts on the four variables as

CP : (mtt̄, cos ωZ , cos ωt, ε) →↗ (mtt̄, → cos ωZ , → cos ωt, →ε) . (2.2)

The sign flips of cos ωt and ε are most easily checked by decomposing CP into its two factors.
We treat CP as an active transformation acting only on the final state: the unpolarised
initial state is itself CP-symmetric, so the lab axes (x̂, ŷ, ẑ) are kept fixed throughout.

– 4 –

Kinematics: 
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CP
<latexit sha1_base64="pVDcdzpyawLk3xO5F0kq2VKM+tI="></latexit>

O(t, t̄, Z; cos ωZ , cos ωt,ε) = O(t̄, t, Z;→ cos ωZ ,→ cos ωt,→ε)



62

c

e→(k1)

e+(k2)

ω↑/Z↑

t(p1)

Z(p3)

t̄(p2)

(a)

e→

e+

ω↑/Z↑

t

t̄

Z

(b)

e→
Z

e+

ω↑/Z↑

t

t̄

(c)

e→

e+
Z

ω↑/Z↑

t

t̄

(d)

e→

e+

Z↑

Z

h↑

t

t̄

(e)

Figure 2. Tree-level Feynman diagrams contributing to e
+
e
→ → tt̄Z in the Standard Model.

Diagrams (a) and (b): Z radiation from t and t̄. Diagrams (c) and (d): Z radiation from e
→ and

e
+. Diagram (e): Higgsstrahlung e

+
e
→ → Zh

↑ → Ztt̄.

Under C, ωpt is replaced by ωpt̄ = ↑ωpt in the tt̄ rest frame, contributing cos εt → ↑ cos εt and
ϑ → ϑ + ϖ. Under P (with the accompanying rotation), only the final-state p̂Z flips in the
lab (not ẑ); hence ẑ

→ = ↑p̂Z and ŷ
→ ↓ ẑ↔ p̂Z each change sign, while x̂

→ = ŷ
→↔ ẑ

→ picks up two
such minus signs and is unchanged. Projecting onto the new triad then contributes an extra
ϑ → ϖ ↑ ϑ. Composing the two gives (2.2). For unpolarised beams the tree-level process
is CP-invariant, so any CP-even observable is left invariant by (2.2) and any CP-conjugate
pair, e.g. (NtZ , Nt̄Z), satisfies OtZ(cos εZ , cos εt, ϑ) = Ot̄Z(↑ cos εZ , ↑ cos εt, ↑ϑ).

2.2 Helicity Amplitudes

To obtain the spin quantum state of the final state, we compute the helicity amplitudes
of e

+
e
↑ → tt̄Z at the leading order. There are five types of tree-level diagrams, labelled by

I = a, . . . , e, shown in Fig. 2. The amplitudes for fixed momenta and helicities are given as
the sum of five diagrams:

Mω1,ω2
h1,h2,h3

=
∑

I=a,...,e

M(I)[ū(k1, ϱ1), v(k2, ϱ2), u(p1, h1), v̄(p2, h2), ς(p3, h3)], (2.3)

where M(I) is the contribution from the diagram I, which is a function of four Dirac spinors
corresponding to e

↑, e
+, t and t̄ and the polarisation vector ς

µ of the Z-boson. The fermion
and anti-fermion spinors u(p, ϱ) and v(p, ϱ) with the helicity ϱ = ± and the momentum
p
µ = (E, ωp) with E =

√
m2 + |ωp|2 and ωp = |ωp|(sin ε cosϑ, sin ε sin ϑ, cos ε) are given by

[107–109]1

u(p, ϱ) =

(
φ↑ω(p)↼ω(p)

φω(p)↼ω(p)

)
, v(p, ϱ) =

(
↑ϱφω(p)↼↑ω(p)

ϱφ↑ω(p)↼↑ω(p)

)
, φω(p) =

√
E + ϱ|ωp| ,

↼+ =

(
e
↑iε/2 cos ϑ

2

e
iε/2 sin ϑ

2

)
, ↼↑ =

(
↑e

↑iε/2 sin ϑ
2

e
iε/2 cos ϑ

2

)
. (2.4)

When ε = 0 and ϖ, the phase ambiguity in ↼± is fixed by setting ϑ = 0. For the
Z-boson momentum p

µ
3

= (E3, q sin εZ , 0, q cos εZ), the polarisation vectors corresponding
1
Here (ω,ε) denote the polar and azimuthal angles of ϑp in the lab frame, and should not be confused

with ωZ , ωt and ε introduced in Sec. 2.1.
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Figure 2. Tree-level Feynman diagrams contributing to e
+
e
→ → tt̄Z in the Standard Model.

Diagrams (a) and (b): Z radiation from t and t̄. Diagrams (c) and (d): Z radiation from e
→ and

e
+. Diagram (e): Higgsstrahlung e

+
e
→ → Zh

↑ → Ztt̄.

Under C, ωpt is replaced by ωpt̄ = ↑ωpt in the tt̄ rest frame, contributing cos εt → ↑ cos εt and
ϑ → ϑ + ϖ. Under P (with the accompanying rotation), only the final-state p̂Z flips in the
lab (not ẑ); hence ẑ

→ = ↑p̂Z and ŷ
→ ↓ ẑ↔ p̂Z each change sign, while x̂

→ = ŷ
→↔ ẑ

→ picks up two
such minus signs and is unchanged. Projecting onto the new triad then contributes an extra
ϑ → ϖ ↑ ϑ. Composing the two gives (2.2). For unpolarised beams the tree-level process
is CP-invariant, so any CP-even observable is left invariant by (2.2) and any CP-conjugate
pair, e.g. (NtZ , Nt̄Z), satisfies OtZ(cos εZ , cos εt, ϑ) = Ot̄Z(↑ cos εZ , ↑ cos εt, ↑ϑ).

2.2 Helicity Amplitudes

To obtain the spin quantum state of the final state, we compute the helicity amplitudes
of e

+
e
↑ → tt̄Z at the leading order. There are five types of tree-level diagrams, labelled by

I = a, . . . , e, shown in Fig. 2. The amplitudes for fixed momenta and helicities are given as
the sum of five diagrams:

Mω1,ω2
h1,h2,h3

=
∑

I=a,...,e

M(I)[ū(k1, ϱ1), v(k2, ϱ2), u(p1, h1), v̄(p2, h2), ς(p3, h3)], (2.3)

where M(I) is the contribution from the diagram I, which is a function of four Dirac spinors
corresponding to e

↑, e
+, t and t̄ and the polarisation vector ς

µ of the Z-boson. The fermion
and anti-fermion spinors u(p, ϱ) and v(p, ϱ) with the helicity ϱ = ± and the momentum
p
µ = (E, ωp) with E =

√
m2 + |ωp|2 and ωp = |ωp|(sin ε cosϑ, sin ε sin ϑ, cos ε) are given by

[107–109]1

u(p, ϱ) =

(
φ↑ω(p)↼ω(p)

φω(p)↼ω(p)

)
, v(p, ϱ) =

(
↑ϱφω(p)↼↑ω(p)

ϱφ↑ω(p)↼↑ω(p)

)
, φω(p) =

√
E + ϱ|ωp| ,

↼+ =

(
e
↑iε/2 cos ϑ

2

e
iε/2 sin ϑ

2

)
, ↼↑ =

(
↑e

↑iε/2 sin ϑ
2

e
iε/2 cos ϑ

2

)
. (2.4)

When ε = 0 and ϖ, the phase ambiguity in ↼± is fixed by setting ϑ = 0. For the
Z-boson momentum p

µ
3

= (E3, q sin εZ , 0, q cos εZ), the polarisation vectors corresponding
1
Here (ω,ε) denote the polar and azimuthal angles of ϑp in the lab frame, and should not be confused

with ωZ , ωt and ε introduced in Sec. 2.1.
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to helicities h3 → {+1, 0, ↑1} are given by

ω
µ(p3, ±) = ± 1↓

2
(0, ↑ cos εZ , ±i, sin εZ) , ω

µ(p3, 0) =

(
q

mZ
,

E3

mZ
(sin εZ , 0, cos εZ)

)
.

(2.5)

These polarisation vectors satisfy p3 · ω(p3, h3) = 0 and the standard orthonormality
relations. We explicitly evaluate the helicity amplitudes in Eq. (2.3) with these spinors
and polarisation vectors. Since the electron mass is neglected, chirality conservation at the
e
+
e
→
ϑ
↑
/Z

↑ vertex implies helicity conservation along the fermion line, so the amplitudes
vanish unless ϖ1 = ↑ϖ2:

M++

h1,h2,h3
= M→→

h1,h2,h3
= 0 . (2.6)

2.3 Spin Quantum States

For fixed external momenta and initial polarisation (ϖ1, ϖ2), the unnormalised final
spin state in the Hilbert space H = C2 ↔ C2 ↔ C3 is given by

|ϱ̃ω1,ω2↗ =
∑

h1,h2,h3

Mω1,ω2
h1,h2,h3

|h1, h2, h3↗ . (2.7)

The corresponding unnormalised 12 ↘ 12 density matrix is

R
ω1,ω2

(h1,h2,h3),(h→
1,h

→
2,h

→
3)

= Mω1,ω2
h1,h2,h3

[Mω1,ω2

h→
1,h

→
2,h

→
3
]↑ . (2.8)

The normalised density matrix is then obtained as ς
ω1,ω2 = R

ω1,ω2/Tr[Rω1,ω2 ].
In a realistic experimental situation, the incoming beams are not 100% polarised. We

introduce the polarisation parameters Pe± → [↑1, 1] to describe the e
→ and e

+ beams as
[25, 40]

ςe± =
1

2
(1 + Pe±)|+↗≃+|e± +

1

2
(1 ↑ Pe±)|↑↗≃↑|e± . (2.9)

For imperfectly polarised beams with Pe↑ and Pe+ , the final state density matrix is in
general mixed and is obtained as the cross-section-weighted average over initial helicities.
The unnormalised density matrix in this case is given by

R [Pe↑ , Pe+ ] =
∑

ω1,ω2

Pω1,ω2 R
ω1,ω2 , Pω1,ω2 =

1

4
(1 + ϖ1Pe↑)(1 + ϖ2Pe+) , (2.10)

where Pω1,ω2 is the joint probability of having initial helicities (ϖ1, ϖ2). Since the SM
amplitudes vanish for ϖ1 = ϖ2, only the (+, ↑) and (↑, +) helicity configurations contribute.
Throughout Sec. 4 we use the unpolarised configuration Pe↑ = Pe+ = 0, for which

ς
unpol =

R[0, 0]

Tr R[0, 0]
, R[0, 0] =

1

4

[
R

+→ + R
→+

]
. (2.11)

In Sec. 5, where we estimate the prospects for an entanglement observation at a future
e
+
e
→ collider, we additionally consider two polarised benchmarks, Pol+ with (Pe↑ , Pe+) =

(+0.8, ↑0.3) and Pol↑ with (↑0.8, +0.3); the corresponding ς[Pe↑ , Pe+ ] is obtained directly
from Eq. (2.10).
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Helicity amplitudes:

Spin state:

Density matrix:

(unnormalised)

(unnormalised) ← pure
The diagonal elements of the R-matrix correspond to the di!erential cross-section

dω
ω1,ω2
h1,h2,h3

d!
=

1

2s
R

ω1,ω2

(h1,h2,h3),(h1,h2,h3)
. (2.12)

In an experimental setup, the density matrix ε must be averaged over the events contained
in some selected phase space region ”, which leads to

ε
ω1,ω2
!

=
R

ω1,ω2
!

Tr[Rω1,ω2
!

]
, R

ω1,ω2
!

=

∫

!

dω
ω1,ω2 ε

ω1,ω2 =

∫

!

d!

