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Particle Collider Quantum Information 
Processing Device

Precision test of SM 
Improving new physics search

High Energy Test of Quantum Mechanics

Can we distinguish anomalies 
within QFT-type new physics
from beyond QM

<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{ ?

A fresh look at QFT from QIT
Can we predict SM parameters?

Area law: cross-section = entanglement entropy

Motivation: Gives us a new perspective!  Fun to explore!    

Precision test of SM: 

High Energy Test of Quantum Mechanics

A fresh look at QFT from QIT:

Enhancing new physics searches

Can we predict SM parameters? 
Area law: cross-section = entanglement entropy

Beyond QFT detection



High Energy Test of QM

Motivation: - QM might be an effective theory of more fundamental theory applicable only 
from some larger distances (lower energies)

- QM might be modified at shorter distances to be married with gravitation 

Gravity

- Currently, no LHC analysis can distinguish anomalies from QFT-based BSM and 
those from beyond-QFT.

Foundational test of QM @ high-energy collider is very important!

High Energy Test of Quantum Mechanics

● QM might be a low energy effective theory of more fundamental short-distance theory.

● Currently, no LHC analysis can distinguish between anomalies from QFT-based BSM 
● and those from beyond-QM

★ Non-linear extensions of QM: Weinberg (1989), Polchinski (1991), 
D.E.Kaplan, S.Rajendran, (2021)

non-linear state-dependent term

<latexit sha1_base64="E5V7EvX0EOZtYVanpv7pEr1pG0U="></latexit>

i@t|�i =
Z

d3x
h
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Plan

● QI Tools: Density Matrix, Entanglement, Bell nonlocality  

● QI Measurements @ Collider: ttbar, tau-tau, ZZ 

● Open Quantum Mechancis 

Lecture 1:

Lecture 2:

◇ Reconstruction of Quantum Channel (probing NLQM) 

◇ Decoherence @ Colliders
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Quantum Mechanics

<latexit sha1_base64="DdEY520wso1CKM5uEcz9wqLE7/o="></latexit>

|ω(t)→ = Û(t) |ω(0)→
<latexit sha1_base64="Ls6m0fsCAp85cBLSG/gp1t6Dw8c="></latexit>

Û(t) = e→iĤt

<latexit sha1_base64="Q5+TlurtXAu+mRPhZKRreIcqZNo="></latexit>

→Â↑ω =
∑

k

ak Prob(ak|ω) = →ω|Â|ω↑

Linear time-evolution:

Born rule:
<latexit sha1_base64="zz0I70jVb/nsjtL6DdYMSi2lh8E="></latexit>

Prob(ak|ω) =
∣∣→ak|ω↑

∣∣2
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Â |ak→ = ak |ak→

Mean value:

Three line summary of Quantum Mechanics:
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ω̂ =
∑

i

qi |εi→↑εi|

When we don’t know the pure state exactly,

Ensemble:
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{ q1; |ω1→, q2; |ω2→, . . . }
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qi → 0,
∑

i

qi = 1

All physical info is encoded in the density operator:  

Time Evolusion:

Probability:

Mean value:
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ω̂(t) = Û(t) ω̂(0) Û(t)†
<latexit sha1_base64="Ls6m0fsCAp85cBLSG/gp1t6Dw8c="></latexit>

Û(t) = e→iĤt

<latexit sha1_base64="2Qf0fa/FgmH0hqp1klU7b+C+RdM="></latexit>

Prob(ak|ω) =
∑

i

qi Prob(ak|εi) = Tr
(
!̂k ω̂
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!̂k = |ak→↑ak|
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Tr
(
Âω̂

)
=

∑

i

qi Tr
(
Â |εi→↑εi|

)
=

∑

i

qi ↑εi|Â|εi→
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Equations — Note (22 Jul 2026)
QM basics for the SI2026 lecture — copy-paste source for Keynote

|ω(t)→ = Û(t) |ω(0)→ Û(t) = e→iHt

Prob(ak|ω) =
∣∣↑ak|ω→

∣∣2 Â |ak→ = ak |ak→

↑Â→ω =
∑

k

ak Prob(ak|ω) = ↑ω|Â|ω→

{ q1; |ω1→, q2; |ω2→, . . . } ↓ ε̂ =
∑

i

qi |ωi→↑ωi|

qi ↔ 0
∑

i

qi = 1

ε̂(t) = Û(t) ε̂(0) Û(t)†.

Prob(ak|ε) =
∑

i

qi Prob(ak|ωi) = Tr
(
!̂k ε̂

)
!̂k = |ak→↑ak|

↑Â→ε =
∑

k

ak P (ak|ε) = Tr
(
Â ε

)

Tr
(
X̂ |ϑ→↑ϖ|

)
↗

∑

n

↑en|
(
X̂ |ϑ→↑ϖ|

)
|en→, ↑en|em→ = ϱnm.

=
∑

n

↑ϖ|en→↑en|X̂|ϑ→ = ↑ϖ|X̂|ϑ→

Tr
(
!̂kε̂

)
=

∑

i

qi Tr
(
|ak→↑ak|ωi→↑ωi|

)
=

∑

i

qi
∣∣↑ak|ωi→

∣∣2.

Tr
(
Âε̂

)
=

∑

i

qi Tr
(
Â |ωi→↑ωi|

)
=

∑

i

qi ↑ωi|Â|ωi→

Tr
(
ε̂
)
=

∑

i

qi Tr
(
|ωi→↑ωi|

)
=

∑

i

qi ↑ωi|ωi→ =
∑

i

qi = 1

ε̂ =
∑

i

qi |ωi→↑ωi|

Tr ε̂ = 1 ε̂† = ε̂ ε̂ ↔ 0
(
↑ω|ε̂|ω→ ↔ 0, ↘ |ω→

)

ε̂† = ε̂ ↓ ε̂diag ↓ ensemble, qi ↔ 0,
∑

i

qi = 1 (ε ↔ 0, Tr ε = 1)
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{ q1; |ω1→, q2; |ω2→, . . . } ↓ ε̂ =
∑

i

qi |ωi→↑ωi|

qi ↔ 0
∑

i

qi = 1
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∑
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=

∑
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∑
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∑
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Trace formula:
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∑

k

ak Prob(ak|ω) = ↑ω|Â|ω→
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∑
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∑
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∑
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Â ε
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∑
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(
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qi Tr
(
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∑
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Tr
(
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∑
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qi Tr
(
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∑
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∑
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{ q1; |ω1→, q2; |ω2→, . . . } =↓ ε̂ =
∑

i

qi |ωi→↑ωi|

qi ↔ 0
∑

i

qi = 1
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qi ↑ωi|Â|ωi→ = ↑Â→ε
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∑
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Prob(ak|ε) =
∑

i

qi Prob(ak|ωi) = Tr
(
!̂k ε̂

)
!̂k = |ak→↑ak|

↑Â→ε =
∑

k

ak P (ak|ε) = Tr
(
Â ε

)

Tr
(
X̂ |ϑ→↑ϖ|

)
↗

∑

n

↑en|
(
X̂ |ϑ→↑ϖ|

)
|en→, ↑en|em→ = ϱnm

=
∑

n

↑ϖ|en→↑en|X̂|ϑ→ = ↑ϖ|X̂|ϑ→

Tr
(
!̂kε̂

)
=

∑

i

qi Tr
(
|ak→↑ak|ωi→↑ωi|

)
=

∑

i

qi
∣∣↑ak|ωi→

∣∣2 = Prob(ak|ε)

Tr
(
Âε̂

)
=

∑

i

qi Tr
(
Â |ωi→↑ωi|

)
=

∑

i

qi ↑ωi|Â|ωi→ = ↑Â→ε

Tr
(
ε̂
)
=

∑

i

qi Tr
(
|ωi→↑ωi|

)
=

∑

i

qi ↑ωi|ωi→ =
∑

i

qi = 1

ε̂ =
∑

i

qi |ωi→↑ωi|

Tr ε̂ = 1 ε̂† = ε̂ ε̂ ↔ 0
(
↑ω|ε̂|ω→ ↔ 0, ↘ |ω→

)

ε̂† = ε̂ ↓ ε̂diag ↓ ensemble, qi ↔ 0,
∑

i

qi = 1 (ε ↔ 0, Tr ε = 1)

1

<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→

<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→

<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→ <latexit sha1_base64="lfgw6eDDEELjpxlG0LOyWCUG0Po=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCBxntkOlFGHrxOMG9wFpKmqVbWJrWJBVGt+/hxa/ixYMingQPfhvTrgfdfCDkx///PCTP348Zlcqyvo2l5ZXVtfXSRnlza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH11nfueBCEkjfqfGMXFDNOA0oBgpLXlmzRki5YhhdOnIJPQovPeoczpxYkk1CMQHjDhsduXapOyZFatq5QUXwS6gAopqeuan049wEhKuMENS9mwrVm6KhKKYkWnZSSSJER6hAelp5Cgk0k3z3abwWCt9GERCH65grv6eSFEo5Tj0dWeI1FDOe5n4n9dLVHDhppTHiSIczx4KEgZVBLOgYJ8KghUba0BYUP1XiIdIIKx0nFkI9vzKi9CuVe16tX57VmlcFXGUwCE4AifABuegAW5AE7QABo/gGbyCN+PJeDHejY9Z65JRzByAP2V8/QD8GaIF</latexit>

ω̂ =
∑

i

qi |εi→↑εi|

<latexit sha1_base64="eui0PGk17LEfp98ZAspQtKXKC4E=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUSkuhGKblxWsA9oSriZTtohk0mYmQil7d6Nv+LGhSJu/QF3/o2TtgttPXC5h3PuZeaeIOVMacf5tlZW19Y3Ngtbxe2d3b19++CwqZJMEtogCU9kOwBFORO0oZnmtJ1KCnHAaSuIbnK/9UClYom418OUdmPoCxYyAtpIvl3yBqC9OvOjqzH4kSdB9Dn1+LRho4yLvl12Ks4UeJm4c1JGc9R9+8vrJSSLqdCEg1Id10l1dwRSM8LppOhliqZAIujTjqECYqq6o+ktE3xilB4OE2lKaDxVf2+MIFZqGAdmMgY9UIteLv7ndTIdXnZHTKSZpoLMHgozjnWC82Bwj0lKNB8aAkQy81dMBiCBaBNfHoK7ePIyaZ5V3Gqlenderl3P4yigY1RCp8hFF6iGblEdNRBBj+gZvaI368l6sd6tj9noijXfOUJ/YH3+ALqEmts=</latexit>

!̂k = |ak→↑ak|
7



<latexit sha1_base64="lfgw6eDDEELjpxlG0LOyWCUG0Po=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCBxntkOlFGHrxOMG9wFpKmqVbWJrWJBVGt+/hxa/ixYMingQPfhvTrgfdfCDkx///PCTP348Zlcqyvo2l5ZXVtfXSRnlza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH11nfueBCEkjfqfGMXFDNOA0oBgpLXlmzRki5YhhdOnIJPQovPeoczpxYkk1CMQHjDhsduXapOyZFatq5QUXwS6gAopqeuan049wEhKuMENS9mwrVm6KhKKYkWnZSSSJER6hAelp5Cgk0k3z3abwWCt9GERCH65grv6eSFEo5Tj0dWeI1FDOe5n4n9dLVHDhppTHiSIczx4KEgZVBLOgYJ8KghUba0BYUP1XiIdIIKx0nFkI9vzKi9CuVe16tX57VmlcFXGUwCE4AifABuegAW5AE7QABo/gGbyCN+PJeDHejY9Z65JRzByAP2V8/QD8GaIF</latexit>

ω̂ =
∑

i

qi |εi→↑εi|

Property of the density operator:

<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→

<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{ Hermitian:

Unit Trace:
<latexit sha1_base64="s3YItQiJQlIorqKSbHxh+yTWe5c="></latexit>

Tr ω̂ = 1

<latexit sha1_base64="QwN1DprgfBRrG1kA3YuRYs/3Tgc="></latexit>

ω̂† = ω̂
<latexit sha1_base64="GvNj0hyEcIG1PhKZfYOUdtHCC8w="></latexit>

ω̂ → 0
<latexit sha1_base64="OY+iNJjLeQlcYput4o2tch3lO74="></latexit>(
→ω|ε̂|ω↑ ↓ 0, ↔ |ω↑

)
PSD:

Converse is true: Let            be the set of all Hermitian, unit-trace and PSD operators.  
Every element of            corresponds to a physical state.

PSD = Positive Semi-Definite

<latexit sha1_base64="e8CZ/RBC+Boiigdp1zTOJUs6sCQ="></latexit>

ω
[ω†=ω]→→→→↑ ωdiag = diag(p1, p2, · · · )

<latexit sha1_base64="t2NyHahINqfD/T7jXXaw1dN4v2I=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/cA2lM120i7dbOLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LejBP0IzqQPOSMGis9JD1OugN8JG6vVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdvGEnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+RmXSWpQsvmiMBXExGT6PulzhcyIsSWUKW5vJWxIFWXGhlS0IXiLLy+T5nnFq1aqdxfl2nUeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/fzWQKg==</latexit>

pi → 0
<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{Hermitian

Unit Trace

PSD

<latexit sha1_base64="wAOUhN5uwZAqzsgd/wA45L100uA="></latexit>

S(H)
<latexit sha1_base64="wAOUhN5uwZAqzsgd/wA45L100uA="></latexit>

S(H)

<latexit sha1_base64="SpKk9qaS47z9QTWoxU05n7d4N34="></latexit>∑

i

pi = 1
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Density matrix → pure-state ensemble is not unique 

● Consider the following state

● Define 

● Define 

<latexit sha1_base64="HW2ImLXsgXTc9waJP6giY0IJpgk="></latexit>

→ω+|ω→↑ = c2ω ↓ s2ω

<latexit sha1_base64="ueiDshmeEy8uspbNLRAOj6o52KA="></latexit>

ω = p |0→↑0|+ (1↓ p) |1→↑1|

<latexit sha1_base64="GoCD8z6bWXGRBt18Emvrau4X7Ks="></latexit>{
|0→ · · · p

|1→ · · · 1↑ p

<latexit sha1_base64="KP9GlCyZGkNFBw5MWJ2UCGcJfOw="></latexit>{
|ω+→ · · · 1

2

|ω→→ · · · 1
2

<latexit sha1_base64="MpKI2zyOt8KjwqkIivAUcXzlgIU="></latexit>→↑
physically 

indistinguishable

<latexit sha1_base64="vVNIqJETj51bBgQX58VDSs9U+Lo="></latexit>

|ω±→↑ω±| = c2ω |0→↑0| ± cωsω [ |0→↑1|+ |1→↑0| ] + s2ω |1→↑1|

<latexit sha1_base64="8BPiiRX9CAEIuMvOH1m5RAAIOVI="></latexit>

ωω = 1
2 |ε+→↑ε+| + 1

2 |ε→→↑ε→| = c2ω |0→↑0| + s2ω |1→↑1|

<latexit sha1_base64="+VjpN7xA670PDqUSjtetFjBYiYs="></latexit>

ω = ωω|c2ω=p

<latexit sha1_base64="SlwUkys6bcH5/VZmchV0kE0owhk="></latexit>

|ω±→ = cω |0→± sω |1→

10



How much is the state pure ? 

<latexit sha1_base64="zhWxZfuGf4VnQwFiphpsWsi8lqE="></latexit>

ω̂pure = |ε→↑ε|
<latexit sha1_base64="48Rk7DG94d+IqfTnK5sTKPhSxus="></latexit>

ω̂mix =
∑

i

qi|εi→↑εi|
<latexit sha1_base64="iVWjzmtn9eD0nii94hLhCru9xqk="></latexit>

{qi} = {1, 0, 0, · · · }
<latexit sha1_base64="GAOsWnPcYaRzRRQfEJO9ZjpLEHs="></latexit>

{qi} = {q1, q2, · · · }

<latexit sha1_base64="CbVp/Dic/BNw5wXgqZMDxYO4jow="></latexit>

ω(ε) → Trε2 =
∑

i

q2i

Purity: von Neumann entropy:

<latexit sha1_base64="1j97cnpl0Jy3C0NYhoGiLHPTvUI="></latexit>

ω̂max
mix =

d∑

i=1

1

d
|εi→↑εi|

<latexit sha1_base64="TQ3lOnVEpodeYCSu6+O/bRv11kI="></latexit>(
d → dimH

)

<latexit sha1_base64="sYh0Dh3bNgv/AJ5IBtgDY699dnc="></latexit>

1
d → ω(ε) → 1 max mixedmax mixed pure pure

<latexit sha1_base64="t1xKioAGsc8vSRj6Rwf5hR99WCQ="></latexit>

0 → SV (ω) → log2 d

<latexit sha1_base64="AnBikn4CPkokl0r3LxrDbNTMSaY="></latexit>

SV (ω) → ↑Tr
[
ω log2 ω

]
= ↑

∑

i

qi log2 qi

11



<latexit sha1_base64="jbgR/EdRgwgS3nGdO9uMP3MB+wM=">AAACFXicbVBNS8MwGE7n15xfVY9eikPwMEYrMr0IQy8eJ7gPWEtJs7QLS9KSpMKs+xNe/CtePCjiVfDmvzHdetDNB0KePM/78uZ9goQSqWz72ygtLa+srpXXKxubW9s75u5eR8apQLiNYhqLXgAlpoTjtiKK4l4iMGQBxd1gdJX73TssJIn5rRon2GMw4iQkCCot+WbNlSRi0L93aw9uwvQtII8ovtCPOalS8c2qXbensBaJU5AqKNDyzS93EKOUYa4QhVL2HTtRXgaFIojiScVNJU4gGsEI9zXlkGHpZdOtJtaRVgZWGAt9uLKm6u+ODDIpxyzQlQyqoZz3cvE/r5+q8NzLCE9ShTmaDQpTaqnYyiOyBkRgpOhYE4gE0X+10BAKiJQOMg/BmV95kXRO6k6j3rg5rTYvizjK4AAcgmPggDPQBNegBdoAgUfwDF7Bm/FkvBjvxsestGQUPfvgD4zPH5npnxQ=</latexit>

ωz |±z→ = ± |±z→
<latexit sha1_base64="JOeGBel0NeuM4DZ1rgivieWs7CM=">AAACYXicbVFNS8MwGE7r1Dmd1nn0EhyC4BytiHoRRC8eFZwbLGOkWbaFpUlJUnXW/UlvXrz4R0xnD3bzhcDD80HePAljzrTx/U/HXSmtrq2XNyqbW9XtHW+39qRloghtEcml6oRYU84EbRlmOO3EiuIo5LQdTm4zvf1MlWZSPJppTHsRHgk2ZAQbS/W9V5SixjtKYqyUfOm/IYXFiNMGgu9oIF9EkUYNNKtczSPHBe/Jfxa/YAmKlr5X95v+fOAyCHJQB/nc970PuxBJIioM4VjrbuDHppdiZRjhdFZBiaYxJhM8ol0LBY6o7qXzhmbw0DIDOJTKHmHgnP2bSHGk9TQKrTPCZqwXtYz8T+smZnjZS5mIE0MF+b1omHBoJMzqhgOmKDF8agEmitldIRljhYmxn5KVECw+eRk8nTaD8+b5w1n9+iavowz2wQE4AgG4ANfgDtyDFiDgyyk5VWfb+XY3XM+t/VpdJ8/sgcK4+z+6JLad</latexit>

{ | →z↑, | ↓z↑ } = { |+z↑, |↔z↑ } = { |0z↑, |1z↑ }Qubit:

Compare the following two states:

<latexit sha1_base64="aWH+G6tkFv30Vo3ndQwhonGpTnA="></latexit>

|ω→ = 1→
2

(
|+z→+ |↑z→

)

<latexit sha1_base64="uCU1WlMaFk0QONF9izinpM1eV44="></latexit>

ωmax
mix = 1

2 |+z→↑+z|+ 1
2 |↓z→↑↓z|

<latexit sha1_base64="0zvpHcR8FVX3Gh6y3zI4vFXebVE="></latexit>

Prob(±z|ω) = 1
2 ,

<latexit sha1_base64="iQgwdYBn1zWRFL9OrBcMngi8ZbA="></latexit>

Prob(±z|ωmax
mix ) =

1
2

<latexit sha1_base64="hYFGWtcfboPTSPCefITFmhaMZtI="></latexit>

Prob(±x|ω) = 1
2

<latexit sha1_base64="hMilW+h7zLVKEF5g/KIwLIV7nIU="></latexit>

Prob(+x|ω) = 1,
<latexit sha1_base64="TZLG3iTqlrlAOgoMosCPmey3oC8="></latexit>

Prob(→x|ω) = 0

<latexit sha1_base64="0dC47Q36TB5k3UQcn9190HeROYo="></latexit>

= |+x→
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Matrix representation:
<latexit sha1_base64="G/3ZIKJu24TyZk2v1yR8abaspzo="></latexit>

ω =

(
ω00 ω01
ω10 ω11

)
,

<latexit sha1_base64="v9zUNqGyW+56cSLXWrdLjYMDc+Y=">AAACEXicbZDLSsNAFIYnXmu8RV26GSxCVyURqW6EohuXFewFmhAm00k77WQSZiZCSfsKbnwVNy4UcevOnW/jpM1CW38Y+PnOOZw5f5AwKpVtfxsrq2vrG5ulLXN7Z3dv3zo4bMk4FZg0ccxi0QmQJIxy0lRUMdJJBEFRwEg7GN3k9fYDEZLG/F6NE+JFqM9pSDFSGvlWxRWD2M/ocHrlMsT7jEA6cQdI5XwydMWcmaZvle2qPRNcNk5hyqBQw7e+3F6M04hwhRmSsuvYifIyJBTFjExNN5UkQXiE+qSrLUcRkV42u2gKTzXpwTAW+nEFZ/T3RIYiKcdRoDsjpAZysZbD/2rdVIWXXkZ5kirC8XxRmDKoYpjHA3tUEKzYWBuEBdV/hXiABMJKh5iH4CyevGxaZ1WnVq3dnZfr10UcJXAMTkAFOOAC1MEtaIAmwOARPINX8GY8GS/Gu/Exb10xipkj8EfG5w9bKp1T</latexit>

ωij = →i|ω̂|j↑<latexit sha1_base64="U9BGbhzs+iHDXVlRUgy/+1gI3SA=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAgWIVdkWgjBG0sI5gLZJcwOzlJJpmdXWZmhbCmt/FVbCwUsfUF7HwbJ8kWmvjDwMd/zuHM+YOYM6Ud59vKrayurW/kNwtb2zu7e/b+QUNFiaRQpxGPZCsgCjgTUNdMc2jFEkgYcGgGo+tpvXkPUrFI3OlxDH5I+oL1GCXaWB276HEi+hwwexhiT875Entd4Jp0Ujac4I5dcsrOTHgZ3AxKKFOtY3953YgmIQhNOVGq7Tqx9lMiNaMcJgUvURATOiJ9aBsUJATlp7NbJvjYOF3ci6R5QuOZ+3siJaFS4zAwnSHRA7VYm5r/1dqJ7l34KRNxokHQ+aJewrGO8DQY3GUSqOZjA4RKZv6K6YBIQrWJr2BCcBdPXobGadmtlCu3Z6XqVRZHHh2hIjpBLjpHVXSDaqiOKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sj6/AEDvJpq</latexit>

→i|j↑ = ωij

<latexit sha1_base64="YA9u7g3cCa7oRI2xGTJ5zjplEKU="></latexit>

ω̃ωε = →ε̃|ω̂|ϑ̃↑ = U→
ωi →i|ω̂|j↑︸ ︷︷ ︸

ϑij

UT
jε

<latexit sha1_base64="h/TKNjUCeb4rwk75w+Jx91JdT0M=">AAACF3icbZBNS8NAEIY3ftb6FfXoZbEIHqQkItWLUPTisYL9gKaUyXbaLt1swu5GKGn/hRf/ihcPinjVm//GtM1BW19YeHlmhtl5/UhwbRzn21paXlldW89t5De3tnd27b39mg5jxbDKQhGqhg8aBZdYNdwIbEQKIfAF1v3BzaRef0CleSjvzTDCVgA9ybucgUlR2y6OPMNFBz0QUR88BbIn8KraTmaA8rF3OuIZp/m2XXCKzlR00biZKZBMlbb95XVCFgcoDROgddN1ItNKQBnOBI7zXqwxAjaAHjZTKyFA3Uqmd43pcUo6tBuq9ElDp/T3RAKB1sPATzsDMH09X5vA/2rN2HQvWwmXUWxQstmibiyoCekkJNrhCpkRw9QAUzz9K2V9UMBMGuUkBHf+5EVTOyu6pWLp7rxQvs7iyJFDckROiEsuSJnckgqpEkYeyTN5JW/Wk/VivVsfs9YlK5s5IH9kff4AJVmf4w==</latexit>

|ω̃→ = Uωi |i→

<latexit sha1_base64="Usn5x9S7dBy7S6yBOJBdTduLPgs="></latexit>

ω̃ =

(
ω̃00 ω̃01
ω̃10 ω̃11

)
,

<latexit sha1_base64="h4rvfvdLbcTT8T7itLyHiXdbpkk="></latexit>

→ω̃|ε̃↑ = ϑωε
<latexit sha1_base64="ApGNm9vDk7Zb6bb1hHB7PBbMja4=">AAACMnicbVDLSsNAFJ34tr6qLt0Ei+CqJCLqRhDd6E7BqtAp5WZ62wxOJmHmRiix3+TGLxFc6EIRt36ESczC14GBwznncueeIFHSkuc9OWPjE5NT0zOztbn5hcWl+vLKhY1TI7AlYhWbqwAsKqmxRZIUXiUGIQoUXgbXR4V/eYPGylif0zDBTgQDLftSAOVSt37CSaoechPG3YyDSkLgARKM9rkCPVBY+aVzy0OgInpbqUWSmzJX69YbXtMr4f4lfkUarMJpt/7Ae7FII9QkFFjb9r2EOhkYkkLhqMZTiwmIaxhgO6caIrSdrDx55G7kSs/txyZ/mtxS/T6RQWTtMAryZAQU2t9eIf7ntVPq73UyqZOUUIuvRf1UuRS7RX9uTxoUpIY5AWFk/ldXhGBAUN5yUYL/++S/5GKr6e80d862GweHVR0zbI2ts03ms112wI7ZKWsxwe7YI3thr8698+y8Oe9f0TGnmlllP+B8fAJpeqyr</latexit>

ω̃ωε = →ε̃|ω̂|ϑ̃↑

<latexit sha1_base64="8CYsJCUwht3XnBX+lh4blCun4lI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqheh6MVjBdMW2lg2m0m7dLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFultfWNza3ydmVnd2//wD48aqkkkxQ8mvBEdgKigDMBnmaaQyeVQOKAQzsY3c389hikYol41JMU/JgMBIsYJdpIfdv2nnohGQxAYg/fYBf37apTc+bAq8QtSBUVaPbtr16Y0CwGoSknSnVdJ9V+TqRmlMO00ssUpISOyAC6hgoSg/Lz+eVTfGaUEEeJNCU0nqu/J3ISKzWJA9MZEz1Uy95M/M/rZjq69nMm0kyDoItFUcaxTvAsBhwyCVTziSGESmZuxXRIJKHahFUxIbjLL6+S1kXNrdfqD5fVxm0RRxmdoFN0jlx0hRroHjWRhygao2f0it6s3Hqx3q2PRWvJKmaO0R9Ynz8tFZIS</latexit>

U†U = 1

Unitary relation:

<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→

<latexit sha1_base64="uCU1WlMaFk0QONF9izinpM1eV44="></latexit>

ωmax
mix = 1

2 |+z→↑+z|+ 1
2 |↓z→↑↓z|

Maximally mixed state:
<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→
<latexit sha1_base64="Yrsgjk2eiXdCGarVILtWF/W544A=">AAACHnicbVDLSsNAFJ34rPFVdelmsFhclaRodVl047KCfUBTymR60w6dTMLMRCwhX+LGX3HjQhHBlf6N0weirQcuHM65l3vv8WPOlHacL2tpeWV1bT23YW9ube/s5vf2GypKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXo395h1IxSJxq0cxdELSFyxglGgjdfNnng4koambpeXM86HPRBqHREt2n9kuLmLPs4vYxbYHovfjdPMFp+RMgBeJOyMFNEOtm//wehFNQhCacqJU23Vi3UmJ1IxyyGwvURATOiR9aBsqSAiqk07ey/CxUXo4iKQpofFE/T2RklCpUeibTnPfQM17Y/E/r53o4KKTMhEnGgSdLgoSjnWEx1nhHpNANR8ZQqhk5lZMB8TEpU2itgnBnX95kTTKJbdSqtycFqqXszhy6BAdoRPkonNURdeohuqIogf0hF7Qq/VoPVtv1vu0dcmazRygP7A+vwGD0aF5</latexit>

1
2

(
1

1

)
basis independent
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<latexit sha1_base64="cZbIDGhS5xsE+nBEkdLi7WHDRYc="></latexit>

Tr ω = 1
ω† = ω
ω → 0





<latexit sha1_base64="6YEkmz/vIIWUzl98Qm6NB4aBcPU="></latexit>

=→ <latexit sha1_base64="LhAeZJIy+r3Lqm/YB1mExIr++eY="></latexit>

Bi → R,

Bloch / Fano: the object the whole course reconstructs

One qubit: Hermiticity + unit trace force

ω = 1
2

(
1l+ s · ω

)
, s = →ω↑, |s| ↓ 1.

Pure states on the surface, ω = 1l/2 at the centre — s is

just the measured spin polarization.

z

x

y

s

pure: surface mixed: interior

Two qubits (a produced pair AB) — the recurring parametrization:

ω = 1
4

(
1l↔ 1l+

∑
i B

+
i εi ↔ 1l+

∑
j B

→
j 1l↔ εj +

∑
ij Cij εi ↔ εj

)

• B± polarizations; Cij = →εi ↔ εj↑ the spin-correlation matrix — 15 numbers, exactly

what ATLAS & CMS extract. CP-symmetric LO ↗ B± = 0, Bell-diagonal.

↭ Every quantum marker — entanglement, Bell, discord, magic — is a function of (B±,C).

4/31

<latexit sha1_base64="jt17n5189piSbCUMclXa+weeHg8="></latexit>

Bi = Tr [ωiε] = →ωi↑ω

Experimental reconstruction of the state (Quantum State Tomography):

<latexit sha1_base64="KDAByqXw1vZ2PC11w50AWEACcxM="></latexit>

Tr
(
ωi ωj

)
= 2 εij

<latexit sha1_base64="VjV9/FkcO6hQqlSiQvEc937S8Fw="></latexit>

ω =
1

2

(
1l +

3∑

i=1

Bi εi

)
Bloch representation:

<latexit sha1_base64="A/6W/Dg1y6FmF/CLQO+5HbXEuuY="></latexit>∑

i

B2
i → 1

16



2-qubit:
<latexit sha1_base64="xEQK6VOkWakJz6TOoI363i7nTY4="></latexit>

{ |++→, |+↑→, |↑+→, |↑↑→ }
<latexit sha1_base64="xv8RiKGvGFWs/42Ul589FcgmOro=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRKV6kaoddNlBfuAJoTJdNIOnUzCzEQoIR/ixl9x40IRNy4E/8ZpG7C2Hhg495x7uXOPHzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcf3U78zgMRkkb8Xo1j4oZowGlAMVJa8szz1MGIwUbmpTf1DF7DuTqDTqRoSOSvWIcOp55ZtirWFHCZ2DkpgxxNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzkpWcRJIY4REakJ6mHOmdbjo9LoMnWunDIBL6cQWn6vxEikIpx6GvO0OkhnLRm4j/eb1EBVduSnmcKMLxbFGQMKgiOEkK9qkgWLGxJggLqv8K8RAJhJXOs6RDsBdPXibts4pdrVTvLsq1eh5HERyBY3AKbHAJaqABmqAFMHgEz+AVvBlPxovxbnzMWgtGPnMI/sD4+gGz5KCI</latexit>

HAB = HA →HB ↑

<latexit sha1_base64="iFcVSMF1DzI8GlMygpUR/4M1PjE=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiCWhOR6rLVTZcV7AOaECbTaTt0MgkzE6Gk+Qw3/oobF4q47c6/cdoG1NYDF86ccy9z7/EjRqWyrC9jaXlldW09t5Hf3Nre2TX39hsyjAUmdRyyULR8JAmjnNQVVYy0IkFQ4DPS9Ad3E7/5SISkIX9Qw4i4Aepx2qUYKS155kXiYMRgNfUq0OEUOgkcnUJHIN5jxKucwdH5zws6qWcWrKI1BVwkdkYKIEPNM8dOJ8RxQLjCDEnZtq1IuQkSimJG0rwTSxIhPEA90taUo4BIN5kelsJjrXRgNxS6uIJT9fdEggIph4GvOwOk+nLem4j/ee1YdW/chPIoVoTj2UfdmEEVwklKsEMFwYoNNUFYUL0rxH0kEFY6y7wOwZ4/eZE0Lot2qVi6vyqUb7M4cuAQHIETYINrUAZVUAN1gMETeAFv4N14Nl6ND+Nz1rpkZDMH4A+M8TeSkJ5B</latexit>

HA → {|+↑A, |↓↑A}
<latexit sha1_base64="nFKLoEKii2ogsJARS4yFaBCo+Yk=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0UQ1JqIVJelbrqsYB/QhDCZTtqhk0mYmQglzWe48VfcuFDEbXf+jdMHqK0HLpw5517m3uPHjEplWV9GbmV1bX0jv1nY2t7Z3TP3D5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8gd3E7/1SISkEX9Qw5i4IepxGlCMlJY88zJ1MGKwlnlV6HAKnRSOzqAjEO8x4lXP4eji5wWdzDOLVsmaAi4Te06KYI66Z46dboSTkHCFGZKyY1uxclMkFMWMZAUnkSRGeIB6pKMpRyGRbjo9LIMnWunCIBK6uIJT9fdEikIph6GvO0Ok+nLRm4j/eZ1EBbduSnmcKMLx7KMgYVBFcJIS7FJBsGJDTRAWVO8KcR8JhJXOsqBDsBdPXibNq5JdLpXvr4uV6jyOPDgCx+AU2OAGVEAN1EEDYPAEXsAbeDeejVfjw/icteaM+cwh+ANj/A2XVZ5E</latexit>

HB → {|+↑B , |↓↑B}

<latexit sha1_base64="oiDR3OibxS2PC0AmIMogREahCLw="></latexit>

ω = 1
4

(
1l4 +Bi (εi → 1l2) + B̄j (1l→ εj) + Cij (εi → εj)

)
General state:

<latexit sha1_base64="bOhVvK6QMys+THjmT+XYfoFjeG0="></latexit>

Bi = Tr
[
(ωi → 1l) ε̂

]
=

〈
ω(A)
i

〉
ω

<latexit sha1_base64="Ey0N2c/iiybBGjwnVs5BRWWVcqU="></latexit>

B̄i = Tr
[
(1l→ ωi) ε̂

]
=

〈
ω(B)
i

〉
ω

<latexit sha1_base64="elYu7IhvAYEWFFMYvDtsS9MD3bI="></latexit>

Cij = Tr
[
(ωi → ωj) ε̂

]
=

〈
ω(A)
i ω(B)

j

〉
ω

Fano coeffs.:
A’s spin average

B’s spin average

spin-spin correlation

<latexit sha1_base64="G6Nvxt3RdoNhlf+UddsZn8THSTE="></latexit>

B2
i , B̄2

j , →C→max
eig ↑ 1

<latexit sha1_base64="GvNj0hyEcIG1PhKZfYOUdtHCC8w="></latexit>

ω̂ → 0
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→

<latexit sha1_base64="KDAByqXw1vZ2PC11w50AWEACcxM="></latexit>

Tr
(
ωi ωj

)
= 2 εij 18



<latexit sha1_base64="eCQiF0NVRX2zG6LU0cv1anEZduA="></latexit>

→OA↑ = Tr
[
(OA ↓ 1l) · ωAB

]
<latexit sha1_base64="3vmiJfVLi3ObANlsWiMkVBWCLz4="></latexit>

= TrA
[
OA · ωA

] <latexit sha1_base64="IBOzTXE+Y7RF7NR7GojzacdfzZk="></latexit>

→
OA

<latexit sha1_base64="hu5IIPTKKCykQWHq7FpHj35+Dws="></latexit>ωAB

<latexit sha1_base64="T/9jd961EZl7ddBlMAliztveqUM="></latexit>

=
∑

k,ω

[ A→ω|↑ B→k|) [(OA ↑ 1lB) εAB ] (|ω↓A ↑ |k↓B ]

<latexit sha1_base64="7FvayZ3OoE8Cbglxeard8EgYjJE="></latexit>

=
∑

ω

A→ω|
(
OA

∑

k

B→k|εAB |k↑B

)
|ω↑A

<latexit sha1_base64="Wx8ZwwOEcnFEqrSA4DRyHUkfc+A="></latexit>

= TrA[OA · TrB(ωAB)]

<latexit sha1_base64="6BlpGNimY/urCH6JYsJMyn6P1tU="></latexit>

ωA = TrB [ωAB ]

<latexit sha1_base64="kNTalb69NtalZn9f66H43LWNqa0="></latexit>ωA
<latexit sha1_base64="l5YDun5+tTu3ULhg33tF1pj3XI0="></latexit>ωB

<latexit sha1_base64="lvTNtbQj/zavJQu/c0Qiybhqm/8="></latexit>         
21

Alice’s local (reduced) state         is defined such that
<latexit sha1_base64="WL4/VgLtWBk9jhL1LxeqpwLaET4="></latexit>ωA

<latexit sha1_base64="WL4/VgLtWBk9jhL1LxeqpwLaET4="> 0Fp2iEWLoA/qMvqJvQRl8Cb4HP7bUoLO78wj9ZcHPP9v47co=</latexit>ωA



<latexit sha1_base64="th/LOo0fMK59Jk8kTNj2AS1YALo="></latexit>

|ω→ = 1↑
2

[
|0→A ↓ |1→B ↔ |1→A ↓ |0→B

]
Pure singlet state:

Alice’s reduced state:
<latexit sha1_base64="HIpbrqTQcMzTk8KPZ/mGJdmoeI4="></latexit>

ωA = TrB |ε→↑ε| =
<latexit sha1_base64="hqxO4o/nO2ZusPGav8KK2IBIBIw="></latexit>

=
1

2
TrB

[
|01→↑01|↓ |01→↑10|↓ |10→↑01|+ |10→↑10|

]

<latexit sha1_base64="hwmRegR7oSF5MmeqGqI653ZRO8A="></latexit>

1

2
TrB
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)]
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<latexit sha1_base64="g4kTkRYNMdAy1UeZqwAy8Vz8PNM="></latexit>

→1|1↑B
<latexit sha1_base64="MNwRyATfxc2JzQ441c222M/QUbw="></latexit>

→1|0↑B
<latexit sha1_base64="ND/5BFI8r7qR4qW4Q/KGFRLGwMI="></latexit>

→0|1↑B
<latexit sha1_base64="FU2jWYze9a3BJ5Kj9FU1nc7f4mQ="></latexit>

→0|0↑B

<latexit sha1_base64="FcaiSIsG/YvZqYYUv/L55Eua4/U="></latexit>

= 1
2

[
|0→↑0|A + |1→↑1|A

]
<latexit sha1_base64="WMRs0fO2kvv2RIWbCbBZpwnGusE="></latexit>

= ωmax
mix

“The best possible knowledge of a whole does not include best possible knowledge of its parts”
Erwin Schrödinger

<latexit sha1_base64="kNTalb69NtalZn9f66H43LWNqa0="></latexit>ωA
<latexit sha1_base64="l5YDun5+tTu3ULhg33tF1pj3XI0="></latexit>ωB

<latexit sha1_base64="lvTNtbQj/zavJQu/c0Qiybhqm/8="></latexit>         
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Entanglement



<latexit sha1_base64="8Fk7d4bMkQ8i7dqtVIvZhA41XTw="></latexit>

ω =
∑

i

pi ω
A
i → ωBi

<latexit sha1_base64="A58v0svx60gtRzZU3O1GzJ9Twzg="></latexit>ωA
<latexit sha1_base64="scXWR1rduQItuQScN51AEOYSxX8="></latexit>ωB

● Local Operation and Classical Communication does not generate entanglement

LOCC

<latexit sha1_base64="VpukZQDl2HcMn+flV3nxf3EWf38="></latexit>

pi → 0,
∑

i

pi = 1

⌘ The state is called separable if it admits the expression

⌘ otherwise it is called entangled.
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⌘ The state is called separable if it admits the expression

<latexit sha1_base64="8Fk7d4bMkQ8i7dqtVIvZhA41XTw="></latexit>

ω =
∑

i

pi ω
A
i → ωBi

⌘ otherwise it is called entangled.

<latexit sha1_base64="th/LOo0fMK59Jk8kTNj2AS1YALo="></latexit>

|ω→ = 1↑
2

[
|0→A ↓ |1→B ↔ |1→A ↓ |0→B

]

<latexit sha1_base64="VpukZQDl2HcMn+flV3nxf3EWf38="></latexit>

pi → 0,
∑

i

pi = 1

● Entanglement implies a past interaction of the two systems:
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How can one check if the state is entangled? 
<latexit sha1_base64="8Fk7d4bMkQ8i7dqtVIvZhA41XTw="></latexit>

ω =
∑

i

pi ω
A
i → ωBi

<latexit sha1_base64="e3kS+K+ePtjEhi6gGxI0zWPpBXk="></latexit>

ωTB = [ω](i,ω),(j,ε)

⌘ Peres-Horodecki criterion:

● If state is separable, 
<latexit sha1_base64="NyT5hN12uv2Hjp2qmTrf6bLICmc="></latexit>

ωTB =
∑

i

pi ω
A
i → (ωBi )

T
is Hermitian, Unit-Trace, PSD

If one finds a negative eigenvalue in , the state is guaranteed to be entangled. ρTB

 necessary condition, it is also sufficient for . ⇒ (dA, dB) = (2,2), (2,3), (3,2)
30

● Let   be a basis of  and   be a basis of  ,{ | i⟩} (i = 1,…, dA) ℋA { |α⟩} (α = 1,…, dB) ℋB
<latexit sha1_base64="Ua8B0QWbA5Y4uji/IfFqLNPVI/Y="></latexit>

[ω](i,ω),(j,ε) = →i|→ε| ω̂ |j↑|ϑ↑

● Define the partial transpose of B as



● If state is separable, 
<latexit sha1_base64="NyT5hN12uv2Hjp2qmTrf6bLICmc="></latexit>

ωTB =
∑

i

pi ω
A
i → (ωBi )

T
is Hermitian, Unit-Trace, PSD

If one finds a negative eigenvalue in , the state is guaranteed to be entangled. ρTB

 necessary condition, it is also sufficient for . ⇒ (dA, dB) = (2,2), (2,3), (3,2)
31

separable

PPT

⌘ If , the state  is calledρTB ≥ 0 ρ
“Positive-Partial-Transpose (PPT)”.

⌘ All separable states are PPT. 



The Peres-Horodecki criterion assumes we know the density matrix .  

In practice, the reconstruction of the state, i.e. 15 Fano coefficients, is expensive.

ρ

separable

entangled
<latexit sha1_base64="b8MdKtF/3273crUr4NDQNEmM7WY="></latexit>W

<latexit sha1_base64="W45ncygFo8JtQF0zWGtZSa5NjwE="></latexit>

W →

Entanglement Witness:

The Hermitian       is called “Witness” if 
<latexit sha1_base64="b8MdKtF/3273crUr4NDQNEmM7WY="></latexit>W

<latexit sha1_base64="ElOuDgdhArErtjn5zAZgbI2UC84="></latexit>

Tr
[
W · ωsep

]
→ 0, ↑ ωsep

<latexit sha1_base64="tA80Yp5LAH4lfrrtIXSFGXNp/Bs="></latexit>

Tr
[
W · ωe

]
< 0, for some entangled ωe

<latexit sha1_base64="JlK9pmTEvooGcNVLaukL1UdSVDo="></latexit>ωe

Example: Pick a target entangled pure state        , and define  
<latexit sha1_base64="FvjSJNOHdyOJja92v0n7yZIdALk="></latexit>

|ωe→

<latexit sha1_base64="1Y3ru1DKqrioES6uB6TnedRZaOY="></latexit>

W = ω 1l→ |εe↑↓εe|
<latexit sha1_base64="JyjUGAcDdBPDdWoD0Qe3EuKG+TI="></latexit>

ω = max
all separable |ω→

|→ε|ϑe↑|2 < 1
<latexit sha1_base64="ukZafqsuyc5LZ+d8b8Lqixjd4LA="></latexit>

with
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<latexit sha1_base64="A58v0svx60gtRzZU3O1GzJ9Twzg="></latexit>ωA
<latexit sha1_base64="scXWR1rduQItuQScN51AEOYSxX8="></latexit>ωB

Quantification of Entanglement:

<latexit sha1_base64="th/LOo0fMK59Jk8kTNj2AS1YALo="></latexit>

|ω→ = 1↑
2

[
|0→A ↓ |1→B ↔ |1→A ↓ |0→B

]

<latexit sha1_base64="buUMdSuWBV6C3eAEpKnUUoPr3lg="></latexit>

|0→A ↑ |1→B

Alice measures her qubit and finds 0

(separable state)

⌘ LOCC introduces a partial ordering on quantum states.

<latexit sha1_base64="pu6yJjagTJIaroTIW8Mz5ISXSV8="></latexit>

ω0
LOCC→→→→↑ ω1

LOCC→→→→↑ · · · LOCC→→→→↑ ωsep

entanglement
High Low

maximally entangled
<latexit sha1_base64="IGC7Y/2s7Uvp4kPu3N6VOhWAruM="></latexit>

1→
2
[|00→± |11→]

<latexit sha1_base64="hOVvn8Guo6UPS3dYCoEUsxEmOWQ="></latexit>

1→
2
[|01→± |10→]

34

Local Operation & Classical Communication

⌘ LOCC breaks entanglement.



A non-negative function  is called “entanglement measure (monotone)” ifE(ρ) ≥ 0

① Zero on separable states:

② Non-increasing under LOCC (monotonicity):

<latexit sha1_base64="fs/Vv/Zp7sJDEobCma7jztaJbbg="></latexit>

E(ωsep) = 0, →ωsep

<latexit sha1_base64="lw5qWIB760ePAijwSD1V8PtthNQ="></latexit>

E(!LOCC(ω)) → E(ω)

●  is called “faithful” if  > 0 for all non-separable (entangled) states.E(ρ) E(ρe)

● LOCC  Local Unitaries, , which are invertible.∋ UA ⊗ UB

②     is invariant under LU⇒ E(ρ)
35



⌘ If pure state is separable, the reduced state is pure:

Entanglement measures for pure states:

<latexit sha1_base64="TrJTv+sqDbJzCmrUUeM4JV2aVkw="></latexit>

|ω→ = |ωA→ ↑ |ωB→ ↓↔ εA = TrB |ω→↗ω| = |ωA→↗ωA| · ↗ωB |ωB→ = |ωA→↗ωA|

Concurrence:

Entanglement entropy:

⌘ ENT = “how much one subsystem becomes mixed when the other is traced out”

36

<latexit sha1_base64="A+LY8LJCBbperDqBLMoFdSgjob8="></latexit>

C(|ω→) ↑
√

2(1↓ Trε2A)

<latexit sha1_base64="a1a+1mZlosBSAjCyzgW60uSfS5M="></latexit>

EF (|ω→) ↑ SV (εA) = ↓Tr [εA log2 εA]

<latexit sha1_base64="oqT9tkNF97cIS4ZoclAaXwYQnQ0="></latexit>

ωA = TrB |ε→↑ε|



⌘ Entanglement measure for the mixed state is defined by the convex-roof:
<latexit sha1_base64="pR4SBbd6UWOp0aZTLWScDiSAJE8="></latexit>

ω =
∑

i

pi|εi→↑εi|

Entanglement measures for mixed states:

<latexit sha1_base64="er+NfaIDpvxAJeF8LPuTI3ay9cw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFHKjEh1IxTduKxgL9AZhkyaaUOTzJhkhFK6ceOruHGhiFvfwZ1vY6adhbb+EPj5zjmcnD9MGFXacb6twtLyyupacb20sbm1vWPv7rVUnEpMmjhmseyESBFGBWlqqhnpJJIgHjLSDofXWb39QKSisbjTo4T4HPUFjShG2qDAPkwCCr0+uYdOBXoVT6XcgAxeQjewy07VmQouGjc3ZZCrEdhfXi/GKSdCY4aU6rpOov0xkppiRiYlL1UkQXiI+qRrrECcKH88vWICjw3pwSiW5gkNp/T3xBhxpUY8NJ0c6YGar2Xwv1o31dGFP6YiSTUReLYoShnUMcwigT0qCdZsZAzCkpq/QjxAEmFtgiuZENz5kxdN67Tq1qq127Ny/SqPowgOwBE4AS44B3VwAxqgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwBDraWYg==</latexit>

pi → 0,
∑

i

pi = 1

<latexit sha1_base64="sy9rQOf3mGbytUj3GR4iLRv1hHk="></latexit>

E(ω) → min
{pi,ωi}

∑

i

piE(|εi↑)

37

<latexit sha1_base64="q2MbXwMNaWSz4oEJadVwvp0Oz4g="></latexit>

C(ω) → min
{pi,ωi}

∑

i

piC(|εi↑) = min
{pi,ωi}

∑

i

pi

√
2(1↓ Tr(ωiA)

2)

<latexit sha1_base64="GY8tJWmV6KYj4Prhca3taTsMRr0="></latexit>

Ef (ω) → min
{pi,ωi}

∑

i

piEf (|εi↑) = min
{pi,ωi}

∑

i

piSV (ω
i
A)

<latexit sha1_base64="s15UWQQR1XN/twxo0c/4AWJtJ3U="></latexit>

ωiA = TrB |εi→↑εi|



⌘ For the 2-qubit system, the concurrence has an analytical formula:

<latexit sha1_base64="Tzm48RwHRCucDGlkHTXDPg4O7xg="></latexit>

ω1 → ω2 → ω3 → ω4 are the eigenvalues of
↑
εε̃ with ε̃ = (ϑy↓ϑy)ε→(ϑy↓ϑy).

⌘ Entanglement measure for the mixed state is defined by the convex-roof:
<latexit sha1_base64="pR4SBbd6UWOp0aZTLWScDiSAJE8="></latexit>

ω =
∑

i

pi|εi→↑εi|

Entanglement measures for mixed states:

Wootters' (1998)

<latexit sha1_base64="er+NfaIDpvxAJeF8LPuTI3ay9cw=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFHKjEh1IxTduKxgL9AZhkyaaUOTzJhkhFK6ceOruHGhiFvfwZ1vY6adhbb+EPj5zjmcnD9MGFXacb6twtLyyupacb20sbm1vWPv7rVUnEpMmjhmseyESBFGBWlqqhnpJJIgHjLSDofXWb39QKSisbjTo4T4HPUFjShG2qDAPkwCCr0+uYdOBXoVT6XcgAxeQjewy07VmQouGjc3ZZCrEdhfXi/GKSdCY4aU6rpOov0xkppiRiYlL1UkQXiI+qRrrECcKH88vWICjw3pwSiW5gkNp/T3xBhxpUY8NJ0c6YGar2Xwv1o31dGFP6YiSTUReLYoShnUMcwigT0qCdZsZAzCkpq/QjxAEmFtgiuZENz5kxdN67Tq1qq127Ny/SqPowgOwBE4AS44B3VwAxqgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwBDraWYg==</latexit>

pi → 0,
∑

i

pi = 1

<latexit sha1_base64="sy9rQOf3mGbytUj3GR4iLRv1hHk="></latexit>

E(ω) → min
{pi,ωi}

∑

i

piE(|εi↑)

<latexit sha1_base64="iebevadwLkUyDHY0O4UjPjHUQD4="></latexit>

C(ω) → min
{pi,ωi}

∑

i

piC(|εi↑) = max (0, ϑ1 ↓ ϑ2 ↓ ϑ3 ↓ ϑ4)
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Negativity:

separable

PPT

<latexit sha1_base64="9R4tfhdC7r/TVP/7TxJXvPeI6JE="></latexit>

ωµ are the eigenvalues of εTB

⌘ A quantum state is called “positive-partial-transpose (PPT)” if  (PSD).ρTB ≥ 0

⌘ All separable states are PPT.  The converse is true for 2 x 2 and 2 x 3 systems.  

⌘ Negativity is a faithful ENT measure only for 2 x 2 and 2 x 3 systems. 

<latexit sha1_base64="+ygzbxwq7NmlFW+KwyZ8KSRfO8U="></latexit>

N(ω) =
∑

µ;ωµ<0

|εµ|
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40

Bell Nonlocality



Bell’s Experiment:
Alice and Bob have two spin-measurement axes to choose at each measurement. 
They repeat the measurement for many copies of the identical spin pair (state).  

The result will look like:
<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·
<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

They compute the correlations:

axes (1,2) (1,1) (2,1)
A + - +
B - + 0

Table 1: SLOCC class of the h → ω
→
ω
+
Z spin state in the three characteristic regions of the phase space

(rows), as resolved at successive orders of the mf expansion (columns): at O(ε
0
) all minors vanish; at O(ε

2
)

the hyperdeterminant is dominated by m1m4; at O(ε
4
) the m2m3 term is included.

1 Note

Axes (x, y) (0, 1) (1, 1) (0, 0) (1, 0) (1, 1) (1, 0) (0, 1) (0, 0) (1, 1) (0, 1)
(Ax, By) (+,↑) (↑,↑) (+,+) (↑,+) (+,↑) (+,+) (↑,↑) (↑,+) (↑,+) (+,↑)

2 Rescaling of ω↓x

2.1 The derivation

The procedure to obtain the final state spin density matrix εout from the initial state spin density
matrix in the εin in the ll̄ → FF̄ process is outlined in Appendix B of Ref. [1]. Our starting point is
the initial spin state

ε̂in =
∑

{ωll̄}

εin(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|ϑ↑
l,ϑ

↑
l̄↔↗ϑl,ϑl̄| , (1)

In the scattering theory the unitary time evolution is governed by the S-matrix operator acting on the
Fock space F . By complementing the momentum part of the ll̄, ε̂in can be promoted to an element
of F

|pl,l̄↔↗pl,l̄|↘ ε̂in =
∑

{ωll̄}

εin(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|ϑ↑
l,ϑ

↑
l̄; pl,l̄↔↗ϑl,ϑl̄; pl,l̄| ≃ Fin . (2)

We assume that the momenta of l and l̄ are described by the momentum wave functions ϖl(k1) and
ϖl̄(k2), respectively, and sharply peaked at ki = pXi for i = 1, 2 and (X1, X2) = (l, l̄). Concretely, we
write

ϖXi(ki) =
(2ϱ)3ς3(ki ↑ pXi)⇐

V
, (3)

where V is chosen to be the volume of all space

V =

[∫
d3x eip·x

]

p=0

= (2ϱ)3ς3(0) (4)

to ensure the canonical normalisation
∫

d3ki
(2ϱ)3

|ϖXi(ki)|
2 = 1 . (5)

Using these wave functions, and the Lorentz-covariantly normalised kets

↗k1, k2|k↑
1, k

↑
2↔ = (2ϱ)64Ek1Ek2ς

3(k1 ↑ k↑
1)ς

3(k2 ↑ k↑
2), (6)

1

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0

<latexit sha1_base64="KgZ837XNYVPHrwcAIHKwum2d0P4="></latexit>

→AxBy↑ = lim
N→↑

1

N

N∑

k=1

A(k)
x B(k)

y
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● They measure the following combination of correlations:  
<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0<latexit sha1_base64="qYyut/9IO/Jx6c+4fgYZpXpMO1A="></latexit>

I({ωa,ωb}) →
∣∣↑A0B0↓+ ↑A0B1↓+ ↑A1B0↓ ↔ ↑A1B1↓

∣∣

<latexit sha1_base64="KgZ837XNYVPHrwcAIHKwum2d0P4="></latexit>

→AxBy↑ = lim
N→↑

1

N

N∑

k=1

A(k)
x B(k)

y
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● They measure the following combination of correlations:  

outcomes of  are independent 
of Bob’s choice  or  (locality)

A0,1
b0 b1

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0

<latexit sha1_base64="6ebemJVtzA/oiPjYP4HfW/l7tSg="></latexit>

=
∣∣→A0(B0 +B1) +A1(B0 ↑B1)↓

∣∣

<latexit sha1_base64="qYyut/9IO/Jx6c+4fgYZpXpMO1A="></latexit>

I({ωa,ωb}) →
∣∣↑A0B0↓+ ↑A0B1↓+ ↑A1B0↓ ↔ ↑A1B1↓

∣∣

<latexit sha1_base64="KgZ837XNYVPHrwcAIHKwum2d0P4="></latexit>

→AxBy↑ = lim
N→↑

1

N

N∑

k=1

A(k)
x B(k)

y
43



● They measure the following combination of correlations:  

<latexit sha1_base64="LuY4PCogz76wUKE7yCTvmxwEvns=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xkUcCGzI79MLI7M46M2tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqWWqGDaYFFK1A6pR8BgbhhuB7UQhjQKBrWB0M/NbT6g0l/G9GSfoR3QQ85AzaqzU7Ap8JJVeseSW3TnIKvEyUoIM9V7xq9uXLI0wNkxQrTuemxh/QpXhTOC00E01JpSN6AA7lsY0Qu1P5tdOyZlV+iSUylZsyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCK3/C4yQ1GLPFojAVxEgye530uUJmxNgSyhS3txI2pIoyYwMq2BC85ZdXSbNS9qrl6t1FqXadxZGHEziFc/DgEmpwC3VoAIMHeIZXeHOk8+K8Ox+L1pyTzRzDHzifP+INjrE=</latexit>→ 2

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0

<latexit sha1_base64="6ebemJVtzA/oiPjYP4HfW/l7tSg="></latexit>

=
∣∣→A0(B0 +B1) +A1(B0 ↑B1)↓

∣∣

<latexit sha1_base64="qYyut/9IO/Jx6c+4fgYZpXpMO1A="></latexit>

I({ωa,ωb}) →
∣∣↑A0B0↓+ ↑A0B1↓+ ↑A1B0↓ ↔ ↑A1B1↓

∣∣

all outcomes are predetermined before 
measurements (reality) 

<latexit sha1_base64="KgZ837XNYVPHrwcAIHKwum2d0P4="></latexit>

→AxBy↑ = lim
N→↑

1

N

N∑

k=1

A(k)
x B(k)

y
44

outcomes of  are independent 
of Bob’s choice  or  (locality)

A0,1
b0 b1

CHSH inequality for 
Local Realism

<latexit sha1_base64="TL4mc/nG6zQJ816BuNRakgtgZKI="></latexit>

BCHSH → max
ωa,ωb

I({ωa,ωb}) ↑ 2
Bell (1964), 

Clauser, Horne, 
Shimony, Holt (1969)



● In QM, the observables are promoted to the operators:

<latexit sha1_base64="UPIczJ6vsQ5ybLOYdXA8sP4qSIQ="></latexit>

Â1 = ωa1 · ωε
<latexit sha1_base64="+ZpE85hN5O69kfqF0+Q8xxHuIzY="></latexit>

B̂1 = ωb1 · ωε

<latexit sha1_base64="nHNqC9wTW9hIel5Gx4m+lchOATg="></latexit>

BCHSH(ω) = max
{ωa,ωb}

Tr
[
Î({εa,εb}) · ω

]
<latexit sha1_base64="XFux8xHSNoxc2YnkTInltJg46WU="></latexit>

= 2
→
µ1 + µ2

<latexit sha1_base64="Ny23pxbO6j9mM4ZRV+n+OCF4fV4="></latexit>

µ1 → µ2 → µ3 are the eigenvalues of M = CTC,
<latexit sha1_base64="oiFMITKKKgvXN/Az7KhfPyForf8="></latexit>

where Cij = →ωi ↑ ωj↓ω = Tr
[
(ωi ↑ ωj) · ε

]

<latexit sha1_base64="2XdWRyTrqWVJR1XEMTQ6jGq54Is="></latexit>

0 → µi → 1
<latexit sha1_base64="/m6EZ8r/vIBCmOsCIRfcGIG42C4="></latexit>

=→

[J.F.Clauser, S.J.Freedman (1972)], [A.Aspect, J.Dalibard, G.Roger,(1982)], …

<latexit sha1_base64="6rZMYQFlPfqVj11Y5bcnlJ4qvCw="></latexit>

Â0 = ωa0 · ωε
<latexit sha1_base64="vBdnAiWAMEgee88a0ydm337SQTc="></latexit>

B̂0 = ωb0 · ωε

<latexit sha1_base64="aEQtjj7DRYFAti6P+p+b4s6Hqrk="></latexit>

Î({ωa,ωb}) = Â0B̂0 + Â0B̂1 + Â1B̂0 → Â1B̂1

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0

Horodecki, Horodecki, 
Horodecki (1995)

<latexit sha1_base64="o0bZnD8M79qqATrzz9pp5EycEis="></latexit>

In QM, BCHSH can go up to 2
→
2

45



•In Quantum Mechanics,

<latexit sha1_base64="2E0te9ck86CoH0+i7rLmKidMwlo=">AAACI3icbZDLSsNAFIYn9VbrLerSzWARXWhJSqkiCDVuXFawF0himUwn7dDJhZmJUELfxY2v4saFUty48F2cpllo9cAwP99/DjPn92JGhTSMT62wtLyyulZcL21sbm3v6Lt7bRElHJMWjljEux4ShNGQtCSVjHRjTlDgMdLxRjczv/NIuKBReC/HMXEDNAipTzGSCvX0S2eIJEwdjBi0Jg9VeAVr8AzaGb4+hfP72M2JlRNLkZ5eNipGVvCvMHNRBnk1e/rU6Uc4CUgoMUNC2KYRSzdFXFLMyKTkJILECI/QgNhKhiggwk2zHSfwSJE+9COuTihhRn9OpCgQYhx4qjNAcigWvRn8z7MT6V+4KQ3jRJIQzx/yEwZlBGeBwT7lBEs2VgJhTtVfIR4ijrBUsZZUCObiyn9Fu1ox65X6Xa3csPI4iuAAHIITYIJz0AC3oAlaAIMn8ALewLv2rL1qU+1j3lrQ8pl98Ku0r29cxJ/H</latexit>

B̂2 = 4� [Â, Â0][B̂, B̂0]
<latexit sha1_base64="WeBkBvFdi7G+LQDrvEFTg98vFzo=">AAACHXicbVDLTgIxFO3gC/GFunRzIzG6IGSGEHSJuHGJiTwSmJBOKdDQedh2TMjAj7jxV9y40BgXbox/Y2HGRMGTNPfknHtze48TcCaVaX4ZqZXVtfWN9GZma3tndy+7f9CQfigIrROf+6LlYEk582hdMcVpKxAUuw6nTWd0NfOb91RI5nu3ahxQ28UDj/UZwUpL3WxpAu3OECu4zENcT22Y5OFHrubjMlMBOpzeQRG62ZxZMOeAZWIlJIcS1LrZj07PJ6FLPUU4lrJtmYGyIywUI5xOM51Q0gCTER7QtqYedqm0o/l1UzjRSg/6vtDPUzBXf09E2JVy7Dq608VqKBe9mfif1w5V/8KOmBeEinokXtQPOSgfZlFBjwlKFB9rgolg+q9AhlhgonSgGR2CtXjyMmkUC1a5UL4p5SrVJI40OkLH6AxZ6BxV0DWqoToi6AE9oRf0ajwaz8ab8R63poxk5hD9gfH5DaH8neo=</latexit>

|[Â, Â0]|, |[B̂, B̂0]|  2
<latexit sha1_base64="mAgiqyXp3JVFGuQpcq/5bAg0PcI=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApuJCSFKluhKIblxXsBdIQJtNJO3QmCTMTMYY+gRtfxY0LRdy6dufbOG0jaOsPAx//OYcz5/djRqWyrC+jsLS8srpWXC9tbG5t75i7e20ZJQKTFo5YJLo+koTRkLQUVYx0Y0EQ9xnp+KPLSb1zS4SkUXij0pi4HA1CGlCMlLY8s+L0JB1w5N0dw5xSF8JzWIP0x7iHnlm2qtZUcBHsHMogV9MzP3v9CCechAozJKVjW7FyMyQUxYyMS71EkhjhERoQR2OIOJFuNj1nDCva6cMgEvqFCk7d3xMZ4lKm3NedHKmhnK9NzP9qTqKCMzejYZwoEuLZoiBhUEVwkg3sU0GwYqkGhAXVf4V4iATCSidY0iHY8ycvQrtWtevV+vVJuXGRx1EEB+AQHAEbnIIGuAJN0AIYPIAn8AJejUfj2Xgz3metBSOf2Qd/ZHx8A57zmpM=</latexit>

[�x,�y] = 2i�z

<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>)
<latexit sha1_base64="b/daMTcJmdRaBOFGV3JY23OQjGE=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDEItwFiSlDbGyEBMwH5GLY20ySJXt75+6eEI78Bxv/io2FIrY2dv4bN5crNPHBwOO9GWbmeSFnStv2t7Wyura+sZnZym7v7O7t5w4OmyqIJIUGDXgg2x5RwJmAhmaaQzuUQHyPQ8sbX8381gNIxQJxqychdH0yFGzAKNFG6uXOXU7EkAOOXUo4rk7vitiVidSLXenj+s0UuxzucbmXy9sFOwFeJk5K8ihFrZf7cvsBjXwQmnKiVMexQ92NidSMcphm3UhBSOiYDKFjqCA+qG6c/DTFp0bp40EgTQmNE/X3REx8pSa+Zzp9okdq0ZuJ/3mdSA/K3ZiJMNIg6HzRIOJYB3gWEO4zCVTziSGESmZuxXREJKHaxJg1ITiLLy+TZrHglAql+kW+Uk3jyKBjdILOkIMuUQVdoxpqIIoe0TN6RW/Wk/VivVsf89YVK505Qn9gff4AMVWdGg==</latexit>

hB2iQM  8
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>)

<latexit sha1_base64="a9ZfBNotEwCRIM/fimgzqO1pngQ=">AAACGnicbZDLSsNAFIYnXmu9VV26GSyCq5IUqS5L3bgRWrAXaEKZTE/boZNJOjMRSuhzuPFV3LhQxJ248W2cpllo6w8DP985hzPn9yPOlLbtb2ttfWNzazu3k9/d2z84LBwdt1QYSwpNGvJQdnyigDMBTc00h04kgQQ+h7Y/vpnX2w8gFQvFvZ5G4AVkKNiAUaIN6hUclxMx5IATlxKOazPsyhT0ElcGuHFnAIcJLmNXTaROyrNeoWiX7FR41TiZKaJM9V7h0+2HNA5AaMqJUl3HjrSXEKkZ5TDLu7GCiNAxGULXWEECUF6SnjbD54b08SCU5gmNU/p7IiGBUtPAN50B0SO1XJvD/2rdWA+uvYSJKNYg6GLRIOZYh3ieE+4zCVTzqTGESmb+iumISEK1STNvQnCWT141rXLJqZQqjctitZbFkUOn6AxdIAddoSq6RXXURBQ9omf0it6sJ+vFerc+Fq1rVjZzgv7I+voB/C6gOg==</latexit>

hBiQM  2
p
2 Tsirelson (1980)

<latexit sha1_base64="z25Vyzm/lF9w4JWOAc6FJ9lVbsM="></latexit>

B̂ =
∣∣ÂB̂ + Â→B̂ + ÂB̂→ → Â→B̂→

∣∣∣

<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A <latexit sha1_base64="NyHPVUVlO6gTN6ogtLJ2PdsLuH0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJfzjNE=</latexit>

B

<latexit sha1_base64="E9JdLR49tD4c7nj7HaViXsaJSpg=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARBbXMiFQ3QtGNywr2Ae1QMmmmDU0yQ5IRytBu/BU3LhRx61+482/MtLPQ1gMXDufcy733+BGjSjvOt5VbWFxaXsmvFtbWNza37O2dugpjiUkNhyyUTR8pwqggNU01I81IEsR9Rhr+4Db1G49EKhqKBz2MiMdRT9CAYqSN1LH30Ck6gtfwxIXjpC05DOVoDM/cQscuOiVnAjhP3IwUQYZqx/5qd0MccyI0ZkiplutE2kuQ1BQzMiq0Y0UihAeoR1qGCsSJ8pLJByN4aJQuDEJpSmg4UX9PJIgrNeS+6eRI99Wsl4r/ea1YB1deQkUUayLwdFEQM6hDmMYBu1QSrNnQEIQlNbdC3EcSYW1CS0NwZ1+eJ/Xzklsule8vipWbLI482AcH4Bi44BJUwB2oghrAYAyewSt4s56sF+vd+pi25qxsZhf8gfX5A5AglGw=</latexit>

a, a0 = +1 or � 1
<latexit sha1_base64="JoOYjd8qlTfgNfnXRHaaMzO4Xmo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARBbXMiFQ3QtGNywr2Ae1QMmmmDc0kQ5IRytBu/BU3LhRx61+482/MtLPQ1gMXDufcy733+BGjSjvOt5VbWFxaXsmvFtbWNza37O2duhKxxKSGBROy6SNFGOWkpqlmpBlJgkKfkYY/uE39xiORigr+oIcR8ULU4zSgGGkjdew9/9Q/gtfwxIXjpC1DKORoDM/cQscuOiVnAjhP3IwUQYZqx/5qdwWOQ8I1ZkiplutE2kuQ1BQzMiq0Y0UihAeoR1qGchQS5SWTD0bw0ChdGAhpims4UX9PJChUahj6pjNEuq9mvVT8z2vFOrjyEsqjWBOOp4uCmEEtYBoH7FJJsGZDQxCW1NwKcR9JhLUJLQ3BnX15ntTPS265VL6/KFZusjjyYB8cgGPggktQAXegCmoAgzF4Bq/gzXqyXqx362PamrOymV3wB9bnD5NUlG4=</latexit>

b, b0 = +1 or � 1

<latexit sha1_base64="ZNiiMZsOfO04Y+u550rmnlEOnuI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRPEU9OIxgnlAsobZySQZMo9lplcJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrigW34PvfXm5ldW19I79Z2Nre2d0r7h80rE4MZXWqhTatiFgmuGJ14CBYKzaMyEiwZjS6mfrNR2Ys1+oexjELJRko3ueUgJMe0o6RWCdAtWSTq26x5Jf9GfAyCTJSQhlq3eJXp6dpIpkCKoi17cCPIUyJAU4FmxQ6iWUxoSMyYG1HFZHMhuns6gk+cUoP97VxpQDP1N8TKZHWjmXkOiWBoV30puJ/XjuB/mWYchUnwBSdL+onAoPG0whwjxtGQYwdIdRwdyumQ2IIBRdUwYUQLL68TBpn5aBSrtydl6rXWRx5dISO0SkK0AWqoltUQ3VEkUHP6BW9eU/ei/fufcxbc142c4j+wPv8AZzIkpo=</latexit>

outcome :
<latexit sha1_base64="ZNiiMZsOfO04Y+u550rmnlEOnuI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRPEU9OIxgnlAsobZySQZMo9lplcJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrigW34PvfXm5ldW19I79Z2Nre2d0r7h80rE4MZXWqhTatiFgmuGJ14CBYKzaMyEiwZjS6mfrNR2Ys1+oexjELJRko3ueUgJMe0o6RWCdAtWSTq26x5Jf9GfAyCTJSQhlq3eJXp6dpIpkCKoi17cCPIUyJAU4FmxQ6iWUxoSMyYG1HFZHMhuns6gk+cUoP97VxpQDP1N8TKZHWjmXkOiWBoV30puJ/XjuB/mWYchUnwBSdL+onAoPG0whwjxtGQYwdIdRwdyumQ2IIBRdUwYUQLL68TBpn5aBSrtydl6rXWRx5dISO0SkK0AWqoltUQ3VEkUHP6BW9eU/ei/fufcxbc142c4j+wPv8AZzIkpo=</latexit>

outcome :
<latexit sha1_base64="rgmSvyQMhNSgA8wsbQzBtCBSeXQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEeCF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoXZOesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0nzsuxVypX7q1K1lsWRhxM4hQvw4BqqcAd1aACDATzDK7w5wnlx3p2PRWvOyWaO4Q+czx9OE40s</latexit>

B0
<latexit sha1_base64="jAsGv+gD+8QIO1ohkWh4/pqVkpo=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEfUi0c08kiAkNlhFibMzm5mek3Ihj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHt1O/+cS1EZF6xHHMuyEdKBEIRtFKD9envWLJLbszkGXiZaQEGWq94lenH7Ek5AqZpMa0PTfGbko1Cib5pNBJDI8pG9EBb1uqaMhNN51dOiEnVumTINK2FJKZ+nsipaEx49C3nSHFoVn0puJ/XjvB4KqbChUnyBWbLwoSSTAi07dJX2jOUI4toUwLeythQ6opQxtOwYbgLb68TBrnZa9SrtxflKo3WRx5OIJjOAMPLqEKd1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QP2sI0B</latexit>

A0

If this bound is violated, QM will be excluded!

Another proof:
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<latexit sha1_base64="tiqD+0G7V7XTUCdTC96Z0oZhfwA="></latexit>

Prob(ω)

Local Hidden Variable (LHV) Theory:

⌘ Joint conditional probability

LHV:

QM:

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0
<latexit sha1_base64="BWziD6y97VjvsvTCY+CcKrLkocE="></latexit>

Prob(B| y,ω)
<latexit sha1_base64="qqAK7rWt5MYwX4s8M3n33f2EYt0="></latexit>

Prob(A|x,ω)

<latexit sha1_base64="PplBT90Aj39HySg1rOo/s6wayu8="></latexit>

Prob(A,B|x, y) =
∑

ω

Prob(ω) · Prob(A|x,ω) · Prob(B| y,ω)

<latexit sha1_base64="52m2+WZ+7IXIG7knAKF9lnPXTRU="></latexit>

Prob(A,B|x, y) = Tr
[
(!̂x → !̂y) · ω̂

]
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<latexit sha1_base64="g6wrSmRK1brRC1qq4eXVVo9I1vI="></latexit>

!̂x = |ax→↑ax|



<latexit sha1_base64="tiqD+0G7V7XTUCdTC96Z0oZhfwA="></latexit>

Prob(ω)

Local Hidden Variable (LHV) Theory:

⌘ Joint conditional probability

LHV:

QM:

<latexit sha1_base64="zclCRedl5/hBoMHZANLv/Ni5q8Y="></latexit>

ωa1

<latexit sha1_base64="q8l8ggSYw1eYQ9+ZqllXifQdp7A="></latexit>

ωa0

<latexit sha1_base64="wP0UTdOomjzK/6mH8wG6tMpLSiM="></latexit>

ωb1

<latexit sha1_base64="07aekiG3FZYMIYCkaL0ooPrkAbc="></latexit>

ωb0
<latexit sha1_base64="BWziD6y97VjvsvTCY+CcKrLkocE="></latexit>

Prob(B| y,ω)
<latexit sha1_base64="qqAK7rWt5MYwX4s8M3n33f2EYt0="></latexit>

Prob(A|x,ω)

<latexit sha1_base64="PplBT90Aj39HySg1rOo/s6wayu8="></latexit>

Prob(A,B|x, y) =
∑

ω

Prob(ω) · Prob(A|x,ω) · Prob(B| y,ω)

<latexit sha1_base64="52m2+WZ+7IXIG7knAKF9lnPXTRU="></latexit>

Prob(A,B|x, y) = Tr
[
(!̂x → !̂y) · ω̂

]
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<latexit sha1_base64="g6wrSmRK1brRC1qq4eXVVo9I1vI="></latexit>

!̂x = |ax→↑ax|
<latexit sha1_base64="0EQDwZ1N41kTx1JTGEbRNVRyZEM="></latexit>

ω̂sep =
∑

k

pk ω̂
A
k → ω̂Bk<latexit sha1_base64="F2JbmbSOGGT35OSEbr13McaQDtQ="></latexit>

=
∑

k

qk · Tr
[
!̂xω̂

A
k

]
· Tr

[
!̂yω̂

B
k

]



⌘ Joint conditional probability

LHV:

QM:

<latexit sha1_base64="PplBT90Aj39HySg1rOo/s6wayu8="></latexit>

Prob(A,B|x, y) =
∑

ω

Prob(ω) · Prob(A|x,ω) · Prob(B| y,ω)

<latexit sha1_base64="52m2+WZ+7IXIG7knAKF9lnPXTRU="></latexit>

Prob(A,B|x, y) = Tr
[
(!̂x → !̂y) · ω̂

]
<latexit sha1_base64="0EQDwZ1N41kTx1JTGEbRNVRyZEM="></latexit>

ω̂sep =
∑

k

pk ω̂
A
k → ω̂Bk<latexit sha1_base64="F2JbmbSOGGT35OSEbr13McaQDtQ="></latexit>

=
∑

k

qk · Tr
[
!̂xω̂

A
k

]
· Tr

[
!̂yω̂

B
k

]
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<latexit sha1_base64="g6wrSmRK1brRC1qq4eXVVo9I1vI="></latexit>

!̂x = |ax→↑ax|

separable

ENT, BNL

ENT, BL

Separable quantum states cannot violate LHVT bound.