2s
R

ω1,ω2 , (2.13)

where dω
ω1,ω2 =

∑
h1,h2,h3 dω

ω1,ω2
h1,h2,h3 and the full phase space integration is

∫

full

d! =
1

1024 ϑ4

∫
(mmax

tt̄
)
2

(mmin
tt̄

)2
dm

2

tt̄ ϖ
1
2
ttZ ϖ

1
2
tt

∫
1

→1

d cos ϱZ

∫
1

→1

d cos ϱt

∫
2ε

0

dς (2.14)

with m
min

tt̄ = 2mt, m
max

tt̄ =
→

s ↑ mZ , ϖttZ = φ(s, m2

tt̄, m
2

Z)/s
2, and ϖtt = 1 ↑ 4m

2
t /m

2

tt̄,
where φ(x, y, z) = x

2 + y
2 + z

2 ↑ 2xy ↑ 2xz ↑ 2yz is the Källén function.
The averaging procedure generally makes the state mixed due to the entanglement

between the spin and the momentum degrees of freedom. Note that for each event the
spin quantisation axes are taken along the directions of the momentum of each particle
(i.e., the helicity basis). This means that in the phase space integration, we sum density
matrices defined with di!erent spin-quantisation axes. In the literature, the result of such
an average is called the “fictitious quantum state” [6, 14]. It is this object on which all the
entanglement measures introduced in Sec. 3 will be evaluated. For unpolarised beams the
fictitious final state is therefore given by

ε
unpol

!
=

R![0, 0]

Tr R![0, 0]
, R![0, 0] =

1

4

[
R

+→
!

+ R
→+

!

]
; (2.15)

the polarised analogue ε! [Pe→ , Pe+ ] used in Sec. 5 is obtained by normalising
R! [Pe→ , Pe+ ] =

∑
ω1,ω2

Pω1,ω2 R
ω1,ω2
!

, with the joint probabilities Pω1,ω2 given in Eq. (2.10).

3 Entanglement Measures

The spin density matrix ε (and ε!) constructed in the previous sections describes a
tripartite spin state of the tt̄Z system in the Hilbert space H = C2

t ↓ C2

t̄ ↓ C3

Z , which
has dimension twelve. In this section, we introduce several entanglement measures to
characterise the multipartite entanglement structure of the state.

3.1 Separability and LOCC Monotonicity

One of the defining properties of quantum entanglement is non-separability. For a
bipartite mixed state εAB acting on the Hilbert space HA↓HB, the state is called separable
if it admits a convex decomposition,

ε
AB
sep =

∑

i

qi ε
A
i ↓ ε

B
i , ε

A
i ↔ S(HA), ε

B
i ↔ S(HB), (3.1)
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Differential cross section:
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to helicities h3 → {+1, 0, ↑1} are given by
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2
(0, ↑ cos εZ , ±i, sin εZ) , ω

µ(p3, 0) =

(
q

mZ
,

E3

mZ
(sin εZ , 0, cos εZ)

)
.

(2.5)

These polarisation vectors satisfy p3 · ω(p3, h3) = 0 and the standard orthonormality
relations. We explicitly evaluate the helicity amplitudes in Eq. (2.3) with these spinors
and polarisation vectors. Since the electron mass is neglected, chirality conservation at the
e
+
e
→
ϑ
↑
/Z

↑ vertex implies helicity conservation along the fermion line, so the amplitudes
vanish unless ϖ1 = ↑ϖ2:

M++

h1,h2,h3
= M→→

h1,h2,h3
= 0 . (2.6)

2.3 Spin Quantum States

For fixed external momenta and initial polarisation (ϖ1, ϖ2), the unnormalised final
spin state in the Hilbert space H = C2 ↔ C2 ↔ C3 is given by

|ϱ̃ω1,ω2↗ =
∑

h1,h2,h3

Mω1,ω2
h1,h2,h3

|h1, h2, h3↗ . (2.7)

The corresponding unnormalised 12 ↘ 12 density matrix is

R
ω1,ω2

(h1,h2,h3),(h→
1,h

→
2,h

→
3)

= Mω1,ω2
h1,h2,h3

[Mω1,ω2

h→
1,h

→
2,h

→
3
]↑ . (2.8)

The normalised density matrix is then obtained as ς
ω1,ω2 = R

ω1,ω2/Tr[Rω1,ω2 ].
In a realistic experimental situation, the incoming beams are not 100% polarised. We

introduce the polarisation parameters Pe± → [↑1, 1] to describe the e
→ and e

+ beams as
[25, 40]

ςe± =
1

2
(1 + Pe±)|+↗≃+|e± +

1

2
(1 ↑ Pe±)|↑↗≃↑|e± . (2.9)

For imperfectly polarised beams with Pe↑ and Pe+ , the final state density matrix is in
general mixed and is obtained as the cross-section-weighted average over initial helicities.
The unnormalised density matrix in this case is given by

R [Pe↑ , Pe+ ] =
∑

ω1,ω2

Pω1,ω2 R
ω1,ω2 , Pω1,ω2 =

1

4
(1 + ϖ1Pe↑)(1 + ϖ2Pe+) , (2.10)

where Pω1,ω2 is the joint probability of having initial helicities (ϖ1, ϖ2). Since the SM
amplitudes vanish for ϖ1 = ϖ2, only the (+, ↑) and (↑, +) helicity configurations contribute.
Throughout Sec. 4 we use the unpolarised configuration Pe↑ = Pe+ = 0, for which

ς
unpol =

R[0, 0]

Tr R[0, 0]
, R[0, 0] =

1

4

[
R

+→ + R
→+

]
. (2.11)

In Sec. 5, where we estimate the prospects for an entanglement observation at a future
e
+
e
→ collider, we additionally consider two polarised benchmarks, Pol+ with (Pe↑ , Pe+) =

(+0.8, ↑0.3) and Pol↑ with (↑0.8, +0.3); the corresponding ς[Pe↑ , Pe+ ] is obtained directly
from Eq. (2.10).
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 state:tt̄Z

(mixed)

<latexit sha1_base64="ZX3E8iitvAcSN9Xe5LG9wsqRB9I="></latexit>

R! =

∫

!
dωε =

∫

!

d!

2s
R

(initial spin averaging)

 state:tt̄Z

(mixed)
(phase-space integ.)

The spin quantization axes (helicity 
basis) are different from event to event.

 is a fictitious state,RΣ
Afik, de Nova [2003.02280], 

Cheng, Han, Low [2311.09166]

The source of mixing:

Normalised state:
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with qi → 0 and
∑

i qi = 1, where S(H) is the set of all density matrices of H. The set
of entangled states is defined as the complement of the set of separable states. Based on
this notion of separability, we consider an entanglement measure, a non-negative function
E(ω) → 0, which vanishes for all separable states. If E(ω) > 0 for every entangled state,
i.e., every non-separable state, the measure E is called faithful.

For a tripartite system H = HA ↑ HB ↑ HC , the structure of separability becomes
richer, since several inequivalent notions of separability may arise. First, the state ω is said
to be fully separable if it admits a convex decomposition

ω
fs =

∑

i

qi ω
A
i ↑ ω

B
i ↑ ω

C
i , (3.2)

with qi → 0,
∑

i qi = 1 and ω
I
i ↓ S(HI) for I = A, B, C. Fully separable states contain only

classical correlations among the three subsystems, and all entanglement measures vanish
for such states.

Beyond fully separable states, there is a set of states that are separable for a given
bipartition M |M . A state is called M -separable if it admits a decomposition

ω
M |M =

∑

i

qi ω
M
i ↑ ω

M
i , (3.3)

with qi → 0 and
∑

i qi = 1. In the tripartite system, there are three types of such states,
ω
A|BC , ω

B|AC and ω
C|AB. Below we will define entanglement measures that can probe M |M

entanglement.
A third notion of separability is bi-separability. A tripartite state ω is called bi-separable

if it can be expressed as a convex mixture of states that are separable across di!erent
bipartitions:

ω
bs = q1 ω

A|BC + q2 ω
B|AC + q3 ω

C|AB
, (3.4)

with qi → 0 and q1 + q2 + q3 = 1. A general mixed state may be bi-separable even if it is
non-M -separable for all cuts, M = A, B and C. A state that is not bi-separable is called
genuine multipartite entangled (GME). Fig. 3 illustrates the di!erent separability classes in
the tripartite quantum system.

Another fundamental property of entanglement is the monotonicity under the local
operations and classical communication (LOCC). Under the LOCC protocol, distant
observers can perform unitary transformations and measurements only on their own
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Analytical characterization of the genuine multiparticle negativity 3

(a) (b)

Figure 1. (a) The nested structure of the different convex sets of separable states
within the set of all states. The innermost set (dark dot) represents the fully separable
states. The three sets of states which are separable (with respect to a partition A|BC,
B|AC or C|AB) are supersets of the set of fully separable states, which is contained
in but not equal to the intersection of the three. The biseparable states form the
convex hull of the separable states with respect to the different partitions. All states
outside the set of biseparable states are genuine multiparticle entangled. (b) The PPT
mixtures are the convex hull of states, which are PPT with respect to a single partition.
As all states which are separable with respect to a certain partition are also PPT, the
PPT mixtures form a superset of the biseparable states. States which are not PPT
mixtures are genuine multiparticle entangled.

joint system AB and is the single system C,

!sepC|AB =
∑

k

pk|ψk
AB→〈ψk

AB|⊗ |φk
C→〈φk

C |. (2)

Similarly one defines states which are separable with respect to the other possible

splittings B|AC and A|BC. The convex hull of these three sets defines the set of

biseparable states,
!bisep = pA!

sep
A|BC + pB!

sep
B|AC + pC!

sep
C|AB. (3)

States outside this set are called genuine multiparticle entangled and are the states of

interest for many experimental applications.

In the three-particle case one ends up with a nested structure of different kinds of

separable states, all of which are contained within the biseparable states (see Fig. 1(a)).

2.2. PPT mixtures and the genuine multiparticle negativity

At present, there is no general framework to prove or disprove the existence of a

biseparable decomposition for arbitrary mixed states. In Ref. [1] this problem was

studied by introducing a relaxation. Instead of trying to characterize the set of

biseparable states as given in Eq. (3) one characterizes the superset of so-called PPT
mixtures.
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Separability classes:



● If state is separable, 
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ωTB =
∑

i

pi ω
A
i → (ωBi )

T
is Hermitian, Unit-Trace, PSD

If one finds a negative eigenvalue in , the state is guaranteed to be entangled. ρTB

 necessary condition, it is also sufficient for . ⇒ (dA, dB) = (2,2), (2,3), (3,2)
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separable

PPT

⌘ If , the state  is calledρTB ≥ 0 ρ

“Positive-Partial-Transpose (PPT)”.

⌘ All separable states are PPT. 
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Negativity:

The proof is one line: for a separable state ωTB =
∑

i
pi ωAi →(ωB

i
)T ↑ 0 because transposition

preserves positivity of a single density matrix. The magic is that on an entangled state trans-
position — a positive but not completely positive map — can produce a negative eigenvalue.
(That same “positive but not completely positive” fact reappears as the definition of a physical
channel in Session 2; here it detects entanglement, there it constrains dynamics.)

1.4.3 Measures: concurrence and negativity

Slide: two
numbers to
quantify
entanglement
—
concurrence &
negativity.

Detection is yes/no; a measure says how much. Two that we actually use:

Concurrence (two qubits, Wootters). For a pure state, C(|ε↓) =
√
2
(
1↔ Tr ω2

A

)
. For a

mixed two-qubit state,
C(ω) = max{0, ϑ1 ↔ ϑ2 ↔ ϑ3 ↔ ϑ4}, (13)

where ϑ1 ↗ · · · ↗ ϑ4 are the square roots of the eigenvalues of ω ω̃ with the spin-flipped ω̃ = (ϖy→
ϖy)ω→(ϖy → ϖy) (ω→ in the computational basis). C ↘ [0, 1]; C = 0 separable, C = 1 maximally

entangled. The entanglement of formation is a monotonic function of C, EF = h
(
1+

↑
1↓C2

2

)

with h the binary entropy.

Negativity. Directly from PPT, quantify “how negative”:

N(ω) =
≃ωTB≃1 ↔ 1

2
=

∑

µ:ωµ<0

|ϑµ|, (14)

the sum of the absolute values of the negative eigenvalues of ωTB (≃ · ≃1 is the trace norm).
Easy to compute in any dimension, convex, but blind to the “bound” (PPT) entanglement that
exists in larger systems — not an issue for two spins.

1.4.4 Entanglement witnesses — what experiments actually measure

Slide: a
witness = one
hyperplane /
one inequality;
3 settings vs.
9 for full
tomography.

Full tomography of ω needs many measurement settings (9 correlations for two qubits). A
cheaper certificate is a single observable:

Definition (entanglement witness). A Hermitian W is a witness if

Tr(W ωsep) ↗ 0 ⇐ separable ωsep, Tr(W ωe) < 0 for some entangled ωe.

A negative expectation value certifies entanglement.

Geometrically W defines a hyperplane separating the entangled state from the convex set
of separable states; by Hahn–Banach every entangled state has some witness. A canonical
construction is the fidelity witness W = ϱ 1l ↔ |ε↓⇒ε| with ϱ = maxproduct |ε↔ |⇒ε|ς↓|2 (largest
squared Schmidt coe!cient of the target |ε↓): measuring a fidelity to |ε↓ above the best sepa-
rable overlap certifies entanglement. This “exceed a threshold correlation” logic is exactly what
the collider entanglement observables (Section 2) implement.

Key point. The single most important conceptual slide of Section 1: entanglement is strictly

weaker than Bell non-locality. Being entangled means “not classically preparable”; it does
not by itself imply a Bell-inequality violation. The next section makes this precise with Werner
states.

11

separable

PPT

<latexit sha1_base64="9R4tfhdC7r/TVP/7TxJXvPeI6JE="></latexit>

ωµ are the eigenvalues of εTB

⌘ Negativity is a faithful ENT measure only for 2 x 2 and 2 x 3 systems. 
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One-to-one entanglement A

B C

entanglement one-to-one entanglement. To measure the entanglement between A and B,
one first traces out subsystem C and constructs the reduced density matrix to describe the
AB subsystem

ωAB → TrC [ω] . (3.12)

The entanglement between A and B can then be quantified by the negativity NA(ωAB) =

NB(ωAB).
For a state ω of the tt̄Z spin system, one can define three reduced density matrices

describing di!erent pairs:

ωtt̄ = TrZ [ω] (2 ↑ 2), ωtZ = Trt̄[ω] (2 ↑ 3), ωt̄Z = Trt[ω] (2 ↑ 3), (3.13)

The parenthetical labels denote the Hilbert-space dimensions of the retained subsystems
after the partial trace. Correspondingly, we define the one-to-one negativities as

Ntt̄ → Nt(ωtt̄), NtZ → NZ(ωtZ), Nt̄Z → NZ(ωt̄Z) . (3.14)

From Eq. (3.11), these quantities have the same range

(separable) 0 ↓ Ntt̄, NtZ , Nt̄Z ↓ 1

2
(maximally entangled) . (3.15)

Since the Peres–Horodecki criterion is a necessary and su"cient condition for entanglement
in the 2 ↑ 2 and 2 ↑ 3 systems, these one-to-one negativities are faithful entanglement
measures: they vanish if and only if the corresponding reduced state is separable.

3.5 One-to-Other Entanglement

Another natural question for the tt̄Z state is whether each particle is entangled with
the rest of the system. This type of entanglement is called one-to-other entanglement.
Taking the partial transpose with respect to the single subsystem Z, t and t̄, we define the
following one-to-other negativities

N(Z|tt̄) → NZ(ω) (3 ↑ 4), N(t|t̄Z) → Nt(ω) (2 ↑ 6), N(t̄|tZ) → Nt̄(ω) (2 ↑ 6) .

(3.16)

The parentheses denote the dimensions of the two subsystems defined by the partition.
Hence, the corresponding negativities are not faithful entanglement measures. The upper
bound Eq. (3.11) gives the following ranges:

(PPT)
0 ↓ N(Z|tt̄) ↓ 1

0 ↓ N(t|t̄Z), N(t̄|tZ) ↓ 1

2

(maximally entangled) (3.17)

Since all M -separable states are PPT with respect to the bipartition M |M , a
non-vanishing negativity, NM (ω) > 0, guarantees non-M -separability, certifying
one-to-other entanglement for the corresponding bipartition.
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GME certification

3.6 Genuine Multipartite Negativity

One of the central questions for the tt̄Z spin state is whether it exhibits quantum
correlations that are genuinely tripartite in nature. The genuine multipartite entanglement
(GME) is defined as non-bi-separability (see Eq. (3.4)). Even if all one-to-other negativities
are nonzero, the state can be bi-separable possessing no GME.

In Ref. [88] Jungnitsch, Moroder and Gühne (JMG) introduced a GME measure called
the genuine multipartite negativity (GMN), which is applicable and calculable for arbitrary
mixed states. To understand this measure, we first define PPT mixtures, which are the
states that admit the decomposition

ω
PPT-mix = pA ω

PPT

A + pB ω
PPT

B + pC ω
PPT

C . (3.18)

with pM → 0 and
∑

M pM = 1 (M = A, B, C). In this decomposition, ω
PPT

M ↑ SPPT

M , where
SPPT

M is the set of all states that are PPT with respect to M . Since M -separable states
are necessarily PPT with respect to M , ω

M |M ↑ SPPT

M . Thus, all bi-separable states in
Eq. (3.4) belong to the set of all PPT mixtures SPPT-mix. The idea of JMG is to construct
a tight witness that can detect non-PPT-mixtures, ω /↑ SPPT-mix. Such a state cannot be
bi-separable and is therefore GME (see Fig. 3).

The construction of Ref. [88] is based on a particular class of entanglement witnesses
called fully decomposable witnesses. A Hermitian operator W is called fully decomposable
if, for every bipartition M = A, B, C, it admits a decomposition

W = PM + Q
TM
M , 0 ↓ PM , 0 ↓ QM ↓ 1 , (3.19)

for some Hermitian operators PM and QM . The pairs (PM , QM ) are allowed to be di!erent
for di!erent M but the operator W on the left-hand side is common to all M .

For any state ω
PPT

M ↑ SPPT

M and any W admitting the M -decomposition (3.19), we have

Tr[ωPPTM W] = Tr[ωPPTM PM ] + Tr[(ωPPTM )TM QM ] → 0 , (3.20)

because the operators in both traces are positive semi-definite. A fully decomposable W
satisfies (3.20) for every bipartition M , and therefore its expectation value on an arbitrary
PPT mixture is also non-negative,

Tr[ωPPT-mix W] = pA Tr[ωPPTA W] + pB Tr[ωPPTB W] + pC Tr[ωPPTC W] → 0 , (3.21)

where each term is bounded by applying (3.20) with the M -decomposition of W matching
that term. Hence, finding a fully decomposable W with Tr[ωW ] < 0 certifies ω /↑ SPPT-mix,
which in turn implies that ω is GME.

To quantify how strongly a state violates the PPT mixture condition, we minimise
Tr[ωW ] over the set of all fully decomposable witnesses:

NG(ω) ↔ min
{PM ,QM}

Tr[ωW] , subject to (3.19) for all M . (3.22)
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Figure 3. Separability classification of tripartite quantum states (cf. [110]). The outer ellipse
represents the set of all tripartite states. The small disk in the centre, labelled ‘fs’, is the set of
fully separable states. The purple rounded triangle is the set of bi-separable states, given by the
convex hull of the three M -separable subsets SM |M (M = A, B, C), indicated by A|BC, B|AC

and C|AB. States outside the purple region are genuine multipartite entangled (GME). The green
rounded triangle is the set of PPT mixtures, the convex hull of the three single-cut PPT subsets
SPPT

M . Every bi-separable state is a PPT mixture, but the converse may fail: the region between
the purple and green triangles consists of bound-entangled PPT mixtures, which exist whenever
the local Hilbert-space dimensions are larger than 2 → 3 for at least one cut.

Finally, an entanglement measure E is said to be convex if it does not increase under
probabilistic mixing:

E

(
∑

i

qiωi

)
↑

∑

i

qiE(ωi) . (3.6)

Convexity reflects the intuitive fact that classical uncertainty cannot increase quantum
entanglement on average.

3.2 Partial Transpose and Peres–Horodecki Criterion

While the definitions of separability introduced in Sec. 3.1 are conceptually
fundamental, they are generally not practical for determining whether a given mixed state
is entangled. In particular, checking separability requires establishing the existence of a
convex decomposition of the form of Eqs. (3.1)–(3.4), which is in general a highly non-trivial
problem. For this reason, operational entanglement criteria that can be e!ciently evaluated
are of central importance. One of the most widely used criteria is the Peres–Horodecki
criterion [111, 112], based on the partial transpose operation.

For a state ω acting on CdM ↓CdM , the partial transpose with respect to subsystem M

is defined by (
ω
TM

)
iM iM , jM jM

= ωjM iM , iM jM
, (3.7)

If a state ω is M -separable, its partial transpose takes the form

ω
TM =

∑

i

qi (ω
M
i )T ↓ ω

M
i . (3.8)
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3.6 Genuine Multipartite Negativity

One of the central questions for the tt̄Z spin state is whether it exhibits quantum
correlations that are genuinely tripartite in nature. The genuine multipartite entanglement
(GME) is defined as non-bi-separability (see Eq. (3.4)). Even if all one-to-other negativities
are nonzero, the state can be bi-separable possessing no GME.

In Ref. [88] Jungnitsch, Moroder and Gühne (JMG) introduced a GME measure called
the genuine multipartite negativity (GMN), which is applicable and calculable for arbitrary
mixed states. To understand this measure, we first define PPT mixtures, which are the
states that admit the decomposition

ω
PPT-mix = pA ω

PPT

A + pB ω
PPT

B + pC ω
PPT

C . (3.18)

with pM → 0 and
∑

M pM = 1 (M = A, B, C). In this decomposition, ω
PPT

M ↑ SPPT

M , where
SPPT

M is the set of all states that are PPT with respect to M . Since M -separable states
are necessarily PPT with respect to M , ω

M |M ↑ SPPT

M . Thus, all bi-separable states in
Eq. (3.4) belong to the set of all PPT mixtures SPPT-mix. The idea of JMG is to construct
a tight witness that can detect non-PPT-mixtures, ω /↑ SPPT-mix. Such a state cannot be
bi-separable and is therefore GME (see Fig. 3).

The construction of Ref. [88] is based on a particular class of entanglement witnesses
called fully decomposable witnesses. A Hermitian operator W is called fully decomposable
if, for every bipartition M = A, B, C, it admits a decomposition

W = PM + Q
TM
M , 0 ↓ PM , 0 ↓ QM ↓ 1 , (3.19)

for some Hermitian operators PM and QM . The pairs (PM , QM ) are allowed to be di!erent
for di!erent M but the operator W on the left-hand side is common to all M .

For any state ω
PPT

M ↑ SPPT

M and any W admitting the M -decomposition (3.19), we have

Tr[ωPPTM W] = Tr[ωPPTM PM ] + Tr[(ωPPTM )TM QM ] → 0 , (3.20)

because the operators in both traces are positive semi-definite. A fully decomposable W
satisfies (3.20) for every bipartition M , and therefore its expectation value on an arbitrary
PPT mixture is also non-negative,

Tr[ωPPT-mix W] = pA Tr[ωPPTA W] + pB Tr[ωPPTB W] + pC Tr[ωPPTC W] → 0 , (3.21)

where each term is bounded by applying (3.20) with the M -decomposition of W matching
that term. Hence, finding a fully decomposable W with Tr[ωW ] < 0 certifies ω /↑ SPPT-mix,
which in turn implies that ω is GME.

To quantify how strongly a state violates the PPT mixture condition, we minimise
Tr[ωW ] over the set of all fully decomposable witnesses:

NG(ω) ↔ min
{PM ,QM}

Tr[ωW] , subject to (3.19) for all M . (3.22)
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Tr[ωW] < 0
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NG(ω) → ↑ min
{PM ,QM}

Tr[ωW]

GME measure
● Genuine Multipartite Negativity (GMN) is defined as 

● GMN (non-negative function) is a GME measure:

◆

◆

● The general upper bound:

but is saturated on pure states, NG(|ω→↑ω|) = minM NM (|ω→↑ω|) [88]. Combining (3.25)
with the universal bound on the negativity (3.11), we obtain the state-independent upper
bound

NG(ε) ↓ dmin ↔ 1

2
, dmin ↗ min(dA, dB, dC) . (3.27)

This universal bound is saturated for GHZ-type maximally entangled states.
Applying these state-dependent and -independent bounds to the tt̄Z system, we have

NG(ε) ↓ min
[
N(Z|tt̄), N(t|t̄Z), N(t̄|tZ)

]
, (3.28)

and
(PPT-mixture) 0 ↓ NG(ε) ↓ 1

2
(maximally GME) , (3.29)

respectively.