The results of separable states can be reproduced by LHV theories. 

<latexit sha1_base64="9D5m/vgkjc7G2RqKmi3s3+ym6JI="></latexit>

BCHSH(ω̂sep) → 2
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separable

ENT, BNL

ENT, BL

Separable quantum states cannot violate LHVT bound.

The results of separable states can be reproduced by LHV theories. 

<latexit sha1_base64="9D5m/vgkjc7G2RqKmi3s3+ym6JI="></latexit>

BCHSH(ω̂sep) → 2

<latexit sha1_base64="Zj8X9ne4D9tNujcxCwWc4II1EB8="></latexit>

BCHSH(ωBNL) > 2Bell Nonlocal state



separable

ENT, BNL

ENT, BL

ENT: Entangled
BL: Bell Local
BNL: Bell Non-Local

<latexit sha1_base64="sgPt5/wff0bfaMFDPJuccIVBLdU="></latexit>

(BCHSH → 2)
<latexit sha1_base64="1IirF/nZ/aMHViwQ8s5XUL+TVPI="></latexit>

(BCHSH > 2)

⌘ Werner state:

Key point. This distinction is the hinge of Session 2. Exceeding 2 tests local realism. Ap-
proaching 2

→
2 — and asking whether it can be saturated — tests quantum mechanics itself. I

will argue later that spin-tomography measurements at a collider structurally cannot reach the
Tsirelson value, whereas flavour oscillation measurements can in principle — so keep (21) in
mind.

1.5.4 Entanglement ↑= non-locality: Werner states

Slide: the
Werner-state
number line
— the
“entanglement
is weaker than
Bell” proof.

The decisive example. Mix a singlet with white noise:

ω(p) = p |ε→↓↔ε→|+ (1↗ p)
1l

4
. (22)

Running the criteria above:

p > 1
3 entangled (PPT);

p > 1↑
2
↘ 0.71 violates CHSH (Horodecki, Eq. 19);

p ≃ 0.6595 admits an explicit LHV model for all projective measurements.

So there is a whole window 1
3 < p ↭ 0.71 of states that are entangled yet cannot violate any

CHSH inequality. Entanglement is a strictly larger set than Bell non-locality. Equivalently: an
entanglement witness (e.g. three correlation settings) detects more states than a Bell test —
which is why the LHC “observation of entanglement” (a witness measurement) came before,
and is easier than, a collider Bell test.

1.5.5 A word on loopholes (for the collider discussion later)

Standard Bell tests must close the detection (fair-sampling), locality (space-like separated setting
choices), and freedom-of-choice loopholes. At a collider essentially all of these are wide open:
the “measurement settings” are the decay kinematics, not freely chosen by space-like separated
agents, and detection e!ciency is far from unity. The honest framing I will use — and set up
now — is that a collider “Bell test” measures the quantum-predicted correlations and checks they
exceed 2 under the assumption that quantum mechanics (specifically the Born rule for the decay
analysers) holds; it is an entanglement/correlation measurement, not a loophole-free refutation
of local realism. Section 2 (results) and the Session 2 “tests of QM” block develop this carefully.

1.6 Beyond entanglement I: discord and steering (briefly)

Slide: the
hierarchy
Venn diagram
— Bell →
steering →
entanglement
→ discord.

Entanglement and Bell non-locality are not the end of the “quantumness” story. Two more
notions fill in the map, and both are measurable in tt̄.

Quantum discord is the gap between two classically-equivalent definitions of mutual infor-
mation. Total correlations are I(ωAB) = S(ωA) + S(ωB) ↗ S(ωAB); the correlations extractable
by measuring B are JA = max{!k}

[
S(ωA)↗

∑
k
pkS(ωA|k)

]
. Their di”erence,

DA(ωAB) = I(ωAB)↗ JA = S(ωB)↗ S(ωAB) + min
n̂

[
p+n̂S(ω+n̂) + p→n̂S(ω→n̂)

]
, (23)

is the quantum discord: the correlation that cannot be accessed without disturbing the state.
The minimization is over Bob’s measurement axis n̂; the conditional states ω±n̂ and probabilities
p±n̂ follow from (2). The striking fact: discord can be nonzero for separable states. For the
inclusive tt̄ state (parametrized by C↓, Cz) one finds the clean statement

discord ↑= 0 ⇐⇒ C↓ ↑= 0,

so a single transverse spin-correlation measurement detects quantum correlations even where
there is no entanglement [4].

13

<latexit sha1_base64="t1L2LHXV8KoRJ/0CbCMGiNErpMs="></latexit>

with |ω→→ = 1↑
2
[|01→ ↑ |10→]

<latexit sha1_base64="cyX1C7U/ty3ecyuc99s3r6XgZcw="></latexit>

(0 → p → 1)

<latexit sha1_base64="HjT/3ZEQEGll9z1XTRMXmR9wFxM="></latexit>

0
<latexit sha1_base64="5sE98NbcWs0KySWNI39mzUoIDUU="></latexit>

1
<latexit sha1_base64="iuy1KrWKkKDReCwE0A9vLFFPAEA="></latexit>pmax 

mix
max 
ENT

separable

<latexit sha1_base64="irrccKZMwR+NYTGiYiKG56GG2hA="></latexit>

1
3

<latexit sha1_base64="jwvvFo4gsyuN/lhfiBfzvplQFzU="></latexit>

1→
2

ENT BNL

51

⌘ For mixed states, entanglement does not imply Bell nonlocality.



● Is there conceivable distributions that violate the QM bound? 

<latexit sha1_base64="PP7Nqs7dnHUeuJGSYsi1AkRc8Tw="></latexit>

A = ±1 = (→1)a
<latexit sha1_base64="pSJ05VMQMVU/7mCA0XY2jpulNPo="></latexit>

B = ±1 = (→1)b
<latexit sha1_base64="kCnUrnTScaRArAITqlHo6XCjfDk="></latexit>

a, b → {0, 1}

<latexit sha1_base64="W0Sr7HNYvIEk7/WgoJ/sRYQq+HU="></latexit>

PPR(a, b|x, y) =
{

1
2 , a→ b = xy,

0, otherwise.

▶  We change the parameters to denote the outcomes:

▶ Popescu–Rohrlich box distribution:
<latexit sha1_base64="Hk8LSCl6h+5yMbqMg+okt5u1y+0="></latexit>

}
<latexit sha1_base64="Hk8LSCl6h+5yMbqMg+okt5u1y+0="></latexit>

}

correlation

anti-correlation
▶ CHSH prediction:

<latexit sha1_base64="pg94IDw0x6OzlEEZ9BVIX15v9Ig="></latexit>

BCHSH =
∣∣→Â0B̂0↑+ →Â0B̂1↑+ →Â1B̂0↑ ↓ →Â1B̂1↑

∣∣

(PR-box)
<latexit sha1_base64="Z7IXCVj9NsnmQ2O79zomWzNK01c="></latexit>

= 1 + 1 + 1→ (→1) = 4 violating the QM bound  !2 2

Popescu, Rohrlich (1994)
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<latexit sha1_base64="W0Sr7HNYvIEk7/WgoJ/sRYQq+HU="></latexit>

PPR(a, b|x, y) =
{

1
2 , a→ b = xy,

0, otherwise.

● PR-box distribution is not so exotic:
<latexit sha1_base64="bTRSneG8ycMjm88SqsEYRbCNGnU="></latexit>

PPR(a|x, y) =
∑

b=0,1

PPR(a, b|x, y) =
1

2

→ No information travels faster than the speed of light; Causality OK.
→ Alice’s local distribution is independent of Bob’s choice, .  y
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<latexit sha1_base64="W0Sr7HNYvIEk7/WgoJ/sRYQq+HU="></latexit>

PPR(a, b|x, y) =
{

1
2 , a→ b = xy,

0, otherwise.

● PR-box distribution is not so exotic:
<latexit sha1_base64="bTRSneG8ycMjm88SqsEYRbCNGnU="></latexit>

PPR(a|x, y) =
∑

b=0,1

PPR(a, b|x, y) =
1

2

→ No information travels faster than the speed of light; Causality OK.

Bell’s experiment can in principle test and exclude QM!

<latexit sha1_base64="330hoQx/C88N6reL4xw6Wikdw5M="></latexit>

BCHSH →






2 LHV, ωsep

2
↑
2 QM

4 beyond QM

→ Alice’s local distribution is independent of Bob’s choice, .  y
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QI measurements @ Colliders

—  focused —tt̄
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beam

<latexit sha1_base64="sPvnHXW4iNKv0ZbNTiP5oEca89w=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSEhKFWCUGGsYOlYJPpQm7RyXKe16jxkO0hVVAYWfoWFAYRY+Qc2/gYnzQAtR7Lv0Tn3yr7HCRkV0jC+tYXFpeWV1dxafn1jc2tb39ltiCDimNRxwALecpAgjPqkLqlkpBVygjyHkaYzukn85j3hggb+nRyHxPbQwKcuxUgqqacfVKFVtGSQXCjqnsK0nBUf2u3uSU8vGCUjBZwnZkYKIEOtp39Z/QBHHvElZkiIjmmE0o4RlxQzMslbkSAhwiM0IB1FfeQRYcfpFhN4pJQ+dAOuji9hqv6eiJEnxNhzVKeH5FDMeon4n9eJpHtlx9QPI0l8PH3IjRiUAUwigX3KCZZsrAjCnKq/QjxEHGGpgsurEMzZledJ47xklkvl24tC5TqLIwf2wSE4Bia4BBVQBTVQBxg8gmfwCt60J+1Fe9c+pq0LWjazB/5A+/wB3smW6w==</latexit>

H → ω
+
ω
→
, ZZ

↑

Can we measure various quantum properties at collider?

<latexit sha1_base64="kkRQEo2iFnKdHQR3LyQL7jvQQH8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiUj0WvXisYGuhCWWz3bRLN5tldyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRUpwA5737ZTW1jc2t8rblZ3dvf2qe3DYMWmmKWvTVKS6GxHDBJesDRwE6yrNSBIJ9hCNb2b+wyPThqfyHiaKhQkZSh5zSsBKfbeqFA4gxYCDiGgMfbfm1b058CrxC1JDBVp99ysYpDRLmAQqiDE931MQ5kQDp4JNK0FmmCJ0TIasZ6kkCTNhPj98ik+tMsBxqm1JwHP190ROEmMmSWQ7EwIjs+zNxP+8XgbxVZhzqTJgki4WxZnAs09tCnjANaMgJpYQqrm9FdMR0YSCzapiQ/CXX14lnfO636g37i5qzesijjI6RifoDPnoEjXRLWqhNqIoQ8/oFb05T86L8+58LFpLTjFzhP7A+fwBjd6SZA==</latexit>

pp → tt̄

56



● Consider the collision of  with fixed polarisation:e−e+

initial data: 

possible final data: 

<latexit sha1_base64="4XUMKutTQg6cBvDk2AcW1JgG2zk="></latexit>

Sf,i = lim
t→↑

→{f}|e↓iHt|{i}↑S-matrix:

● The out-state is a gigantic superposition of all possible final states (pure):

<latexit sha1_base64="RN2IGFUFqPwSFXCk0N4QTLdZVc8=">AAACInicbZDLSgMxFIYz9VbrbdSlm4NFcFVmRKouhKIblxXsBTqlZNJMG5rJDElGKNM+ixtfxY0LRV0JPoxpO4i2Hgj5+P9zSM7vx5wp7TifVm5peWV1Lb9e2Njc2t6xd/fqKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAH1xO/cU+lYpG408OYtkPcEyxgBGsjdewLTyVhJwUvhQC8MYxh9MOexKLHKXg8uzN9BJfgQscuOiVnWrAIbgZFlFW1Y7973YgkIRWacKxUy3Vi3U6x1IxwOi54iaIxJgPcoy2DAodUtdPpimM4MkoXgkiaIzRM1d8TKQ6VGoa+6Qyx7qt5byL+57USHZy3UybiRFNBZg8FCQcdwSQv6DJJieZDA5hIZv4KpI8lJtqkWjAhuPMrL0L9pOSWS+Xb02LlKosjjw7QITpGLjpDFXSDqqiGCHpAT+gFvVqP1rP1Zn3MWnNWNrOP/pT19Q3njaFk</latexit>∑

{f}

|{f}→↑{f}| = 1

<latexit sha1_base64="eVLDvg/Z/R0gl+w64OJKUXSGnL8="></latexit>

= Mtt̄ |tt̄→+Mµ+µ→ |µ+µ→→+MW+W→ω |W+W→ω→+ · · ·

<latexit sha1_base64="aZYRl9mTdVa9J1ylG8Vz9xlvUZo="></latexit>

|out→ ↑ e→iHt|{i}→ =
∑

{f}

Sf,i|{f}→

<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e→
<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+

<latexit sha1_base64="pqN/3MUsjgACxG0MRnwTa9QjLiw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1WXRjcsK9gFNKJPppB06jzAzEUKsv+LGhSJu/RB3/o3TNgttPXDhcM693HtPlDCqjed9O6W19Y3NrfJ2ZWd3b//APTzqaJkqTNpYMql6EdKEUUHahhpGeokiiEeMdKPJzczvPhClqRT3JktIyNFI0JhiZKw0cKuPMA8UhzI1UxgoJEaMDNyaV/fmgKvEL0gNFGgN3K9gKHHKiTCYIa37vpeYMEfKUMzItBKkmiQIT9CI9C0ViBMd5vPjp/DUKkMYS2VLGDhXf0/kiGud8ch2cmTGetmbif95/dTEV2FORZIaIvBiUZwyaCScJQGHVBFsWGYJworaWyEeI4WwsXlVbAj+8surpHNe9xv1xt1FrXldxFEGx+AEnAEfXIImuAUt0AYYZOAZvII358l5cd6dj0VrySlmquAPnM8ffOaUsA==</latexit>

|out→

<latexit sha1_base64="dI7VVnvJ5HqhyBqgThsCEYhC2R8="></latexit>

{f} = {(ω1, p1,ε1), (ω2, p2,ε2), · · · }

<latexit sha1_base64="/YHPHfOoxwz+BIncVI4HcnLvc14="></latexit>

{i} = {(pe→ ,ωe→), (pe+ ,ωe+)}
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● If the detector registers the final state momenta consistent with , we project tt̄

collapse

● If  beams are unpolarised, e−e+

mixed state

<latexit sha1_base64="JzH66ENeq6RIOLxmtgCEA0iwJ/Y="></latexit>

|out→ ↑ Mtt̄ |tt̄→+Mµ+µ→ |µ+µ→→+MW+W→ω |W+W→ω→+ · · ·

<latexit sha1_base64="4ebmhwKMxwCYQpKsIuYu7ZnqBRo="></latexit>

|ωspin
tt̄ → =

∑

ωt,ωt̄

Mωtωt̄
({pf}) |εt,εt̄→

<latexit sha1_base64="nVAHqHvl1gOtSno1ZS09vbrOVrI="></latexit>

→ C2
t ↑ C2

t̄

<latexit sha1_base64="GB/3VwOH4yz+HcC4WXg2tlcHPy0="></latexit>

Mωtωt̄
= Mωe→ωe+

ωtωt̄
({pf})

<latexit sha1_base64="mC+mR7XfR4lXClQjP2MCy1YoaJM="></latexit>

ωωe→ ,ωe+ =
R

Trtt̄ [R ]

<latexit sha1_base64="Y6sxpJ90TymiCVVN9KlmBYo1SEM="></latexit>

Rωe→ ,ωe+

(ωt,ωt̄),(ω
↑
t,ω

↑
t̄
)
= Mωt,ωt̄

M→
ω↑
t,ω

↑
t̄

<latexit sha1_base64="lfgw6eDDEELjpxlG0LOyWCUG0Po=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCBxntkOlFGHrxOMG9wFpKmqVbWJrWJBVGt+/hxa/ixYMingQPfhvTrgfdfCDkx///PCTP348Zlcqyvo2l5ZXVtfXSRnlza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH11nfueBCEkjfqfGMXFDNOA0oBgpLXlmzRki5YhhdOnIJPQovPeoczpxYkk1CMQHjDhsduXapOyZFatq5QUXwS6gAopqeuan049wEhKuMENS9mwrVm6KhKKYkWnZSSSJER6hAelp5Cgk0k3z3abwWCt9GERCH65grv6eSFEo5Tj0dWeI1FDOe5n4n9dLVHDhppTHiSIczx4KEgZVBLOgYJ8KghUba0BYUP1XiIdIIKx0nFkI9vzKi9CuVe16tX57VmlcFXGUwCE4AifABuegAW5AE7QABo/gGbyCN+PJeDHejY9Z65JRzByAP2V8/QD8GaIF</latexit>

ω̂ =
∑

i

qi |εi→↑εi|

<latexit sha1_base64="+xcTpDV8IMy+j3AwZX7pWUE8wPU="></latexit>

Runpol =
∑

ωe→ ,ωe+

1
4 ·Rωe→ ,ωe+ = 1

4

[
R++ +R+→ +R→+ +R→→]
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<latexit sha1_base64="fhbzTc2XIXNI9Wn3161oBpbltsg="></latexit>

dLij

dŝ
=

∫ 1

0
dx1

∫ 1

0
dx2 fi(x1, µF ) fj(x2, µF ) ω(ŝ→ sx1x2)

<latexit sha1_base64="KEDYLZeIJffBL3S5YQ1v/Gpqb1A=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvgqWSLrO2t6MVjFWsL7VKyabYNzWaXZFYoS/+BFw+KePUfefPfmG0rqOiDgcd7M8zMCxIpDBDy4RRWVtfWN4qbpa3tnd298v7BnYlTzXibxTLW3YAaLoXibRAgeTfRnEaB5J1gcpn7nXuujYjVLUwT7kd0pEQoGAUr3QAelCukSiw8D+fErRPXkkajXqs1sDu3CKmgJVqD8nt/GLM04gqYpMb0XJKAn1ENgkk+K/VTwxPKJnTEe5YqGnHjZ/NLZ/jEKkMcxtqWAjxXv09kNDJmGgW2M6IwNr+9XPzL66UQ1v1MqCQFrthiUZhKDDHO38ZDoTkDObWEMi3srZiNqaYMbDglG8LXp/h/clerul7Vuz6rNC+WcRTRETpGp8hF56iJrlALtRFDIXpAT+jZmTiPzovzumgtOMuZQ/QDztsnkOeNag==</latexit>

t

<latexit sha1_base64="46dn+8B308DMZNc6vghu3H0oV3g=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHCvYD2qVk02wbms0uSVYoS3+EFw+KePX3ePPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6XXud++Z0jyWd2aWMD8iY8lDTomxUncQEIUMGpYruIotPA/lxK1j15JGo16rNZC7sDCuwAqtYfl9MIppGjFpqCBa912cGD8jynAq2Lw0SDVLCJ2SMetbKknEtJ8tzp2jM6uMUBgrW9Kghfp9IiOR1rMosJ0RMRP928vFv7x+asK6n3GZpIZJulwUpgKZGOW/oxFXjBoxs4RQxe2tiE6IItTYhEo2hK9P0f+kU6u6XtW7vag0r1ZxFOEETuEcXLiEJtxAC9pAYQoP8ATPTuI8Oi/O67K14KxmjuEHnLdP4RaPTQ==</latexit>

t̄

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p <latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p
<latexit sha1_base64="AhDXYGUFBPUN8UCG1SyZ5ck63cE=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQpLWtO6KblxWsA9oQ5lMJ+3YyYOZG6GE/oMbF4q49X/c+TdO2goqeuDC4Zx7ufcePxFcgWV9GCura+sbm4Wt4vbO7t5+6eCwreJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/ucr9zj2TisfRLUwT5oVkFPGAUwJaavdhzIAMSmXLvKi7zrmDLdOyak7FzYlTqzoVbGslRxkt0RyU3vvDmKYhi4AKolTPthLwMiKBU8FmxX6qWELohIxYT9OIhEx52fzaGT7VyhAHsdQVAZ6r3ycyEio1DX3dGRIYq99eLv7l9VII6l7GoyQFFtHFoiAVGGKcv46HXDIKYqoJoZLrWzEdE0ko6ICKOoSvT/H/pO2Ytmu6N9Vy43IZRwEdoxN0hmxUQw10jZqohSi6Qw/oCT0bsfFovBivi9YVYzlzhH7AePsECoGPdw==</latexit>

ω

<latexit sha1_base64="Lod+uHUm57g5E/z8t8Ff5TZBkFk="></latexit>→
ŝ = Mtt̄

At a hadron collider, we also average over the 
partonic initial states: 

<latexit sha1_base64="vkfi37+hJ9WJMoyigZ8zLDeZhbo=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWFhEMB+QHGFvs5es2d07d/cC4bjfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhBzpo3rfjsrq2vrG5uFreL2zu7efungsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q0xVZpF8sFMYuoLPJAsZAQbK/lpl2CO7rJeyh6zXqnsVtwZ0DLxclKGHPVe6avbj0giqDSEY607nhsbP8XKMMJpVuwmmsaYjPCAdiyVWFDtp7OjM3RqlT4KI2VLGjRTf0+kWGg9EYHtFNgM9aI3Ff/zOokJr/yUyTgxVJL5ojDhyERomgDqM0WJ4RNLMFHM3orIECtMjM2paEPwFl9eJs3ziletVO8vyrXrPI4CHMMJnIEHl1CDW6hDAwg8wTO8wpszdl6cd+dj3rri5DNH8AfO5w/Ir5Ih</latexit>

Lij

parton luminosity function:

<latexit sha1_base64="/DmE/S12hoTFIPuP/Up/lNOC1r4="></latexit>

Rij =
++,+→,→+,→→∑

parton pol.

1
4 · Mij↑tt̄ M↓

ij↑tt̄

<latexit sha1_base64="QsiKo8xierEu8NCW26gwcPY6FHw="></latexit>

R(Mtt̄, ω) =
∑

ij=gg,qq̄

Lij(Mtt̄) ·Rij(Mtt̄, ω)

<latexit sha1_base64="cQiqIN3+fZniWWGgVVrshcrPHGQ="></latexit>

ω(Mtt̄, ε) = R/TrR

Afik, Nova [2003.02280]
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CP invariance:
<latexit sha1_base64="Bq5bi+UV63O7/OPpE5LcwBucKgw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFcSJkRqW6E0m5cVugL2nHIpGkbmkmGJCOUoW7c+CtuXCji1m9w59+YaWehrQcCJ+fce5N7gohRpR3n21paXlldW89t5De3tnd27b39phKxxKSBBROyHSBFGOWkoalmpB1JgsKAkVYwqqZ+655IRQWv63FEvBANOO1TjLSRfPuoCq9h9a5+9gArPjW8K0x5Oi29+3bBKTpTwEXiZqQAMtR8+6vbEzgOCdeYIaU6rhNpL0FSU8zIJN+NFYkQHqEB6RjKUUiUl0zXmMATo/RgX0hzuIZT9XdHgkKlxmFgKkOkh2reS8X/vE6s+1deQnkUa8Lx7KF+zKAWMM0E9qgkWLOxIQhLav4K8RBJhLVJLm9CcOdXXiTN86JbKpZuLwrlShZHDhyCY3AKXHAJyuAG1EADYPAInsEreLOerBfr3fqYlS5ZWc8B+APr8we3XpbI</latexit>

C = CT , Bi = Bi

<latexit sha1_base64="oiDR3OibxS2PC0AmIMogREahCLw="></latexit>

ω = 1
4

(
1l4 +Bi (εi → 1l2) + B̄j (1l→ εj) + Cij (εi → εj)

)

Reflection w.r.t :̂n

<latexit sha1_base64="kiPUBA+9ATi6h03UT/AjrdhfRsU=">AAACA3icbVBNS8NAEN34WetX1JteFotQLyURqR6LXjxWsB/QhLLZbtqlm03YnSglFLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrhY3i5tb2zq69t9/Ucaooa9BYxKodEM0El6wBHARrJ4qRKBCsFQyvJ37rninNY3kHo4T5EelLHnJKwEhd+7AM2BMsBMX7AyBKxQ/YC4jCcNq1S07FmQIvEjcnJZSj3rW/vF5M04hJoIJo3XGdBPyMKOBUsHHRSzVLCB2SPusYKknEtJ9NfxjjE6P0cBgrUxLwVP09kZFI61EUmM6IwEDPexPxP6+TQnjpZ1wmKTBJZ4vCVGCI8SQQ3OOKURAjQwhV3NyK6YAoQsHEVjQhuPMvL5LmWcWtVqq356XaVR5HAR2hY1RGLrpANXSD6qiBKHpEz+gVvVlP1ov1bn3MWpesfOYA/YH1+QMfZJc0</latexit>

(t → t̄)

( , ,  ) helicity basiŝn ̂r ̂k

<latexit sha1_base64="MMrWHQsEZLdmeRwUP4SnZhdZDDI=">AAACOnicbVDLSgMxFM3UV62vUZdugkUQxDIjUl0W3bhswT6gM5RMmrahSWZIMkIZ+l1u/Ap3Lty4UMStH2A6HUofXgicx73c3BNEjCrtOG9Wbm19Y3Mrv13Y2d3bP7APjxoqjCUmdRyyULYCpAijgtQ11Yy0IkkQDxhpBsP7id98IlLRUDzqUUR8jvqC9ihG2kgdu+Yp2ueoI6CnQ3gBZxR6XiEjMvUu4YzOecNFbwhhxy46JSctuArcDBRBVtWO/ep1QxxzIjRmSKm260TaT5DUFDMyLnixIhHCQ9QnbQMF4kT5SXr6GJ4ZpQt7oTRPaJiq8xMJ4kqNeGA6OdIDtexNxP+8dqx7t35CRRRrIvB0US9m0Fw7yRF2qSRYs5EBCEtq/grxAEmEtUm7YEJwl09eBY2rklsulWvXxcpdFkcenIBTcA5ccAMq4AFUQR1g8AzewSf4sl6sD+vb+pm25qxs5hgslPX7B5TEquQ=</latexit>

ωn → +ωn

ωr → ↑ωr

ωk → ↑ωk

LO QCD:
<latexit sha1_base64="46fCK0PtafJo+pckqNcJdiQ2CC0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh1IvHCtYW2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48etRxqhi2WCxi1QmoRsEltgw3AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1G70Jbkhbr9ccavuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+7pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY7GXCFzIiJJZQpbm8lbEQVZcYmVLIheMsvr5LHi6pXq9buLyv1Rh5HEU7gFM7Bgyuowx00oQUMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AuJeOhw==</latexit>

Bn = 0

<latexit sha1_base64="wBcxbdqnFFADu3rvvJ6XCTk86KA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CMBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gVJv5rSdUmsfy0YwT9CM6kDzkjBorPdTITa9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXpS9Srlyf1mq3mZx5OEETuEcPLiCKtxBHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHcOqNQw==</latexit>

C =

<latexit sha1_base64="K1MfLUJiN/Z8bYCVgB2t0LyqhYo="></latexit>


Cnn 0 0
0 Crr Crk

0 → Ckk





<latexit sha1_base64="+UQNP3VIdkR5KG62eOOxziuZ5ik=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUKGVGpLoplLpxWcE+oB1KJs20oZlkSDJCGdq9G3/FjQtF3PoB7vwbM+0stPVA4OTcc29yjxcyqrRtf1uZtfWNza3sdm5nd2//IH941FIikpg0sWBCdjykCKOcNDXVjHRCSVDgMdL2xjdJvf1ApKKC3+tJSNwADTn1KUbaSP18od6nsAp7wpiSGXBxt+FsVqRVXpKl8blx2WV7DrhKnJQUQIpGP//VGwgcBYRrzJBSXccOtRsjqSlmZJrrRYqECI/RkHQN5Sggyo3ny0zhmVEG0BfSHK7hXP3dEaNAqUngGWeA9Egt1xLxv1o30v61G1MeRppwvHjIjxjUAibJwAGVBGs2MQRhSc1fIR4hibA2+eVMCM7yyqukdVF2KuXK3WWhVk/jyIITcAqKwAFXoAZuQQM0AQaP4Bm8gjfryXqx3q2PhTVjpT3H4A+szx/AOpjo</latexit>

Bi = Bi = 0 (i = n, r, k)

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>




<latexit sha1_base64="zwkPYzQ3NGFGNUQFlll9zSjrC0E=">AAACCHicbZDLSgMxFIbPeK31VnXpwmARXJUZkepGKO3GZQV7gXYYMmmmDZPJDElGKEOXbnwVNy4UcesjuPNtTNtZaOuBhI//P4fk/H7CmdK2/W2trK6tb2wWtorbO7t7+6WDw7aKU0loi8Q8ll0fK8qZoC3NNKfdRFIc+Zx2/LAx9TsPVCoWi3s9Tqgb4aFgASNYG8krndQ9iW5Q3QvN3fAyKSZzCGdge6WyXbFnhZbByaEMeTW90ld/EJM0okITjpXqOXai3QxLzQink2I/VTTBJMRD2jMocESVm80WmaAzowxQEEtzhEYz9fdEhiOlxpFvOiOsR2rRm4r/eb1UB9duxkSSairI/KEg5UjHaJoKGjBJieZjA5hIZv6KyAhLTLTJrmhCcBZXXob2RcWpVqp3l+VaPY+jAMdwCufgwBXU4Baa0AICj/AMr/BmPVkv1rv1MW9dsfKZI/hT1ucPekiXHA==</latexit>

Br = Bk = Crn = Ckn = 0
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12

matrix of Eq. (A1) is reduced to

ρ =
1

4











1 + C3 0 0 C1 → C2

0 1→ C3 C1 + C2 0

0 C1 + C2 1→ C3 0

C1 → C2 0 0 1 + C3











(A9)

It is easy to see that

± C3 + |C1 ± C2|→ 1 ↑ 0 (A10)

by demanding ρ to be a physical state, while the Peres-
Horodecki criterion implies that the state is entangled
whenever

± C3 + |C1 ↓ C2|→ 1 > 0 (A11)

In particular, the →+ combination in the above equation
is the condition∆ > 0 in terms of the correlations Ci. We
note that, by combining Eq. (A10) with Eq. (A11), only
the violation where ±C3 > 0 can be achieved. Hence,
the state is entangled if and only if

→C3 + |C1 + C2|→ 1 > 0, C3 ↑ 0 (A12)

C3 + |C1 → C2|→ 1 > 0, C3 ≥ 0

In the particular case of Eq. (A9) where ρ is real
and unpolarized, the concurrence can be also analyt-
ically computed from its definition, Eq. (4). Since
ρ̃ = ρ if ρ is real and unpolarized, C(ρ) = ρ, and then
we only need to obtain the eigenvalues of ρ, which are
1
4 (1 +C3 ± |C1 →C2|), 1

4 (1→C3 ± |C1 +C2|). Moreover,
since

∑

i

λi = 1, (A13)

the concurrence is just C[ρ] = max(2λ1→1, 0), with 2λ1→
1 = (±C3+ |C1↓C2|→1)/2. By noting the analogy with
Eq. (A11), we finally arrive at

C[ρ] =
1

2
max[→C3 + |C1 + C2|→ 1, 0], C3 ↑ 0

C[ρ] =
1

2
max[C3 + |C1 → C2|→ 1, 0], C3 ≥ 0 (A14)

which is completely equivalent to the entanglement cri-
terion in Eq. (A12).
Another useful example is provided by the particular

case in which there is invariance under rotations along
a certain axis, which can be chosen without loss of gen-
erality along the third component of the spin. This is
the situation of the quantum state of the tt̄ pair after
averaging over all top directions (see Sec. IV). In that
case, the spin polarizations must be along the symmetry
z-axis, B±

i = B±
z δi3, and the correlation matrix is diag-

onal, Cij = δijCj , with eigenvalues C1 = C2 = C⊥ and
C3 = Cz . The Peres-Horodecki criterion is then equiva-
lent to the condition

4C2
⊥ + (B+

z +B−
z )2 → (1 + Cz)

2 > 0 (A15)

In particular, for an unpolarized quantum state,

δ ≡ →Cz + 2|C⊥|→ 1 > 0 (A16)

is a necessary and sufficient condition for entanglement,
while for B±

z &= 0, δ > 0 is just a sufficient condition.

Appendix B: Leading-order calculation of the spin
density matrix

We detail here the computation of the spin density
matrix of the tt̄ pair at LO. For that purpose, we
review the main results about spin correlations of tt̄
pairs, which can be found in the usual literature on the
topic [28, 29, 31, 34–36] and are needed for the computa-
tion of ρ(Mtt̄, k̂). In particular, as mentioned in the main
text, at LO only 5 parameters are needed to characterize
the production spin density matrix in the helicity basis:
Ã, C̃kk, C̃nn, C̃rr, C̃kr . The values of these coefficients for
the partonic production spin density matrices RI are well
known [28, 29, 34]. Specifically, for I = qq̄,

Ãqq̄ = Fq(2 → β2 sin2 Θ) (B1)

C̃qq̄
rr = Fq(2 → β2) sin2 Θ

C̃qq̄
nn = →Fqβ

2 sin2 Θ

C̃qq̄
kk = Fq(2 cos

2 Θ+ β2 sin2 Θ)

C̃qq̄
rk = C̃qq̄

kr = Fq

√

1→ β2 sin 2Θ

while, for I = gg,

Ãgg = Fg(Θ)
[

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
]

(B2)

C̃gg
rr = →Fg(Θ)

[

1→ β2(2 → β2)(1 + sin4 Θ)
]

C̃gg
nn = →Fg(Θ)

[

1→ 2β2 + β4(1 + sin4 Θ)
]

C̃gg
kk = →Fg(Θ)

[

1→ β2 sin
2 2Θ

2
→ β4(1 + sin4 Θ)

]

C̃gg
rk = Fg(Θ)

√

1→ β2β2 sin 2Θ sin2 Θ

where the normalization factors Fq, Fg(Θ) are

Fq =
1

18
, Fg(Θ) =

7 + 9β2 cos2 Θ

192(1→ β2 cos2 Θ)2
(B3)

The production spin density matrix R is computed in
terms of the matrices RI as in Eq. (15), using the com-
puted luminosity functions LI(Mtt̄). Finally, the actual
spin density matrices ρI , ρ are obtained by normalizing
RI , R to have unit trace, respectively.

Appendix C: Angular averaging

We compute here the distributions and correlations re-
sulting from averaging over the angular coordinates. We
first characterize the angular-averaged production spin
density matrix

RΩ(Mtt̄) =
1

4π

ˆ

dΩ R(Mtt̄, k̂) (C1)

12

matrix of Eq. (A1) is reduced to

ρ =
1

4











1 + C3 0 0 C1 → C2

0 1→ C3 C1 + C2 0

0 C1 + C2 1→ C3 0

C1 → C2 0 0 1 + C3











(A9)

It is easy to see that

± C3 + |C1 ± C2|→ 1 ↑ 0 (A10)

by demanding ρ to be a physical state, while the Peres-
Horodecki criterion implies that the state is entangled
whenever

± C3 + |C1 ↓ C2|→ 1 > 0 (A11)

In particular, the →+ combination in the above equation
is the condition∆ > 0 in terms of the correlations Ci. We
note that, by combining Eq. (A10) with Eq. (A11), only
the violation where ±C3 > 0 can be achieved. Hence,
the state is entangled if and only if

→C3 + |C1 + C2|→ 1 > 0, C3 ↑ 0 (A12)

C3 + |C1 → C2|→ 1 > 0, C3 ≥ 0

In the particular case of Eq. (A9) where ρ is real
and unpolarized, the concurrence can be also analyt-
ically computed from its definition, Eq. (4). Since
ρ̃ = ρ if ρ is real and unpolarized, C(ρ) = ρ, and then
we only need to obtain the eigenvalues of ρ, which are
1
4 (1 +C3 ± |C1 →C2|), 1

4 (1→C3 ± |C1 +C2|). Moreover,
since

∑

i

λi = 1, (A13)

the concurrence is just C[ρ] = max(2λ1→1, 0), with 2λ1→
1 = (±C3+ |C1↓C2|→1)/2. By noting the analogy with
Eq. (A11), we finally arrive at

C[ρ] =
1

2
max[→C3 + |C1 + C2|→ 1, 0], C3 ↑ 0

C[ρ] =
1

2
max[C3 + |C1 → C2|→ 1, 0], C3 ≥ 0 (A14)

which is completely equivalent to the entanglement cri-
terion in Eq. (A12).
Another useful example is provided by the particular

case in which there is invariance under rotations along
a certain axis, which can be chosen without loss of gen-
erality along the third component of the spin. This is
the situation of the quantum state of the tt̄ pair after
averaging over all top directions (see Sec. IV). In that
case, the spin polarizations must be along the symmetry
z-axis, B±

i = B±
z δi3, and the correlation matrix is diag-

onal, Cij = δijCj , with eigenvalues C1 = C2 = C⊥ and
C3 = Cz . The Peres-Horodecki criterion is then equiva-
lent to the condition

4C2
⊥ + (B+

z +B−
z )2 → (1 + Cz)

2 > 0 (A15)

In particular, for an unpolarized quantum state,

δ ≡ →Cz + 2|C⊥|→ 1 > 0 (A16)

is a necessary and sufficient condition for entanglement,
while for B±

z &= 0, δ > 0 is just a sufficient condition.