4 Entanglement in tt̄Z

We now evaluate the entanglement measures of Sec. 3 on the spin quantum states ε

and ε! defined in Sec. 2.3 for e
+
e
→ ↘ tt̄Z in the Standard Model. Throughout this section

we focus on unpolarised e
+
e
→ beams. The impact of beam polarisation is discussed in

Sec. 5. The numerical results are organised along two complementary levels of phase space
(non)integration, which di!er in how much of the kinematic information has been traced
out:

• Di!erential (a phase space point). For a fixed choice of (mtt̄, cos ϑZ , cos ϑt, ϖ) the
state ε is a cross-section-weighted sum of two pure states, ε ≃ R

+→+R
→+, originating

from the +↔ and ↔+ initial helicity configurations. At this level, ε is a genuine
quantum state and the entanglement measures are invariant under local unitary
transformations and therefore independent of the choice of spin-quantisation axes.
We use this representation to explore the rich structure of the tt̄Z spin state across
the four-dimensional phase space.

• Fully inclusive. All four phase space variables are integrated against the squared
matrix element, leaving the spin density matrix ε! as a function of

⇐
s only (for

fixed beam polarisation). This is the most inclusive measurement, corresponding to
a measurement that sums over all tt̄Z kinematic configurations. The averaging mixes
density matrices defined with di!erent spin-quantisation axes, so ε! is a fictitious
quantum state in the sense of Eq. (2.13). Hence, the resulting entanglement measures
depend on the choice of basis. Throughout this work we adopt the helicity basis.

4.1 Entanglement in Di!erential States

We start by discussing the entanglement at a fixed phase space point. The di!erential
state ε depends on four kinematic variables, (mtt̄, cos ϑZ , cos ϑt, ϖ). Throughout this
subsection we set

⇐
s = 1 TeV and examine two representative parameter planes:

(i) The (mtt̄, cos ϑZ) plane, with the remaining variables fixed to cos ϑt = ϖ = 0.

– 14 –

but is saturated on pure states, NG(|ω→↑ω|) = minM NM (|ω→↑ω|) [88]. Combining (3.25)
with the universal bound on the negativity (3.11), we obtain the state-independent upper
bound

NG(ε) ↓ dmin ↔ 1

2
, dmin ↗ min(dA, dB, dC) . (3.27)

This universal bound is saturated for GHZ-type maximally entangled states.
Applying these state-dependent and -independent bounds to the tt̄Z system, we have

NG(ε) ↓ min
[
N(Z|tt̄), N(t|t̄Z), N(t̄|tZ)

]
, (3.28)

and
(PPT-mixture) 0 ↓ NG(ε) ↓ 1

2
(maximally GME) , (3.29)

respectively.

4 Entanglement in tt̄Z

We now evaluate the entanglement measures of Sec. 3 on the spin quantum states ε

and ε! defined in Sec. 2.3 for e
+
e
→ ↘ tt̄Z in the Standard Model. Throughout this section

we focus on unpolarised e
+
e
→ beams. The impact of beam polarisation is discussed in

Sec. 5. The numerical results are organised along two complementary levels of phase space
(non)integration, which di!er in how much of the kinematic information has been traced
out:

• Di!erential (a phase space point). For a fixed choice of (mtt̄, cos ϑZ , cos ϑt, ϖ) the
state ε is a cross-section-weighted sum of two pure states, ε ≃ R

+→+R
→+, originating

from the +↔ and ↔+ initial helicity configurations. At this level, ε is a genuine
quantum state and the entanglement measures are invariant under local unitary
transformations and therefore independent of the choice of spin-quantisation axes.
We use this representation to explore the rich structure of the tt̄Z spin state across
the four-dimensional phase space.

• Fully inclusive. All four phase space variables are integrated against the squared
matrix element, leaving the spin density matrix ε! as a function of

⇐
s only (for

fixed beam polarisation). This is the most inclusive measurement, corresponding to
a measurement that sums over all tt̄Z kinematic configurations. The averaging mixes
density matrices defined with di!erent spin-quantisation axes, so ε! is a fictitious
quantum state in the sense of Eq. (2.13). Hence, the resulting entanglement measures
depend on the choice of basis. Throughout this work we adopt the helicity basis.

4.1 Entanglement in Di!erential States

We start by discussing the entanglement at a fixed phase space point. The di!erential
state ε depends on four kinematic variables, (mtt̄, cos ϑZ , cos ϑt, ϖ). Throughout this
subsection we set

⇐
s = 1 TeV and examine two representative parameter planes:

(i) The (mtt̄, cos ϑZ) plane, with the remaining variables fixed to cos ϑt = ϖ = 0.

– 14 –

<latexit sha1_base64="Q8uUAlVpV1fg5KGNGGSo9g0rVdU=">AAACAXicbVDLSgMxFM34rPU16kZwEyxChVJmRKoboehCV1LBPqAzDJk0bUMzyZBkhDLUjb/ixoUibv0Ld/6NaTsLbT1w4XDOvdx7TxgzqrTjfFsLi0vLK6u5tfz6xubWtr2z21AikZjUsWBCtkKkCKOc1DXVjLRiSVAUMtIMB1djv/lApKKC3+thTPwI9TjtUoy0kQJ7P/UwYvB2FFwXPdkXx9ArXXgl6AR2wSk7E8B54makADLUAvvL6wicRIRrzJBSbdeJtZ8iqSlmZJT3EkVihAeoR9qGchQR5aeTD0bwyCgd2BXSFNdwov6eSFGk1DAKTWeEdF/NemPxP6+d6O65n1IeJ5pwPF3UTRjUAo7jgB0qCdZsaAjCkppbIe4jibA2oeVNCO7sy/OkcVJ2K+XK3WmhepnFkQMH4BAUgQvOQBXcgBqoAwwewTN4BW/Wk/VivVsf09YFK5vZA39gff4Aa/iU8Q==</latexit>

NG(ω) = 0
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non-increasing under LOCC

Jungnitsch, Moroder, 
Gühne [1010.6049]

A

B C
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i! ω is PPT-mix (which includes all bi-separable states)



71Figure 5. One-to-one negativities of the di!erential tt̄Z spin state at
→

s = 1 TeV for unpolarised
beams: Ntt̄ (left), NtZ (middle), and Nt̄Z (right). Top row: (mtt̄, cos ωZ) plane at fixed cos ωt =
ε = 0. Bottom row: (cos ωZ , ε) plane at fixed mtt̄ = 600 GeV and cos ωt = 0. The dashed black
contours mark the boundary at Ntt̄ = 10→3, below which Ntt̄ is e!ectively vanishing. For all panels,
the colour bar saturates at the algebraic upper bound N = 1/2.

amplitudes have comparable magnitudes across the plane, leaving the mixture close to
an even superposition rather than dominated by one helicity. The reduced purities are
significantly smaller, reflecting the correlations between the traced and retained subsystems.
The most pronounced reduction occurs in ϑtt̄, which reaches ↑ 0.30–0.35 around cos ωZ ↑ 0

and mtt̄ ↑ 400–500 GeV. This indicates strong correlations between the tt̄ pair and the
Z boson, such that tracing out the latter leaves a highly mixed tt̄ state. The ϑtZ and
ϑt̄Z purities display shallower minima of approximately 0.4 in di!erent regions of phase
space. The two are CP-conjugate, ϑtZ(cos ωZ) = ϑt̄Z(↓ cos ωZ), while ϑtt̄ is CP-even and is
therefore symmetric under cos ωZ ↔ ↓ cos ωZ , in line with (2.2).

Fig. 5 shows the three one-to-one negativities Ntt̄, NtZ , Nt̄Z . The dashed contour in
the Ntt̄ panel marks Ntt̄ = 10→3, the threshold below which Ntt̄ is treated as e!ectively
vanishing. Ntt̄ is nearly zero throughout most of phase space, becoming non-zero only
near the soft-Z boundary, mtt̄ ↔

→
s ↓ mZ ↑ 909 GeV, and for | cos ωZ | ↔ 1. Both are

limits in which the Z e!ectively decouples from the tt̄ pair: at the upper mtt̄ boundary
the Z momentum vanishes, and in the collinear limit the initial-state-radiation diagrams
Fig. 2 (c,d) dominate, with the matrix element approximately factorising into a universal
e ↔ eZ splitting times the on-shell e

+
e
→ ↔ tt̄ amplitude in the high energy limit. In

both cases ϖ ↔ ϖtt̄ ↗ ϖZ and the tt̄ reduced state roughly recovers the standard e
+
e
→ ↔ tt̄

entanglement [40]. This behaviour is closely related to the strong tt̄–Z correlations in the
purity analysis: over most of phase space, tracing out the Z leaves a highly mixed tt̄ state,
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Figure 6. One-to-other negativities of the di!erential tt̄Z spin state at
→

s = 1 TeV for unpolarised
beams: N(Z|tt̄) (left), N(t|t̄Z) (middle), and N(t̄|tZ) (right). Top row: (mtt̄, cos ωZ) plane at fixed
cos ωt = ε = 0. Bottom row: (cos ωZ , ε) plane at fixed mtt̄ = 600 GeV and cos ωt = 0. The colour
bar saturates at the algebraic upper bound, 1 for the 3 ↑ 4 partition N(Z|tt̄) and 1

2 for the 2 ↑ 6
partitions N(t|t̄Z) and N(t̄|tZ).

suppressing the entanglement in ϑtt̄. Only in regions where the tt̄–Z correlations weaken
does the reduced tt̄ state retain enough coherence to exhibit non-zero tt̄ entanglement. In
contrast, NtZ and Nt̄Z are non-zero over large regions of phase space, reaching comparable
maxima of approximately 0.25, and are exact CP mirror images of each other under (2.2).

Fig. 6 shows the three one-to-other negativities N(Z|tt̄), N(t|t̄Z), N(t̄|tZ). All three
are positive over essentially the entire (mtt̄, cos ωZ) plane, signalling robust entanglement
across every bipartition. N(Z|tt̄) reaches ↓ 0.5–0.6 in the central region cos ωZ ↔ 0, mtt̄ ↔
500–700 GeV (about half of its algebraic maximum), while N(t|t̄Z) and N(t̄|tZ) reach
↔ 0.40–0.45 in broad central regions, approaching their algebraic bound 1

2
.2 As in Fig. 5,

N(Z|tt̄) is CP-even and N(t|t̄Z) ↗ N(t̄|tZ) under (2.2). Combined with the Ntt̄ ↔ 0,
this pattern points to a GHZ-like entanglement structure, in which each particle is strongly
entangled with the remaining pair while the reduced tt̄ state remains nearly separable.

Fig. 7 shows the genuine multipartite negativity NG. It is positive throughout most
of the central region of phase space, reaching values of approximately 0.40, around
80% of the algebraic GHZ bound (dmin ↘ 1)/2 = 1

2
for the 2 ↑ 2 ↑ 3 Hilbert space.

This unambiguously certifies genuine tripartite entanglement in the di!erential tt̄Z spin
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2

for the two 2↑ 6 partitions, as shown in Eq. (3.17).
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Figure 6. One-to-other negativities of the di!erential tt̄Z spin state at
→

s = 1 TeV for unpolarised
beams: N(Z|tt̄) (left), N(t|t̄Z) (middle), and N(t̄|tZ) (right). Top row: (mtt̄, cos ωZ) plane at fixed
cos ωt = ε = 0. Bottom row: (cos ωZ , ε) plane at fixed mtt̄ = 600 GeV and cos ωt = 0. The colour
bar saturates at the algebraic upper bound, 1 for the 3 ↑ 4 partition N(Z|tt̄) and 1

2 for the 2 ↑ 6
partitions N(t|t̄Z) and N(t̄|tZ).

suppressing the entanglement in ϑtt̄. Only in regions where the tt̄–Z correlations weaken
does the reduced tt̄ state retain enough coherence to exhibit non-zero tt̄ entanglement. In
contrast, NtZ and Nt̄Z are non-zero over large regions of phase space, reaching comparable
maxima of approximately 0.25, and are exact CP mirror images of each other under (2.2).

Fig. 6 shows the three one-to-other negativities N(Z|tt̄), N(t|t̄Z), N(t̄|tZ). All three
are positive over essentially the entire (mtt̄, cos ωZ) plane, signalling robust entanglement
across every bipartition. N(Z|tt̄) reaches ↓ 0.5–0.6 in the central region cos ωZ ↔ 0, mtt̄ ↔
500–700 GeV (about half of its algebraic maximum), while N(t|t̄Z) and N(t̄|tZ) reach
↔ 0.40–0.45 in broad central regions, approaching their algebraic bound 1

2
.2 As in Fig. 5,

N(Z|tt̄) is CP-even and N(t|t̄Z) ↗ N(t̄|tZ) under (2.2). Combined with the Ntt̄ ↔ 0,
this pattern points to a GHZ-like entanglement structure, in which each particle is strongly
entangled with the remaining pair while the reduced tt̄ state remains nearly separable.

Fig. 7 shows the genuine multipartite negativity NG. It is positive throughout most
of the central region of phase space, reaching values of approximately 0.40, around
80% of the algebraic GHZ bound (dmin ↘ 1)/2 = 1

2
for the 2 ↑ 2 ↑ 3 Hilbert space.

This unambiguously certifies genuine tripartite entanglement in the di!erential tt̄Z spin
state over a large fraction of phase space – a basis-independent statement. The largest
values occur in the same kinematic region where the reduced-state purities are lowest

2
Recall that the algebraic upper bounds are N(Z|tt̄) → 1 for the 3↑4 partition and N(t|t̄Z), N(t̄|tZ) → 1

2

for the two 2↑ 6 partitions, as shown in Eq. (3.17).
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GME @ phase-space points

Figure 7. Genuine multipartite negativity NG of the di!erential tt̄Z spin state at
→

s = 1 TeV for
unpolarised beams. Left: (mtt̄, cos ωZ) plane at fixed cos ωt = ε = 0. Right: (cos ωZ , ε) plane at fixed
mtt̄ = 600 GeV and cos ωt = 0. The colour bar saturates at the GHZ upper bound (dmin ↑1)/2 = 1

2

for the 2 ↓ 2 ↓ 3 Hilbert space.

and the one-to-other negativities are largest, confirming that the dominant correlations
in the di!erential state are collective rather than pairwise. The state-dependent bound in
Eq. (3.25), NG(ϑ) ↔ minM NM (ϑ), is respected, but close to saturation. In the region where
NG reaches its maximum, the smallest one-to-other negativity is approximately 0.40–0.45,
only slightly larger than NG. NG is CP-even, and the displayed slices are correspondingly
symmetric under (2.2).

A coherent picture emerges from Figs. 4–7. The di!erential tt̄Z spin state
exhibits a clear hierarchy of quantum correlations. Pairwise entanglement is generally
suppressed, especially within the tt̄ subsystem, while one-to-other entanglement remains
large throughout most of phase space. The positivity of NG across broad kinematic
regions further demonstrates that these correlations are genuinely multipartite. Overall,
the dominant quantum structure of the di!erential state is collective rather than pairwise.

4.2 Entanglement in Fully Inclusive States

We now turn to the fully inclusive state, obtained by integrating over the complete tt̄Z

phase space. The resulting density matrix ϑ
unpol

!
is a fictitious quantum state (see Sec. 2.3).

The left panel of Fig. 8 shows the purity of the full state and of the three two-body reduced
states. All purities depend only mildly on

→
s. The equality ϖtZ = ϖt̄Z follows from

CP invariance after full phase space integration. The full state is the most mixed, with
ϖ(ϑ!) ↗ 0.22–0.25, while the reduced states are less mixed, with ϖtt̄ ↗ 0.41–0.43 and
ϖtZ = ϖt̄Z ↗ 0.26–0.32.

For the one-to-one negativities, we find

Ntt̄ = NtZ = Nt̄Z = 0 for all
→

s . (4.2)

Since the corresponding reduced states act on 2 ↓ 2 and 2 ↓ 3 Hilbert spaces, the
Peres–Horodecki criterion is both necessary and su"cient for separability. Hence, the
vanishing negativities imply that the tt̄, tZ, and t̄Z systems are all separable once the
full phase space is integrated over.
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Figure 8. Entanglement measures of the fully integrated fictitious tt̄Z spin state ω
unpol
! in the

helicity basis, as functions of the centre-of-mass energy
→

s for unpolarised beams. Left: purity
of the full state, ε(ω!) (red), and those of the three reduced states, εt̄Z (orange), εtZ (green
dashed) and εtt̄ (blue). The curves εtZ and εt̄Z coincide as a consequence of CP invariance. Right:
one-to-other negativities N(t|t̄Z) (orange), N(t̄|tZ) (green dashed), N(Z|tt̄) (blue), and the genuine
multipartite negativity NG (red). The one-to-one negativities Ntt̄, NtZ and Nt̄Z vanish identically
across the whole range and are not shown.

The right panel of Fig. 8 shows the one-to-other negativities and the genuine
multipartite negativity. The one-to-other negativities remain small but non-zero over
the entire energy range. By CP invariance, N(t|t̄Z) = N(t̄|tZ), reaching a maximum
of approximately 0.043 around

→
s ↑ 2 TeV, while N(Z|tt̄) peaks at approximately 0.055

around
→

s ↑ 1.5 TeV. Thus, full phase space integration removes all pairwise entanglement
but does not erase all collective entanglement across single-particle cuts. For the GMN,
however, we obtain NG = 0 for all

→
s. The fully inclusive ω

unpol

!
is therefore a PPT mixture.

Since PPT-entangled states may exist for all three bipartitions, NG = 0 does not imply
bi-separability. Rather, it shows that genuine multipartite entanglement is not detected by
the PPT-mixture criterion.

5 Prospects for Entanglement Observation at a Future e+e→ Collider

In the previous section, we showed that the di!erential tt̄Z spin state exhibits
a rich entanglement structure, including strong one-to-other entanglement and genuine
multipartite entanglement over broad regions of phase space. These correlations are highly
sensitive to phase space averaging. After full integration, the one-to-one negativities vanish,
the surviving one-to-other negativities are strongly suppressed, and the GMN no longer
certifies genuine multipartite entanglement. A realistic collider study cannot reconstruct
the density matrix at a single phase space point. The reconstruction of the spin density
matrix from experimental data, known as quantum state tomography, requires a su"ciently
large sample of tt̄Z events from which the decay angular distributions of the t, t̄ and Z can
be measured in their respective rest frames. The details of this procedure are presented in
App. A. The central question is therefore whether one can identify kinematic regions that
retain a substantial fraction of the di!erential entanglement while still providing enough
events for its reconstruction and reliable certification.
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Figure 7. Genuine multipartite negativity NG of the di!erential tt̄Z spin state at
→

s = 1 TeV for
unpolarised beams. Left: (mtt̄, cos ωZ) plane at fixed cos ωt = ε = 0. Right: (cos ωZ , ε) plane at fixed
mtt̄ = 600 GeV and cos ωt = 0. The colour bar saturates at the GHZ upper bound (dmin ↑1)/2 = 1

2
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Figure 10. One-to-one negativities of the partially inclusive tt̄Z spin state ω! at
→

s = 1 TeV
for unpolarised beams, in the (mtt̄, cos εZ) plane after integration over cos εt and ϑ in the helicity
basis: Ntt̄ (left), NtZ (middle), and Nt̄Z (right). The dashed black contours mark the threshold
N = 10→3, below which each measure is treated as e!ectively vanishing. The colour bar saturates
at the algebraic upper bound 1

2 .

by the phase space averaging. ϖ(ω!) drops to ↑ 0.35 in the central region cos εZ ↓ 0,
mtt̄ ↓ 600 GeV and rises towards ↑ 0.6 near the corners of the plane, where the available
solid angle in (cos εt, ϑ) shrinks and the integration mixes a narrower set of orientations.
ϖtt̄ follows the same overall shape with a minimum of ↑ 0.25, close to the lower bound 1

4
,

signalling that the tt̄ reduced state is nearly maximally mixed in this region. ϖtZ = ϖt̄Z

takes intermediate values ↑ 0.35–0.55.

Fig. 10 shows the three one-to-one negativities Ntt̄ (left), NtZ (middle) and Nt̄Z (right)
for unpolarised beams. The corresponding results for Pol+ and Pol↔ are presented in
Fig. 15 and display a similar behaviour. The dashed black contours mark the threshold
N = 10→3, below which each measure is treated as e!ectively vanishing. We can see
the relation NtZ(mtt̄, cos εZ) = Nt̄Z(mtt̄, ↔ cos εZ), anticipated by the CP invariance of
the interaction. Compared with the di!erential results of Sec. 4.1, all three one-to-one
negativities are strongly depleted by phase space averaging. The tt̄ negativity survives
only in a narrow region near the soft-Z and collinear boundaries, where the tt̄ subsystem
approximately decouples from the Z boson and recovers the familiar entanglement structure
of e

+
e
→ ↗ tt̄. The negativities NtZ and Nt̄Z remain non-zero only at low invariant masses,

mtt̄ ↭ 550 GeV, with peak values below 0.10. Pairwise entanglement is therefore absent over
a large fraction of the (mtt̄, cos εZ) plane, with all three two-body reduced states classified
as separable by the negativity criterion.

Fig. 11 shows the three one-to-other negativities N(Z|tt̄) (left), N(t|t̄Z) (middle), and
N(t̄|tZ) (right) for unpolarised beams. The corresponding results for Pol+ and Pol↔ are
shown in Fig. 16 and display essentially the same shape and magnitude. In contrast to the
one-to-one negativities, all three measures are positive throughout an extended region of
the plane. N(Z|tt̄) remains of order 0.1–0.3 over the entire central region of (mtt̄, cos εZ),
signalling that even after the angular integration the Z helicity is non-trivially entangled
with the tt̄ pair taken as a whole. N(t|t̄Z) and N(t̄|tZ) are mirror images of each other under
cos εZ ↗ ↔ cos εZ (again by CP) and peak near the tt̄ threshold, mtt̄ ↓ 2mt, where they
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Figure 11. One-to-other negativities of the partially inclusive tt̄Z spin state ω! at
→

s = 1 TeV
for unpolarised beams, in the (mtt̄, cos εZ) plane after integration over cos εt and ϑ in the helicity
basis: N(Z|tt̄) (left), N(t|t̄Z) (middle), and N(t̄|tZ) (right). The orange dashed lines mark the
fiducial region !1|2 defined in Eq. (5.2). The colour bar saturates at the algebraic upper bound, 1
for N(Z|tt̄) and 1

2 for N(t|t̄Z) and N(t̄|tZ).

Figure 12. Genuine multipartite negativity NG of the partially inclusive tt̄Z spin state ω! at
→

s =
1 TeV, in the (mtt̄, cos εZ) plane in the helicity basis, for the three beam polarisation configurations:
Unpol (left), Pol+ (middle), and Pol↑ (right). The dashed black contours mark the threshold
NG = 10→3, below which the GMN is treated as e!ectively vanishing; the yellow dashed contour
marks the fiducial region !GME defined in Eq. (5.3).

reach ↓0.3–0.4, close to their algebraic maximum 1

2
. For mtt̄ ↭ 700 GeV both negativities

fall rapidly and become very small. The hierarchy among the three one-to-other measures
suggests defining a fiducial region in which all three negativities are simultaneously large.
A simple rectangular choice is

!1|2 : | cos εZ | < 0.7 and mtt̄ < 550 GeV , (5.2)

indicated by the orange dashed contour in Fig. 11. We will use !1|2 in Sec. 5.2 as the fiducial
region for the one-to-other entanglement observation.

Fig. 12 shows the genuine multipartite negativity NG of ω! for the three beam
configurations. The pattern is essentially the same in all three: NG > 0 in a contiguous
region near threshold, mtt̄ ↫ 500 GeV, at central cos εZ , where it reaches peak values
↓ 0.25 — halfway to the GHZ-like upper bound 1

2
and certifying GME of ω! in this region.

Narrow strips of NG > 0 also appear near the collinear-Z edges | cos εZ | ↔ 1, paralleling the
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Figure 11. One-to-other negativities of the partially inclusive tt̄Z spin state ω! at
→

s = 1 TeV
for unpolarised beams, in the (mtt̄, cos εZ) plane after integration over cos εt and ϑ in the helicity
basis: N(Z|tt̄) (left), N(t|t̄Z) (middle), and N(t̄|tZ) (right). The orange dashed lines mark the
fiducial region !1|2 defined in Eq. (5.2). The colour bar saturates at the algebraic upper bound, 1
for N(Z|tt̄) and 1

2 for N(t|t̄Z) and N(t̄|tZ).
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NG = 10→3, below which the GMN is treated as e!ectively vanishing; the yellow dashed contour
marks the fiducial region !GME defined in Eq. (5.3).
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Figure 11. One-to-other negativities of the partially inclusive tt̄Z spin state ω! at
→

s = 1 TeV
for unpolarised beams, in the (mtt̄, cos εZ) plane after integration over cos εt and ϑ in the helicity
basis: N(Z|tt̄) (left), N(t|t̄Z) (middle), and N(t̄|tZ) (right). The orange dashed lines mark the
fiducial region !1|2 defined in Eq. (5.2). The colour bar saturates at the algebraic upper bound, 1
for N(Z|tt̄) and 1

2 for N(t|t̄Z) and N(t̄|tZ).