Appendix B: Leading-order calculation of the spin
density matrix

We detail here the computation of the spin density
matrix of the tt̄ pair at LO. For that purpose, we
review the main results about spin correlations of tt̄
pairs, which can be found in the usual literature on the
topic [28, 29, 31, 34–36] and are needed for the computa-
tion of ρ(Mtt̄, k̂). In particular, as mentioned in the main
text, at LO only 5 parameters are needed to characterize
the production spin density matrix in the helicity basis:
Ã, C̃kk, C̃nn, C̃rr, C̃kr . The values of these coefficients for
the partonic production spin density matrices RI are well
known [28, 29, 34]. Specifically, for I = qq̄,

Ãqq̄ = Fq(2 → β2 sin2 Θ) (B1)

C̃qq̄
rr = Fq(2 → β2) sin2 Θ

C̃qq̄
nn = →Fqβ

2 sin2 Θ

C̃qq̄
kk = Fq(2 cos

2 Θ+ β2 sin2 Θ)

C̃qq̄
rk = C̃qq̄

kr = Fq

√

1→ β2 sin 2Θ

while, for I = gg,

Ãgg = Fg(Θ)
[

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
]

(B2)

C̃gg
rr = →Fg(Θ)

[

1→ β2(2 → β2)(1 + sin4 Θ)
]

C̃gg
nn = →Fg(Θ)

[

1→ 2β2 + β4(1 + sin4 Θ)
]

C̃gg
kk = →Fg(Θ)

[

1→ β2 sin
2 2Θ

2
→ β4(1 + sin4 Θ)

]

C̃gg
rk = Fg(Θ)

√

1→ β2β2 sin 2Θ sin2 Θ

where the normalization factors Fq, Fg(Θ) are

Fq =
1

18
, Fg(Θ) =

7 + 9β2 cos2 Θ

192(1→ β2 cos2 Θ)2
(B3)

The production spin density matrix R is computed in
terms of the matrices RI as in Eq. (15), using the com-
puted luminosity functions LI(Mtt̄). Finally, the actual
spin density matrices ρI , ρ are obtained by normalizing
RI , R to have unit trace, respectively.

Appendix C: Angular averaging

We compute here the distributions and correlations re-
sulting from averaging over the angular coordinates. We
first characterize the angular-averaged production spin
density matrix

RΩ(Mtt̄) =
1

4π

ˆ

dΩ R(Mtt̄, k̂) (C1)

3

FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,↑k), satisfying the invariant dispersion

relation k2t ↓ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ↓ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1↑ β2, we get

β =
√

1↑ 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

〈O≃ =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

〈O≃ =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) 〈O≃ρ , (12)

with 〈O≃ρ ↓ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ↓
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ↓
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order

12

matrix of Eq. (A1) is reduced to

ρ =
1

4











1 + C3 0 0 C1 → C2

0 1→ C3 C1 + C2 0

0 C1 + C2 1→ C3 0

C1 → C2 0 0 1 + C3











(A9)

It is easy to see that

± C3 + |C1 ± C2|→ 1 ↑ 0 (A10)

by demanding ρ to be a physical state, while the Peres-
Horodecki criterion implies that the state is entangled
whenever

± C3 + |C1 ↓ C2|→ 1 > 0 (A11)

In particular, the →+ combination in the above equation
is the condition∆ > 0 in terms of the correlations Ci. We
note that, by combining Eq. (A10) with Eq. (A11), only
the violation where ±C3 > 0 can be achieved. Hence,
the state is entangled if and only if

→C3 + |C1 + C2|→ 1 > 0, C3 ↑ 0 (A12)

C3 + |C1 → C2|→ 1 > 0, C3 ≥ 0

In the particular case of Eq. (A9) where ρ is real
and unpolarized, the concurrence can be also analyt-
ically computed from its definition, Eq. (4). Since
ρ̃ = ρ if ρ is real and unpolarized, C(ρ) = ρ, and then
we only need to obtain the eigenvalues of ρ, which are
1
4 (1 +C3 ± |C1 →C2|), 1

4 (1→C3 ± |C1 +C2|). Moreover,
since

∑

i

λi = 1, (A13)

the concurrence is just C[ρ] = max(2λ1→1, 0), with 2λ1→
1 = (±C3+ |C1↓C2|→1)/2. By noting the analogy with
Eq. (A11), we finally arrive at

C[ρ] =
1

2
max[→C3 + |C1 + C2|→ 1, 0], C3 ↑ 0

C[ρ] =
1

2
max[C3 + |C1 → C2|→ 1, 0], C3 ≥ 0 (A14)

which is completely equivalent to the entanglement cri-
terion in Eq. (A12).
Another useful example is provided by the particular

case in which there is invariance under rotations along
a certain axis, which can be chosen without loss of gen-
erality along the third component of the spin. This is
the situation of the quantum state of the tt̄ pair after
averaging over all top directions (see Sec. IV). In that
case, the spin polarizations must be along the symmetry
z-axis, B±

i = B±
z δi3, and the correlation matrix is diag-

onal, Cij = δijCj , with eigenvalues C1 = C2 = C⊥ and
C3 = Cz . The Peres-Horodecki criterion is then equiva-
lent to the condition

4C2
⊥ + (B+

z +B−
z )2 → (1 + Cz)

2 > 0 (A15)

In particular, for an unpolarized quantum state,

δ ≡ →Cz + 2|C⊥|→ 1 > 0 (A16)

is a necessary and sufficient condition for entanglement,
while for B±

z &= 0, δ > 0 is just a sufficient condition.

Appendix B: Leading-order calculation of the spin
density matrix

We detail here the computation of the spin density
matrix of the tt̄ pair at LO. For that purpose, we
review the main results about spin correlations of tt̄
pairs, which can be found in the usual literature on the
topic [28, 29, 31, 34–36] and are needed for the computa-
tion of ρ(Mtt̄, k̂). In particular, as mentioned in the main
text, at LO only 5 parameters are needed to characterize
the production spin density matrix in the helicity basis:
Ã, C̃kk, C̃nn, C̃rr, C̃kr . The values of these coefficients for
the partonic production spin density matrices RI are well
known [28, 29, 34]. Specifically, for I = qq̄,

Ãqq̄ = Fq(2 → β2 sin2 Θ) (B1)

C̃qq̄
rr = Fq(2 → β2) sin2 Θ

C̃qq̄
nn = →Fqβ

2 sin2 Θ

C̃qq̄
kk = Fq(2 cos

2 Θ+ β2 sin2 Θ)

C̃qq̄
rk = C̃qq̄

kr = Fq

√

1→ β2 sin 2Θ

while, for I = gg,

Ãgg = Fg(Θ)
[

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
]

(B2)

C̃gg
rr = →Fg(Θ)

[

1→ β2(2 → β2)(1 + sin4 Θ)
]

C̃gg
nn = →Fg(Θ)

[

1→ 2β2 + β4(1 + sin4 Θ)
]

C̃gg
kk = →Fg(Θ)

[

1→ β2 sin
2 2Θ

2
→ β4(1 + sin4 Θ)

]

C̃gg
rk = Fg(Θ)

√

1→ β2β2 sin 2Θ sin2 Θ

where the normalization factors Fq, Fg(Θ) are

Fq =
1

18
, Fg(Θ) =

7 + 9β2 cos2 Θ

192(1→ β2 cos2 Θ)2
(B3)

The production spin density matrix R is computed in
terms of the matrices RI as in Eq. (15), using the com-
puted luminosity functions LI(Mtt̄). Finally, the actual
spin density matrices ρI , ρ are obtained by normalizing
RI , R to have unit trace, respectively.

Appendix C: Angular averaging

We compute here the distributions and correlations re-
sulting from averaging over the angular coordinates. We
first characterize the angular-averaged production spin
density matrix

RΩ(Mtt̄) =
1

4π

ˆ

dΩ R(Mtt̄, k̂) (C1)

QCD LO

3

FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,↑k), satisfying the invariant dispersion

relation k2t ↓ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ↓ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1↑ β2, we get

β =
√

1↑ 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

〈O≃ =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

〈O≃ =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) 〈O≃ρ , (12)

with 〈O≃ρ ↓ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ↓
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ↓
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order
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


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ω1 → ω2 → ω3 → ω4 are the eigenvalues of
↑
εε̃ with ε̃ = (ϑy↓ϑy)ε→(ϑy↓ϑy).

Wootters formula for the concurrence (2-qubit):
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2
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corrections are expected to be small [31], while the phys-
ical picture at LO is simpler and neater, and the final
results and conclusions still hold in the general case, as
shown in Sec. VI.
At LO, only two initial states can produce a tt̄ pair,

which are precisely those described by Eq. (5): a qq̄
pair or a gg pair. For fixed energy and top direction in
the CM frame, each initial state I = qq̄, gg gives rise to
a different quantum state for the tt̄ pair, characterized
by a production spin density matrix RI(Mtt̄, k̂). The
production spin density matrix R for the total production
process from pp collisions is computed in terms of each
partonic counterpart RI as

R(Mtt̄, k̂) =
∑

I=qq̄,gg

LI(Mtt̄)R
I(Mtt̄, k̂) (15)

with LI(Mtt̄) the so-called luminosity function, which ac-
counts for the incidence of each initial partonic state
I = qq̄, gg in the total process (see Ref. [29] for the
precise definition of the luminosity function in terms
of PDF). They are numerically computed by using the
NNPDF30LO PDF set [64]. In order to make sure the
PDF set choice has a negligible impact on our calcula-
tions, we have examined other PDF sets as well. In par-
ticular, we have also used the CT10 [65] and the MSTW
2008 [66] PDF sets, obtaining similar results.
By using the expression of ρI in terms of RI , ρI =

RI/4ÃI , we arrive at

ρ(Mtt̄, k̂) =
∑

I=qq̄,gg

wI(Mtt̄, k̂)ρ
I(Mtt̄, k̂), (16)

finding that the probabilities wI are computed from the
luminosities as

wI(Mtt̄, k̂) =
LI(Mtt̄)Ã

I(Mtt̄, k̂)
∑

J LJ(Mtt̄)ÃJ (Mtt̄, k̂)
. (17)

The spin polarizations and correlations characteriz-
ing the production spin density matrices RI(Mtt̄, k̂) are
computed in an orthonormal basis in the CM frame,
the so-called helicity basis [35] {k̂, n̂, r̂}, with r̂ = (p̂ →
cosΘk̂)/ sinΘ and n̂ = r̂ ↑ k̂, p̂ being the unitary vector
in the direction of the proton beam and Θ the produc-
tion angle with respect to the beam line, cosΘ = k̂ · p̂. A
schematic representation of this basis is provided in left
Fig. 2.
The production spin density matrix and all its co-

efficients are only functions of β and cosΘ. Specifi-
cally, in the SM, the correlation matrix C̃ij is symmet-
ric and B̃+

i = B̃−
i . Furthermore, at LO, the net po-

larizations vanish, B̃±
i = 0, and the spin in the n-axis

is uncorrelated to the spin in the remaining directions,
C̃nr = C̃nk = 0. Thus, at LO, only 5 parameters are
needed to characterize the production spin density ma-
trix: Ã, C̃kk, C̃nn, C̃rr, C̃kr . The values of these coeffi-
cients can be obtained analytically for each RI and are

FIG. 2. Different orthonormal basis in the CM frame consid-
ered in this work. Left: helicity basis. Right: beam basis.

listed in Appendix B, where the procedure to compute
the production spin density matrix R and the associated
density matrices is also summarized.

III. ENTANGLEMENT IN tt̄ PRODUCTION

Based on the definition of separability, if all sub-states
ρ(Mtt̄, k̂) are separable, the total quantum state of Eq.
(14) is also separable. The first natural step is then
searching entanglement in the density matrices ρ(Mtt̄, k̂),
describing the quantum state of the tt̄ pair for fixed en-
ergy and top direction in the CM frame. Since ρ(Mtt̄, k̂)
describes the spin quantum state of a pair of particles
with well-defined momentum, its spin entanglement is a
Lorentz invariant quantity [53, 54].

At LO, the density matrices ρ(Mtt̄, k̂) are unpolarized
and their correlation matrix is symmetric. By invoking
the Peres-Horodecki criterion and applying the results of
Appendix A, we find that

∆ ↓ →Cnn + |Ckk + Crr|→ 1 > 0 (18)

is a necessary and sufficient condition for the presence of
entanglement, with the concurrence simply given by

C[ρ] =
max(∆, 0)

2
. (19)

Previous approaches for signaling entanglement in high-
energy physics based on the entanglement entropy [22,
52, 67] are not useful here since they are only valid
for pure states. In terms of the partonic sub-states
ρI(Mtt̄, k̂), similar quantities∆I are defined. Specifically,
for gluon fusion, we obtain

∆gg =
2→ 4β2(1 + sin2 Θ) + 2β4(1 + sin4 Θ)

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
(20)

if β2(1 + sin2 Θ) < 1, while

∆gg =
2β4(1 + sin4 Θ)→ 2

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
(21)

if β2(1 + sin2 Θ) ≥ 1. Thus, ρgg(Mtt̄, k̂) is separable
in a finite region of phase space, with lower and upper
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√
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2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.
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with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
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boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ
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= 2π sinΘ dσ
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in units of pb/GeV rad.
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
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section dσ
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is

5

FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
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with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at
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section dσ
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The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
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also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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How to measure/reconstruct the spin density matrix from collider data?

⌘ Quantum State Tomography

top spin polarisation

spin-spin correlation

anti-top spin polarisation

How to measure the spin and spin-correlation at colliders? 
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How to measure the spin?

● Consider an unstable spin-1/2 particle with spin in the  direction at its rest frame. ̂S

The conditional probability density of  given ̂q ̂S

● most general form by the symmetry, positivity, normalisation
●  spin-analysing power (memory of the parents’ spin)  κ :
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2 (1l + Ŝ · ω)
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Ŝ, q̂: unit vectors
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axes (1,2) (1,1) (2,1)
A + - +
B - + 0

Table 1: SLOCC class of the h → ω
→
ω
+
Z spin state in the three characteristic regions of the phase space

(rows), as resolved at successive orders of the mf expansion (columns): at O(ε
0
) all minors vanish; at O(ε

2
)

the hyperdeterminant is dominated by m1m4; at O(ε
4
) the m2m3 term is included.

1 Note

Channel Analyser ω (approx.)

t → bW+ b ↑0.4
t → bε+ϑ ε+ +1.0
t → bud̄ d̄ +0.93

ϖ→ → ϱ→ϑ ϱ→ +1.0
ϖ→ → ς→ϑ ς→ +0.45

Axes (x, y) (0, 1) (1, 1) (0, 0) (1, 0) (1, 1) (1, 0) (0, 1) (0, 0) (1, 1) (0, 1)
(Ax, By) (+,↑) (↑,↑) (+,+) (↑,+) (+,↑) (+,+) (↑,↑) (↑,+) (↑,+) (+,↑)

2 Rescaling of φ↓x

2.1 The derivation

The procedure to obtain the final state spin density matrix ςout from the initial state spin density
matrix in the ςin in the ll̄ → FF̄ process is outlined in Appendix B of Ref. [1]. Our starting point is
the initial spin state

ς̂in =
∑

{ωll̄}

ςin(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|↼↑
l,↼

↑
l̄↔↗↼l,↼l̄| , (1)

In the scattering theory the unitary time evolution is governed by the S-matrix operator acting on the
Fock space F . By complementing the momentum part of the ll̄, ς̂in can be promoted to an element
of F

|pl,l̄↔↗pl,l̄|↘ ς̂in =
∑

{ωll̄}

ςin(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|↼↑
l,↼

↑
l̄; pl,l̄↔↗↼l,↼l̄; pl,l̄| ≃ Fin . (2)

We assume that the momenta of l and l̄ are described by the momentum wave functions ↽l(k1) and
↽l̄(k2), respectively, and sharply peaked at ki = pXi for i = 1, 2 and (X1, X2) = (l, l̄). Concretely, we
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↽Xi(ki) =
(2ϱ)3⇀3(ki ↑ pXi)⇐

V
, (3)

where V is chosen to be the volume of all space

V =

[∫
d3x eip·x

]

p=0

= (2ϱ)3⇀3(0) (4)
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● QI Tools: Density Matrix, Entanglement, Bell nonlocality  

● QI Measurements @ Collider: ttbar, tau-tau, ZZ 

● Open Quantum Mechancis 

Lecture 1:

Lecture 2:

◇ Reconstruction of Quantum Channel (probing NLQM) 

◇ Decoherence @ Colliders
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.
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with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
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and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,
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On the other hand, for a qq̄ initial state, the state is
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5

FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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● Probability rule: 
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q̂
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Ŝ, q̂: unit vectors

axes (1,2) (1,1) (2,1)
A + - +
B - + 0

Table 1: SLOCC class of the h → ω
→
ω
+
Z spin state in the three characteristic regions of the phase space

(rows), as resolved at successive orders of the mf expansion (columns): at O(ε
0
) all minors vanish; at O(ε

2
)

the hyperdeterminant is dominated by m1m4; at O(ε
4
) the m2m3 term is included.

1 Note

Channel Analyser ω (approx.)

t → bW+ b ↑0.4
t → bε+ϑ ε+ +1.0
t → bud̄ d̄ +0.93

ϖ→ → ϱ→ϑ ϱ→ +1.0
ϖ→ → ς→ϑ ς→ +0.45

Axes (x, y) (0, 1) (1, 1) (0, 0) (1, 0) (1, 1) (1, 0) (0, 1) (0, 0) (1, 1) (0, 1)
(Ax, By) (+,↑) (↑,↑) (+,+) (↑,+) (+,↑) (+,+) (↑,↑) (↑,+) (↑,+) (+,↑)

2 Rescaling of φ↓x

2.1 The derivation

The procedure to obtain the final state spin density matrix ςout from the initial state spin density
matrix in the ςin in the ll̄ → FF̄ process is outlined in Appendix B of Ref. [1]. Our starting point is
the initial spin state

ς̂in =
∑

{ωll̄}

ςin(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|↼↑
l,↼

↑
l̄↔↗↼l,↼l̄| , (1)

In the scattering theory the unitary time evolution is governed by the S-matrix operator acting on the
Fock space F . By complementing the momentum part of the ll̄, ς̂in can be promoted to an element
of F

|pl,l̄↔↗pl,l̄|↘ ς̂in =
∑

{ωll̄}

ςin(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|↼↑
l,↼

↑
l̄; pl,l̄↔↗↼l,↼l̄; pl,l̄| ≃ Fin . (2)

We assume that the momenta of l and l̄ are described by the momentum wave functions ↽l(k1) and
↽l̄(k2), respectively, and sharply peaked at ki = pXi for i = 1, 2 and (X1, X2) = (l, l̄). Concretely, we
write

↽Xi(ki) =
(2ϱ)3⇀3(ki ↑ pXi)⇐

V
, (3)

where V is chosen to be the volume of all space

V =

[∫
d3x eip·x

]

p=0

= (2ϱ)3⇀3(0) (4)

1
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(C-odd)
● Spin analysing power,  : κ

<latexit sha1_base64="h3iitPtcZDV3YypwaKokwhJth4c="></latexit>

dP (q̂|Ŝ)
d!q

=
1 + ω q̂ · Ŝ

4ε
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1l +B(1)
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j (1l→ εj) + Cij (εi → εj)

]
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Observation of quantum entanglement with top

quarks at the ATLAS detector

The ATLAS Collaboration

Entanglement is a key feature of quantum mechanics [1–3], with applications in fields such as
metrology, cryptography, quantum information, and quantum computation [4–8]. It has been
observed in a wide variety of systems and length scales, ranging from the microscopic [9–13]
to the macroscopic [14–16]. However, entanglement remains largely unexplored at the highest
accessible energy scales. Here we report the highest-energy observation of entanglement,
in top–antitop quark events produced at the Large Hadron Collider, using a proton–proton
collision dataset with a center-of-mass energy of

→
𝐿 = 13 TeV and an integrated luminosity

of 140 fb↑1 recorded with the ATLAS experiment. Spin entanglement is detected from the
measurement of a single observable 𝑀, inferred from the angle between the charged leptons
in their parent top- and antitop-quark rest frames. The observable is measured in a narrow
interval around the top–antitop quark production threshold, where the entanglement detection
is expected to be significant. It is reported in a fiducial phase space defined with stable particles
to minimize the uncertainties that stem from limitations of the Monte Carlo event generators
and the parton shower model in modeling top-quark pair production. The entanglement marker
is measured to be 𝑀 = ↑0.537 ± 0.002 (stat.) ± 0.019 (syst.) for 340 < 𝑁

𝐿𝐿
< 380 GeV. The

observed result is more than five standard deviations from a scenario without entanglement
and constitutes the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement so far.

© 2024 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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Abstract
Entanglement is an intrinsic property of quantum mechanics and is predicted to be exhibited in
the particles produced at the Large Hadron Collider. A measurement of the extent of
entanglement in top quark-antiquark (t̄t) events produced in proton–proton collisions at a
center-of-mass energy of 13 TeV is performed with the data recorded by the CMS experiment at
the CERN LHC in 2016, and corresponding to an integrated luminosity of 36.3 fb−1. The events
are selected based on the presence of two leptons with opposite charges and high transverse
momentum. An entanglement-sensitive observable D is derived from the top quark
spin-dependent parts of the t̄t production density matrix and measured in the region of the t̄t
production threshold. Values of D<→1/3 are evidence of entanglement and D is observed
(expected) to be →0.480+0.026

−0.029 (→0.467+0.026
−0.029) at the parton level. With an observed significance

of 5.1 standard deviations with respect to the non-entangled hypothesis, this provides
observation of quantum mechanical entanglement within t̄t pairs in this phase space. This
measurement provides a new probe of quantum mechanics at the highest energies ever produced.

Keywords: CMS, top quark, entanglement

1. Introduction

Entanglement is a fundamental concept in quantum mech-
anics that describes a strong correlation between particles,
such that the state of one particle cannot be independently
described without considering the state of the other, regard-
less of the distance between them [1–3]. Quantum entangle-
ment has been extensively studied in the context of photons
and electrons [4–6]. In these measurements, entanglement is

Original Content from this work may be used under the
terms of the Creative Commons Attribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

often determined through observations of particle properties,
such as spin or polarization [7]. When considering the entan-
glement of two spin-1/2 particles, it is convenient to describe
the quantum state of each particle as a linear combination of
its basis states, usually denoted as |0〉 and |1〉 (correspond-
ing to spin-up and spin-down states). In this formalism, one
typically refers to each particle as a quantum bit (qubit) of
information. An entangled state for two qubits is a superpos-
ition of their joint states that cannot be factorized into indi-
vidual states. A common example is the Bell state, |ψ−〉=
(|01〉→ |10〉)/

√
2, which can be realized to show the viola-

tion of Bell’s inequality [8–10]. This state provides important
insights into the Einstein–Podolsky–Rosen paradox [11], con-
tributing to the ongoing discussion about the foundations of
quantum mechanics. In a maximally entangled state, measur-
ing the state of one qubit instantaneously determines the state

1 © CERN, for the benefit of the CMS Collaboration
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be considered as a proxy for the spin of the corresponding
top quark and the correlations between the leptons as a
proxy for those between the top quark spins. Assuming

Fig. 2: Schematic representation of the decay of a top
quark that ultimately leads to the emission of a charged
lepton, in the top rest frame.

no net polarisation is present 2, the density matrix for the
spin of a tt̄ pair can be written as:

⇢ =
1

4

�
⌦ +

3X

i,j=1

Cij �i ⌦ �j

�
. (6)

where the first term in the tensor product refers to the top
and the second term to the anti-top quark. The Cij ma-
trix encodes spin correlations, and it is measurable. Note
that Eq. (6), which will be used in the following, is more
general than the simple density matrix in Eq. (4) consid-
ered in Section 2, since C is allowed to have o↵-diagonal
entries. However, since in practice Cij ⇡ Cji, the C ma-
trix can be made (almost) diagonal with an appropriate
choice of basis, thus reducing the tt̄ system to Eq. (4). The
di↵erential cross section for pp ! tt̄ ! `+`�bb̄⌫⌫̄ can be
expressed as [12]:

1

�

d�

dxij
=

Cij xij � 1

2
log

��xij

��, (7)

where xij ⌘ cos ✓i cos ✓̄j , ✓i is the angle between the an-
tilepton momentum and the i-th axis in its parent top
rest frame, and ✓̄j the angle between the lepton momen-
tum and the j-th axis in its parent anti-top rest frame. In
particular, Eq. (7) implies:

� 9hxiji = Cij , (8)

a relation that allows direct measurement of the C ma-
trix. Spin is measured fixing a suitable reference frame.

2 Strong tt̄ production does not lead to polarised top quarks,
as parity is conserved [10]. EW e↵ects (and possibly also ab-
sorptive parts from loops), on the other hand, can give rise to a
net top quark polarisation. However, they have been estimated
to be very small [11], and therefore are neglected here.

An advantageous choice is the helicity basis {k̂, r̂, n̂},
8
>>><

>>>:

k̂ = top direction

r̂ =
p̂� k̂ cos ✓

sin ✓

n̂ = k̂ ⇥ r̂,

(9)

where p̂ is the beam axis and ✓ is the top scattering angle
in the center of mass frame, see also Figure 3. The helicity
basis is defined in terms of the top quark and also applies
to the antitop.3 Relevant reference frames are reached in
a two step process: a ẑ boost from the laboratory to the
tt̄ center of mass frame, then a k̂ boost to each top’s rest
frame.

Fig. 3: Schematic representation of a pp ! tt̄ event in
the center of mass frame, with the helicity basis {k̂, r̂, n̂}
drawn, together with the scattering angle ✓. The n̂ axis is
into the page.

The amount and type of spin correlations strongly de-
pend on the production mechanism as well as the phase
space region (energy and angle) of the top quarks. Two
complementary regimes are important: at threshold, i.e.,
when the top quarks are slow in their rest frame, and
when they are ultra-relativistic. At threshold, gluon fusion
gg ! tt̄ leads to an entangled spin-0 state while qq̄ ! tt̄
to a spin-1 state. The latter is subdominant at the LHC
and acts as an irreducible background [2].

4 Observation of entanglement

It can be shown [8] that the tt̄ spin density matrix in
Eq. (6) is separable (that is, not entangled) if and only if
the partial transpose ( ⌦ T ) ⇢, obtained by acting with
the identity on the first term of the tensor product and
transposing the second, is positive definite. As shown in
[2], this implies that

��C11 + C22

��� C33 > 1 (10)

is a su�cient condition for the presence of entanglement.
It generalises the Werner condition ⌘ > 1/3 to the case

3 We follow the sign convention of [2].

Entanglement measurement in pp → tt̄

3 QIS for tt̄, ω+ω→, H ↑ V V
↓ and bb̄

With the tomography machinery of Section 2.1 in hand, this block applies it to the four final states where
the collider quantum-information program actually lives. The organizing idea is that each channel is
a di!erent quantum state, dictated by symmetry and production dynamics, and each teaches something
distinct: tt̄ is a mixed two-qubit state whose entanglement lives only in corners of phase space (and was
the first observed); H ↑ ω+ω→ is a pure, maximally entangled qubit pair for any CP phase, the cleanest
two-qubit system the SM o!ers; H ↑ V V ↑ is a near-singlet qutrit pair whose entanglement you can dial
with the o!-shell mass, and the LHC’s best Bell-test candidate; bb̄ shows that spin information survives
hadronization. I keep a running comparison table and flag, for each, what is measured, the headline
observable, and the realistic reach. Sources are the theory papers behind each channel [15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26].

3.1 Four channels, four quantum states
Slide: a 2→2
grid —
qubit/qutrit
→ pure/mixed
— placing the
four channels.

Before the details, the map. The channels di!er along two axes: the dimension of each subsystem
(qubit vs. qutrit) and the purity of the produced state (pure vs. mixed).

Channel Subsystems State Entanglement Status

tt̄ (QCD) qubit↔qubit mixed corners of phase space observed

H ↑ ω+ω→ qubit↔qubit pure maximal, any CP phase future e+e→

ω+ω→ (QED) qubit↔qubit mixed angle-dependent Belle II / BES now

H ↑ V V ↑ qutrit↔qutrit pure (fixed masses) near-singlet, dial-able observed

bb̄ qubit↔qubit mixed ultrarelativistic regime proposal

Key point. The pedagogical thread: symmetry plus production dynamics fixes the state.
Angular-momentum conservation in a scalar decay makes H ↑ ωω and H ↑ V V ↑ (near-
)maximally entangled inclusively; QCD production makes tt̄ and bb̄ entangled only where the
partonic channel and kinematics conspire. The tomography is the same; the physics is in which
state nature hands you.

3.2 tt̄: the flagship

3.2.1 Why tops are the ideal collider qubits

Slide: the
lifetime
hierarchy —
the top decays
before it
depolarizes.

The top is the only quark that decays before it hadronizes or depolarizes:

ωtop ↗ 10→25 s ↘ ωhad ↗ 10→23 s ↘ ωspin ↗ 10→21 s. (84)

Its spin information is therefore transferred cleanly to its decay products, and the charged lepton
in t ↑ bε+ϑ is a near-perfect spin analyser (ϖω ≃ 1). The tt̄ spin state is a two-qubit density
matrix (87), reconstructed exactly as in Section 2.1.
The line for a BSM audience: B± and C are precisely the objects your EFT operators deform —
quantum tomography of tt̄ is a new-physics search written in a new language (Section 2.4).

3.2.2 The state is mixed — and where entanglement lives

Slide:
ω =

∑
I wIω

I

— the collider
hands you a
PDF-weighted
mixture.

A collider measures only momenta; the initial partonic state (colour, spin, and whether the
event is gg or qq̄) is summed over. So the tt̄ spin state is a luminosity-weighted convex mixture,

ϱ(Mtt̄,”) =
∑

I=gg, qq̄

wI(Mtt̄) ϱ
I(Mtt̄,”), wI =

LIÃI

∑
J
LJ ÃJ

, (85)
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(→ !2
QCD/mt)

● The top is the only quark that decays before it hadronizes and depolarizes:

●   in the leptonic decay,                                                    κt = − κt̄ = 1

● The quantum tomography, e.g.,

the product of the charged lepton directions at the respective  and  rest frames.t t̄

<latexit sha1_base64="GNZhWQyb1VfCi+WDgBTor9I6r/I="></latexit>

tt̄ → (bW+)(b̄W→) → (bω+ε)(b̄ω→ε̄)

requires the measurement of 

● Reconstruction of the top, antitop rest frames requires
the neutrino momentum reconstruction.
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Cij =
9

ωtωt̄
→q+i q

→
j ↑ = ↓9→q+i q

→
j ↑
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Reconstruction of the neutrino momenta:

● 6 unknowns:

● 6 constraints:
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=→ 2 solutions:

● Choose one that gives smaller Mtt̄
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be considered as a proxy for the spin of the corresponding
top quark and the correlations between the leptons as a
proxy for those between the top quark spins. Assuming

Fig. 2: Schematic representation of the decay of a top
quark that ultimately leads to the emission of a charged
lepton, in the top rest frame.

no net polarisation is present 2, the density matrix for the
spin of a tt̄ pair can be written as:

⇢ =
1

4

�
⌦ +

3X

i,j=1

Cij �i ⌦ �j

�
. (6)

where the first term in the tensor product refers to the top
and the second term to the anti-top quark. The Cij ma-
trix encodes spin correlations, and it is measurable. Note
that Eq. (6), which will be used in the following, is more
general than the simple density matrix in Eq. (4) consid-
ered in Section 2, since C is allowed to have o↵-diagonal
entries. However, since in practice Cij ⇡ Cji, the C ma-
trix can be made (almost) diagonal with an appropriate
choice of basis, thus reducing the tt̄ system to Eq. (4). The
di↵erential cross section for pp ! tt̄ ! `+`�bb̄⌫⌫̄ can be
expressed as [12]:

1

�

d�

dxij
=

Cij xij � 1

2
log

��xij

��, (7)

where xij ⌘ cos ✓i cos ✓̄j , ✓i is the angle between the an-
tilepton momentum and the i-th axis in its parent top
rest frame, and ✓̄j the angle between the lepton momen-
tum and the j-th axis in its parent anti-top rest frame. In
particular, Eq. (7) implies:

� 9hxiji = Cij , (8)

a relation that allows direct measurement of the C ma-
trix. Spin is measured fixing a suitable reference frame.

2 Strong tt̄ production does not lead to polarised top quarks,
as parity is conserved [10]. EW e↵ects (and possibly also ab-
sorptive parts from loops), on the other hand, can give rise to a
net top quark polarisation. However, they have been estimated
to be very small [11], and therefore are neglected here.

An advantageous choice is the helicity basis {k̂, r̂, n̂},
8
>>><

>>>:

k̂ = top direction

r̂ =
p̂� k̂ cos ✓

sin ✓

n̂ = k̂ ⇥ r̂,

(9)

where p̂ is the beam axis and ✓ is the top scattering angle
in the center of mass frame, see also Figure 3. The helicity
basis is defined in terms of the top quark and also applies
to the antitop.3 Relevant reference frames are reached in
a two step process: a ẑ boost from the laboratory to the
tt̄ center of mass frame, then a k̂ boost to each top’s rest
frame.

Fig. 3: Schematic representation of a pp ! tt̄ event in
the center of mass frame, with the helicity basis {k̂, r̂, n̂}
drawn, together with the scattering angle ✓. The n̂ axis is
into the page.

The amount and type of spin correlations strongly de-
pend on the production mechanism as well as the phase
space region (energy and angle) of the top quarks. Two
complementary regimes are important: at threshold, i.e.,
when the top quarks are slow in their rest frame, and
when they are ultra-relativistic. At threshold, gluon fusion
gg ! tt̄ leads to an entangled spin-0 state while qq̄ ! tt̄
to a spin-1 state. The latter is subdominant at the LHC
and acts as an irreducible background [2].

4 Observation of entanglement

It can be shown [8] that the tt̄ spin density matrix in
Eq. (6) is separable (that is, not entangled) if and only if
the partial transpose ( ⌦ T ) ⇢, obtained by acting with
the identity on the first term of the tensor product and
transposing the second, is positive definite. As shown in
[2], this implies that

��C11 + C22

��� C33 > 1 (10)

is a su�cient condition for the presence of entanglement.
It generalises the Werner condition ⌘ > 1/3 to the case

3 We follow the sign convention of [2].

● We first boost all momenta to the rest frame of the  system.tt̄

● We then boost  to the top’s rest frame and  to the antitop’s rest frameℓ+ ℓ−

to be ready to measure 
<latexit sha1_base64="0sshVv2aU9xEkvEeG5UmEchd0DE="></latexit>

→q̂+
i ↑, →q̂

→
i ↑, →q̂

+
i q̂

→
j ↑

● In the helicity basis, the basis vectors are different from event to event.
The reconstructed density matrix is not a genuine quantum state, but a fictitious state.

Entanglement in a fictitious state ⇒ Entanglement in the original quantum state.
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The Peres-Horodecki criterion assumes we know the density matrix .  

In practice, the reconstruction of the state, i.e. 15 Fano coefficients, is expensive.

ρ

separable

entangled
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W →

Entanglement Witness:

The Hermitian       is called “Witness” if 
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Tr
[
W · ωsep

]
→ 0, ↑ ωsep
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Tr
[
W · ωe

]
< 0, for some entangled ωe
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Example: Pick a target entangled pure state        , and define  
<latexit sha1_base64="FvjSJNOHdyOJja92v0n7yZIdALk="></latexit>
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● In the small  region, the  spin state is predicted to be Mtt̄ tt̄
<latexit sha1_base64="KdJDdpWYqtLgnuWm5X/4dhphyJg="></latexit>

|ω→→ = 1↑
2
( |01→ ↑ |10→ )

● No separable state overlaps with  more than|ψ−⟩

● An entanglement witness operator:
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
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Observation of quantum entanglement in top-quark

pairs using the ATLAS detector

The ATLAS Collaboration

We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.

ar
X

iv
:2

31
1.

07
28

8v
2 

 [h
ep

-e
x]

  1
7 

N
ov

 2
02

3

9

FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement

9

FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.
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(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.
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as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
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the background processes for the suggested measurement
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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Figure 3: Example of the nominal cos 𝐿 distribution and the results of applying the reweighting technique with
X = 0.4, 0.6, 0.8, 1.2 in the signal region at parton level. The lower panel shows the ratio of each 𝑀 value after
reweighting (“Pred.”) to the nominal 𝑀 value (“Nom.”).

A.4 Background modeling

Simulated data in the form of MC samples were produced using either the full ATLAS detector simula-
tion [32] based on the G!"#$4 framework [33] or, for the estimation of some of the systematic uncertainties,
a faster simulation with parameterized showers in the calorimeters [34]. The e!ect of pile-up was modeled
by overlaying each hard-scattering event with inelastic 𝑁𝑁 collisions generated with P%$&’" 8.186 [35]
using the NNPDF2.3() set of PDFs [28] and the A3 set of tuned parameters [36]. Except for the events
simulated with S&!*+", the E,$G!# program was used to simulate bottom and charm hadron decays. If
not mentioned otherwise, the top-quark mass was set to 𝑂𝐿 = 172.5 GeV. All event samples that were
interfaced with P%$&’" used the A14 set of tuned parameters [27] and the NNPDF2.3() PDF set.

Single-top quark 𝑃𝑄 associated production was modeled using the P)-&!. B)/ v2 [19–21, 37] event
generator, which provides matrix elements at NLO in the strong coupling constant 𝑅s in the five-flavor
scheme with the NNPDF3.0#() [22] PDF set. The functional form of the renormalization and factorization
scales was set to the default scale, which is equal to the top-quark mass. The diagram-removal scheme [38]
was employed to handle the interference with 𝑃𝑃 production [23]. The inclusive cross-section was corrected
to the theory prediction calculated at NLO in QCD with next-to-next-leading-logarithm (NNLL) soft-gluon
corrections [39, 40]. For 𝑁𝑁 collisions at a center-of-mass energy of

→
𝑆 = 13 TeV, this cross-section

corresponds to 𝑇(𝑃𝑄)NLO+NNLL = 71.7 ± 3.8 pb. The uncertainty in the cross-section due to the PDF was
estimated using the MSTW2008##() 90% CL [41, 42] PDF set, and was added in quadrature to the e!ect
of the scale uncertainty.

Samples of diboson final states (𝑈𝑈), where 𝑈 denotes a 𝑄 or 𝑉 boson, were simulated with the
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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using the NNPDF2.3() set of PDFs [28] and the A3 set of tuned parameters [36]. Except for the events
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not mentioned otherwise, the top-quark mass was set to 𝑂𝐿 = 172.5 GeV. All event samples that were
interfaced with P%$&’" used the A14 set of tuned parameters [27] and the NNPDF2.3() PDF set.

Single-top quark 𝑃𝑄 associated production was modeled using the P)-&!. B)/ v2 [19–21, 37] event
generator, which provides matrix elements at NLO in the strong coupling constant 𝑅s in the five-flavor
scheme with the NNPDF3.0#() [22] PDF set. The functional form of the renormalization and factorization
scales was set to the default scale, which is equal to the top-quark mass. The diagram-removal scheme [38]
was employed to handle the interference with 𝑃𝑃 production [23]. The inclusive cross-section was corrected
to the theory prediction calculated at NLO in QCD with next-to-next-leading-logarithm (NNLL) soft-gluon
corrections [39, 40]. For 𝑁𝑁 collisions at a center-of-mass energy of
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estimated using the MSTW2008##() 90% CL [41, 42] PDF set, and was added in quadrature to the e!ect
of the scale uncertainty.

Samples of diboson final states (𝑈𝑈), where 𝑈 denotes a 𝑄 or 𝑉 boson, were simulated with the
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Figure 5: Same as Fig. 4, but considering the effect on D
(1).

Without attempting a fit, which would be inappropriate given the current scarcity of
experimental data and the large modelling uncertainty, we simply note that the tension
between the recent ATLAS measurement of D(1) [1] and the reference SM prediction seems
to follow the pattern seen in Figure 5. The overall size of the toponium contribution is
given by the t t̄� coupling cy, while the proportion between on-shell and off-shell effects is
driven by the toponium width �.

4.2 SUSY in the top-quark corridor

Another interesting scenario is provided by pair production of supersymmetric top
squarks decaying into top quarks and (stable) neutralinos, see Figure 6.

It is important to note that in this scenario the top squark decay chains,

t̃1 t̃1 ! t t̄ �̃
0
1 �̃

0
1 ! b b̄W

+
W

�
�̃
0
1 �̃

0
1, (4.12)

always contain a top quark pair, so that the interpretation of a measurement on final-state
leptons in terms of SM top spin polarization/correlation/entanglement is still valid for top
squark pair production events.

The region of parameter space we will consider is::

|mt̃1 � m�̃0
1
�mt| ⇡ �t, (4.13)

a region usually named the "top mass corridor". In this scenario the decay channel t̃1 ! t �̃
0
1

(with the top quark possibly slightly off-shell) is expected to be dominant under most SUSY
scenarios and results in a top-quark pair with basically no additional missing momentum,

– 14 –

We used the shorthand notation c↵ ⌘ cos↵ and s↵ ⌘ sin↵. Note that here ↵ is a parameter,
not the scattering angle ✓ of previous sections. The normalisation factor F

[�] is given by:

F
[gg,�] =

3m4
t c

4
yy

4
t g

4
s(1� �

2)

8⇡4|⇧�|2
Re

✓
c
2
↵

�
�
2 log2

� � 1

� + 1
� 4

�2
+ s

2
↵ log

4 � � 1

� + 1

◆
. (4.8)

We have denoted ⇧� = 4m2
t + m

2
�
�
2 � 1

�
. Similarly to the case of the Z boson, finite

width effects can be accounted for by replacing m
2 ! m

2 � im� in ⇧�.
If the particle is a scalar, the tt̄ quantum state is always a pure triplet, while if the

particle is a pseudoscalar the tt̄ quantum state is a pure singlet:

C[gg,�]
��
↵=0

=

0

B@
�1 0 0

0 1 0

0 0 1

1

CA , C[gg,�]
��
↵=⇡/2

=

0

B@
�1 0 0

0 �1 0

0 0 �1

1

CA . (4.9)

In addition to the pure � contribution, QCD and � production can interfere in the gg

channel, and one might wonder about the quantum state of the top pair in this case. In
fact, a calculation is not needed: since the Bell states (2.15)-(2.16) are orthogonal, when
the gg ! � ! tt̄ amplitude reduces to a pure Bell state it acts as a projector. Top-
quark production via the exchange of a �, therefore, is described by the spin state (4.9) at
both the interference and squared level. By the same argument, since the quantum states
reached for ↵ = 0 and ↵ = ⇡/2 are orthogonal, the scalar–pseudoscalar interference vanishes
identically. One can easily check that the corresponding QFT amplitudes gg ! �↵=0 ! tt̄

and gg ! �↵=⇡/2 ! tt̄ do not interfere for on-shell tops.

4.1.1 Effective description of tt̄ bound states

The model described in this Section is a typical BSM simplified model. However,
it can also be taken as a simple effective description for the production of a tt̄ bound
state near threshold. Several studies [42, 43] have suggested that such a pseudo-bound
state ("toponium") leads to an enhancement of the cross section in the color singlet gg !
tt̄ channel at threshold resulting in a structure that resembles a resonance peak. The
Lagrangian in Eq. (4.1) can then be used as a first rough model of such an enhancement
as also suggested in Ref. [44]. We also note that recently, toponium effects received further
attention after the publication of the ATLAS entanglement measurement [1], which exhibits
an interesting negative excess with respect to all NLO+PS predictions of D

(1) near tt̄

threshold. Even though the resolution in invariant mass is not sufficient to draw any
conclusion, such an enhancement could be consistent with the enhancement predicted by
QCD. The Lagrangian in Eq. (4.1) allows to provide a modelization of such a pseudo-
resonance, choosing parameters so to resemble the QCD predictions, i.e.,

M� = 343.5GeV, ↵ = ⇡/2. (4.10)

When taking (4.1) as an effective description of toponium, the coupling cy and the width
� may be tuned independently to give a toponium cross-section consistent with theoretical
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <
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establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
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Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
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Observation of quantum entanglement in top-quark

pairs using the ATLAS detector
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We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.
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as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.

© 2023 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement

9

FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.
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trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,
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We report the highest-energy observation of entanglement, in top–antitop quark events
produced at the Large Hadron Collider, using a proton–proton collision data set with a
center-of-mass energy of

p
B = 13 TeV and an integrated luminosity of 140 fb�1 recorded

with the ATLAS experiment. Spin entanglement is detected from the measurement of a
single observable ⇡, inferred from the angle between the charged leptons in their parent top-
and antitop-quark rest frames. The observable is measured in a narrow interval around the
top–antitop quark production threshold, where the entanglement detection is expected to be
significant. It is reported in a fiducial phase space defined with stable particles to minimize the
uncertainties that stem from limitations of the Monte Carlo event generators and the parton
shower model in modelling top-quark pair production. The entanglement marker is measured
to be ⇡ = �0.547 ± 0.002 (stat.) ± 0.021 (syst.) for 340 < <

C C̄
< 380 GeV. The observed

result is more than five standard deviations from a scenario without entanglement and hence
constitutes both the first observation of entanglement in a pair of quarks and the highest-energy
observation of entanglement to date.
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Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,
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as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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The horizontal line represents the critical value D = −1/3.
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3
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1 + δ

3
, (33)
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1

σ
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d cosϕ
=

1

2
(1−D cosϕ) (34)
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4 Spin correlations with new intermediate states

We now consider explicit new physics models, given by the extension of the SM with
new particles light enough to be resonantly produced in collider experiments.

4.1 Scalar/pseudoscalar resonances

One interesting scenario to consider is the introduction of a spin-0 state � that couples
to SM tops with a scalar and pseudoscalar interaction, in a simplified model similar to the
one studied in [40, 41]:

L = LSM � 1

2
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2
�)�+ cy

ytp
2
� t (cos↵+ i�

5 sin↵) t. (4.1)

In this simplified case there are only three parameters, the heavy scalar mass M�, the
coupling cy (normalised as a rescaling of the SM top-quark Yukawa coupling), and the
angle ↵, which produces a scalar particle for ↵ = 0 and a pseudoscalar particle for ↵ = ⇡/2.

At LO in cy top/anti-top quark pair production mediated by � is given by the diagram
in Figure 3.

Figure 3: Feynman diagram corresponding to tt̄ production mediated by a scalar �.

The heavy scalar, like the SM Higgs, only couples to top quarks at tree-level, so that
for M� > 2mt the largely dominant decay channel is the on-shell tt̄ pair. Explicitly, the
decay width ��!tt̄ is given at LO by:
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We note � may also decay at one loop to a gluon pair, which is dominant for light scalars, but
this channel is subdominant with respect to the tree-level process � ! tt̄ when M� > 2mt.

The spin correlation coefficients for tt̄ production mediated by �, that is for the square
of the diagram in Figure 3, are given by:
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Figure 9: Summary of the measurement of the entanglement proxy D in data (black filled or
open point) compared with MC predictions including (solid line) or not including (dashed
line) contributions from the h t state. The legend denotes MC predictions without the h t state
with a slash through h t . Inner error bars represent the statistical uncertainty, while the outer
error bars represent the total uncertainty for data. The statistical uncertainty in the MC predic-
tions is denoted by the light shaded region and the total uncertainty, including scale and PDF
uncertainties, is represented by the darker shaded region. The boundary for entanglement is
indicated by the shaded region at D = �1/3.
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Fig. 5: tt̄ invariant-mass distributions for the top-quark production in the threshold
region at LHC. The color–singlet (green dashed) and octet (red dot-dashed) in gg

channel, color–octet in qq̄ channel (blue dotted), and the sum of them (black solid)
are plotted. Thick lines include both bound-state and ISR effects, while thin lines
represent the cross sections with only NLO effects.

invariant-mass distributions of the tt̄ production close to the threshold at the
LHC. The effects will be particularly important for the determination of the
top-quark mass [19], as well as when the top-quark sample is to be used for cal-
ibration of jet energy scale, etc. at an early stage of the LHC operation. In this
regard, it should be noted (known from the studies of e+e→ → tt̄ [20]) that the
bound-state effects distort the momentum distribution of top quarks strongly
below the threshold (mtt̄ < 2mt). On the other hand, Tevatron experiments
are almost free from the bound-state effects, because of the dominance of the
color–octet qq̄ annihilation contribution, as can be seen from Fig. 6.

We consider that our calculations incorporate the most important part of the
bound-state effects and ISR effects to the tt̄ threshold cross sections at hadron
colliders. There are, however, many corrections that should be included to make
the predictions more precise. Among them are resummation of the collinear and
soft logarithms (beyond NLO), non-factorizable corrections, etc. They are ex-
pected to modify our results at the level of 10–30%. Furthermore, as already
stated, presently there remains a considerable disagreement in a color-weighted

sum of the hard-vertex factors h(c)gg . Hence, we examined the following case sepa-

rately: we use the value of h(1)gg as in Eq. (13a), which is determined from the two
mutually consistent results [8, 12]; on the other hand, we determine the value of

h(8)gg such that the α3
sβ term of the gg → tt̄ cross section of Ref. [4] is reproduced,

i.e. h(8)gg (1) ≈ 2.39. With this value of h(8)gg , the cross section in the gg color-octet

channel is enhanced by about 10% as compared to the case with h(8)gg (1) ≈ −0.92.
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[2]. We will assume the flavor symmetry as in [29]:

U(2)Q ⇥ U(2)u ⇥ U(3)d, (2.1)

that implies new physics couples predominantly to top quarks. This is rooted on the unusu-
ally large value of the SM top Yukawa coupling yt ⇡ 0.993, signaling a special relationship
between the two heaviest SM particles, and hinting at the presence of new physics close to
the electroweak scale.

We focus on operators containing at least one top quark field, assuming other operators
are well enough constrained from measurements not involving tops. All such operators are
considered, in a systematic approach, with the exception of those that enter top production
only in virtual corrections, and those only entering in highly suppressed contributions (e.g.
bb̄ ! tt̄).

2.1 Two-fermion operators

One can write down three dimension-six operators modifying the top-gluon interaction
and thus tt̄ production. To highlight the chiral properties of the induced tt̄g vertex these
can be written as:

Ogt = t TA�
µ
D

⌫
tG

A
µ⌫ , (2.2)

OgQ = QTA�
µ
D

⌫
QG

A
µ⌫ , (2.3)

OtG = gS QTA'̃�
µ⌫
tG

A
µ⌫ = gS QuG,33. (2.4)

The second equality is in terms of the Warsaw basis [30]. Once the additional symmetry
(2.1) and the EOM are enforced, only OtG and O

†
tG survive, as standard manipulations

yield:

Ogt +O
†
gt = gs

⇣
four-quarks

⌘
(2.5)

OgQ +O
†
gQ = gs

⇣
four-quarks

⌘
(2.6)

Ogt �O
†
gt = O

†
gQ �OgQ =

yt

gS
(OtG �O

†
tG) (2.7)

This shows that Ogt and OgQ reduce to four-fermion operators; more specifically, they
reduce to operators composed of two light quarks and two tops, that will be considered
in the following, and to operators with four top quark fields, that we will neglect due to
their large suppression in the process at hand. The only surviving operator, OtG, has the
effect of deforming the top quark color charge distribution, producing a chromo-magnetic
and chromo-electric dipole moment proportional to <(ctG) and =(ctG) respectively.

On top of the two-fermion operators listed above, there are five operators involving two
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fermion fields and electroweak gauge bosons that are in principle relevant for top physics,

Q'u, 33 = i('† $
Dµ ')(t�µt), (2.8)

Q
(1)
'q, 33 = i('† $

Dµ ')(Q�
µ
Q), (2.9)

Q
(3)
'q, 33 = i('† $

Dµ �I')(Q�
µ
�
I
Q), (2.10)

QuB, 33 = (Q�
µ⌫
t)'̃Bµ⌫ , (2.11)

QuW, 33 = (Q�
µ⌫
�It)'̃W

I
µ⌫ . (2.12)

Both at O(c/⇤2) and O(c2/⇤4), these operators only enter electroweak top production,
and since this process is heavily suppressed with respect to QCD production, their effect
will be neglected. An NLO computation including both QCD and EW corrections would
be required to fully take into account these contributions.

We note that Q
(3)
'q, 33 and QuW, 33 also induce a modified tWb vertex. Since spin mea-

surements involve both the production and the decay of the particle at hand, operators that
modify the decay of tops enter our study. In the following we will show that their actual
effect on the spin observables we consider is negligible.

2.2 Four-fermion operators

There are seven independent dimension-6 operators mediating tt production by qq

annihilation that result in a color-octet final state. These operators are constructed with a
combination of four quark fields, two light (u, d, c, s) and two tops. Following the LHC Top
WG notation and convention [2], we express SMEFT operators in a basis that highlights
their chiral structure:

O
8
tu =

P2
f=1(t�µT

A
t)(uf�

µ
TAuf) =

P2
f=1�

1
6Quu,ff33 +

1
2Quu,3ff3, (2.13)

O
8
td =

P3
f=1(t�µTAt)(df�

µ
T
A
df) =

P3
f=1Q

(8)
ud,33ff, (2.14)

O
8
tq =

P2
f=1(qf�µTAqf)(t�µTA

t) =
P2

f=1Q
(8)
qu,ff33, (2.15)

O
8
Qu =

P2
f=1(Q�µTAQ)(uf�

µ
T
A
uf) =

P2
f=1Q

(8)
qu,33ff, (2.16)

O
8
Qd =

P3
f=1(Q�µTAQ)(df�

µ
T
A
df) =

P3
f=1Q

(8)
qd,33ff, (2.17)

O
1,8
Qq =

P2
f=1(Q�µT

A
Q)(qf�

µ
TAqf) =

P2
f=1

1
4Q

(1)
qq,3ff3 �

1
6Q

(1)
qq,33ff + 1

4Q
(3)
qq,3ff3, (2.18)

O
3,8
Qq =

P2
f=1(Q�µT

A
�IQ)(qf�

µ
TA�

I
qf) =

P2
f=1

3
4Q

(1)
qq,3ff3 �

1
6Q

(3)
qq,33ff �

1
4Q

(3)
qq,3ff3. (2.19)
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[Severi, Vryonidou (2023)][Aoude, Madge, Maltoni, Mantani (2022)]

(a)

(b) (c)

(d) (e)

Figure 1: Change from the SM value for spin observables for the operators OtG (1a),
O

(8,3)
Qq (1b), O(1,3)

Qq (1c), O(8,1)
Qq (1d), O(1,1)

Qq (1e), inclusive in tt̄ phase space. Dashed lines
indicate results at LO, continuous lines indicate NLO. The shaded region around each curve
represents the combination of scale and MC uncertainty. The MC uncertainty is always
sub-leading compared to scale variation. Only curves that deviate appreciably from zero
are shown.
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– the SM cross sections �
(0)
S and �

(0) in (3.13) are replaced by their most accurate
values, EFT terms are not modified, and then the ratio S is taken;

– numerator and denominator of (3.13) are globally rescaled by the SM K-factors KS =

�
(0)
S,accurate/�

(0)
S and K = �

(0)
accurate/�

(0), then and the ratio S is taken;

– the ratio (3.13) is series expanded, the first term �
(0)
S /�

(0) is replaced with the accurate
value, other terms in the series are not modified – even if they contain �

(0)
S or �

(0).

It is not clear which one, if any, of the prescriptions outlined above entails the best
physical meaning, and the spread in results obtained by implementing accurate SM predic-
tions in different ways may be considered to be a theoretical uncertainty. In this work we
will report all six cross sections that enter (3.13), leaving the possibility open for arbitrary
implementations of accurate SM calculations.

Quantum entanglement.
As discussed in the introduction, and in more detail in Refs. [15, 16, 18, 20], top spin

correlations can signal the presence of quantum entanglement between tops. A calculation
shows that, in the case of tt̄, entanglement is signaled by the condition:

� = |Ckk + Crr|� Cnn � 1 > 0. (3.15)

Inequality (3.15) is general, and independent of the possible presence of new physics. We
also note that the concurrence of the tt̄ spin quantum state (3.1) is given by:

C[⇢] =

(
�/2, � > 0

0 �  0
(3.16)

The absolute value in the definition of � is non-trivial, as, already in the SM, at tt̄ threshold
Ckk + Crr < 0, so � = �TrC � 1, while at large top pT , Ckk + Crr > 0, so � becomes
Ckk + Crr � Cnn � 1. The use of TrC to detect entanglement at tt̄ threshold has been
the topic of extended studies [15, 16]; in fact, as shown in Ref. [17], � can be measured
directly using dedicated angular observables, regardless of the sign of the absolute value.
To appreciate directly the effect of SMEFT operators on the amount of spin entanglement,
in the following we will consider:

�± = ±(Ckk + Crr)� Cnn � 1 =
±(�Ckk + �Crr)� �Cnn � �

�
(3.17)

as additional observables, as an extension to those appearing in (3.1). We note that �� is
a well known top spin observable, usually called D ⌘ (�� + 1)/3.

4 Computation Setup

Since the reconstruction of a spin quantum state requires the analysis of decay products,
the analysis of top spin polarization and correlations at NLO would require the generation
of events of the form:

p p ! b b̄ `
+
`
�
⌫ ⌫̄ (4.1)
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Figure 3: Concurrence averaged over solid angle as a
function of the top quark velocity � for c(8)tq (top) and

ctG (bottom).

matrix. Hence, in the case of pp collisions displayed in
the left panel of Fig. 3, we can observe an effect of the
EFT already at threshold, even at the linear level. This
also holds true for four-fermion operators, such as for
instance O(8)

tq shown in the upper panel.

IV. QUANTUM STATES IN THE SMEFT

In this section we consider the effects of new physics
on the quantum state of the tt̄ pair in different regions
of the phase space. Observables directly related to the
quantum state probe different and complementary direc-
tions in the parameter space compared to the scattering
amplitude. In the following, we discuss in particular two
phase space regions of interest, i.e., the production of top
quarks at threshold, characterised by high statistics, and
the production at high pT in the central region, where
top-quark mass effects become negligible.

A. Threshold region

In the SM, the gg initiated channel at threshold is
characterised by a pure maximally-entangled state as
in Eq. (13), with the top quark spins forming a singlet
state of spin 0. The presence of new physics effects can
potentially change the picture. In particular, we find that
the chromo-magnetic operator OtG and the triple-gluon
operator OG change the quantum state, which is then
not a pure state anymore. As a matter of fact, these op-
erators induce the presence of a triplet state of spin 1,
and the density matrix is therefore described by a mixed

state:

⇢EFT
gg (0, z) = pgg| +iph +|p + (1 � pgg)| �iph �|p .

(18)

Note that here the spins are defined with respect to the
beam direction p. The probability of being in a triplet
state is given by pgg = 72m2

t (3
p

2mt cG + v ctG)2/7⇤4 ,
which shows that no linear effects are present and only
the squares contribute. In particular, we find a flat di-
rection for a specific combination of cG and ctG, while
the operator O'G does not affect the quantum state at
threshold.

For the qq̄ channel, in the SM the spin density matrix
is characterised by a mixed separable state:

⇢SMqq̄ (0, z) =
1

2
|""ip h""|p +

1

2
|##ip h##|p . (19)

Specifically, the probability of having both, top and anti-
top quark, with spin up (down) is 1/2 in the SM. The
EFT effects in this case do not change the structure of
the state, but the eigenvalues of the density matrix are
affected and a preference for one spin direction is in gen-
eral observed:

⇢EFT
qq̄ (0, z) = pqq̄ |""ip h""|p +(1�pqq̄) |##ip h##|p , (20)

where pqq̄ = 1
2 � 4

c(8),uV A
⇤2 + O(1/⇤4), which also includes

corrections at linear order in the Wilson coefficients [41].
Here, c(8),uV A = (�c(8,1)Qq � c(8,3)Qq + c(8)tu � c(8)tq + c(8)Qu)/4.
The spoiling of the symmetry is due to P-violating in-
teractions induced by dimension-six operators but is also
present if electroweak corrections are taken into account.

In Fig. 4 we show contour plots of the probabilities pgg
and pqq̄. In the case of the quark initiated channel, we
choose O(8)

tu and O(8,3)
Qq as a pair of representative four-

fermion operators. In addition to the probabilities, we
also plot contours of the relative EFT effects on the scat-
tering amplitude, in order to highlight the complemen-
tarity of the two observables, which are clearly probing
different directions in the parameter space.

B. Central high-pT region

The other interesting region to consider is the one char-
acterised by high pT . In the following, we set ✓ = ⇡/2
(z = 0) and look at the probability for the top quark pair
to be in a triplet state

p + = h +|n ⇢ | +in , (21)

which, in particular, is the quantum state for the SM in
the limit of � ! 1, both in the gg and the qq̄ initiated
channels. However, as already discussed above, the limit
� ! 1 is ill-defined in the presence of higher dimensional
operators. We therefore study the probability as a func-
tion of the invariant mass ŝ of the top quark pair (or

: top velocity in the  rest framett̄
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3

FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,↑k), satisfying the invariant dispersion

relation k2t ↓ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ↓ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1↑ β2, we get

β =
√

1↑ 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

〈O≃ =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

〈O≃ =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) 〈O≃ρ , (12)

with 〈O≃ρ ↓ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ↓
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ↓
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order
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coefficients that enter tt̄ physics will receive significant contributions from spin polarization,
spin correlation, and spin entanglement observables.

Operator
CMS [12] Run III Projection

Current Global Fit
36 fb�1 Inclusive 300 fb�1 Differential

OtG [�0.18, 0.18] [�0.03, 0.04] [0.00, 0.11]

O
8
tu [�5.8, 3.6] [�1.0, 0.7] [�0.9, 0.3]

O
8
td [�7.9, 5.2] [�1.3, 1.0] [�1.3, 0.6]

O
8
tq [�4.2, 3.1] [�0.7, 0.5] [�0.5, 0.4]

O
8
Qu [�9.4, 4.6] [�0.7, 0.6] [�1.0, 0.5]

O
8
Qd [�11.7, 5.8] [�0.9, 0.8] [�1.6, 0.9]

O
(1,8)
Qq [�5.8,�4.6] [ [�1.7, 2.5] [�0.4, 0.3] [�0.4, 0.3]

O
(3,8)
Qq [�5.0, 4.2] [�1.1, 0.8] [�0.5, 0.4]

O
1
tu [�2.1, 2.1] [�0.5, 0.5] [�0.4, 0.3]

O
1
td [�2.7, 2.6] [�0.6, 0.6] [�0.4, 0.4]

O
1
tq [�1.7, 1.8] [�0.4, 0.4] [�0.2, 0.3]

O
1
Qu [�2.1, 2.4] [�0.4, 0.5] [�0.3, 0.4]

O
1
Qd [�2.8, 3.0] [�0.6, 0.6] [�0.3, 0.4]

O
(1,1)
Qq [�1.8, 1.8] [�0.4, 0.4] [�0.3, 0.2]

O
(3,1)
Qq [�1.8, 1.8] [�0.4, 0.4] [�0.1, 0.2]

Table 4: 2� bounds on Wilson coefficients of SMEFT operators considered in this work.
The scale ⇤ is set to 1 TeV. First column: bounds from the inclusive early LHC Run 2
experimental measurement [12]. Second column: projected bounds from one binned, LHC
Run 3 measurement. Third column: current individual bounds from the global fit of top
LHC data [6].

7 Conclusions

We have presented a numerical simulation of the effect of new physics on top spin
polarization, tt̄ spin correlation, and tt̄ spin entanglement at the LHC, in the framework of
the Standard Model Effective Field Theory. Our simulation is accurate at NLO QCD in the
tt̄ production, and considers both O(c/⇤2) and O(c2/⇤4) effects, which is state of the art.
All dimension-6 operators containing top quarks have been considered, with the exception
of those highly suppressed by the proton PDF and those only entering in NLO corrections.
This amounts to 15 operators in total. We have presented results for the expected deviations
from the SM as a function of all Wilson coefficients for all non-CP-violating terms in the
tt̄ density matrix.

We find that the inclusion of NP-squared O(c2/⇤4) contributions to cross-sections is
almost always important for describing the effects of SMEFT operators on all spin observ-
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chiral coupling cij appears multiplied by a kinematic function that, in the high-energy limit
ŝ → m2

t , is the same for all four. Now compare two measurements made on the same events:

ω ↑ ωL + ωR︸ ︷︷ ︸
sum over top chirality

versus Pt ↑ ωR ↓ ωL
ωR + ωL︸ ︷︷ ︸

di!erence

, (149)

where ωL,R are the rates for producing a left- or right-handed top. (At ŝ → m2
t chirality equals

helicity, so “handedness” is measurable — and it is measured, through the lepton angular
distribution in the top decay, which is Section 2.) The interference contributions therefore
organize themselves as

rate: cLL + cLR + cRL + cRR, spin: ↓ cLL + cLR ↓ cRL + cRR, (150)

which in Warsaw-basis names are exactly

rate: c(8,3)Qq + c(8,1)Qq + c8Qu + c8tq + c8tu, (151)

spin (Bk + B̄k) : ↓ c(8,3)Qq ↓ c(8,1)Qq ↓ c8Qu + c8tq + c8tu. (152)

This is the whole argument, and it really is that simple: the rate is a sum over top chirality
and the polarization is a di!erence. In the chiral basis the two directions are (1, 1, 1, 1) and
(↓1,+1,↓1,+1) — literally orthogonal. (In the five-name Warsaw list they are merely linearly

independent, because c(8,1)Qq and c(8,3)Qq are degenerate in this channel; linear independence is all
that is needed to break a degeneracy.)

What “breaking a flat direction” means. Suppose you fit these five coe!cients using
only the tt̄ rate, at linear order. The likelihood depends on one number, the rate combination
above. Four independent directions in coe!cient space leave the prediction exactly unchanged:
they are flat directions, and along them the rate-only bound is infinite. (In practice they are
lifted by other datasets and by 1/”4 terms, which is why global fits are not literally unbounded
— but they are lifted weakly.) Adding the polarization adds a second, orthogonal number
from the same events : the flat space drops from four dimensions to three. That is a genuine,
free improvement — no more luminosity, no new final state, just refusing to throw the spin
information away.

Two honest caveats. First, this is the high-energy limit; at finite m2
t/ŝ the kinematic weights of the four

chiral couplings di!er somewhat, which helps rather than hurts (it means the angular distribution carries
yet more information). Second, the polarization along k̂ is small in the SM, so the measurement is not
easy — the point is that the information is there, and that no amount of rate precision can substitute for
it.

The payo! (Severi–Vryonidou, NLO). A single doubly-di!erential measurement of the tt̄
spin density matrix at Run 3 gives Wilson-coe!cient bounds competitive with the entire cur-
rent global fit of LHC top data. Example (ctG, ” = 1 TeV, 2ω): inclusive CMS [↓0.18, 0.18] ↔
binned Run 3 [↓0.03, 0.04] ↗ global fit [0.00, 0.11]. And the aggregate marker D = TrC/3 is
measured to ↘ 5% where individual Cij are known only to 30–46%.

Three things in that box deserve unpacking, because the numbers are meaningless without
them.

Why “doubly-di!erential”? The bins are in mtt̄ and in the production angle. EFT interfer-
ence grows with energy — the operators (148) give amplitudes ↑ ŝ/”2 relative to the SM — so
essentially all of the sensitivity sits in the highest mtt̄ bin, and an inclusive measurement dilutes
it away. The angular binning matters for a di#erent reason: it separates the gg and qq̄ initial
states statistically (they have di#erent angular dependence and di#erent mtt̄ spectra), and it is
qq̄ that carries the four-fermion interference.
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● spin-correlation measurement has a good 
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∣∣

<latexit sha1_base64="K23uh9sAVWMtsv866hDZciqV5jE="></latexit>

Tr
[
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3.2 Observables for CHSH inequalities

We now want to design observables that can directly measure sums and di↵erences Cii±Cjj involved

in the relations for CHSH violation (17) or (19). Let us define the azimuthal angle di↵erences

'+ =
1

2
('a + 'b) , '� =

1

2
('a � 'b) . (34)

Changing variables in (23) to these angles, we arrive at
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+ ↵a↵b sin ✓a cos ✓b [C13 cos('+ + '�) + C23 sin('+ + '�)]

+ ↵a↵b cos ✓a sin ✓b [C31 cos('+ � '�) + C32 sin('+ � '�)] . (35)

Since we are only interested in the sums in the first line of (35), we can integrate over cos ✓a,b to

obtain
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Integration over '+ and '� using the integration measure g+ = sign cos 2'�, yields the asymmetry

A+ =
1

�

Z
d�

d'+d'�
g+ d'+d'� =

⇡

16
↵a↵b(C11 + C22) , (37)

whereas if we use the integration measure g� = sign cos 2'+ we obtain the asymmetry

A� =
1

�

Z
d�

d'+d'�
g� d'+d'� =

⇡

16
↵a↵b(C11 � C22) . (38)

Experimentally, these asymmetries are measured by simply counting events with cos('a ⌥ 'b) > 0

and cos('a ⌥ 'b) < 0, that is,

A± =
N(cos('a ⌥ 'b) > 0)�N(cos('a ⌥ 'b) < 0)

N(cos('a ⌥ 'b) > 0) +N(cos('a ⌥ 'b) < 0)
. (39)

4 Numerical results

We use the Monte Carlo generator MadGraph aMC@NLO [25] to obtain our predictions for

tt̄ production at the leading order in QCD, using NNPDF 3.0 [26] PDFs with factorisation and

renormalisation scales equal to the average transverse mass, Q = 1/2[(m2
t + p2Tt)

1/2+(m2
t + p2T t̄)

1/2],

with pT the transverse momentum in the usual notation. The dilepton decay channel tt̄ ! `+⌫b`�⌫b

is selected, with ` = e, µ. In order to study the dependence on the tt̄ invariant mass mtt̄ and the top
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corrections are expected to be small [31], while the phys-
ical picture at LO is simpler and neater, and the final
results and conclusions still hold in the general case, as
shown in Sec. VI.
At LO, only two initial states can produce a tt̄ pair,

which are precisely those described by Eq. (5): a qq̄
pair or a gg pair. For fixed energy and top direction in
the CM frame, each initial state I = qq̄, gg gives rise to
a different quantum state for the tt̄ pair, characterized
by a production spin density matrix RI(Mtt̄, k̂). The
production spin density matrix R for the total production
process from pp collisions is computed in terms of each
partonic counterpart RI as

R(Mtt̄, k̂) =
∑

I=qq̄,gg

LI(Mtt̄)R
I(Mtt̄, k̂) (15)

with LI(Mtt̄) the so-called luminosity function, which ac-
counts for the incidence of each initial partonic state
I = qq̄, gg in the total process (see Ref. [29] for the
precise definition of the luminosity function in terms
of PDF). They are numerically computed by using the
NNPDF30LO PDF set [64]. In order to make sure the
PDF set choice has a negligible impact on our calcula-
tions, we have examined other PDF sets as well. In par-
ticular, we have also used the CT10 [65] and the MSTW
2008 [66] PDF sets, obtaining similar results.
By using the expression of ρI in terms of RI , ρI =

RI/4ÃI , we arrive at

ρ(Mtt̄, k̂) =
∑

I=qq̄,gg

wI(Mtt̄, k̂)ρ
I(Mtt̄, k̂), (16)

finding that the probabilities wI are computed from the
luminosities as

wI(Mtt̄, k̂) =
LI(Mtt̄)Ã

I(Mtt̄, k̂)
∑

J LJ(Mtt̄)ÃJ (Mtt̄, k̂)
. (17)

The spin polarizations and correlations characteriz-
ing the production spin density matrices RI(Mtt̄, k̂) are
computed in an orthonormal basis in the CM frame,
the so-called helicity basis [35] {k̂, n̂, r̂}, with r̂ = (p̂ →
cosΘk̂)/ sinΘ and n̂ = r̂ ↑ k̂, p̂ being the unitary vector
in the direction of the proton beam and Θ the produc-
tion angle with respect to the beam line, cosΘ = k̂ · p̂. A
schematic representation of this basis is provided in left
Fig. 2.
The production spin density matrix and all its co-

efficients are only functions of β and cosΘ. Specifi-
cally, in the SM, the correlation matrix C̃ij is symmet-
ric and B̃+

i = B̃−
i . Furthermore, at LO, the net po-

larizations vanish, B̃±
i = 0, and the spin in the n-axis

is uncorrelated to the spin in the remaining directions,
C̃nr = C̃nk = 0. Thus, at LO, only 5 parameters are
needed to characterize the production spin density ma-
trix: Ã, C̃kk, C̃nn, C̃rr, C̃kr . The values of these coeffi-
cients can be obtained analytically for each RI and are

FIG. 2. Different orthonormal basis in the CM frame consid-
ered in this work. Left: helicity basis. Right: beam basis.

listed in Appendix B, where the procedure to compute
the production spin density matrix R and the associated
density matrices is also summarized.

III. ENTANGLEMENT IN tt̄ PRODUCTION

Based on the definition of separability, if all sub-states
ρ(Mtt̄, k̂) are separable, the total quantum state of Eq.
(14) is also separable. The first natural step is then
searching entanglement in the density matrices ρ(Mtt̄, k̂),
describing the quantum state of the tt̄ pair for fixed en-
ergy and top direction in the CM frame. Since ρ(Mtt̄, k̂)
describes the spin quantum state of a pair of particles
with well-defined momentum, its spin entanglement is a
Lorentz invariant quantity [53, 54].