Figure 12. Genuine multipartite negativity NG of the partially inclusive tt̄Z spin state ω! at
→

s =
1 TeV, in the (mtt̄, cos εZ) plane in the helicity basis, for the three beam polarisation configurations:
Unpol (left), Pol+ (middle), and Pol↑ (right). The dashed black contours mark the threshold
NG = 10→3, below which the GMN is treated as e!ectively vanishing; the yellow dashed contour
marks the fiducial region !GME defined in Eq. (5.3).

reach ↓0.3–0.4, close to their algebraic maximum 1

2
. For mtt̄ ↭ 700 GeV both negativities

fall rapidly and become very small. The hierarchy among the three one-to-other measures
suggests defining a fiducial region in which all three negativities are simultaneously large.
A simple rectangular choice is

!1|2 : | cos εZ | < 0.7 and mtt̄ < 550 GeV , (5.2)

indicated by the orange dashed contour in Fig. 11. We will use !1|2 in Sec. 5.2 as the fiducial
region for the one-to-other entanglement observation.

Fig. 12 shows the genuine multipartite negativity NG of ω! for the three beam
configurations. The pattern is essentially the same in all three: NG > 0 in a contiguous
region near threshold, mtt̄ ↫ 500 GeV, at central cos εZ , where it reaches peak values
↓ 0.25 — halfway to the GHZ-like upper bound 1

2
and certifying GME of ω! in this region.

Narrow strips of NG > 0 also appear near the collinear-Z edges | cos εZ | ↔ 1, paralleling the

– 22 –

GMN:  integratedθt, ϕ

● Sizeable at the central threshold region

Figure 14. Doubly di!erential cross section ω
2
ε/(ωmtt̄ ω cos ϑZ) in fb/GeV at

→
s = 1 TeV, in

the (mtt̄, cos ϑZ) plane for the three beam configurations: Unpol (left), Pol+ (middle), and Pol↑
(right). The orange and yellow dashed contours mark the fiducial regions !1|2 and !GME defined
in Eq. (5.2) and Eq. (5.3).

ε1|2 [fb] εGME [fb] N(Z|tt̄) N(t|t̄Z) NG

Unpol 0.41 0.054 0.199 0.136 0.156

Pol+ 0.27 0.036 0.216 0.150 0.169

Pol↑ 0.74 0.099 0.244 0.170 0.181

Table I. Fiducial cross sections ε1|2 and εGME (in fb) for the regions !1|2 and !GME, defined in
Eqs. (5.2) and (5.3), at

→
s = 1 TeV. We also report the corresponding fiducial values of N(Z|tt̄)

and N(t|t̄Z) in !1|2, and of NG in !GME, for the three beam configurations. By the CP symmetry
of the neutral-current production, we have N(t̄|tZ) = N(t|t̄Z) in !1|2.

Fig. 14 shows the doubly di!erential cross section ω
2
ε/(ωmtt̄ ω cos ϑZ) in fb/GeV at→

s = 1 TeV. In all three polarisations the events are concentrated near | cos ϑZ | ↓ 1

(collinear Z emission) and at intermediate mtt̄, in marked contrast to the entanglement
maps of Sec. 5.1, which favour the central region | cos ϑZ | ↭ 0.5 and low mtt̄. The fiducial
regions !1|2 and !GME therefore sit in the kinematically suppressed corner of the cross
section, and the price for retaining a large fiducial entanglement is a small fiducial event
rate.

The relevant numbers are summarised in Tab. I. For the unpolarised beam, the wider
fiducial region !1|2 retains about 10% of the total ε(e+e

→ ↓ tt̄Z) at
→

s = 1 TeV
(ε1|2 ↔ 0.41 fb), while the smaller !GME retains only about 1% (εGME ↔ 0.054 fb). Both
fiducial cross sections scale by a factor of ↗ 2.7 from Pol+ to Pol↑, mirroring the rate
hierarchy of Fig. 13. The fiducial entanglement values, in contrast, depend only weakly on
the polarisation: N(Z|tt̄) ↔ 0.20–0.24, N(t|t̄Z) ↔ 0.14–0.17, and NG ↔ 0.16–0.18, with
the strongest signals consistently for Pol↑ across all three measures. Pol↑ is therefore
unambiguously the preferred running condition for the feasibility study below.

To assess the feasibility of the entanglement observation, we consider quantum
tomography in the fully leptonic decay channel (t ↓ b ϖ

+
ϱ, t̄ ↓ b̄ϖ

→
ϱ̄, Z ↓ ϖ

+
ϖ
→, where

ϖ = e, µ, ς), which provides a clean final state with two charged leptons from the Z decay and
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Differential cross section

● The cross section is suppressed 
● at the central threshold region

Figure 13. Tree-level Standard Model cross section for e
+
e
→ → tt̄Z as a function of the

centre-of-mass energy
↑

s, for the three beam polarisation configurations Pol+ with (Pe→ , Pe+) =
(+0.8, ↓0.3) (red), Pol↓ with (↓0.8, +0.3) (blue), and unpolarised (black dashed).

Ntt̄ > 0 regions of Fig. 10. For Pol↓, the positive NG region extends to mtt̄ ↔ 700–850 GeV.
Outside these regions NG vanishes within numerical precision, so the corresponding ω! is a
PPT mixture. Because PPT mixtures in 2 ↗ 6 subsystems can still be entangled, this does
not strictly exclude bi-separability, but it does mean that the GMN measure can no longer
certify GME from the data. The GMN profile is more sharply localised in (mtt̄, cos εZ) than
the one-to-other negativities, so a smaller fiducial region is appropriate:

!GME : | cos εZ | < 0.5 and mtt̄ < 420 GeV , (5.3)

shown as the yellow dashed contour in Fig. 12.

5.2 Feasibility for Observing Tripartite Entanglement

The fiducial regions !1|2 and !GME defined in Sec. 5.1 were tailored to maximise the
entanglement signal at the price of a restricted phase space volume. In this subsection we
quantify the resulting trade-o! between signal strength and event rate, and translate it into
the integrated luminosity required to observe each entanglement measure at a future e

+
e
→

collider.
Fig. 13 shows the leading-order Standard Model cross section ϑ(e+e

→ → tt̄Z) as a
function of the centre-of-mass energy, for the three beam polarisation configurations. The
cross section rises rapidly above the kinematic threshold

↑
s ↭ 2mt + mZ ↔ 0.44 TeV,

reaches a maximum around
↑

s ↔ 0.8–0.9 TeV, with peak values of approximately 9, 5, and
3 fb for Pol↓, Unpol, and Pol+, respectively, and then decreases at higher energies. The
enhancement of the Pol↓ configuration originates from the chiral electroweak couplings of
the electron, which favour left-handed electrons and right-handed positrons in the dominant
production amplitudes. As a result, Pol↓ configuration o!ers the largest event sample
for a given integrated luminosity and is the natural choice when statistics dominates the
measurement. In the following, we fix

↑
s = 1 TeV for each beam-polarisation scenario.

This energy lies close to the maximum of the corresponding e
+
e
→ → tt̄Z production cross

section and is a benchmark energy for future high-energy lepton colliders.
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Figure 13. Tree-level Standard Model cross section for e
+
e
→ → tt̄Z as a function of the

centre-of-mass energy
↑

s, for the three beam polarisation configurations Pol+ with (Pe→ , Pe+) =
(+0.8, ↓0.3) (red), Pol↓ with (↓0.8, +0.3) (blue), and unpolarised (black dashed).

Ntt̄ > 0 regions of Fig. 10. For Pol↓, the positive NG region extends to mtt̄ ↔ 700–850 GeV.
Outside these regions NG vanishes within numerical precision, so the corresponding ω! is a
PPT mixture. Because PPT mixtures in 2 ↗ 6 subsystems can still be entangled, this does
not strictly exclude bi-separability, but it does mean that the GMN measure can no longer
certify GME from the data. The GMN profile is more sharply localised in (mtt̄, cos εZ) than
the one-to-other negativities, so a smaller fiducial region is appropriate:

!GME : | cos εZ | < 0.5 and mtt̄ < 420 GeV , (5.3)

shown as the yellow dashed contour in Fig. 12.

5.2 Feasibility for Observing Tripartite Entanglement

The fiducial regions !1|2 and !GME defined in Sec. 5.1 were tailored to maximise the
entanglement signal at the price of a restricted phase space volume. In this subsection we
quantify the resulting trade-o! between signal strength and event rate, and translate it into
the integrated luminosity required to observe each entanglement measure at a future e

+
e
→

collider.
Fig. 13 shows the leading-order Standard Model cross section ϑ(e+e

→ → tt̄Z) as a
function of the centre-of-mass energy, for the three beam polarisation configurations. The
cross section rises rapidly above the kinematic threshold

↑
s ↭ 2mt + mZ ↔ 0.44 TeV,

reaches a maximum around
↑

s ↔ 0.8–0.9 TeV, with peak values of approximately 9, 5, and
3 fb for Pol↓, Unpol, and Pol+, respectively, and then decreases at higher energies. The
enhancement of the Pol↓ configuration originates from the chiral electroweak couplings of
the electron, which favour left-handed electrons and right-handed positrons in the dominant
production amplitudes. As a result, Pol↓ configuration o!ers the largest event sample
for a given integrated luminosity and is the natural choice when statistics dominates the
measurement. In the following, we fix

↑
s = 1 TeV for each beam-polarisation scenario.

This energy lies close to the maximum of the corresponding e
+
e
→ → tt̄Z production cross

section and is a benchmark energy for future high-energy lepton colliders.
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Figure 14. Doubly di!erential cross section ω
2
ε/(ωmtt̄ ω cos ϑZ) in fb/GeV at

→
s = 1 TeV, in

the (mtt̄, cos ϑZ) plane for the three beam configurations: Unpol (left), Pol+ (middle), and Pol↑
(right). The orange and yellow dashed contours mark the fiducial regions !1|2 and !GME defined
in Eq. (5.2) and Eq. (5.3).

ε1|2 [fb] εGME [fb] N(Z|tt̄) N(t|t̄Z) NG

Unpol 0.41 0.054 0.199 0.136 0.156

Pol+ 0.27 0.036 0.216 0.150 0.169

Pol↑ 0.74 0.099 0.244 0.170 0.181

Table I. Fiducial cross sections ε1|2 and εGME (in fb) for the regions !1|2 and !GME, defined in
Eqs. (5.2) and (5.3), at

→
s = 1 TeV. We also report the corresponding fiducial values of N(Z|tt̄)

and N(t|t̄Z) in !1|2, and of NG in !GME, for the three beam configurations. By the CP symmetry
of the neutral-current production, we have N(t̄|tZ) = N(t|t̄Z) in !1|2.

Fig. 14 shows the doubly di!erential cross section ω
2
ε/(ωmtt̄ ω cos ϑZ) in fb/GeV at→

s = 1 TeV. In all three polarisations the events are concentrated near | cos ϑZ | ↓ 1

(collinear Z emission) and at intermediate mtt̄, in marked contrast to the entanglement
maps of Sec. 5.1, which favour the central region | cos ϑZ | ↭ 0.5 and low mtt̄. The fiducial
regions !1|2 and !GME therefore sit in the kinematically suppressed corner of the cross
section, and the price for retaining a large fiducial entanglement is a small fiducial event
rate.

The relevant numbers are summarised in Tab. I. For the unpolarised beam, the wider
fiducial region !1|2 retains about 10% of the total ε(e+e

→ ↓ tt̄Z) at
→

s = 1 TeV
(ε1|2 ↔ 0.41 fb), while the smaller !GME retains only about 1% (εGME ↔ 0.054 fb). Both
fiducial cross sections scale by a factor of ↗ 2.7 from Pol+ to Pol↑, mirroring the rate
hierarchy of Fig. 13. The fiducial entanglement values, in contrast, depend only weakly on
the polarisation: N(Z|tt̄) ↔ 0.20–0.24, N(t|t̄Z) ↔ 0.14–0.17, and NG ↔ 0.16–0.18, with
the strongest signals consistently for Pol↑ across all three measures. Pol↑ is therefore
unambiguously the preferred running condition for the feasibility study below.