At LO, the density matrices ρ(Mtt̄, k̂) are unpolarized
and their correlation matrix is symmetric. By invoking
the Peres-Horodecki criterion and applying the results of
Appendix A, we find that

∆ ↓ →Cnn + |Ckk + Crr|→ 1 > 0 (18)

is a necessary and sufficient condition for the presence of
entanglement, with the concurrence simply given by

C[ρ] =
max(∆, 0)

2
. (19)

Previous approaches for signaling entanglement in high-
energy physics based on the entanglement entropy [22,
52, 67] are not useful here since they are only valid
for pure states. In terms of the partonic sub-states
ρI(Mtt̄, k̂), similar quantities∆I are defined. Specifically,
for gluon fusion, we obtain

∆gg =
2→ 4β2(1 + sin2 Θ) + 2β4(1 + sin4 Θ)

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
(20)

if β2(1 + sin2 Θ) < 1, while

∆gg =
2β4(1 + sin4 Θ)→ 2

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
(21)

if β2(1 + sin2 Θ) ≥ 1. Thus, ρgg(Mtt̄, k̂) is separable
in a finite region of phase space, with lower and upper

Experimental Reconstruction / Prospects
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Experimentally, these asymmetries are measured by simply counting events with cos('a ⌥ 'b) > 0

and cos('a ⌥ 'b) < 0, that is,
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Integration over '+ and '� using the integration measure g+ = sign cos 2'�, yields the asymmetry

A+ =
1

�

Z
d�

d'+d'�
g+ d'+d'� =

⇡

16
↵a↵b(C11 + C22) , (37)

whereas if we use the integration measure g� = sign cos 2'+ we obtain the asymmetry

A� =
1

�

Z
d�

d'+d'�
g� d'+d'� =

⇡

16
↵a↵b(C11 � C22) . (38)

Experimentally, these asymmetries are measured by simply counting events with cos('a ⌥ 'b) > 0

and cos('a ⌥ 'b) < 0, that is,

A± =
N(cos('a ⌥ 'b) > 0)�N(cos('a ⌥ 'b) < 0)

N(cos('a ⌥ 'b) > 0) +N(cos('a ⌥ 'b) < 0)
. (39)

4 Numerical results

We use the Monte Carlo generator MadGraph aMC@NLO [25] to obtain our predictions for

tt̄ production at the leading order in QCD, using NNPDF 3.0 [26] PDFs with factorisation and

renormalisation scales equal to the average transverse mass, Q = 1/2[(m2
t + p2Tt)

1/2+(m2
t + p2T t̄)

1/2],

with pT the transverse momentum in the usual notation. The dilepton decay channel tt̄ ! `+⌫b`�⌫b

is selected, with ` = e, µ. In order to study the dependence on the tt̄ invariant mass mtt̄ and the top
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C11 ± C22 = →16

ω
A±

fraction, enhancing the entanglement and thus the central value of E.

• The direct measurement of E, using either the D observable (at threshold) or D3 (in the

boosted regime), instead of individually measuring Ckk, Crr and Cnn. This direct measurement

reduces the statistical uncertainty.

4.2 Observation of CHSH violation

Near threshold, the beamline basis is slightly better to observe a violation of the CHSH inequalities,

using as indicator the quantity

B1 ⌘ |Cxx + Cyy|�
p
2 > 0 . (42)

(For results in the helicity basis see Appendix A.) Its dependence on mtt̄ and cos ✓CM is shown in

Fig. 3, requiring �  0.8.5 This quantity can be determined by a single measurement (given the fact

that Cxx = Cyy by the symmetry around the beam axis) as proposed in Ref. [9]. However, as we

will see in the following, such determination su↵ers from large statistical uncertainties. The direct

determination of the sum Cxx + Cyy by using an azimuthal asymmetry of the type A+ in (37) is

much more precise.

In the boosted regime the helicity basis is more convenient, and the most useful indicators, by

order of importance, are the quantities

B2 ⌘ |Crr � Cnn|�
p
2 > 0 ,

B3 ⌘ |Ckk + Crr|�
p
2 > 0 , (43)

since Crr and Cnn are the two correlation coe�cients with largest modulus and they have opposite

sign (see Fig. 1). Their dependence on mtt̄ and cos ✓CM is presented in Fig. 4. We restrict our

analysis to B2. The direct determination of Crr �Cnn is obtained from an azimuthal asymmetry of

the type A�.

Figure 3: Dependence of the ⇠⇠⇠⇠CHSH indicator B1 in (42) on mtt̄ and ✓CM.

We use the figure of merit

SB = B1,2 ⇥
p
� (44)

5In order to reduce statistical fluctuations, in all plots of⇠⇠⇠CHSH indicators these are determined from asymmetries,

and we consider | cos ✓CM|, in the range [0, 1].
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1 Introduction

As firstly acknowledged by E. Schrödinger, entanglement is the characteristic aspect of quantum

mechanics that enforces its complete departure from classical thought [1]. The physical consequence

of entanglement that shows such departure is the violation of Bell inequalities [2] by quantum me-

chanics, an impossible result for any local and realistic (‘classical’) theory of nature. In consequence,

it is of the utmost importance to experimentally test both issues at di↵erent scales. It should be

noted here that entanglement does not necessarily imply violation of the Bell inequalities, but the

opposite is true.

The violation of Bell inequalities in its Clauser-Horne-Shimony-Holt (CHSH) version [3] has been

convincingly shown in experiments with low-energy photons and electrons in a number of dramatic

experiments [4, 5], which have essentially closed all the conceivable loopholes on the validity of the

tests. On the other hand such experimental tests have not been possible yet at high-energy scales.

This goal has been recently addressed in several interesting works [6–10], dealing with the top-

antitop system (tt̄) at the Large Hadron Collider (LHC). As stressed in Ref. [8], the qubits associated

to the spin states of tt̄ pairs produced at the LHC provide a suitable arena to investigate these

matters since top quarks decay before their spins are randomised by strong radiation and the spin

of the lepton produced in semileptonic decays t ! `⌫b (` = e, µ) is completely correlated to that

of the mother top. Besides, owing to the large cross section, � = 832 pb at 13 TeV [11] there is a

good amount of statistics on tt̄ production already at Run 2 with 139 fb�1 of collected data, and

there will be much more in the future at its high luminosity upgrade (HL-LHC). In Refs. [6–10],

certain su�cient conditions for entanglement and CHSH violation were obtained, together with a

phenomenological exploration of their testability. In Ref. [8], it was concluded that, whereas a

verification of entanglement is already feasible from the LHC Run 2 dataset, a significant evidence

for the violation of Bell-like inequalities is much harder, even in the high luminosity LHC run.

The purpose of this paper is to re-examine the conditions for entanglement and CHSH-violation

in the tt̄ system, and devise a refined strategy to experimentally test them. To this end, we will

make two improvements. First we will consider an upper cut on the velocity of the tt̄ system:

� ⌘
����
pzt + pzt̄
Et + Et̄

����  �cut , (1)

where pz, E are the three-momentum in the direction of the beam axis and the energy, respectively,

of the top quark and anti-quark in the laboratory frame. An upper cut on � reduces the contribution

of qq̄ annihilation processes to tt̄ production with respect to that of gluon fusion: the former are

less central due to the di↵erent parton distribution functions (PDFs) of valence quarks and sea

antiquarks inside the protons.1 Therefore, an upper cut on � strengthens the entanglement (and

thus the CHSH violation) near threshold because the resulting tt̄ system is closer to a spin-singlet

(and thus maximally entangled) state due to the Landau-Yang theorem. The second improvement is

to design physical observables that allow, by a single direct measurement, to evaluate combinations

of spin correlations which enter both the tests of entanglement and the ones of CHSH violation.

The paper is organised as follows. In section 2 we re-examine the requirements for entanglement

and CHSH violation in the top-antitop system, refining previous su�cient conditions for both,

1A lower cut was proposed in Ref. [12] and applied by the ATLAS Collaboration [13] in the measurement of the tt̄

charge asymmetry, to enhance the qq̄ fraction and measure possible anomalous contributions.

1
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will see in the following, such determination su↵ers from large statistical uncertainties. The direct

determination of the sum Cxx + Cyy by using an azimuthal asymmetry of the type A+ in (37) is
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analysis to B2. The direct determination of Crr �Cnn is obtained from an azimuthal asymmetry of

the type A�.

Figure 3: Dependence of the ⇠⇠⇠⇠CHSH indicator B1 in (42) on mtt̄ and ✓CM.

We use the figure of merit

SB = B1,2 ⇥
p
� (44)

5In order to reduce statistical fluctuations, in all plots of⇠⇠⇠CHSH indicators these are determined from asymmetries,

and we consider | cos ✓CM|, in the range [0, 1].
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Figure 4: Dependence of the ⇠⇠⇠⇠CHSH indicators B2,3 in (43) on mtt̄ and ✓CM.

to devise a simple set of kinematical cuts, either using � or not in the case of the threshold analysis,

in order to optimise the statistical significance of B1,2. The sets of cuts are collected in Table 4. For

each set of cuts we give the tree-level cross section, as well as the number of expected events with

a luminosity of 300 fb�1, assuming a K factor of 1.8 to normalise the total cross section to next-

to-next-to-leading order [11] and using a selection and reconstruction e�ciency of 0.12. The value

of spin correlation coe�cients with these kinematical cuts are presented in Table 5. Clearly, for the

threshold analysis the beamline basis is better, while the opposite happens for the boosted analysis.

Note also that the o↵-diagonal spin correlation coe�cients are quite small; therefore, the estimators

B2,3 are very close to the optimal ones. For each set of cuts we estimate the statistical uncertainty

mtt̄ | cos ✓CM| � � N

Threshold ���  353 – – 303 fb 19600

Threshold �  353 –  0.8 181 fb 11700

Boosted � 1000  0.2 – 23.3 fb 1500

Table 4: Kinematical cuts on mtt̄ (in GeV), cos ✓CM and � used to optimise the figure of merit

SB. The fourth column gives the tree-level cross section with the corresponding cuts, and the fifth

column the expected number of events after reconstruction (see the text for details).

Ckk Crr Cnn Ckr Cxx Czz

Threshold ��� �0.677 �0.562 �0.712 0.067 �0.719 �0.506

Threshold � �0.743 �0.640 �0.761 0.052 �0.767 �0.602

Boosted 0.659 0.874 �0.760 0.037 �0.043 0.878

Table 5: Parton-level values of the spin correlation coe�cients in the helicity and beamline bases

with the kinematical selection in Table 4. In the helicity basis Ckr = Crk, and in the beamline basis

Cxx = Cyy. The rest of coe�cients are below 0.01.

in the measurement of B1,2 by performing n = 1000 pseudo-experiments, and present the results for

luminosities of 300 and 3000 fb�1 in Tables 6 and 7, respectively. The rows labeled as ‘individual’

14
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a = ω+, b = ω→

axes (1,2) (1,1) (2,1)

A + - +

B - + 0

Table 1: SLOCC class of the h → ω
→
ω
+
Z spin state in the three characteristic regions of the phase space

(rows), as resolved at successive orders of the mf expansion (columns): at O(ε
0
) all minors vanish; at O(ε

2
)

the hyperdeterminant is dominated by m1m4; at O(ε
4
) the m2m3 term is included.

1 Note

selection indicator 300 fb→1 3000 fb→1

mtt̄ ↑ 353, ω ↑ 0.8 |Cxx + Cyy| 2.7ε 9.5ε

mtt̄ ↓ 1000,
|cos ϑCM| ↑ 0.2

|Crr ↔ Cnn| 1.7ε 5.8ε

Channel Analyser ϖ (approx.)

t → bW+ b ↔0.4

t → bϱ+ς ϱ+ +1.0

t → bud̄ d̄ +0.93

φ→ → ↼→ς ↼→ +1.0

φ→ → ↽→ς ↽→ +0.45

Axes (x, y) (0, 1) (1, 1) (0, 0) (1, 0) (1, 1) (1, 0) (0, 1) (0, 0) (1, 1) (0, 1)

(Ax, By) (+,↔) (↔,↔) (+,+) (↔,+) (+,↔) (+,+) (↔,↔) (↔,+) (↔,+) (+,↔)

2 Rescaling of ⇀↗x

2.1 The derivation

The procedure to obtain the final state spin density matrix ↽out from the initial state spin density
matrix in the ↽in in the ll̄ → FF̄ process is outlined in Appendix B of Ref. [1]. Our starting point is
the initial spin state

↽̂in =
∑

{ωll̄}

↽in(ω→
l,ω

→
l̄
),(ωl,ωl̄)

|⇁↑
l,⇁

↑
l̄↘≃⇁l,⇁l̄| , (1)

1

4

corrections are expected to be small [31], while the phys-
ical picture at LO is simpler and neater, and the final
results and conclusions still hold in the general case, as
shown in Sec. VI.
At LO, only two initial states can produce a tt̄ pair,

which are precisely those described by Eq. (5): a qq̄
pair or a gg pair. For fixed energy and top direction in
the CM frame, each initial state I = qq̄, gg gives rise to
a different quantum state for the tt̄ pair, characterized
by a production spin density matrix RI(Mtt̄, k̂). The
production spin density matrix R for the total production
process from pp collisions is computed in terms of each
partonic counterpart RI as

R(Mtt̄, k̂) =
∑

I=qq̄,gg

LI(Mtt̄)R
I(Mtt̄, k̂) (15)

with LI(Mtt̄) the so-called luminosity function, which ac-
counts for the incidence of each initial partonic state
I = qq̄, gg in the total process (see Ref. [29] for the
precise definition of the luminosity function in terms
of PDF). They are numerically computed by using the
NNPDF30LO PDF set [64]. In order to make sure the
PDF set choice has a negligible impact on our calcula-
tions, we have examined other PDF sets as well. In par-
ticular, we have also used the CT10 [65] and the MSTW
2008 [66] PDF sets, obtaining similar results.
By using the expression of ρI in terms of RI , ρI =

RI/4ÃI , we arrive at

ρ(Mtt̄, k̂) =
∑

I=qq̄,gg

wI(Mtt̄, k̂)ρ
I(Mtt̄, k̂), (16)

finding that the probabilities wI are computed from the
luminosities as

wI(Mtt̄, k̂) =
LI(Mtt̄)Ã

I(Mtt̄, k̂)
∑

J LJ(Mtt̄)ÃJ (Mtt̄, k̂)
. (17)

The spin polarizations and correlations characteriz-
ing the production spin density matrices RI(Mtt̄, k̂) are
computed in an orthonormal basis in the CM frame,
the so-called helicity basis [35] {k̂, n̂, r̂}, with r̂ = (p̂ →
cosΘk̂)/ sinΘ and n̂ = r̂ ↑ k̂, p̂ being the unitary vector
in the direction of the proton beam and Θ the produc-
tion angle with respect to the beam line, cosΘ = k̂ · p̂. A
schematic representation of this basis is provided in left
Fig. 2.
The production spin density matrix and all its co-

efficients are only functions of β and cosΘ. Specifi-
cally, in the SM, the correlation matrix C̃ij is symmet-
ric and B̃+

i = B̃−
i . Furthermore, at LO, the net po-

larizations vanish, B̃±
i = 0, and the spin in the n-axis

is uncorrelated to the spin in the remaining directions,
C̃nr = C̃nk = 0. Thus, at LO, only 5 parameters are
needed to characterize the production spin density ma-
trix: Ã, C̃kk, C̃nn, C̃rr, C̃kr . The values of these coeffi-
cients can be obtained analytically for each RI and are

FIG. 2. Different orthonormal basis in the CM frame consid-
ered in this work. Left: helicity basis. Right: beam basis.

listed in Appendix B, where the procedure to compute
the production spin density matrix R and the associated
density matrices is also summarized.

III. ENTANGLEMENT IN tt̄ PRODUCTION

Based on the definition of separability, if all sub-states
ρ(Mtt̄, k̂) are separable, the total quantum state of Eq.
(14) is also separable. The first natural step is then
searching entanglement in the density matrices ρ(Mtt̄, k̂),
describing the quantum state of the tt̄ pair for fixed en-
ergy and top direction in the CM frame. Since ρ(Mtt̄, k̂)
describes the spin quantum state of a pair of particles
with well-defined momentum, its spin entanglement is a
Lorentz invariant quantity [53, 54].

At LO, the density matrices ρ(Mtt̄, k̂) are unpolarized
and their correlation matrix is symmetric. By invoking
the Peres-Horodecki criterion and applying the results of
Appendix A, we find that

∆ ↓ →Cnn + |Ckk + Crr|→ 1 > 0 (18)

is a necessary and sufficient condition for the presence of
entanglement, with the concurrence simply given by

C[ρ] =
max(∆, 0)

2
. (19)

Previous approaches for signaling entanglement in high-
energy physics based on the entanglement entropy [22,
52, 67] are not useful here since they are only valid
for pure states. In terms of the partonic sub-states
ρI(Mtt̄, k̂), similar quantities∆I are defined. Specifically,
for gluon fusion, we obtain

∆gg =
2→ 4β2(1 + sin2 Θ) + 2β4(1 + sin4 Θ)

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
(20)

if β2(1 + sin2 Θ) < 1, while

∆gg =
2β4(1 + sin4 Θ)→ 2

1 + 2β2 sin2 Θ→ β4(1 + sin4 Θ)
(21)

if β2(1 + sin2 Θ) ≥ 1. Thus, ρgg(Mtt̄, k̂) is separable
in a finite region of phase space, with lower and upper

Experimental Reconstruction / Prospects

Bell Nonlocality can be seen with 
> 5σ at HL-LHC

Aguilar-Saavedra, Casas [2205.00542]
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boosted



What does the violation 
of LHVT bound at 
colliders mean? Spin-Spin 

correlation
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✤ Detection loophole (only a part of the leptonic 
channel is used) and locality loophole (two decay 
points are not space-like separated.  

✤ We directly measure momentum. Spins are only inferred from them.    
The observed momentum dist can be explained by LHVT.

✤ LHVT is excluded by low-energy experiments.  What is the point?   
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d!q

=
1 + ω q̂ · Ŝ

4ε
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d!q

=
1 + ω q̂ · Ŝ

4ε



Can we test QM?
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ê± = (r̂ ± n̂)/
→
2Example distribution:
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ωb1 = ê→
<latexit sha1_base64="u1n4FcB1LuukWhvw2OLnRl4RtWY="></latexit>

ωb0 = ê+

<latexit sha1_base64="woLFRWRmfjylCXw9s9gn0lftQgQ="></latexit>

→ÂxB̂y↑ =
9

ω1ω2
→(q̂1 · εax)(q̂2 ·εby)↑

<latexit sha1_base64="lvTNtbQj/zavJQu/c0Qiybhqm/8="></latexit>          <latexit sha1_base64="lvTNtbQj/zavJQu/c0Qiybhqm/8="></latexit>         
<latexit sha1_base64="53PfZZXX0hxEkPMaDITxOFsCkwU="></latexit>

→I↑ = →Â0B̂0↑+ →Â0B̂1↑+ →Â1B̂0↑ ↓ →Â1B̂1↑ = 4

<latexit sha1_base64="lvTNtbQj/zavJQu/c0Qiybhqm/8="></latexit>          <latexit sha1_base64="lvTNtbQj/zavJQu/c0Qiybhqm/8="></latexit>         

<latexit sha1_base64="uUy5CDZ+B3owmSgvH7OY06Nuxd8="></latexit>

+1
<latexit sha1_base64="uUy5CDZ+B3owmSgvH7OY06Nuxd8="></latexit>

+1
<latexit sha1_base64="uUy5CDZ+B3owmSgvH7OY06Nuxd8="></latexit>

+1
<latexit sha1_base64="vcdg1kj/r2w38MjrABIvTtE36GE="></latexit>→1

<latexit sha1_base64="+CDOlSzuY27T18lP97xYieqFXPw="></latexit>

> 2
→
2 (QM bound)

<latexit sha1_base64="3AucnzfuF65caDlxCJufa7ymcEM="></latexit>

ω1 = →ω2 = 1

Beyond QM

<latexit sha1_base64="qlhfcFmeEEomQoNWHUDUBwa+1E0="></latexit>

q̂2

<latexit sha1_base64="LhUO0Dy9OV9M0sUhKKFe2h77lk4="></latexit>

q̂1

Detection of QM violation is in principle conceivable! 

<latexit sha1_base64="p5Z3xj3yFz+ClHg/8J1x2vaeF3E="></latexit>

k̂

<latexit sha1_base64="OxOuieBBmDpej1p6CPbxFfHI6jQ="></latexit>

r̂

<latexit sha1_base64="XJ3Q6NcicUquNcQ94XZk/8JD/aU="></latexit>

n̂

<latexit sha1_base64="3r1kpSseHJSVLW/aolLvwdjmddo="></latexit>

Prob(q̂1, q̂2) =
(
1→ 2 ·

→
2
9

)
+

→
2
9 ω2(q̂1 → ê+)ω

2(q̂2 → ê+) +
→
2
9 ω2(q̂1 → ê↑)ω

2(q̂2 → ê↑)
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<latexit sha1_base64="h3iitPtcZDV3YypwaKokwhJth4c="></latexit>

dP (q̂|Ŝ)
d!q

=
1 + ω q̂ · Ŝ

4ε

<latexit sha1_base64="h3iitPtcZDV3YypwaKokwhJth4c="></latexit>

dP (q̂|Ŝ)
d!q

=
1 + ω q̂ · Ŝ

4ε



Beyond entanglement
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Available on the CERN CDS information server CMS PAS TOP-25-001

CMS Physics Analysis Summary

Contact: cms-pag-conveners-top@cern.ch 2025/03/12

Observation of magic states of top quark pairs produced in
proton-proton collisions at

p
s = 13 TeV

The CMS Collaboration

Abstract

An observation of magic states of top quark-antiquark (tt̄) systems produced in
proton-proton collisions at the LHC at

p
s = 13 TeV is presented. Magic, defined

here using the second stabilizer Rényi entropy, is an important property used to char-
acterize quantum states in quantum information science. Quantum states with high
magic provide computational advantage over classical systems. This observation is
based on measurements of the polarization and spin correlation coefficients in tt̄ sys-
tems using the final states with an electron or muon and jets. Magic is determined
in various kinematic regions of the tt̄ system and is found to agree with the standard
model predictions. This study represents the first experimental measurement of this
quantity at the TeV energy scale.

c� 2025 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license
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Quantum Magic
● Quantum computation promises substantial speedup compared to the classical counterpart.

● What is the essence of the quantum advantage?  → entanglement (?)
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<latexit sha1_base64="mdMUH2mVgxywfaCI0hOJB7wA/vk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseilx4r2A9oQplsNu3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofgiaciZpxzDDaT9VFETIaS+c3M/93hNVmiXy0UxTGggYSRYzAsZKvq8EbkEEAlQ0rNbcursAXideQWqoQHtY/fKjhGSCSkM4aD3w3NQEOSjDCKezip9pmgKZwIgOLJUgqA7yxc0zfGGVCMeJsiUNXqi/J3IQWk9FaDsFmLFe9ebif94gM/FtkDOZZoZKslwUZxybBM8DwBFTlBg+tQSIYvZWTMaggBgbU8WG4K2+vE66V3WvUW88XNead0UcZXSGztEl8tANaqIWaqMOIihFz+gVvTmZ8+K8Ox/L1pJTzJyiP3A+fwCXP5Fq</latexit>

Hadamard

<latexit sha1_base64="4mReh9Hyras6qzvNwyA5e/xFWp0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LvXjSCv2CdinZNNuGJtk1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvBuDbz209UaRbJhpnE1Bd4KFnICDZW6vSUQLW7+0a/WHLL7hxolXgZKUGGer/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n83un6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJItFYcKRidDseTRgihLDJ5Zgopi9FZERVpgYG1HBhuAtv7xKWhdlr1KuPFyWqjdZHHk4gVM4Bw+uoAq3UIcmEODwDK/w5jw6L86787FozTnZzDH8gfP5AyDdj2Q=</latexit>

CNOT

Clifford gates

Quantum Magic
● Quantum computation promises substantial speedup compared to the classical counterpart.

● What is the essence of the quantum advantage?  → entanglement (?)

Gottesman-Knill theorem: Any quantum circuit consisting only of 

•Clifford gates (H, S, CNOT)

•Computational Input states, e.g.,   |0⟩⊗n

can be simulated on a classical computer in polynomial time.

D. Gottesman (1998)
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<latexit sha1_base64="mdMUH2mVgxywfaCI0hOJB7wA/vk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseilx4r2A9oQplsNu3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofgiaciZpxzDDaT9VFETIaS+c3M/93hNVmiXy0UxTGggYSRYzAsZKvq8EbkEEAlQ0rNbcursAXideQWqoQHtY/fKjhGSCSkM4aD3w3NQEOSjDCKezip9pmgKZwIgOLJUgqA7yxc0zfGGVCMeJsiUNXqi/J3IQWk9FaDsFmLFe9ebif94gM/FtkDOZZoZKslwUZxybBM8DwBFTlBg+tQSIYvZWTMaggBgbU8WG4K2+vE66V3WvUW88XNead0UcZXSGztEl8tANaqIWaqMOIihFz+gVvTmZ8+K8Ox/L1pJTzJyiP3A+fwCXP5Fq</latexit>

Hadamard

<latexit sha1_base64="4mReh9Hyras6qzvNwyA5e/xFWp0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LvXjSCv2CdinZNNuGJtk1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvBuDbz209UaRbJhpnE1Bd4KFnICDZW6vSUQLW7+0a/WHLL7hxolXgZKUGGer/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n83un6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJItFYcKRidDseTRgihLDJ5Zgopi9FZERVpgYG1HBhuAtv7xKWhdlr1KuPFyWqjdZHHk4gVM4Bw+uoAq3UIcmEODwDK/w5jw6L86787FozTnZzDH8gfP5AyDdj2Q=</latexit>

CNOT

Clifford gates

Quantum Magic
● Quantum computation promises substantial speedup compared to the classical counterpart.

● What is the essence of the quantum advantage?  → entanglement (?)

Gottesman-Knill theorem: Any quantum circuit consisting only of 

•Clifford gates (H, S, CNOT)

•Computational Input states, e.g.,   |0⟩⊗n

can be simulated on a classical computer in polynomial time.

D. Gottesman (1998)
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<latexit sha1_base64="mdMUH2mVgxywfaCI0hOJB7wA/vk=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseilx4r2A9oQplsNu3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofgiaciZpxzDDaT9VFETIaS+c3M/93hNVmiXy0UxTGggYSRYzAsZKvq8EbkEEAlQ0rNbcursAXideQWqoQHtY/fKjhGSCSkM4aD3w3NQEOSjDCKezip9pmgKZwIgOLJUgqA7yxc0zfGGVCMeJsiUNXqi/J3IQWk9FaDsFmLFe9ebif94gM/FtkDOZZoZKslwUZxybBM8DwBFTlBg+tQSIYvZWTMaggBgbU8WG4K2+vE66V3WvUW88XNead0UcZXSGztEl8tANaqIWaqMOIihFz+gVvTmZ8+K8Ox/L1pJTzJyiP3A+fwCXP5Fq</latexit>

Hadamard

<latexit sha1_base64="4mReh9Hyras6qzvNwyA5e/xFWp0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LvXjSCv2CdinZNNuGJtk1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvBuDbz209UaRbJhpnE1Bd4KFnICDZW6vSUQLW7+0a/WHLL7hxolXgZKUGGer/41RtEJBFUGsKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LZVYUO2n83un6MwqAxRGypY0aK7+nkix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJItFYcKRidDseTRgihLDJ5Zgopi9FZERVpgYG1HBhuAtv7xKWhdlr1KuPFyWqjdZHHk4gVM4Bw+uoAq3UIcmEODwDK/w5jw6L86787FozTnZzDH8gfP5AyDdj2Q=</latexit>

CNOT

Clifford gates

Quantum Magic
● Quantum computation promises substantial speedup compared to the classical counterpart.

● What is the essence of the quantum advantage?  → entanglement (?)

Gottesman-Knill theorem: Any quantum circuit consisting only of 

•Clifford gates (H, S, CNOT)

•Computational Input states, e.g.,   |0⟩⊗n

can be simulated on a classical computer in polynomial time.

D. Gottesman (1998)
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<latexit sha1_base64="LeWSk5pWCIwK71YUUQP5vdqv03Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseilx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vV/43SeqNIvlo5klNBB4LFnECDZW8gdKoNawWnPrbg60TryC1KBAe1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6y/Ng5urDKCEWxsiUNytXfExkWWs9EaDsFNhO96i3E/7x+aqLbIGMySQ2VZLkoSjkyMVp8jkZMUWL4zBJMFLO3IjLBChNj86nYELzVl9dJ56ruNeqNh+ta866IowxncA6X4MENNKEFbfCBAINneIU3RzovzrvzsWwtOcXMKfyB8/kDRoCOWg==</latexit>

H
<latexit sha1_base64="GZy66ENLMRvn39M3caCpGEQPBXw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0KJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2il7pPrkp6maih5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/nJU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZ/U8GQnOGcmIJZVrYWwkbUU0Z2pRKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gUEMz/AKbw46L86787FoLTj5zDH8gfP5A3+skMQ=</latexit>

|00→
<latexit sha1_base64="askq1MFGvcPCGT8kyNQ0KLwpFmk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAgVoSZFqsuiG5cVrBaaUCbTSR2cTOLMjVDSfIYbf8WNC0XcduffOH0gaj1w4cw59zL3niARXIPjfFpz8wuLS8uFleLq2vrGpr21fa3jVFHWpLGIVSsgmgkuWRM4CNZKFCNRINhNcHc+8m8emNI8llfQT5gfkZ7kIacEjNSxjzwIFaGZm2eevleQVfO8PHAc7Ckie4LhQzxw3e/XQccuORVnDDxL3CkpoSkaHXvodWOaRkwCFUTrtusk4GdEAaeC5UUv1Swh9I70WNtQSSKm/Wx8WI73jdLFYaxMScBj9edERiKt+1FgOiMCt/qvNxL/89ophKd+xmWSApN08lGYCgwxHqWEu1wxCqJvCKGKm10xvSUmKDBZFk0I7t+TZ8l1teLWKrXL41L9bBpHAe2iPVRGLjpBdXSBGqiJKHpEz+gVvVlP1ov1bn1MWues6cwO+gVr+AW65J7p</latexit>

1→
2
(|00→+ |11→)

Clifford gates can create maximally entangled states:

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} Entanglement is not the essence of quantum 
advantage! 



● The essence of quantum advantage is non-Cliffordness, called “magic”
(non-stabiliserness)

● A useful measure of magic is the stabiliser Rényi entropy (SRE).

● For probabilities , the Rényi entropy of order  is defined aspi ≥ 0, ∑
i

pi = 1 α > 0
<latexit sha1_base64="m4Yzz9HCDwHIVgTeVRUSxVgso7k="></latexit>

Hω({p}) =
1

1→ ω
log

(
∑

i

p
ω
i

)

● In the limit  the Rényi entropy approaches the Shannon entropy:α → 1,
<latexit sha1_base64="WUzkEMdTlYYpZjcJSsSrjmUlBH8="></latexit>

lim
ω→1

Hω({p}) = →
∑

i

pi log pi

L.Leone, S.Oliviero, A.Hamma (2022)
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● For any  of the -qubit system, the Pauli spectrum forms a probability distribution.|ψ⟩ n

<latexit sha1_base64="ekfw3IpTz/NWFP4wtoHGyjjthxg=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3bisYK3QGYZMJq3BPIbkjlCGfo0bf8WNi4qIOz/F9AFq9UDg3HPP5eaeJBPcgu9/eAuLS8srq6W18vrG5tZ2ZWf3xurcUNamWmhzmxDLBFesDRwEu80MIzIRrJPcX4z7nQdmLNfqGgYZiyTpK97jlICT4kqjgcMCh5b3JYmLUOZxMMShBi6ZxSFNNdjv8odLOdcQx5WqX/MnwH9JMCNVNEMrrozCVNNcMgVUEGu7gZ9BVBADnAo2LIe5ZRmh96TPuo4q4vZGxeTMIT50Sop72rinAE/UnxMFkdYOZOKcksCdne+Nxf963Rx6Z1HBVZYDU3S6qJcLDBqPM8MpN4yCGDhCqOHur5jeEUMouGTLLoRg/uS/5Oa4FtRr9auTavN8FkcJ7aMDdIQCdIqa6BK1UBtR9Iie0Qi9ek/ei/fmvU+tC95sZg/9gvf5BVA3pbk=</latexit>

= {ωµ1 → · · ·→ ωµn}
<latexit sha1_base64="2sHqmpH29W2iUIICyyKnNbf8SUc="></latexit>Pn

<latexit sha1_base64="nOTSWIsI0KanNrU9o+hsWL4In8c="></latexit>

ωµ = {1l,ω1,ω2,ω3, }

Pauli string:<latexit sha1_base64="rThTMu0qsuP0ODiq83sMRExvXQA="></latexit> ∑

P→Pn

!P = 1
<latexit sha1_base64="txm96D8Pw2X5TbK7LmUKIiz8b8s="></latexit>

!P → 1
d ↑ω|P |ω↓2 ↔ 0

<latexit sha1_base64="b+LxIGYFgsbU1rOox7iojF7yt6o="></latexit>

=→
<latexit sha1_base64="CYS9G6N2sCZ88x9kzd4JN1UwekY="></latexit>

(d = dimH = 2n)
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● For any  of the -qubit system, the Pauli spectrum forms a probability distribution.|ψ⟩ n

<latexit sha1_base64="ekfw3IpTz/NWFP4wtoHGyjjthxg=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3bisYK3QGYZMJq3BPIbkjlCGfo0bf8WNi4qIOz/F9AFq9UDg3HPP5eaeJBPcgu9/eAuLS8srq6W18vrG5tZ2ZWf3xurcUNamWmhzmxDLBFesDRwEu80MIzIRrJPcX4z7nQdmLNfqGgYZiyTpK97jlICT4kqjgcMCh5b3JYmLUOZxMMShBi6ZxSFNNdjv8odLOdcQx5WqX/MnwH9JMCNVNEMrrozCVNNcMgVUEGu7gZ9BVBADnAo2LIe5ZRmh96TPuo4q4vZGxeTMIT50Sop72rinAE/UnxMFkdYOZOKcksCdne+Nxf963Rx6Z1HBVZYDU3S6qJcLDBqPM8MpN4yCGDhCqOHur5jeEUMouGTLLoRg/uS/5Oa4FtRr9auTavN8FkcJ7aMDdIQCdIqa6BK1UBtR9Iie0Qi9ek/ei/fmvU+tC95sZg/9gvf5BVA3pbk=</latexit>

= {ωµ1 → · · ·→ ωµn}
<latexit sha1_base64="2sHqmpH29W2iUIICyyKnNbf8SUc="></latexit>Pn

<latexit sha1_base64="nOTSWIsI0KanNrU9o+hsWL4In8c="></latexit>

ωµ = {1l,ω1,ω2,ω3, }

Pauli string:<latexit sha1_base64="rThTMu0qsuP0ODiq83sMRExvXQA="></latexit> ∑

P→Pn

!P = 1
<latexit sha1_base64="txm96D8Pw2X5TbK7LmUKIiz8b8s="></latexit>

!P → 1
d ↑ω|P |ω↓2 ↔ 0

<latexit sha1_base64="b+LxIGYFgsbU1rOox7iojF7yt6o="></latexit>

=→

● The SRE is defined as the RE ( ) of the Pauli spectrum:  α = 2

<latexit sha1_base64="CYS9G6N2sCZ88x9kzd4JN1UwekY="></latexit>

(d = dimH = 2n)

<latexit sha1_base64="/rmpCeXFU+BKwdvw38ri69yPEd8="></latexit>

M2(|ω→) ↑ ↓ log
∑

P→Pn

!2
P ↓ log d = ↓ log

[
1
d

∑

P→Pn

↔ω|P |ω→4
]
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● For any  of the -qubit system, the Pauli spectrum forms a probability distribution.|ψ⟩ n

<latexit sha1_base64="ekfw3IpTz/NWFP4wtoHGyjjthxg=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3bisYK3QGYZMJq3BPIbkjlCGfo0bf8WNi4qIOz/F9AFq9UDg3HPP5eaeJBPcgu9/eAuLS8srq6W18vrG5tZ2ZWf3xurcUNamWmhzmxDLBFesDRwEu80MIzIRrJPcX4z7nQdmLNfqGgYZiyTpK97jlICT4kqjgcMCh5b3JYmLUOZxMMShBi6ZxSFNNdjv8odLOdcQx5WqX/MnwH9JMCNVNEMrrozCVNNcMgVUEGu7gZ9BVBADnAo2LIe5ZRmh96TPuo4q4vZGxeTMIT50Sop72rinAE/UnxMFkdYOZOKcksCdne+Nxf963Rx6Z1HBVZYDU3S6qJcLDBqPM8MpN4yCGDhCqOHur5jeEUMouGTLLoRg/uS/5Oa4FtRr9auTavN8FkcJ7aMDdIQCdIqa6BK1UBtR9Iie0Qi9ek/ei/fmvU+tC95sZg/9gvf5BVA3pbk=</latexit>
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● For any  of the -qubit system, the Pauli spectrum forms a probability distribution.|ψ⟩ n

<latexit sha1_base64="ekfw3IpTz/NWFP4wtoHGyjjthxg=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3bisYK3QGYZMJq3BPIbkjlCGfo0bf8WNi4qIOz/F9AFq9UDg3HPP5eaeJBPcgu9/eAuLS8srq6W18vrG5tZ2ZWf3xurcUNamWmhzmxDLBFesDRwEu80MIzIRrJPcX4z7nQdmLNfqGgYZiyTpK97jlICT4kqjgcMCh5b3JYmLUOZxMMShBi6ZxSFNNdjv8odLOdcQx5WqX/MnwH9JMCNVNEMrrozCVNNcMgVUEGu7gZ9BVBADnAo2LIe5ZRmh96TPuo4q4vZGxeTMIT50Sop72rinAE/UnxMFkdYOZOKcksCdne+Nxf963Rx6Z1HBVZYDU3S6qJcLDBqPM8MpN4yCGDhCqOHur5jeEUMouGTLLoRg/uS/5Oa4FtRr9auTavN8FkcJ7aMDdIQCdIqa6BK1UBtR9Iie0Qi9ek/ei/fmvU+tC95sZg/9gvf5BVA3pbk=</latexit>

= {ωµ1 → · · ·→ ωµn}
<latexit sha1_base64="2sHqmpH29W2iUIICyyKnNbf8SUc="></latexit>Pn

<latexit sha1_base64="nOTSWIsI0KanNrU9o+hsWL4In8c="></latexit>

ωµ = {1l,ω1,ω2,ω3, }

Pauli string:<latexit sha1_base64="rThTMu0qsuP0ODiq83sMRExvXQA="></latexit> ∑

P→Pn

!P = 1
<latexit sha1_base64="txm96D8Pw2X5TbK7LmUKIiz8b8s="></latexit>

!P → 1
d ↑ω|P |ω↓2 ↔ 0

<latexit sha1_base64="b+LxIGYFgsbU1rOox7iojF7yt6o="></latexit>

=→

● The SRE is defined as the RE ( ) of the Pauli spectrum:  α = 2

<latexit sha1_base64="CYS9G6N2sCZ88x9kzd4JN1UwekY="></latexit>

(d = dimH = 2n)

<latexit sha1_base64="/rmpCeXFU+BKwdvw38ri69yPEd8="></latexit>

M2(|ω→) ↑ ↓ log
∑

P→Pn

!2
P ↓ log d = ↓ log

[
1
d

∑

P→Pn

↔ω|P |ω→4
]

● Because                                   , for                     ,                                                 and 0 for others. 
<latexit sha1_base64="verLpl+vniQc1RFDCZe+3LqvDhY="></latexit>

|ω→ = |0→→n<latexit sha1_base64="idVFqgH0piPkLgfuYdocQQJIAQk="></latexit>

→0|ωµ|0↑ = (1, 0, 0, 1)
<latexit sha1_base64="LxkbnbG0xIUVJ9clLiAe5RHwQSw="></latexit>

→ω|P |ω↑ = 1
<latexit sha1_base64="Neq/xgwpStBB4tm8RyWjhy9hIbg="></latexit>

(for 2n terms)

<latexit sha1_base64="cwn+/DZvuZaz3iOVHmXQZJmBQjY="></latexit>

M2(|ω→) = 0 (|ω→ = |0→→n)

● Clifford unitary sends a Pauli string to another Pauli string (normaliser) 
<latexit sha1_base64="U/VyB9nQhG6M5dsePUl7Zqwktzw="></latexit>

C = {U |U†
OU → Pn,

→
O → Pn} SRE is invariant under the Clifford unitaries

104



-  iff  is a stabiliser state; reachable by Clifford unitaries from .Mα( |ψ⟩) = 0 |ψ⟩ |0⟩⊗n

-Invariant under Clifford unitaries:

-Resource monotone:  it does not increase under the stabiliser protocol.

The properties of SRE:

(Clifford unitaries + Pauli measurements + stabiliser ancillas)

L.Leone, S.Oliviero, A.Hamma (2022)
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a natural generalisation of the concept of a pure stabiliser state. It turns out also that there is a
simple tweak of the definition of M2 such that this is zero for mixed stabiliser states. First, let us
note that the pure state definition of Mq of eq. (19) contains the quantity

→ω|P |ω↑ = Tr(Pε), (42)

where P is a Pauli string, and ε the density matrix corresponding to the (pure) state |ω↑. The
formula for M2 can then be written as

M2(ε) = ↓ log2

(∑
P→Pn

Tr4(εP )

2n

)
. (43)

The appropriate modification of this for mixed states is [38]

M̃2(ε) = ↓ log2

(∑
P→Pn

Tr4(εP )
∑

P→Pn
Tr2(εP )

)
, (44)

and plugging in the decomposition of eqs. (30, 31) eventually gives

M̃2(ε
I) = ↓ log2

(
(ÃI)4 + (C̃I

nn)
4 + (C̃I

kk)
4 + (C̃I

rr)
4 + 2(C̃I

rk)
4

(ÃI)2[(ÃI)2 + (C̃I
nn)

2 + (C̃I
kk)

2 + (C̃I
rr)

2 + 2(C̃I
rk)

2]

)
. (45)

Using eqs. (38, 39), we can now plot the amount of magic in a top-antitop pair, as measured by
M̃2, and as predicted by the SM at LO. Results are shown in the (z,ϑ) plane in figure 3, where we
have used a top quark mass of mt = 172.76GeV. There are a number of notable features. First, it is
relatively generic that magic top quark states are produced throughout most of phase space. There
are then several regions or limits in which the magic vanishes completely. This can be related to
known results in the literature [4], as we discuss in the following section.

3.2 When has the magic gone?

In order to analyse where the SSRE is zero, it will be useful to find the form of the R-matrix in
di!erent kinematic limits. Following ref. [4], one may then relate it to specific quantum states,
which gives further physical insight into why magic vanishes. We can write each of the operators in
eq. (30) in terms of an explicit 4↔4 matrix acting on the computational basis (|00↑, |01↑, |10↑, |11↑),
where for each particle |0↑ and |1↑ represent a spin up or down state in the k direction respectively.
In terms of the coordinate basis of figure 2, this means that we define Pauli matrices

ϖn = ϖ1, ϖr = ϖ2, ϖk = ϖ3. (46)

In other words, the (1,2,3) directions in spin space (represented by the Pauli matrices of eq. (12))
are mapped to the (n, r,k) directions respectively, which then constitute a right-handed coordinate
system. Consider then the example operator ϖn ↗ ϖn. An explicit computation gives

ϖn ↗ ϖn|00↑ = [ϖn|0↑]↗ [ϖn|0↑]

=

[(
0 1
1 0

)(
1
0

)]
↗

[(
0 1
1 0

)(
1
0

)]
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FIG. 3. Entanglement as a function of the invariant mass Mtt̄ and the production angle Θ in the tt̄ CM frame. All plots
are symmetric under the transformation Θ → π − Θ. Upper row: Concurrence of the spin density matrix ρI(Mtt̄, k̂) of the
tt̄ pair resulting from the initial state I = qq̄, gg. a) gg → tt̄. Black lines represent the boundaries between separability and
entanglement. b) qq̄ → tt̄. Lower row: tt̄ production at the LHC for pp collisions at

√
s = 13 TeV. Black lines represent the

boundaries between separability and entanglement. c) Concurrence of the spin density matrix ρ(Mtt̄, k̂). d) Differential cross
section dσ

dM
tt̄

dΘ
= 2π sinΘ dσ

dM
tt̄

dΩ
in units of pb/GeV rad.

critical boundaries βc1(Θ),βc2(Θ) between entanglement
and separability

βc1(Θ) =

√

1 + sin2 Θ→
↑
2 sinΘ

1 + sin4 Θ
, (22)

βc2(Θ) =
1

(1 + sin4 Θ)
1

4

.

The plot of the concurrence for ρgg(Mtt̄, k̂) is shown
in Fig. 3a. We can understand the presence of entangle-
ment in the lower and upper regions of the plot from the
nature of the tt̄ production through gluon fusion. The
spin polarizations of the gluon pair are allowed to align
in different directions; at threshold (lower region of Fig.

3a), this feature produces a tt̄ pair in a spin-singlet state,

ρgg(2mt, k̂) = |Ψ0↓ 〈Ψ0| , |Ψ0↓ =
|↑n̂↓n̂↓ → |↓n̂↑n̂↓↑

2
(23)

with |↑n̂↓ , |↓n̂↓ the spin eigenstates along the direction n̂.
A spin-singlet state is maximally entangled, which ex-
plains the strong entanglement signature observed close
to threshold. In the opposite limit of very high energies
and production angles (upper right corner of Fig. 3a),
the produced tt̄ pair is in a spin-triplet pure state,

ρgg(≃, n̂× p̂) = |Ψ∞↓ 〈Ψ∞| , |Ψ∞↓ =
|↑n̂↓n̂↓+ |↓n̂↑n̂↓↑

2
(24)

also maximally entangled.
On the other hand, for a qq̄ initial state, the state is
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FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,↑k), satisfying the invariant dispersion

relation k2t ↓ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ↓ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1↑ β2, we get

β =
√

1↑ 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

〈O≃ =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

〈O≃ =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) 〈O≃ρ , (12)

with 〈O≃ρ ↓ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ↓
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ↓
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order
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suchthatthematrixformoftheoperatorinthecomputationalbasisis
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ŝ is the partonic centre of mass energy

(equal to the top quark invariant mass M at LO). Finally, ω is defined as

ω =
ŝ
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J(M)ÃJ(M, k̂)
. (67)

In order to evaluate these expressions, we have used the publicly available ManeParse package for
Mathematica [40]. Following ref. [5], we use the NNPDF4.0 NNLO PDF set [41] with strong coupling
constant ϑs(mZ) = 0.118, and using the LHAPDF interface [42]. Results for the hadronic magic,
analogous to the partonic results of figure 3, are shown in figure 4. Interestingly, we see that the
magic still vanishes in the upper-right region of the plot, corresponding to high top invariant mass,
and forward production. Such configurations correspond to the so-called Regge limit, in which the
parton luminosity will be dominated by gluons. Indeed, the hadron-level plot in the upper-right
region is extremely similar in structure to the purely gluonic result of figure 3(b).

Di!erent behaviour is seen at low values of ϖ and / or z, where none of the regions of low magic
from figure 3(b) survive. Indeed, the magic no longer vanishes at (z,ϖ) = 0, for which analytic

15

<latexit sha1_base64="OTE8lInThBnQasWkGM9Cwzll3+k="></latexit>

ω
<latexit sha1_base64="OTE8lInThBnQasWkGM9Cwzll3+k="></latexit>

ω
<latexit sha1_base64="OTE8lInThBnQasWkGM9Cwzll3+k="></latexit>

ω

<latexit sha1_base64="icyKcjV7Q4AP5c42Wft0327GyKo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3TpZhN2N0Ip/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iKJ+ueJW3TnIKvFyUoEcjX75qzdIWBajNExQrbuemxp/QpXhTOC01Ms0ppSNaIRdSyWNUfuT+aVTcmaVAQkTZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5nw2p9wmWYGJVssCjNBTEJmb5MBV8iMGFtCmeL2VsKGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fkvDjvzseiteDkM8fwB87nD5F9jWc=</latexit>gg
<latexit sha1_base64="pm5WiJORDFtLfCRMZ23HVs5ffGc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUUdaksYhVO0DNBJesabgRrJ0ohlEg2GMwup35j09MaR7LBzNJmB/hQPKQUzRWao9JN0BFxr1yxa26c5BV4uWkAjkavfJXtx/TNGLSUIFadzw3MX6GynAq2LTUTTVLkI5wwDqWSoyY9rP5vVNyZpU+CWNlSxoyV39PZBhpPYkC2xmhGeplbyb+53VSE177GZdJapiki0VhKoiJyex50ueKUSMmliBV3N5K6BAVUmMjKtkQvOWXV0nrourVqrX7y0r9Jo+jCCdwCufgwRXU4Q4a0AQKAp7hFd6csfPivDsfi9aCk88cwx84nz9XOo+I</latexit>

qq̄ <latexit sha1_base64="ZFwE+5NGkZTZnRSzHUe4jgJlUPQ="></latexit>pp

(a) (b)

Figure 3: The magic of a mixed top-antitop final state in: (a) the qq̄ channel; (b) the gg channel.

=

[(
0
1

)]
→

[(
0
1

)]

= |11↑. (47)

Likewise, we find

ωn → ωn|01↑ = |10↑, ωn → ωn|10↑ = |01↑, ωn → ωn|11↑ = |00↑, (48)

such that the matrix form of the operator in the computational basis is

ωn → ωn =





0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



 . (49)

Using similar methods, one finds the following:

ωk → ωk =





1 0 0 0
0 ↓1 0 0
0 0 ↓1 0
0 0 0 1



 , ωr → ωr =





0 0 0 ↓1
0 0 1 0
0 1 0 0
↓1 0 0 0



 ,

ωr → ωk =





0 0 i 0
0 0 0 ↓i
↓i 0 0 0
0 i 0 0



 , ωk → ωr =





0 i 0 0
↓i 0 0 0
0 0 0 ↓i
0 0 i 0



 . (50)

Due to the fact that only certain coe!cients in eq. (30) are non-vanishing at LO in the SM, one
has the simplified decomposition

RI(z,ε) = ÃII4 + C̃I
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a natural generalisation of the concept of a pure stabiliser state. It turns out also that there is a
simple tweak of the definition of M2 such that this is zero for mixed stabiliser states. First, let us
note that the pure state definition of Mq of eq. (19) contains the quantity

→ω|P |ω↑ = Tr(Pε), (42)

where P is a Pauli string, and ε the density matrix corresponding to the (pure) state |ω↑. The
formula for M2 can then be written as

M2(ε) = ↓ log2

(∑
P→Pn

Tr4(εP )

2n

)
. (43)

The appropriate modification of this for mixed states is [38]

M̃2(ε) = ↓ log2

(∑
P→Pn

Tr4(εP )
∑

P→Pn
Tr2(εP )

)
, (44)

and plugging in the decomposition of eqs. (30, 31) eventually gives

M̃2(ε
I) = ↓ log2

(
(ÃI)4 + (C̃I

nn)
4 + (C̃I

kk)
4 + (C̃I

rr)
4 + 2(C̃I

rk)
4

(ÃI)2[(ÃI)2 + (C̃I
nn)

2 + (C̃I
kk)

2 + (C̃I
rr)

2 + 2(C̃I
rk)

2]

)
. (45)

Using eqs. (38, 39), we can now plot the amount of magic in a top-antitop pair, as measured by
M̃2, and as predicted by the SM at LO. Results are shown in the (z,ϑ) plane in figure 3, where we
have used a top quark mass of mt = 172.76GeV. There are a number of notable features. First, it is
relatively generic that magic top quark states are produced throughout most of phase space. There
are then several regions or limits in which the magic vanishes completely. This can be related to
known results in the literature [4], as we discuss in the following section.

3.2 When has the magic gone?

In order to analyse where the SSRE is zero, it will be useful to find the form of the R-matrix in
di!erent kinematic limits. Following ref. [4], one may then relate it to specific quantum states,
which gives further physical insight into why magic vanishes. We can write each of the operators in
eq. (30) in terms of an explicit 4↔4 matrix acting on the computational basis (|00↑, |01↑, |10↑, |11↑),
where for each particle |0↑ and |1↑ represent a spin up or down state in the k direction respectively.
In terms of the coordinate basis of figure 2, this means that we define Pauli matrices

ϖn = ϖ1, ϖr = ϖ2, ϖk = ϖ3. (46)

In other words, the (1,2,3) directions in spin space (represented by the Pauli matrices of eq. (12))
are mapped to the (n, r,k) directions respectively, which then constitute a right-handed coordinate
system. Consider then the example operator ϖn ↗ ϖn. An explicit computation gives

ϖn ↗ ϖn|00↑ = [ϖn|0↑]↗ [ϖn|0↑]

=

[(
0 1
1 0

)(
1
0

)]
↗

[(
0 1
1 0

)(
1
0

)]
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where
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nosity in eq. (64) already symmetrises over the qq̄ and q̄q channels, where the prefactor removes
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In order to evaluate these expressions, we have used the publicly available ManeParse package for
Mathematica [40]. Following ref. [5], we use the NNPDF4.0 NNLO PDF set [41] with strong coupling
constant ϑs(mZ) = 0.118, and using the LHAPDF interface [42]. Results for the hadronic magic,
analogous to the partonic results of figure 3, are shown in figure 4. Interestingly, we see that the
magic still vanishes in the upper-right region of the plot, corresponding to high top invariant mass,
and forward production. Such configurations correspond to the so-called Regge limit, in which the
parton luminosity will be dominated by gluons. Indeed, the hadron-level plot in the upper-right
region is extremely similar in structure to the purely gluonic result of figure 3(b).

Di!erent behaviour is seen at low values of ϖ and / or z, where none of the regions of low magic
from figure 3(b) survive. Indeed, the magic no longer vanishes at (z,ϖ) = 0, for which analytic
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= |11↑. (47)

Likewise, we find

ωn → ωn|01↑ = |10↑, ωn → ωn|10↑ = |01↑, ωn → ωn|11↑ = |00↑, (48)

such that the matrix form of the operator in the computational basis is

ωn → ωn =





0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



 . (49)

Using similar methods, one finds the following:

ωk → ωk =





1 0 0 0
0 ↓1 0 0
0 0 ↓1 0
0 0 0 1



 , ωr → ωr =





0 0 0 ↓1
0 0 1 0
0 1 0 0
↓1 0 0 0



 ,

ωr → ωk =





0 0 i 0
0 0 0 ↓i
↓i 0 0 0
0 i 0 0



 , ωk → ωr =





0 i 0 0
↓i 0 0 0
0 0 0 ↓i
0 0 i 0



 . (50)

Due to the fact that only certain coe!cients in eq. (30) are non-vanishing at LO in the SM, one
has the simplified decomposition

RI(z,ε) = ÃII4 + C̃I
nnωn → ωn + C̃I

rrωr → ωr + C̃I
kkωk → ωk + C̃I

rk (ωr → ωk + ωk → ωr) , (51)
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Mtt̄

3

FIG. 1. Representative Feynman diagrams for a tt production
via the SM.

a light quark and antiquark (qq̄), or between a pair of
gluons (gg),

q + q̄ → t+ t̄, (5)

g + g → t+ t̄.

Representative Feynman diagrams for these processes are
presented in Fig. 1.
Kinematically, the production of a tt̄ pair is described

by the invariant mass Mtt̄ and the top direction k̂ in
the center-of-mass (CM) frame. Specifically, in this
frame the top and antitop relativistic momenta are kµt =
(k0t ,k), k

µ
t̄ = (k0t̄ ,↑k), satisfying the invariant dispersion

relation k2t ↓ kµt kµt = m2
t , and similar for the antitop

k2t̄ = k2t = m2
t . The invariant mass is defined from these

momenta as

M2
tt̄ ↓ stt̄ = (kt + kt̄)

2, (6)

with stt̄ the usual Mandelstam variable. In the CM

frame, this gives M2
tt̄ = 4

(

k0t
)2

= 4(m2
t + k2). By

relating the top momentum to its velocity β by |k| =
mtβ/

√

1↑ β2, we get

β =
√

1↑ 4m2
t/M

2
tt̄
, (7)

from where we immediately see that threshold production
(β = 0) corresponds to Mtt̄ = 2mt ≈ 346 GeV, the
minimum energy possible for a tt̄ pair.
While the kinematics of the tt̄ pair are determined by

the variables (Mtt̄, k̂), their spins for a fixed production
process are characterized by the so-called production spin
density matrix R(Mtt̄, k̂) [28], whose most general form
is similar to that of Eq. (2),

R = ÃI4+
∑

i

(

B̃+
i σ

i ⊗ I2 + B̃−
i I2 ⊗ σi

)

+
∑

i,j

C̃ijσ
i⊗σj

(8)
where the first/second spin subspace corresponds to the
top/antitop, respectively. We note that the production
spin density matrix is characterized by 16 parameters,
Ã, B̃±

i , C̃ij , one more than in Eq. (2). This is because the
matrix R is not properly normalized since tr(R) = 4Ã,
with Ã determining the differential cross section for tt̄
production at fixed energy and top direction,

dσ

dΩdMtt̄

=
α2
sβ

M2
tt̄

Ã(Mtt̄, k̂) (9)

Ω being the solid angle associated with k̂ and αs ≈ 0.118
the strong coupling constant.
The proper spin density matrix ρ(Mtt̄, k̂) of Eq. (2)

and the actual spin polarizations B±
i and spin correla-

tions Cij of the tt̄ pair are simply computed by normal-
izing R,

ρ =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (10)

With the help of the production spin density matrix,
the expectation value of any observable in a selected re-
gion Π of the phase space (Mtt̄, k̂) is obtained by inte-
gration as [29, 34]

〈O≃ =

´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(OR)
´

Π dΩdMtt̄
α2

s
β

M2

tt̄

tr(R)
. (11)

In terms of the proper spin density matrices ρ(Mtt̄, k̂),
the above equation simply reads

〈O≃ =
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂) 〈O≃ρ , (12)

with 〈O≃ρ ↓ tr[Oρ(Mtt̄, k̂)] and

p(Mtt̄, k̂) =
1

σΠ

dσ

dΩdMtt̄

σΠ ↓
ˆ

Π
dΩdMtt̄

dσ

dΩdMtt̄

. (13)

The expectation value in Eq. (12) can be then intu-
itively understood as the sum of the expectation values of
the observable O evaluated in all possible quantum states
of the tt̄ pair in the region Π, with p(Mtt̄, k̂) the proba-
bility of a given production process, proportional to the
corresponding differential cross section. The description
of the quantum state of the tt̄ pair in terms of a density
matrix instead of a wave function arises quite naturally
in colliders: since internal degrees of freedom of the ini-
tial state (such as spin or color) cannot be controlled,
the quantum state of the produced tt̄ pair is described
by an incoherent mixture resulting from the average over
all possible initial states.
In the same fashion of Eq. (12), we can define the total

quantum state of the tt̄ pair in Π as

ρΠ ↓
ˆ

Π
dMtt̄dΩ p(Mtt̄, k̂)ρ(Mtt̄, k̂). (14)

As a two-qubit quantum state, ρΠ is determined by its
coefficients B±

i , Cij . The motivation for considering ρΠ
is that, as explained in Sec. V, its spin polarizations and
spin correlations can be extracted from measurements of
accessible observables and hence, its quantum tomogra-
phy can be implemented.
For the theoretical computation of ρΠ, we use QCD

perturbation theory at leading-order (LO). Higher-order
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the contribution that is quadratic in ctG.

12

Figure 2: Left panels: Di!erence in magic (as measured by the second stabiliser Rényi entropy
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[2]. We will assume the flavor symmetry as in [29]:

U(2)Q ⇥ U(2)u ⇥ U(3)d, (2.1)

that implies new physics couples predominantly to top quarks. This is rooted on the unusu-
ally large value of the SM top Yukawa coupling yt ⇡ 0.993, signaling a special relationship
between the two heaviest SM particles, and hinting at the presence of new physics close to
the electroweak scale.

We focus on operators containing at least one top quark field, assuming other operators
are well enough constrained from measurements not involving tops. All such operators are
considered, in a systematic approach, with the exception of those that enter top production
only in virtual corrections, and those only entering in highly suppressed contributions (e.g.
bb̄ ! tt̄).

2.1 Two-fermion operators

One can write down three dimension-six operators modifying the top-gluon interaction
and thus tt̄ production. To highlight the chiral properties of the induced tt̄g vertex these
can be written as:

Ogt = t TA�
µ
D

⌫
tG

A
µ⌫ , (2.2)

OgQ = QTA�
µ
D

⌫
QG

A
µ⌫ , (2.3)

OtG = gS QTA'̃�
µ⌫
tG

A
µ⌫ = gS QuG,33. (2.4)

The second equality is in terms of the Warsaw basis [30]. Once the additional symmetry
(2.1) and the EOM are enforced, only OtG and O

†
tG survive, as standard manipulations

yield:

Ogt +O
†
gt = gs

⇣
four-quarks

⌘
(2.5)

OgQ +O
†
gQ = gs

⇣
four-quarks

⌘
(2.6)

Ogt �O
†
gt = O

†
gQ �OgQ =

yt

gS
(OtG �O

†
tG) (2.7)

This shows that Ogt and OgQ reduce to four-fermion operators; more specifically, they
reduce to operators composed of two light quarks and two tops, that will be considered
in the following, and to operators with four top quark fields, that we will neglect due to
their large suppression in the process at hand. The only surviving operator, OtG, has the
effect of deforming the top quark color charge distribution, producing a chromo-magnetic
and chromo-electric dipole moment proportional to <(ctG) and =(ctG) respectively.

On top of the two-fermion operators listed above, there are five operators involving two

– 4 –
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Figure 3: The magic of a mixed top-antitop final state in: (a) the qq̄ channel; (b) the gg channel.

=

[(
0
1

)]
→

[(
0
1

)]

= |11↑. (47)

Likewise, we find

ωn → ωn|01↑ = |10↑, ωn → ωn|10↑ = |01↑, ωn → ωn|11↑ = |00↑, (48)

such that the matrix form of the operator in the computational basis is

ωn → ωn =





0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



 . (49)

Using similar methods, one finds the following:

ωk → ωk =





1 0 0 0
0 ↓1 0 0
0 0 ↓1 0
0 0 0 1



 , ωr → ωr =





0 0 0 ↓1
0 0 1 0
0 1 0 0
↓1 0 0 0



 ,

ωr → ωk =





0 0 i 0
0 0 0 ↓i
↓i 0 0 0
0 i 0 0



 , ωk → ωr =





0 i 0 0
↓i 0 0 0
0 0 0 ↓i
0 0 i 0



 . (50)

Due to the fact that only certain coe!cients in eq. (30) are non-vanishing at LO in the SM, one
has the simplified decomposition

RI(z,ε) = ÃII4 + C̃I
nnωn → ωn + C̃I

rrωr → ωr + C̃I
kkωk → ωk + C̃I

rk (ωr → ωk + ωk → ωr) , (51)
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Figure 1: Results of M̃2 measurements in bins of m(tt) (upper left), m(tt) with |cos(q)| < 0.4
(upper right), and pT(t) (lower). The measurements (points) are shown with the statistical
uncertainty (inner error bars) and total uncertainty (outer error bars) and compared to the
predictions of POWHEG+PYTHIA, POWHEG+HERWIG, MADGRAPH5 aMC@NLO+PYTHIA, and
MINNLO+PYTHIA. The POWHEG+PYTHIA prediction is displayed with the matrix element scale
and parton distribution function uncertainties, while for all other predictions only the central
values are indicated.
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pT(t).

The results are compared to M̃2 values predicted by the standard model, using the Monte Carlo
simulated samples described in Ref. [3]. These predictions are obtained using POWHEG V2 [23–
25] subsequently combined with the parton shower (PS) simulation from PYTHIA 8.230 [26], us-
ing the underlying event tune CP5 [27]. In addition, the results are compared to the predictions
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with the PYTHIA PS using the FXFX algorithm [31], and to the prediction of a sample of tt pro-
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with the CP5 PYTHIA tune.

We observe good agreement with the standard model predictions. For the measurement in bins
of m(tt), the highest M̃2 value is observed at the production threshold of the tt system and M̃2
gradually decreases for higher m(tt). When the scattering angle is restricted to |cos(q)| < 0.4,
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and parton distribution function uncertainties, while for all other predictions only the central
values are indicated.
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with the PYTHIA PS using the FXFX algorithm [31], and to the prediction of a sample of tt pro-
duction at next-to-NLO (NNLO) QCD generated with POWHEG MINNLO [32] in combination
with the CP5 PYTHIA tune.

We observe good agreement with the standard model predictions. For the measurement in bins
of m(tt), the highest M̃2 value is observed at the production threshold of the tt system and M̃2
gradually decreases for higher m(tt). When the scattering angle is restricted to |cos(q)| < 0.4,
the observed M̃2 remains nearly constant at high values across the examined m(tt) range. The
results in bins of pT(t) show a maximum value of M̃2 for the smallest values of pT(t), decreasing
for intermediate pT(t) values, and increasing for pT(t) > 300 GeV. The statistical uncertainties
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 h → τ−τ+

3

are A 2 MA and B 2 MB, the conditional probability
of observing the outcomes a = ±1 and b = ±1, respec-
tively, is written by p(a, b|A,B). If this probability can
be written in terms of a set of “hidden” variables � with
probability distribution P (�) as

p(a, b|A,B) =
X

�

P (�) p(a|A,�) p(b|B,�) , (6)

for all A, B, a, b, the state ⇢ is said to be Bell-local
[4, 5], where p(a|A,�) and p(b|B,�) are the conditional
probabilities for Alice and Bob, respectively, when hidden
variables take value �.

After the measurements, various spin correlations can
be computed. In particular, we are interested in the fol-
lowing quantity [6]:

RCHSH =
1

2

��hŝA
a
ŝB
b
i � hŝA

a
ŝB
b0 i+ hŝA

a0 ŝBb i+ hŝA
a0 ŝBb0 i

�� .

(7)
It has been shown that for any Bell-local state RCHSH is
bounded from above by 1 for any four measurement axes.
Namely,

Rmax

CHSH
⌘ max

a,a0,b,b0
RCHSH  1 (Bell-local) , (8)

where the maximum is taken over all unit vectors, a,
a0, b and b0. This bound is known as the Clauser-
Horne-Shimony-Holt (CHSH) inequality [6], which is one
of the Bell-type inequalities [4]. Experimental observa-
tion of violation the CHSH inequality would confirm Bell-
nonlocality and falsify all local-real hidden variable theo-
ries. Quantum mechanics, on the other hand, can violate
the CHSH inequality up to

p
2:

Rmax

CHSH


p
2 (QM) . (9)

This quantum mechanical bound is known as the
Tsirelson bound [37].

For two-qubit systems, Rmax

CHSH
can be analytically cal-

culated as

Rmax

CHSH
=

p
µ1 + µ2 , (10)

where µi (µ1 � µ2 � µ3) are the eigenvalues of the matrix
CTC. The set of unit vectors, a⇤, a0

⇤, b⇤ and b0
⇤, which

maximises RCHSH is given by

a⇤ =
1

p
µ1

C d1, a0
⇤ =

1
p

µ2

C d2,

b⇤ = cos'd1 + sin'd2,

b0
⇤ = � cos'd1 + sin'd2, (11)

where ' ⌘ arctan(
p

µ1/µ2) and d1, d2 are the nor-
malised eigenvectors of the matrix CTC; (CTC)di =
µidi.

C. Steerability

Non-locality of quantum states was first pointed
out by Einstein-Podolsky-Rosen (EPR) in 1935 [38].

Schrödinger reacted to this work and introduced a con-
cept called steering together with entanglement in his
1935 paper [2]. In the previous biparticle system of Al-
ice and Bob, steering by Alice is Alice’s ability to affect
Bob’s state by her measurement. Although the concept
is old, the formal definition of steering was found rela-
tively recently [39, 40]. The state ⇢ is said to be steerable
by Alice if it is not possible to write the probability dis-
tribution of measurement outcomes as

p(a, b|A,B) =
X

�

P (�) p(a|A,�) pQ(b|B,�) , (12)

with

pQ(b|B,�) ⌘ Tr[⇢B(�)F
B
b
], (13)

for all A, B, a and b, where ⇢B(�) is Bob’s local state
and FB

b
is Bob’s positive operator valued measure [3].

An operational definition of steerability is also given in
Appendix A.

By definition, all Bell-nonlocal states are steerable.
Also, if states are separable, the probability of measure-
ment outcomes can be written in the form of Eqs. (12)
and (13). Namely, the following hierarchy is established
[39]:

Entangled � Steerable � Bell-nonlocal . (14)

III. QUANTUM AND CP PROPERTIES OF
H ! ⌧

+
⌧
�

In the H ! ⌧+⌧� decay, the spins of two tau leptons
form a two-qubit system and can be used to test vari-
ous quantum information properties. We now calculate
the observables introduced in the previous section for the
two-qubit system in the H ! ⌧+⌧� decay.

A generic interaction between a Higgs boson and tau
leptons can be written as

L 3 � m⌧

vSM

H ̄⌧ (cos � + i�5 sin �) ⌧ , (15)

where m⌧ and vSM are the tau lepton mass and the SM
Higgs vacuum expectation value, respectively. The real
parameters  2 R+ and � 2 [0, 2⇡] describe the magni-
tude of the Yukawa interaction and the CP phase. Within
this parametrization, the Standard Model corresponds to
(, �) = (1, 0).

The spin density matrix for the two tau leptons is given
by

⇢mn,m̄n̄ =
M⇤nn̄Mmm̄

P
mm̄

|Mmm̄|2
, (16)

where

Mmm̄ = c ūm(p)(cos � + i�5 sin �)v
m̄(p̄) (17)

is the amplitude of H ! ⌧+⌧� and c = �im⌧/vSM.
Here, pµ = (mH

2
, 0, 0, pz) and p̄µ = (mH

2
, 0, 0,�pz) are

4

the momenta of ⌧� and ⌧+, respectively, in the Higgs
boson rest frame. The indices m, n (m̄, n̄) label the ⌧�(+)

spin in the direction of the z-axis (the direction of ⌧�

momentum). A straightforward calculation leads to [41,
42]

⇢mn,m̄n̄ =
1

2

0

BB@

0 0 0 0
0 1 e�i2� 0
0 ei2� 1 0
0 0 0 0

1

CCA (18)

up to the term of the order of m2

⌧
/m2

H
. On the

RHS, the column (mn) and row (m̄n̄) are ordered as
(+,+), (+,�), (�,+), (�,�). From this the expansion
coefficients in Eq. (1) can readily be obtained as Bi =
B̄i = 0 and

Cij =

0

@
cos 2� sin 2� 0
� sin 2� cos 2� 0

0 0 �1

1

A . (19)

The signature of entanglement (4) is calculated to be

E(�) = 2| cos 2�|+ 1 . (20)

This is greater than 1 unless � = ⇡

4
, 3⇡

4
, 5⇡

4
and reaches

the maximum (E(�) = 3) at � = 0 (SM), ⇡/2 (CP-odd)
and ⇡ (negative Yukawa coupling).

The concurrence is also calculable. Eq. (18) leads to
⇢̃ = ⇢ and R = ⇢. It also implies ⌘i = (1, 0, 0, 0) and
we therefore have C[⇢] = 1. The ⌧+⌧� pair is maximally
entangled regardless of the CP phase � [28].

For states with vanishing Bloch vectors, Bi = B̄i = 0,
a convenient sufficient and necessary condition for steer-
ability is known [43–45]. The state is steerable if and
only if S[⇢] > 1 with

S[⇢] ⌘ 1

2⇡

Z
d⌦n

p
nTCTCn , (21)

where n is a unit vector to be integrated out. In H !
⌧+⌧� we obtain S[⇢] = 2 (steerable) from Eq. (19). We
use S[⇢] as a measure of steering in the following sections.

The variable Rmax

CHSH
can be calculated immediately

from Eq. (10) as

Rmax

CHSH
=
p
2, (22)

which violates the classical bound and saturates the
quantum mechanical one. Since Rmax

CHSH
is independent

of �, a test of Bell-nonlocality can be done regardless of
the CP property of the H⌧⌧ interaction.

The state in Eq. (18) is pure, i.e. Tr ⇢2 = 1. The
corresponding pure state can be found as [46]

| H!⌧⌧ (�)i =
1p
2

�
|+,�i+ ei2�|�,+i

�
. (23)

In the Standard Model (� = 0), this state is the triplet
state (s, m) = (1, 0), where s and m are the magnitude
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Figure 1: Helicity basis.

and the z-component of the total spin, respectively. This
can be understood as follows. Since the SM Higgs is CP-
even scalar, the final state must have even parity and zero
total angular momentum, JP = 0+, provided the parity
is conserved in the H⌧⌧ interaction. In the final state,
the total parity is given by P = (⌘⌧� ⌘⌧+) · (�1)`, where
⌘⌧�(+) is the intrinsic parity of ⌧�(+) and ` is the orbital
angular momentum. The intrinsic parities of a fermion
and its anti-fermion are opposite, (⌘⌧� ⌘⌧+) = �1, and
the spin state of the final state must be s = 0 or 1. The
only consistent choice to obtain JP = 0+ is ` = 1 and s =
1. The same line of argument leads to a conclusion that
if ⌧+⌧� are produced from the decay of a particle with
JP = 0� (� = ⇡

2
), the final state must have ` = s = 0,

namely, it must be the singlet state 1p
2
(|+,�i� |�,+i).

This observation is consistent with Eq. (23).

IV. MEASUREMENT STRATEGY

The spin of the tau leptons is not directly measureable
at colliders. What can be measured instead is the direc-
tion of a decay product with respect to the motion of the
tau. In order to sensibly compare the directions of decay
products among different events, we adopt a coordinate
system so-called the helicity basis [47]. The three nor-
malised basis vectors (r, n, k) are introduced (see Fig. 1)
at the centre of mass frame of ⌧+⌧� in the following way:
k is the direction of ⌧�, r is on the plane spanned by k
and h, which is the motion of the Higgs in the ⌧+⌧�

rest frame, and defined as r ⌘ (h � k cos ✓)/ sin ✓ with
cos ✓ ⌘ k · h, and n ⌘ k⇥ r.

Suppose that at the rest frame of ⌧� the tau spin is
polarised into s direction (|s| = 1). The ⌧� decays into
a decay mode, f , producing a detectable particle d. The
conditional probability that the particle d takes the di-
rection u (|u| = 1) when the ⌧� spin is polarised in s
direction is given by [48]

P (u|s) = 1 + ↵f,d s · u , (24)

with the normalisation
R

d⌦

4⇡
P (u|s) = 1, where ↵f,d 2

[�1, 1] is called the spin analyzing power. For the CP
counterpart, (f, d)

CP ! (f̄ , d̄), ↵
f̄ ,d̄

= �↵f,d.

4

the momenta of ⌧� and ⌧+, respectively, in the Higgs
boson rest frame. The indices m, n (m̄, n̄) label the ⌧�(+)

spin in the direction of the z-axis (the direction of ⌧�

momentum). A straightforward calculation leads to [41,
42]

⇢mn,m̄n̄ =
1

2

0

BB@

0 0 0 0
0 1 e�i2� 0
0 ei2� 1 0
0 0 0 0

1

CCA (18)

up to the term of the order of m2

⌧
/m2

H
. On the

RHS, the column (mn) and row (m̄n̄) are ordered as
(+,+), (+,�), (�,+), (�,�). From this the expansion
coefficients in Eq. (1) can readily be obtained as Bi =
B̄i = 0 and

Cij =

0

@
cos 2� sin 2� 0
� sin 2� cos 2� 0

0 0 �1

1

A . (19)

The signature of entanglement (4) is calculated to be

E(�) = 2| cos 2�|+ 1 . (20)

This is greater than 1 unless � = ⇡

4
, 3⇡

4
, 5⇡

4
and reaches

the maximum (E(�) = 3) at � = 0 (SM), ⇡/2 (CP-odd)
and ⇡ (negative Yukawa coupling).

The concurrence is also calculable. Eq. (18) leads to
⇢̃ = ⇢ and R = ⇢. It also implies ⌘i = (1, 0, 0, 0) and
we therefore have C[⇢] = 1. The ⌧+⌧� pair is maximally
entangled regardless of the CP phase � [28].

For states with vanishing Bloch vectors, Bi = B̄i = 0,
a convenient sufficient and necessary condition for steer-
ability is known [43–45]. The state is steerable if and
only if S[⇢] > 1 with

S[⇢] ⌘ 1

2⇡

Z
d⌦n

p
nTCTCn , (21)

where n is a unit vector to be integrated out. In H !
⌧+⌧� we obtain S[⇢] = 2 (steerable) from Eq. (19). We
use S[⇢] as a measure of steering in the following sections.