To assess the feasibility of the entanglement observation, we consider quantum
tomography in the fully leptonic decay channel (t ↓ b ϖ

+
ϱ, t̄ ↓ b̄ϖ

→
ϱ̄, Z ↓ ϖ

+
ϖ
→, where

ϖ = e, µ, ς), which provides a clean final state with two charged leptons from the Z decay and
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The effect of polarisation:

Figure 9. Purity of the partially inclusive fictitious tt̄Z spin state ω! at
→

s = 1 TeV for unpolarised
beams, in the (mtt̄, cos εZ) plane after integration over cos εt and ϑ in the helicity basis. Left: purity
of the full state, ϖ(ω!). Middle: purity of the tt̄ reduced state, ϖtt̄. Right: purity of the tZ reduced
state, ϖtZ , which equals ϖt̄Z by CP invariance.

In Sec. 5.1, we analyse the partially inclusive spin state ω! obtained by integrating
over cos εt and ϑ, and use the resulting entanglement maps in the (mtt̄, cos εZ) plane to
define fiducial kinematic regions in which the most informative measures remain large. In
Sec. 5.2, we then translate the fiducial entanglement values into the statistical significance
and integrated luminosity needed to establish each measure as non-zero. Throughout the
section we fix

→
s = 1 TeV, near the maximum of the unpolarised ϱ(e+e

→ ↑ tt̄Z), and
consider three benchmark beam polarisation configurations:

Unpol Pol+ Pol↓

(Pe→ , Pe+) (0, 0) (+0.8, ↓0.3) (↓0.8, +0.3)
(5.1)

We focus on measuring the three one-to-other negativities and the genuine multipartite
negativity, as they are the most informative quantities characterising the tripartite
entanglement structure and the most promising to access experimentally, owing to their
relatively large values in the di!erential state.

5.1 Entanglement in Partially Inclusive States

In this subsection we analyse the partially inclusive spin state ω! obtained by
integrating ω over cos εt and ϑ with the matrix-element-squared weight. This is the relevant
state for an analysis in which the kinematic information used to reconstruct ω is the tt̄

invariant mass and the polar angle of the Z in the lab frame, while the orientation of t in
the tt̄ rest frame is summed over. We work in the helicity basis throughout. We start with
the unpolarised configuration. The results for the Pol+ and Pol↓ benchmarks, which are
qualitatively similar, are collected in App. B.

Fig. 9 shows the purity of the full state ϖ(ω!) (left) and those of the reduced states
ϖtt̄ (middle) and ϖtZ = ϖt̄Z (right). The exact equality ϖtZ = ϖt̄Z holds point by point
across the plane due to the CP invariance of the neutral interaction. All three purities are
markedly smaller than in the di!erential case, reflecting the dilution of the spin information
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two additional charged leptons from the leptonic top decays. The corresponding branching
ratio is BR → (0.33)2 · 0.10 → 0.010. For a fiducial cross section ω! and an integrated
luminosity L, the expected number of fully leptonic events inside the fiducial region ! is

n! = ω! · BR · L . (5.4)

To obtain an order-of-magnitude estimate of the statistical requirements for entanglement
certification, we adopt a simple scaling model for the uncertainty on an entanglement
variable v ↑ {N(Z|tt̄), N(t|t̄Z), N(t̄|tZ), NG}. For a sample of n! events, we estimate

εv = csys · vmax↓
n!

, (5.5)

where vmax is the algebraic upper bound on v, namely vmax = 1 for N(Z|tt̄) (the 3 ↔ 4

partition) and vmax = 1

2
for N(t|t̄Z), N(t̄|tZ) and NG. The coe!cient csys ↗ 1 parametrises

departures from the naive scaling vmax/
↓

n!, including reconstruction ine!ciencies, finite
detector resolution, uncertainties in the quantum state reconstruction procedure, and any
backgrounds. Throughout this section we adopt the optimistic benchmark csys = 1 in order
to isolate the impact of event statistics. The resulting luminosity requirements should
be interpreted as indicative statistical targets rather than as the outcome of a complete
detector-level tomography analysis. A realistic experimental study would generally increase
εv by a factor of a few, with the corresponding luminosity requirements scaling as c

2
sys. The

naive significance at which a non-zero value of v can be established in the fiducial region is

ωv ↘ v!

εv
=

v!

vmax

√
ω! · BR · L , (5.6)

and the luminosity required to reach a target significance ωtgt is

Lωtgt =

(
ωtgt vmax

v!

)2 1

ω! · BR
. (5.7)

Because vmax/v! ≃ 3–5 for the tt̄Z system, ω! is sub-fb, and BR → 10→2, the required
luminosities naturally fall in the multi-ab→1 regime, making the observation of the most
robust entanglement observables a plausible target for a future high-luminosity lepton
collider.

Tab. II summarises the naive significances ωv expected at a benchmark integrated
luminosity L = 8 ab→1, together with the integrated luminosities L1ω and L2ω required
to reach 1ω and 2ω significance through Eq. (5.7). By construction L2ω = 4 L1ω, since
ωv ⇐

↓
L. Three clear messages emerge.

First, the easiest measure to certify is N(t|t̄Z) (equivalently N(t̄|tZ), identical by CP).
This is the result of a fortunate combination: the fiducial value ≃ 0.14–0.17 is a sizeable
fraction of the upper bound vmax = 1

2
, and the fiducial region !1|2 used to evaluate it

has the largest cross section among the two fiducial choices. Already with L → 3.3 ab→1

(Unpol) or 1.2 ab→1 (Pol⇒) the measure can be established as non-zero at the 1ω level,
and 2ω certification requires only 13.2 and 4.7 ab→1 respectively. These luminosities are
comparable to those envisioned for the ILC at

↓
s = 1 TeV.
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N(Z|tt̄) N(t|t̄Z) NG

significance,

luminosities
ωv L1ω L2ω ωv L1ω L2ω ωv L1ω L2ω

Unpol 1.1 6.2 24.8 1.5 3.3 13.2 0.65 19.1 76.4

Pol+ 1.0 7.9 31.7 1.4 4.1 16.4 0.57 24.6 98.4

Pol→ 1.9 2.3 9.1 2.6 1.2 4.7 1.01 7.8 31.1

Table II. Naive significances ωv for the observation of each entanglement measure at L = 8 ab→1,
together with the integrated luminosities L1ω and L2ω (in ab→1) required to reach 1ω and 2ω

significance, for the three beam configurations. The one-to-other negativities N(Z|tt̄) and N(t|t̄Z)
are evaluated inside !1|2; the GMN NG is evaluated inside !GME. All entries assume csys = 1.

Second, N(Z|tt̄) is intrinsically harder to certify than N(t|t̄Z) and N(t̄|tZ) despite its
larger fiducial value (↑ 0.20–0.24), because the relevant algebraic maximum is vmax = 1

rather than 1

2
. The ratio v!/vmax that drives ωv is therefore smaller, and the luminosity

needed to reach a given significance is correspondingly larger: 24.8 ab→1 at 2ω for Unpol,
dropping to 9.1 ab→1 for Pol→.

Third, certifying genuine multipartite entanglement through NG remains the most
demanding goal. The fiducial value of NG (↑ 0.16–0.18) is comparable to that of N(t|t̄Z),
so the dominant penalty for the GMN comes from the fiducial cross section in !GME, which
is ↑ 7–8 times smaller than in !1|2. The resulting luminosities are 19 and 8 ab→1 for 1ω

in Unpol and Pol→, and 76 and 31 ab→1 for 2ω. With the optimistic csys = 1 assumed
here, a 1ω GME certification at

↓
s = 1 TeV for Pol→ is achievable within the projected

ILC luminosity of ↑ 8 ab→1 [114]; the 2ω target for Pol→ requires a factor of ↑ 4 more
than this baseline. More optimisation for the fiducial cuts beyond the (mtt̄, cos εZ) plane,
optimisation for the quantisation axes (beyond the helicity basis) in reconstructing fictitious
quantum states, a more refined GME observable, or inclusion of hadronic decay channels
would all be valuable directions for further study.

6 Conclusions

We have presented a systematic study of the tripartite entanglement structure of the
spin state produced in e

+
e
→ ↔ tt̄Z. The final state spin Hilbert space H = C2↗C2↗C3 has

dimension 12. Starting from the tree-level Standard Model helicity amplitudes for all five
contributing diagrams, we constructed the 12 ↘ 12 density matrix as a function of the four
independent phase space variables (mtt̄, cos εZ , cos εt, ϑ) and evaluated on it a hierarchy
of negativity-based entanglement measures that remain valid for mixed states: the three
one-to-one negativities Ntt̄, NtZ , Nt̄Z , the three one-to-other negativities N(Z|tt̄), N(t|t̄Z),
N(t̄|tZ), and the genuine multipartite negativity (GMN) NG of Refs. [88, 113]. These
quantities were studied at three increasingly inclusive levels: di!erential (a fixed phase
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Result:
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L1ω: lumi. required for 1ω
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L2ω: lumi. required for 2ω
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ωv: signif. at 8 ab→1

● ~ 2σ certification for one-to-other entanglement

● ~ 1σ certification for GME

● Optimisation of event selection will improve the sensitivity further 
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lumi unit = ab
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● Colliders produce genuinely tripartite systems; → ℂ2 ⊗ ℂ2 ⊗ ℂ3

● The tripartite system has a structure that is absent in the bipartite system;
● one-to-one vs one-to-other entanglement, monogamy, GME and tripartite nonlocality. 

(pure state)
<latexit sha1_base64="BH4eoKuHRTU520dkOi6I0ScM6+s=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCIA6ZoTPtsujGZQX7wHYsmTRtQzMPkoxQxi78FTcuFHHrb7jzb0wfgooeSHI4515y7wkSzqRC6MNYWFxaXlnNreXXNza3ts2d3bqMU0FojcQ8Fs0AS8pZRGuKKU6biaA4DDhtBMPzid+4pUKyOLpSo4T6Ie5HrMcIVlrqmPsD2FYx1BdOb05nzwm87pgFZCGn7BZdiCzHtZHjaeIiu+Q50LbQFAUwR7Vjvre7MUlDGinCsZQtGyXKz7BQjHA6zrdTSRNMhrhPW5pGOKTSz6bzj+GRVrqwFwt9IgWn6veODIdSjsJAV4ZYDeRvbyL+5bVS1Sv7GYuSVNGIzD7qpRzqjSdhwC4TlCg+0gQTwfSskAywwETpyPI6hK9N4f+k7li2Z3mXxULlbB5HDhyAQ3AMbFACFXABqqAGCLgDD+AJPBv3xqPxYrzOSheMec8e+AHj7RP1+5TQ</latexit>

h → ω→ω+Z
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e+e→ → tt̄Z (mixed state)

● Expanding in the fermion mass, the spin 
state admits a simple expression in the 
kinematical corners. 

Conclusion:

● The bulk region is GHZ-type ( ), 
while the collinear region is genuinely 

.

2 ⊗ 2 ⊗ 2

2 ⊗ 2 ⊗ 3

● Experimental prospect is promissing

● The state depends on 5 kinematical param.  A 
partial integration mixes states with different 
quantisation axes → a fictitious state. 

● one-to-one is small, while one-to-other and 
GME are sizeable in the central threshold 
region.

● Beam polarisation enhances the rate:
~ 2σ for one-to-other, ~ 1σ for GME~ 104 (103) events at HL-LHC (FCC-ee). 
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Thank you for listening 
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: spin analyzing powerαx ∈ [−1, + 1]

τ− → π−ν : α ≃ 1
τ− → ρ−ν : α ≃ 0.45

τ− → e−νν̄ : α ≃ − 0.33

t → bνℓ+ : α ≃ 1
t → bνℓ+ : α ≃ 0.39

t → bud̄ : α ≃ − 0.32
t → bud̄ : α ≃ 0.97

helicity basis
Eur. Phys. J. C (2022) 82 :285 Page 3 of 9 285

Fig. 2 Schematic representation of the decay of a top quark that ulti-
mately leads to the emission of a charged lepton, in the top rest frame

of the weak interactions, the charged lepton emerging from
the two-step decay t → Wb and W → ℓν turns out to be
100% correlated with the spin of the mother top quark, i.e.
the top quark differential width is given by:

1
#

d#

d cos ϕ
= 1 + α cos ϕ

2
, (5)

with the spin analyzing power α attaining the largest possible
values, i.e., ±1. We denote ϕ the angle between the top spin
and the direction of the emitted lepton in the top quark rest
frame, see Fig. 2. As a result, the lepton can be considered as
a proxy for the spin of the corresponding top quark and the
correlations between the leptons as a proxy for those between
the top quark spins.