The variable Rmax

CHSH
can be calculated immediately

from Eq. (10) as

Rmax

CHSH
=
p
2, (22)

which violates the classical bound and saturates the
quantum mechanical one. Since Rmax

CHSH
is independent

of �, a test of Bell-nonlocality can be done regardless of
the CP property of the H⌧⌧ interaction.

The state in Eq. (18) is pure, i.e. Tr ⇢2 = 1. The
corresponding pure state can be found as [46]

| H!⌧⌧ (�)i =
1p
2

�
|+,�i+ ei2�|�,+i

�
. (23)

In the Standard Model (� = 0), this state is the triplet
state (s, m) = (1, 0), where s and m are the magnitude
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Figure 1: Helicity basis.

and the z-component of the total spin, respectively. This
can be understood as follows. Since the SM Higgs is CP-
even scalar, the final state must have even parity and zero
total angular momentum, JP = 0+, provided the parity
is conserved in the H⌧⌧ interaction. In the final state,
the total parity is given by P = (⌘⌧� ⌘⌧+) · (�1)`, where
⌘⌧�(+) is the intrinsic parity of ⌧�(+) and ` is the orbital
angular momentum. The intrinsic parities of a fermion
and its anti-fermion are opposite, (⌘⌧� ⌘⌧+) = �1, and
the spin state of the final state must be s = 0 or 1. The
only consistent choice to obtain JP = 0+ is ` = 1 and s =
1. The same line of argument leads to a conclusion that
if ⌧+⌧� are produced from the decay of a particle with
JP = 0� (� = ⇡

2
), the final state must have ` = s = 0,

namely, it must be the singlet state 1p
2
(|+,�i� |�,+i).

This observation is consistent with Eq. (23).

IV. MEASUREMENT STRATEGY

The spin of the tau leptons is not directly measureable
at colliders. What can be measured instead is the direc-
tion of a decay product with respect to the motion of the
tau. In order to sensibly compare the directions of decay
products among different events, we adopt a coordinate
system so-called the helicity basis [47]. The three nor-
malised basis vectors (r, n, k) are introduced (see Fig. 1)
at the centre of mass frame of ⌧+⌧� in the following way:
k is the direction of ⌧�, r is on the plane spanned by k
and h, which is the motion of the Higgs in the ⌧+⌧�

rest frame, and defined as r ⌘ (h � k cos ✓)/ sin ✓ with
cos ✓ ⌘ k · h, and n ⌘ k⇥ r.

Suppose that at the rest frame of ⌧� the tau spin is
polarised into s direction (|s| = 1). The ⌧� decays into
a decay mode, f , producing a detectable particle d. The
conditional probability that the particle d takes the di-
rection u (|u| = 1) when the ⌧� spin is polarised in s
direction is given by [48]

P (u|s) = 1 + ↵f,d s · u , (24)

with the normalisation
R

d⌦

4⇡
P (u|s) = 1, where ↵f,d 2

[�1, 1] is called the spin analyzing power. For the CP
counterpart, (f, d)

CP ! (f̄ , d̄), ↵
f̄ ,d̄

= �↵f,d.

● Yukawa interaction with the CP-phase  :δ

● The spin state in the final state, , is pure and momentum indep.: h → τ−τ+

● This state is maximally entangled regardless of  :δ
<latexit sha1_base64="8y41e/E51XkZoa5QjXqU+h03M1Q="></latexit>

C(|ω→) = 1, BCHSH(|ω→) = 2
↑
2

● The spin correlation matrix carries the CP-phase δ
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FIG. 11. On the left: Concurrence C[⇢] in the SM as a function of the kinematical variables ⇥ and mtt̄. On the right:
Concurrence with new physics (NP) (with ⇤ = 25 TeV). The invariant squared mass is on a logarithmic scale in both figures.

is modest but very sensitive to the addition of new terms in the amplitude. We therefore consider the kinematical
region m⌧⌧̄ > 800 as a compromise between having enough events and having new-physics e↵ects sizable.

As previously mentioned, a new feature of the ⌧ -lepton case is the non-vanishing of some single polarization B±
i

terms in the spin density matrix (1), which were instead all zero in in the case of the top-quark pairs spin states.
Their presence makes the extraction of the concurrence C[⇢] possible only numerically.

FIG. 12. On the left: Percent di↵erence in concurrence C[⇢] in the kinematical window 0.85 < 2⇥/⇡ < 1 and 800 < mtt̄ < 1000
between the SM and new physics (with ⇤ = 25 TeV or, equivalently, c = 0.02) where � is defined as the di↵erence between SM
and new physics over the mean value for the SM. On the right: Statistical distributions for the 573 events expected at Hi-Lumi
for the SM (blue bins, mean value 0.25) and the new physics (red bins, mean value 0.10).

The left side of Fig. 12 shows the kinematical region m⌧⌧̄ > 800 GeV and 0.85 < x < 1 where the relative di↵erence
� between SM and new physics (with ⇤ = 25 TeV) is largest and equal to about 70%. The mean value of C[⇢] for
the SM is 0.25, 0.10 for the new physics, the dispersion is about � = 0.04. Such a large e↵ect shows that the contact
interaction and its scrambling of the two ⌧ -lepton polarizations is a very e↵ective way of changing the concurrence of

Concurrence
Drell-Yan: Fabbrichesi, Floreanini, Gabrielli, [2208.11723]15

FIG. 7. Feynman diagrams for ⌧�⌧+ production. On the right, the contact interaction (see Eq. (61)).

FIG. 8. Parton luminosity functions: The up quark luminosity is about 28% larger than the down quark luminosity at threshold,
then increasing to about 38% around the Z-boson pole and eventually reaching 70% around 1 TeV.

with Lqq(⌧) the parton luminosity functions of section II, ⌧ = m⌧�⌧+/
p
s and ↵ = e2/4⇡. The explicit expressions

for Ãuu,dd(m⌧⌧̄ ) are given in the Appendix.
We combine the two channels (see Fig. 7) u+ ū ! ⌧� + ⌧+ (which enters with factors function of Qu = 2/3) and

d + d̄ ! ⌧�⌧+ and s + s̄ ! ⌧�⌧+ (which enters with factors function of Qd = �1/3) by weighting the respective
contributions through the parton luminosity functions

Lqq(⌧) =
4⌧
p
s

Z 1/⌧

⌧

dz

z
qq(⌧z)qq̄

⇣⌧
z

⌘
(59)

where the q(x) are the PDFs for respectively the u, d and s quarks. As before, their numerical values are those
provided by PDF4LHC21 [35] for

p
s = 13 TeV and factorization scale q0 = m⌧⌧̄ (see Fig. 8).

Therefore, we have that

Cij [mtt̄, ⇥] =
Luu(⌧) C̃uu

ij [m⌧⌧̄ , ⇥] +
⇥
Ldd(⌧) + Lss(⌧)

⇤
C̃dd

ij [m⌧⌧̄ , ⇥]

Luu(⌧) Ãuu[m⌧⌧̄ , ⇥] +
⇥
Ldd(⌧) + Lss(⌧)

⇤
Ãdd[m⌧⌧̄ , ⇥]

, (60)

where the down-quark luminosities can be grouped together because they multiply the same correlation functions.
The expression in Eq. (60) must be expanded in the case of new physics by retaining the linear terms.

D. Bell inequalities

The values of the observable m12[C] are shown in Fig. 9 across the entire kinematical space. The figure confirms
the qualitative analysis of section IV.B. It shows that, for large scattering angles, entanglement is close to maximal
(that is,m12[C] close to 2) where the invariant mass of the ⌧ -lepton pairs selects one of the two possible channels with
either the photon or the Z-boson exchange dominating.

We take the kinematical window where 20 < m⌧⌧̄ < 45 and 2⇥/⇡ > 0.80 as the most favorable to test the
Bell inequalities and there estimate the operator m12[C]. In this window the mean value of m12[C] is 1.88. The
number of expected events at the LHC is large (see Table II in which the cross sections are computed by running
MADGRAPH5 [36] at the LO and then correcting by the -factor given at the NNLO [43]) and we show the statistical
significance of the hypothesis m12[C] > 1 (as obtained by running the toy Monte Carlo described in section II) for
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● QST requires the reconstruction of the  rest frames.τ±

●    Taus are highly boosted at the lab-frame.   mτ ≪ mh ⇒

⇒ ⇒

π−

ν

π+

ν̄

τ−
τ+

spin spin

⇒ ⇒
ν̄

ν

π−
π+

τ+τ−

spin spin

⇒ ⇒
π− π+τ− τ+

spin spin

H

⇒ ⇒
π− π+τ+

spin spin

τ− H

● Different configurations at the rest frames look very similar at the lab-frame.

1 Note

Decay ω BR

ε→ → ϑ→ϖ +1 10.8%

ε→ → ϱ→ϖ +0.45 25.5%

ε→ → ς→ϖ̄ωϖε ↑1/3 35.2%

selection indicator 300 fb→1 3000 fb→1

mtt̄ ↓ 353, φ ↓ 0.8 |Cxx + Cyy| 2.7↼ 9.5↼

mtt̄ ↔ 1000,
|cos ↽CM| ↓ 0.2

|Crr ↑ Cnn| 1.7↼ 5.8↼

Channel Analyser ω (approx.)

t → bW+ b ↑0.4

t → bς+ϖ ς+ +1.0

t → bud̄ d̄ +0.93

ε→ → ϑ→ϖ ϑ→ +1.0

ε→ → ϱ→ϖ ϱ→ +0.45

Axes (x, y) (0, 1) (1, 1) (0, 0) (1, 0) (1, 1) (1, 0) (0, 1) (0, 0) (1, 1) (0, 1)

(Ax, By) (+,↑) (↑,↑) (+,+) (↑,+) (+,↑) (+,+) (↑,↑) (↑,+) (↑,+) (+,↑)

1

Challenge in the experimental reconstruction:

boost

boost

lab-frame
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2.2 — ω+ω→: the prospects, facility by facility

Facility, process, sample Entanglement Bell / CHSH What actually limits it

Belle II ωω continuum,

2 → 10
8
pairs on tape

463ε 87ε Fast sim only: no backgrounds, no

systematics. Read as “↑ 5ε, data in hand.”

BESIII ϑ(2S), 3.5 → 10
6

pairs

> 5ε if syst. ↓ 1%;

3.7ε at 2%

no sensitivity Threshold correlations are small:
systematics-limited, not statistics-limited.

BEPC-II
↔
s = 5.6 GeV,

20 fb
→1

> 5ε; 2.7% at 2% syst. 4.7ε at 2% Best Bell prospect below the Higgs — if 2%
is reachable.

BEPC-II scan, 4.0–5.6 GeV,

20 points

> 5ε; 4% precision 1.9ε at 2%; > 5ε at

0.5%
Spreading luminosity costs Bell reach:

concentrate at top energy.

ILC-250 H ↗ ωω , 3 ab
→1

,

385 sig. + 20 bkg.

> 5ε < 1ε Steering ↘ 4ε; CP phase to |ϖ| < 7.9↑.

FCC-ee-240 H ↗ ωω ,
5 ab

→1
, 663 sig. + 36 bkg.

↑ 5ε ↘ 3ε Steering ↑ 5ε; |ϖ| < 5.4↑. The only
Higgs-factory ω Bell test.

CEPC-240 H ↗ ωω ,
5.6 ab

→1
, 111 events

not projected < 1ε (even at

20 ab
→1

)

Detector level: 80% e!ciency, ϱ±ς only.

The cautionary row.

Each significance is as quoted by its own study — detector and systematics assumptions di”er, so rows are not strictly comparable. Ehatäht et al.; Han–Low–Su; Altakach et al.;

Ma–Li. Jeans quotes no significance but sets the hardware bar: photon direction to ↓ 0.1 mrad, since 1 mrad smearing erases three quarters of the peak.

↭ Statistics is never the binding constraint for ω pairs — reconstruction and systematics are.
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Each significance is as quoted by its own study — detector and systematics assumptions di”er, so rows are not strictly comparable. Ehatäht et al.; Han–Low–Su; Altakach et al.;

Ma–Li. Jeans quotes no significance but sets the hardware bar: photon direction to ↓ 0.1 mrad, since 1 mrad smearing erases three quarters of the peak.

↭ Statistics is never the binding constraint for ω pairs — reconstruction and systematics are.

23/61

QIS studies for  τ−τ+

● Reconstruction of  spin state is challenging at the LHC.τ+τ−

● Promissing for lepton colliders.

Altakach, Lamba, Maltoni, Mawatari, KS [2211.10513], Ehatäht, Fabbrichesi, Marzola, Veelken [2311.17555],

D.Jeans [2603.12609], Han, Low, Su [2501.04801], Ma, Li [2309.08103]

See, however, Zhang et.al. 
[2504.01496]
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Traditional ML-based 

BELL NONLOCALITY
0.424± 0.393 1.1σ

CONCURRENCE
0.81 ± 0.264 3.1σ

BELL NONLOCALITY
0.424± 0.311 1.4σ

CONCURRENCE

0.81 ± 0.20 4.1σ

Re-analysis of LEP (DELPHI) data:
Chen-Hua Hsu’s talk at BOOST 2026 conference 
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Figure 1: Example of a leading-order Feynman diagram of the dominant Higgs-boson production process via
gluon–gluon fusion through a fermion loop and its decay process into two leptonically decaying 𝐿 bosons,
𝑀𝑀 → 𝑁 → 𝐿𝐿↑ → 𝑂+𝑂↓𝑂+𝑂↓ . The superscript (*) refers to a particle that is o! its mass shell.

smaller contributions from top quarks (or anti-quarks) produced in association with 𝐿 bosons (𝑃𝑃𝑄 + 𝑃𝑄𝑄)
and tri-boson production (𝑄𝑄𝑄) where 𝑄 is a 𝑅± or 𝐿 boson. A subdominant ‘reducible’ background
arises from 𝐿+jets events and 𝑃𝑃 when events with fewer than four leptons from the interaction point enter
the analysis. Details of the signal and background event simulation may be found in End Matter A.

The analysis is based on the correlations in angular distributions of charged leptons originating from pairs
of 𝐿 (↑) bosons produced in the decays of Higgs bosons. Selection criteria are employed following an
established ATLAS 𝑁 → 𝐿𝐿↑ → 4𝑂 event selection strategy [36]. Events are selected using single- and
dilepton triggers [37, 38] for electrons and muons, which together have an e"ciency of about 98% for
selecting signal events in the 𝑁 → 𝐿𝐿↑ → 4𝑂 final state. Events are required to contain at least four
isolated charged leptons (𝑆 or 𝑇). Electrons are reconstructed from electromagnetic clusters matched to
particle tracks within the ID [39] and must have transverse momentum 𝑀T > 7 GeV and pseudorapidity
|𝑈 | < 2.47 (with the region 1.37 < |𝑈 | < 1.52 excluded). Muon candidates are reconstructed using tracks in
the MS which within |𝑈 | < 2.5 are matched to ID tracks, and with additional recovery in |𝑈 | < 0.1 using ID
tracks matched to MS segments or energy deposits in the calorimeters compatible with a minimum-ionizing
particle [40]. Muons are required to have transverse momentum 𝑀T > 5 GeV and |𝑈 | < 2.7 (2.5) for
Run 2 (Run 3) data. Isolation criteria are imposed on the leptons and they are required to originate from a
common vertex point. The three highest-𝑀T leptons must have transverse momenta exceeding 20, 15, and
10 GeV, respectively.

The analysis is performed for the 4𝑆, 4𝑇, and 2𝑆2𝑇 channels. The candidate Higgs boson in each event
is reconstructed from two pairs of same-flavor opposite-charge leptons (𝑆+𝑆↓ or 𝑇+𝑇↓). From all valid
pairings of the candidate leptons, the lepton pair with the invariant mass closest to the nominal value of
the 𝐿 boson mass [41] is denoted 𝐿1, while the second closest is denoted 𝐿2. Any additional leptons not
entering those pairings play no role in the analysis. The invariant mass of these two candidates must satisfy
50 GeV < 𝑉𝐿1 < 106 GeV and 12 GeV < 𝑉𝐿2 < 115 GeV, and the invariant mass of four leptons must
be close to the Higgs boson mass [41, 42]: 115 GeV < 𝑉4𝑀 < 130 GeV. The observed and expected 𝑉4𝑀
distributions from combined Run 2 and Run 3 data samples are shown in Figure 2.

For each selected event, the lepton emission directions are defined relative to separate coordinate systems
constructed in the rest frame of each parent 𝐿 boson [43] as illustrated in Figure 3. The 𝑊-axis in both is
aligned with the momentum direction of the 𝐿1 boson in the Higgs-boson rest frame. The spin analyzers are
given by the polar and azimuthal angles (𝑋, 𝑌) of each negatively charged lepton in its respective parent’s
rest frame. The relevant o!-diagonal entanglement-sensitive parameters of the SDM are then obtained
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V →(k2)

 H → V V*

The continuum QED process e+e→ → ω↑ → ε+ε→ gives an angle-dependent mixed state:

C[ϑ] = (s↑ 4m2
ω ) sin

2 ϖ

4m2
ω sin

2 ϖ+ s(1 + cos2 ϖ)
, (100)

maximal at ϖ = ϱ/2, vanishing at threshold. Belle II already has ↓ 109 ε pairs; MC studies
(with realistic smearing) suggest entanglement at O(100ς) and CHSH violation at O(10ς) —
the question is not statistics but whether the analysis is run. Near threshold (BES-III), the

state is C(ϑ) = φ =
↼2 sin2 ↽

2↑ ↼2 sin2 ↽
— “entanglement is bought with velocity and transversity” —

and here the kinematic method (reconstruct ϑ(↼, ↽) from production kinematics, assuming the
SM) beats the decay method by an order of magnitude in precision.

Key point. ε pairs bracket the extremes: the most entangled states the SM makes (H → εε ,
C = 1) and the most abundant (Belle II, 109 on tape). The bottleneck is always the neutrino,
and every cure is a vertexing/tracking story. A recurring subtlety (return to it in Session 2):
the helicity-basis “state” is the event-averaged fictitious state — in the fixed beam basis the
angle-averaged state can be separable.

3.4 H → V V
↑: qutrit pairs and the CGLMP test

This is the qutrit channel — the richest quantum system at the LHC, and the one where the
CGLMP inequality of Section 2.1 does real work.

3.4.1 Entanglement you can dial with the o!-shell mass

Slide:
|ωV V → =

1↑
2+ω2

(|+↓→↓

ε|00→+ |↓+→);
ε set by the
o!-shell mass.

Because H is a scalar (JPC = 0++), the V V ↑ pair has Jz = 0 along the decay axis and parity
fixes the relative phases. At fixed boson masses the spin state is pure,

|⇀V V ↔ =
1√

2 + ↼2

(
|+↑↔ ↑ ↼|00↔+ |↑+↔

)
, ↼ = 1 +

m2
H
↑ (m1 +m2)2

2m1m2
(↗ 1). (101)

What ↼ actually is. That expression simplifies — exactly, not approximately. Using m2
H

=
(p1 + p2)2 = m2

1 +m2
2 + 2 p1 ·p2,

↼ = 1 +
m2

H
↑ (m1 +m2)2

2m1m2
=

m2
H
↑m2

1 ↑m2
2

2m1m2
=

p1 ·p2
m1m2

= ωrel = cosh
(
!y

)
. (102)

So ↼ is not an ad hoc parametrization at all: it is the relative Lorentz factor of the two bosons
— the ω of one as seen from the rest frame of the other, equivalently the hyperbolic cosine of
their rapidity di”erence. Both limits then become frame-independent statements about motion
rather than about masses:

↼ = 1 ↘≃ the two bosons are mutually at rest ↘≃ maximal entanglement. With no
relative motion there is no preferred axis left, the state must be rotationally invariant, and
the unique rotational invariant in 3 ⇐ 3 is the singlet. Maximal entanglement here is a
symmetry statement, not a coincidence of numbers.
↼ → ⇒ ↘≃ ultrarelativistic relative motion ↘≃ the separable |00↔: the boost singles out
the longitudinal polarization and the coherent superposition is gone.

This is the tt̄ logic run in reverse. There, entanglement was maximal at threshold because the
constrained initial state left an unbroken SO(3); here it is maximal when the final state has
no relative motion, for exactly the same reason. Section 2.1’s rule keeps paying: whenever the
surviving kinematics leaves the rotation group unbroken, the state is forced into an invariant,
and in these small Hilbert spaces the invariant states are the maximally entangled ones.
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Figure 1: Example of a leading-order Feynman diagram of the dominant Higgs-boson production process via
gluon–gluon fusion through a fermion loop and its decay process into two leptonically decaying 𝐿 bosons,
𝑀𝑀 → 𝑁 → 𝐿𝐿↑ → 𝑂+𝑂↓𝑂+𝑂↓ . The superscript (*) refers to a particle that is o! its mass shell.

smaller contributions from top quarks (or anti-quarks) produced in association with 𝐿 bosons (𝑃𝑃𝑄 + 𝑃𝑄𝑄)
and tri-boson production (𝑄𝑄𝑄) where 𝑄 is a 𝑅± or 𝐿 boson. A subdominant ‘reducible’ background
arises from 𝐿+jets events and 𝑃𝑃 when events with fewer than four leptons from the interaction point enter
the analysis. Details of the signal and background event simulation may be found in End Matter A.

The analysis is based on the correlations in angular distributions of charged leptons originating from pairs
of 𝐿 (↑) bosons produced in the decays of Higgs bosons. Selection criteria are employed following an
established ATLAS 𝑁 → 𝐿𝐿↑ → 4𝑂 event selection strategy [36]. Events are selected using single- and
dilepton triggers [37, 38] for electrons and muons, which together have an e"ciency of about 98% for
selecting signal events in the 𝑁 → 𝐿𝐿↑ → 4𝑂 final state. Events are required to contain at least four
isolated charged leptons (𝑆 or 𝑇). Electrons are reconstructed from electromagnetic clusters matched to
particle tracks within the ID [39] and must have transverse momentum 𝑀T > 7 GeV and pseudorapidity
|𝑈 | < 2.47 (with the region 1.37 < |𝑈 | < 1.52 excluded). Muon candidates are reconstructed using tracks in
the MS which within |𝑈 | < 2.5 are matched to ID tracks, and with additional recovery in |𝑈 | < 0.1 using ID
tracks matched to MS segments or energy deposits in the calorimeters compatible with a minimum-ionizing
particle [40]. Muons are required to have transverse momentum 𝑀T > 5 GeV and |𝑈 | < 2.7 (2.5) for
Run 2 (Run 3) data. Isolation criteria are imposed on the leptons and they are required to originate from a
common vertex point. The three highest-𝑀T leptons must have transverse momenta exceeding 20, 15, and
10 GeV, respectively.

The analysis is performed for the 4𝑆, 4𝑇, and 2𝑆2𝑇 channels. The candidate Higgs boson in each event
is reconstructed from two pairs of same-flavor opposite-charge leptons (𝑆+𝑆↓ or 𝑇+𝑇↓). From all valid
pairings of the candidate leptons, the lepton pair with the invariant mass closest to the nominal value of
the 𝐿 boson mass [41] is denoted 𝐿1, while the second closest is denoted 𝐿2. Any additional leptons not
entering those pairings play no role in the analysis. The invariant mass of these two candidates must satisfy
50 GeV < 𝑉𝐿1 < 106 GeV and 12 GeV < 𝑉𝐿2 < 115 GeV, and the invariant mass of four leptons must
be close to the Higgs boson mass [41, 42]: 115 GeV < 𝑉4𝑀 < 130 GeV. The observed and expected 𝑉4𝑀
distributions from combined Run 2 and Run 3 data samples are shown in Figure 2.

For each selected event, the lepton emission directions are defined relative to separate coordinate systems
constructed in the rest frame of each parent 𝐿 boson [43] as illustrated in Figure 3. The 𝑊-axis in both is
aligned with the momentum direction of the 𝐿1 boson in the Higgs-boson rest frame. The spin analyzers are
given by the polar and azimuthal angles (𝑋, 𝑌) of each negatively charged lepton in its respective parent’s
rest frame. The relevant o!-diagonal entanglement-sensitive parameters of the SDM are then obtained
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V →(k2)

 H → V V*

The continuum QED process e+e→ → ω↑ → ε+ε→ gives an angle-dependent mixed state:

C[ϑ] = (s↑ 4m2
ω ) sin

2 ϖ

4m2
ω sin

2 ϖ+ s(1 + cos2 ϖ)
, (100)

maximal at ϖ = ϱ/2, vanishing at threshold. Belle II already has ↓ 109 ε pairs; MC studies
(with realistic smearing) suggest entanglement at O(100ς) and CHSH violation at O(10ς) —
the question is not statistics but whether the analysis is run. Near threshold (BES-III), the

state is C(ϑ) = φ =
↼2 sin2 ↽

2↑ ↼2 sin2 ↽
— “entanglement is bought with velocity and transversity” —

and here the kinematic method (reconstruct ϑ(↼, ↽) from production kinematics, assuming the
SM) beats the decay method by an order of magnitude in precision.

Key point. ε pairs bracket the extremes: the most entangled states the SM makes (H → εε ,
C = 1) and the most abundant (Belle II, 109 on tape). The bottleneck is always the neutrino,
and every cure is a vertexing/tracking story. A recurring subtlety (return to it in Session 2):
the helicity-basis “state” is the event-averaged fictitious state — in the fixed beam basis the
angle-averaged state can be separable.

3.4 H → V V
↑: qutrit pairs and the CGLMP test

This is the qutrit channel — the richest quantum system at the LHC, and the one where the
CGLMP inequality of Section 2.1 does real work.

3.4.1 Entanglement you can dial with the o!-shell mass

Slide:
|ωV V → =

1↑
2+ω2

(|+↓→↓

ε|00→+ |↓+→);
ε set by the
o!-shell mass.

Because H is a scalar (JPC = 0++), the V V ↑ pair has Jz = 0 along the decay axis and parity
fixes the relative phases. At fixed boson masses the spin state is pure,

|⇀V V ↔ =
1√

2 + ↼2

(
|+↑↔ ↑ ↼|00↔+ |↑+↔

)
, ↼ = 1 +

m2
H
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What ↼ actually is. That expression simplifies — exactly, not approximately. Using m2
H

=
(p1 + p2)2 = m2

1 +m2
2 + 2 p1 ·p2,

↼ = 1 +
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So ↼ is not an ad hoc parametrization at all: it is the relative Lorentz factor of the two bosons
— the ω of one as seen from the rest frame of the other, equivalently the hyperbolic cosine of
their rapidity di”erence. Both limits then become frame-independent statements about motion
rather than about masses:

↼ = 1 ↘≃ the two bosons are mutually at rest ↘≃ maximal entanglement. With no
relative motion there is no preferred axis left, the state must be rotationally invariant, and
the unique rotational invariant in 3 ⇐ 3 is the singlet. Maximal entanglement here is a
symmetry statement, not a coincidence of numbers.
↼ → ⇒ ↘≃ ultrarelativistic relative motion ↘≃ the separable |00↔: the boost singles out
the longitudinal polarization and the coherent superposition is gone.

This is the tt̄ logic run in reverse. There, entanglement was maximal at threshold because the
constrained initial state left an unbroken SO(3); here it is maximal when the final state has
no relative motion, for exactly the same reason. Section 2.1’s rule keeps paying: whenever the
surviving kinematics leaves the rotation group unbroken, the state is forced into an invariant,
and in these small Hilbert spaces the invariant states are the maximally entangled ones.
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Typically, the largest Z�mass, say m1, is close to on-shell mZ . From Eq. (10) we see that � � 1,

with � = 1 corresponding to the decay into two at-rest Z’s. In the latter case the spin-state of the

ZZ system is the singlet one, which is maximally entangled, see Eq. (7). Likewise, as m2 decreases,

and so |~k| approaches its maximal value, the state goes to |00i. In consequence, the larger the mass

of the o↵-shell Z, the larger the entanglement and the opportunities to experimentally show both

entanglement and violation of Bell inequalities.

For a given value of � the final spin state is pure and the ⇢ matrix, say ⇢� , is completely

determined. However, when one gathers data from di↵erent kinematical configurations, the state

becomes a mixture

⇢ =

Z
d� P(�)⇢� . (11)

Once the probability P(�) is known, the final ⇢ becomes also well determined. Fig. 1 shows P(�)

when no cuts are imposed on the kinematical variables.

Figure 1: Probability distribution of �, see Eq. (10), obtained with a Monte Carlo simulation when

no cuts are implemented.

In general, the form of P(�) depends on the possible cuts in the kinematical variables. Still, due

to the symmetric form of the possible final states, Eq. (7), the density matrix has a very defined

structure, namely

⇢ =
1

2 + w2

0

BBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 1 0 �y 0 1 0 0
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0 0 0 0 0 0 0 0 0

0 0 1 0 �y 0 1 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCA

(12)

with y real. When one only considers final states with the same m1, and m2, and thus the same �,

the spin state is pure and the density matrix, ⇢� has the form (12) with w = y = �. Otherwise w and
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The continuum QED process e+e→ → ω↑ → ε+ε→ gives an angle-dependent mixed state:
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maximal at ϖ = ϱ/2, vanishing at threshold. Belle II already has ↓ 109 ε pairs; MC studies
(with realistic smearing) suggest entanglement at O(100ς) and CHSH violation at O(10ς) —
the question is not statistics but whether the analysis is run. Near threshold (BES-III), the

state is C(ϑ) = φ =
↼2 sin2 ↽

2↑ ↼2 sin2 ↽
— “entanglement is bought with velocity and transversity” —

and here the kinematic method (reconstruct ϑ(↼, ↽) from production kinematics, assuming the
SM) beats the decay method by an order of magnitude in precision.

Key point. ε pairs bracket the extremes: the most entangled states the SM makes (H → εε ,
C = 1) and the most abundant (Belle II, 109 on tape). The bottleneck is always the neutrino,
and every cure is a vertexing/tracking story. A recurring subtlety (return to it in Session 2):
the helicity-basis “state” is the event-averaged fictitious state — in the fixed beam basis the
angle-averaged state can be separable.

3.4 H → V V
↑: qutrit pairs and the CGLMP test

This is the qutrit channel — the richest quantum system at the LHC, and the one where the
CGLMP inequality of Section 2.1 does real work.

3.4.1 Entanglement you can dial with the o!-shell mass
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Because H is a scalar (JPC = 0++), the V V ↑ pair has Jz = 0 along the decay axis and parity
fixes the relative phases. At fixed boson masses the spin state is pure,
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What ↼ actually is. That expression simplifies — exactly, not approximately. Using m2
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So ↼ is not an ad hoc parametrization at all: it is the relative Lorentz factor of the two bosons
— the ω of one as seen from the rest frame of the other, equivalently the hyperbolic cosine of
their rapidity di”erence. Both limits then become frame-independent statements about motion
rather than about masses:

↼ = 1 ↘≃ the two bosons are mutually at rest ↘≃ maximal entanglement. With no
relative motion there is no preferred axis left, the state must be rotationally invariant, and
the unique rotational invariant in 3 ⇐ 3 is the singlet. Maximal entanglement here is a
symmetry statement, not a coincidence of numbers.
↼ → ⇒ ↘≃ ultrarelativistic relative motion ↘≃ the separable |00↔: the boost singles out
the longitudinal polarization and the coherent superposition is gone.

This is the tt̄ logic run in reverse. There, entanglement was maximal at threshold because the
constrained initial state left an unbroken SO(3); here it is maximal when the final state has
no relative motion, for exactly the same reason. Section 2.1’s rule keeps paying: whenever the
surviving kinematics leaves the rotation group unbroken, the state is forced into an invariant,
and in these small Hilbert spaces the invariant states are the maximally entangled ones.
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By → {0, 1, 2}

Key point. The interpretive gem of the multipole form: if the process imprints no angular-
momentum-L dependence on the decay angles — if the reduced matrix element BL vanishes
— then that part of ω is physically unreconstructable from this process, not merely poorly
measured. A parity-conserving analyser has B1 = 0 exactly, and εω = 0.13 is a near-miss of
that fate, caused by the accident s2

W
→ 1

4 . We meet a genuine, exact obstruction of this kind
head-on in the orbital-angular-momentum aside below.

2.4.5 Frame convention

One housekeeping slide, stated once and reused for every channel: the correlation matrices are
defined in the “helicity basis” {n̂, r̂, k̂}, with k̂ the parent (W+/top) direction in the pair CM
frame, r̂ the in-plane transverse axis built from the beam, and n̂ = p̂beam ↑ k̂ the normal to
the production plane. The axes are then boosted into each parent’s rest frame before the decay
angles are measured. (Recall from Section 1 that the choice of axes matters for event-averaged
“fictitious” states — the diagonal basis maximizes the measured CHSH value.)

2.5 What tomography buys — and what to warn about
Slide: from ω
to observables
—
entanglement
bound,
CGLMP; then
the health
warnings.

Once ω is in hand, the Section 1 observables follow by plugging in:
Entanglement via a concurrence lower bound built from the measured GGM parameters,
e.g. c2MB = ↓4

9 ↓ 2
3

∑
a2
i
↓ 2

3

∑
b2
j
+ 8

∑
c2
ij
> 0 ↔ entangled;

Bell violation for qutrits via the CGLMP inequality I3 > 2 (the qutrit analogue of CHSH)
— defined and explained in Section 2.5.1 below;
and directly the discord, steering and magic quantities of Section 1, all functions of the same
(B±, C) or (a, b, c).

2.5.1 The CGLMP inequality: a Bell test for qutrits

Slide: why
CHSH is not
enough for
qutrits —
three
outcomes need
their own Bell
inequality.

CHSH was built for two-outcome measurements — perfect for qubit spins. A projective mea-
surement on a qutrit (W , Z) has three outcomes, so CHSH does not directly apply and we need
a genuine qudit Bell inequality. The standard one is due to Collins, Gisin, Linden, Massar and
Popescu (CGLMP) [15].

Setup. Keep the Bell-test skeleton: Alice chooses one of two settings a ↗ {1, 2}, Bob one of
two settings b ↗ {1, 2}, but now each measurement returns an outcome in {0, 1, 2}. From the
joint probabilities P (Aa = j, Bb = k) define the “relative-outcome” probabilities (indices mod
3)

P (Aa = Bb + k) ↘
2∑

j=0

P
(
Aa = j, Bb = j + k (mod 3)

)
. (94)

The inequality. The CGLMP combination for d = 3 is

I3 =
[
P (A1=B1) + P (B1=A2+1) + P (A2=B2) + P (B2=A1)

]

↓
[
P (A1=B1↓1) + P (B1=A2) + P (A2=B2↓1) + P (B2=A1↓1)

]
.

(95)

Each bracket sums four “probabilities that two outcomes are correlated with a fixed o!set.”
The first bracket rewards one pattern of correlation, the second penalizes the neighbouring one.
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Bell test for 2-qutrit:

● The probability that Bob’s result differs from Alice’s by k mod 3.

● Consider the following combination of probabilities:

Key point. The interpretive gem of the multipole form: if the process imprints no angular-
momentum-L dependence on the decay angles — if the reduced matrix element BL vanishes
— then that part of ω is physically unreconstructable from this process, not merely poorly
measured. A parity-conserving analyser has B1 = 0 exactly, and εω = 0.13 is a near-miss of
that fate, caused by the accident s2

W
→ 1

4 . We meet a genuine, exact obstruction of this kind
head-on in the orbital-angular-momentum aside below.

2.4.5 Frame convention

One housekeeping slide, stated once and reused for every channel: the correlation matrices are
defined in the “helicity basis” {n̂, r̂, k̂}, with k̂ the parent (W+/top) direction in the pair CM
frame, r̂ the in-plane transverse axis built from the beam, and n̂ = p̂beam ↑ k̂ the normal to
the production plane. The axes are then boosted into each parent’s rest frame before the decay
angles are measured. (Recall from Section 1 that the choice of axes matters for event-averaged
“fictitious” states — the diagonal basis maximizes the measured CHSH value.)

2.5 What tomography buys — and what to warn about
Slide: from ω
to observables
—
entanglement
bound,
CGLMP; then
the health
warnings.

Once ω is in hand, the Section 1 observables follow by plugging in:
Entanglement via a concurrence lower bound built from the measured GGM parameters,
e.g. c2MB = ↓4

9 ↓ 2
3

∑
a2
i
↓ 2

3

∑
b2
j
+ 8

∑
c2
ij
> 0 ↔ entangled;

Bell violation for qutrits via the CGLMP inequality I3 > 2 (the qutrit analogue of CHSH)
— defined and explained in Section 2.5.1 below;
and directly the discord, steering and magic quantities of Section 1, all functions of the same
(B±, C) or (a, b, c).

2.5.1 The CGLMP inequality: a Bell test for qutrits

Slide: why
CHSH is not
enough for
qutrits —
three
outcomes need
their own Bell
inequality.

CHSH was built for two-outcome measurements — perfect for qubit spins. A projective mea-
surement on a qutrit (W , Z) has three outcomes, so CHSH does not directly apply and we need
a genuine qudit Bell inequality. The standard one is due to Collins, Gisin, Linden, Massar and
Popescu (CGLMP) [15].

Setup. Keep the Bell-test skeleton: Alice chooses one of two settings a ↗ {1, 2}, Bob one of
two settings b ↗ {1, 2}, but now each measurement returns an outcome in {0, 1, 2}. From the
joint probabilities P (Aa = j, Bb = k) define the “relative-outcome” probabilities (indices mod
3)

P (Aa = Bb + k) ↘
2∑

j=0

P
(
Aa = j, Bb = j + k (mod 3)

)
. (94)

The inequality. The CGLMP combination for d = 3 is

I3 =
[
P (A1=B1) + P (B1=A2+1) + P (A2=B2) + P (B2=A1)

]

↓
[
P (A1=B1