Assuming no net polarisation is present,2 the density
matrix for the spin of a t t̄ pair can be written as:

ρ = 1
4

(
1 ⊗ 1+

3∑

i, j=1

Ci j σi ⊗ σ j

)
. (6)

where the first term in the tensor product refers to the top and
the second term to the anti-top quark. TheCi j matrix encodes
spin correlations, and it is measurable. Note that Eq. (6),
which will be used in the following, is more general than the
simple density matrix in Eq. (4) considered in Sect. 2, since
C is allowed to have off-diagonal entries. However, since
in practice Ci j ≈ C ji , the C matrix can be made (almost)
diagonal with an appropriate choice of basis, thus reducing
the t t̄ system to Eq. (4). The differential cross section for
pp → t t̄ → ℓ+ℓ−bb̄νν̄ can be expressed as [12]:

1
σ

dσ

dxi j
= Ci j xi j − 1

2
log

∣∣xi j
∣∣, (7)

where xi j ≡ cos θi cos θ̄ j , θi is the angle between the antilep-
ton momentum and the i-th axis in its parent top rest frame,

2 Strong t t̄ production does not lead to polarised top quarks, as parity
is conserved [10]. EW effects (and possibly also absorptive parts from
loops), on the other hand, can give rise to a net top quark polarisation.
However, they have been estimated to be very small [11], and therefore
are neglected here.

Fig. 3 Schematic representation of a pp → t t̄ event in the center of
mass frame, with the helicity basis {k̂, r̂ , n̂} drawn, together with the
scattering angle θ . The n̂ axis is into the page

and θ̄ j the angle between the lepton momentum and the j-th
axis in its parent anti-top rest frame. In particular, Eq. (7)
implies:

− 9⟨xi j ⟩ = Ci j , (8)

a relation that allows direct measurement of the C matrix.
Spin is measured fixing a suitable reference frame. An advan-
tageous choice is the helicity basis {k̂, r̂ , n̂},
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

k̂ = top direction

r̂ = p̂ − k̂ cos θ

sin θ

n̂ = k̂ × r̂ ,

(9)

where p̂ is the beam axis and θ is the top scattering angle in
the center of mass frame, see also Fig. 3. The helicity basis
is defined in terms of the top quark and also applies to the
antitop.3 Relevant reference frames are reached in a two step
process: a ẑ boost from the laboratory to the t t̄ center of mass
frame, then a k̂ boost to each top’s rest frame.

The amount and type of spin correlations strongly depend
on the production mechanism as well as the phase space
region (energy and angle) of the top quarks. Two comple-
mentary regimes are important: at threshold, i.e., when the
top quarks are slow in their rest frame, and when they are
ultra-relativistic. At threshold, gluon fusion gg → t t̄ leads
to an entangled spin-0 state while qq̄ → t t̄ to a spin-1 state.
The latter is subdominant at the LHC and acts as an irre-
ducible background [2].

4 Observation of entanglement

It can be shown [8] that the t t̄ spin density matrix in Eq. (6)
is separable (that is, not entangled) if and only if the partial
transpose (1 ⊗ T ) ρ, obtained by acting with the identity
on the first term of the tensor product and transposing the
second, is positive definite. As shown in [2], this implies that
∣∣C11 + C22

∣∣ − C33 > 1 (10)

3 We follow the sign convention of [2].

123

A

B

x

y
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Cij = h(sA · ei)(sB · ej)i =
9

↵x↵y
h(x · ei)(y · ej)i
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Bi = hsA · eii =
3

↵x
hx · eii

<latexit sha1_base64="5D4HFOhW3HkX7IJCeNvSsHboGmE="></latexit>

Bi = hsB · eii =
3

↵y
hy · eii

observable
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⇢ =
1

4

⇣
1AB +Bi ·

⇥
�i ⌦ 1B

⇤
+Bi ·

⇥
1A ⌦ �i

⇤
+ Cij ·

⇥
�i ⌦ �j

⇤⌘
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(e1, e2, e3) = (n, r,k)
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d(x · s) =
1 + ωx · (x · s)
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s : spin direction of the decayingparticle
<latexit sha1_base64="6m/I1J6pQ8tnwoVkdZXhcvR7gzc="></latexit>

x : direction of decay product x (unit vector)
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Figure 5. One-to-one negativities of the di!erential tt̄Z spin state at
→

s = 1 TeV for unpolarised
beams: Ntt̄ (left), NtZ (middle), and Nt̄Z (right). Top row: (mtt̄, cos ωZ) plane at fixed cos ωt =
ε = 0. Bottom row: (cos ωZ , ε) plane at fixed mtt̄ = 600 GeV and cos ωt = 0. The dashed black
contours mark the boundary at Ntt̄ = 10→3, below which Ntt̄ is e!ectively vanishing. For all panels,
the colour bar saturates at the algebraic upper bound N = 1/2.

amplitudes have comparable magnitudes across the plane, leaving the mixture close to
an even superposition rather than dominated by one helicity. The reduced purities are
significantly smaller, reflecting the correlations between the traced and retained subsystems.
The most pronounced reduction occurs in ϑtt̄, which reaches ↑ 0.30–0.35 around cos ωZ ↑ 0

and mtt̄ ↑ 400–500 GeV. This indicates strong correlations between the tt̄ pair and the
Z boson, such that tracing out the latter leaves a highly mixed tt̄ state. The ϑtZ and
ϑt̄Z purities display shallower minima of approximately 0.4 in di!erent regions of phase
space. The two are CP-conjugate, ϑtZ(cos ωZ) = ϑt̄Z(↓ cos ωZ), while ϑtt̄ is CP-even and is
therefore symmetric under cos ωZ ↔ ↓ cos ωZ , in line with (2.2).

Fig. 5 shows the three one-to-one negativities Ntt̄, NtZ , Nt̄Z . The dashed contour in
the Ntt̄ panel marks Ntt̄ = 10→3, the threshold below which Ntt̄ is treated as e!ectively
vanishing. Ntt̄ is nearly zero throughout most of phase space, becoming non-zero only
near the soft-Z boundary, mtt̄ ↔

→
s ↓ mZ ↑ 909 GeV, and for | cos ωZ | ↔ 1. Both are

limits in which the Z e!ectively decouples from the tt̄ pair: at the upper mtt̄ boundary
the Z momentum vanishes, and in the collinear limit the initial-state-radiation diagrams
Fig. 2 (c,d) dominate, with the matrix element approximately factorising into a universal
e ↔ eZ splitting times the on-shell e

+
e
→ ↔ tt̄ amplitude in the high energy limit. In

both cases ϖ ↔ ϖtt̄ ↗ ϖZ and the tt̄ reduced state roughly recovers the standard e
+
e
→ ↔ tt̄

entanglement [40]. This behaviour is closely related to the strong tt̄–Z correlations in the
purity analysis: over most of phase space, tracing out the Z leaves a highly mixed tt̄ state,

– 16 –
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Figure 6. One-to-other negativities of the di!erential tt̄Z spin state at
→

s = 1 TeV for unpolarised
beams: N(Z|tt̄) (left), N(t|t̄Z) (middle), and N(t̄|tZ) (right). Top row: (mtt̄, cos ωZ) plane at fixed
cos ωt = ε = 0. Bottom row: (cos ωZ , ε) plane at fixed mtt̄ = 600 GeV and cos ωt = 0. The colour
bar saturates at the algebraic upper bound, 1 for the 3 ↑ 4 partition N(Z|tt̄) and 1

2 for the 2 ↑ 6
partitions N(t|t̄Z) and N(t̄|tZ).

suppressing the entanglement in ϑtt̄. Only in regions where the tt̄–Z correlations weaken
does the reduced tt̄ state retain enough coherence to exhibit non-zero tt̄ entanglement. In
contrast, NtZ and Nt̄Z are non-zero over large regions of phase space, reaching comparable
maxima of approximately 0.25, and are exact CP mirror images of each other under (2.2).

Fig. 6 shows the three one-to-other negativities N(Z|tt̄), N(t|t̄Z), N(t̄|tZ). All three
are positive over essentially the entire (mtt̄, cos ωZ) plane, signalling robust entanglement
across every bipartition. N(Z|tt̄) reaches ↓ 0.5–0.6 in the central region cos ωZ ↔ 0, mtt̄ ↔
500–700 GeV (about half of its algebraic maximum), while N(t|t̄Z) and N(t̄|tZ) reach
↔ 0.40–0.45 in broad central regions, approaching their algebraic bound 1

2
.2 As in Fig. 5,

N(Z|tt̄) is CP-even and N(t|t̄Z) ↗ N(t̄|tZ) under (2.2). Combined with the Ntt̄ ↔ 0,
this pattern points to a GHZ-like entanglement structure, in which each particle is strongly
entangled with the remaining pair while the reduced tt̄ state remains nearly separable.

Fig. 7 shows the genuine multipartite negativity NG. It is positive throughout most
of the central region of phase space, reaching values of approximately 0.40, around
80% of the algebraic GHZ bound (dmin ↘ 1)/2 = 1

2
for the 2 ↑ 2 ↑ 3 Hilbert space.

This unambiguously certifies genuine tripartite entanglement in the di!erential tt̄Z spin
state over a large fraction of phase space – a basis-independent statement. The largest
values occur in the same kinematic region where the reduced-state purities are lowest

2
Recall that the algebraic upper bounds are N(Z|tt̄) → 1 for the 3↑4 partition and N(t|t̄Z), N(t̄|tZ) → 1

2

for the two 2↑ 6 partitions, as shown in Eq. (3.17).

– 17 –
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Figure 7. Genuine multipartite negativity NG of the di!erential tt̄Z spin state at
→

s = 1 TeV for
unpolarised beams. Left: (mtt̄, cos ωZ) plane at fixed cos ωt = ε = 0. Right: (cos ωZ , ε) plane at fixed
mtt̄ = 600 GeV and cos ωt = 0. The colour bar saturates at the GHZ upper bound (dmin ↑1)/2 = 1

2

for the 2 ↓ 2 ↓ 3 Hilbert space.

and the one-to-other negativities are largest, confirming that the dominant correlations
in the di!erential state are collective rather than pairwise. The state-dependent bound in
Eq. (3.25), NG(ϑ) ↔ minM NM (ϑ), is respected, but close to saturation. In the region where
NG reaches its maximum, the smallest one-to-other negativity is approximately 0.40–0.45,
only slightly larger than NG. NG is CP-even, and the displayed slices are correspondingly
symmetric under (2.2).

A coherent picture emerges from Figs. 4–7. The di!erential tt̄Z spin state
exhibits a clear hierarchy of quantum correlations. Pairwise entanglement is generally
suppressed, especially within the tt̄ subsystem, while one-to-other entanglement remains
large throughout most of phase space. The positivity of NG across broad kinematic
regions further demonstrates that these correlations are genuinely multipartite. Overall,
the dominant quantum structure of the di!erential state is collective rather than pairwise.

4.2 Entanglement in Fully Inclusive States

We now turn to the fully inclusive state, obtained by integrating over the complete tt̄Z

phase space. The resulting density matrix ϑ
unpol

!
is a fictitious quantum state (see Sec. 2.3).

The left panel of Fig. 8 shows the purity of the full state and of the three two-body reduced
states. All purities depend only mildly on

→
s. The equality ϖtZ = ϖt̄Z follows from

CP invariance after full phase space integration. The full state is the most mixed, with
ϖ(ϑ!) ↗ 0.22–0.25, while the reduced states are less mixed, with ϖtt̄ ↗ 0.41–0.43 and
ϖtZ = ϖt̄Z ↗ 0.26–0.32.

For the one-to-one negativities, we find

Ntt̄ = NtZ = Nt̄Z = 0 for all
→

s . (4.2)

Since the corresponding reduced states act on 2 ↓ 2 and 2 ↓ 3 Hilbert spaces, the
Peres–Horodecki criterion is both necessary and su"cient for separability. Hence, the
vanishing negativities imply that the tt̄, tZ, and t̄Z systems are all separable once the
full phase space is integrated over.

– 18 –


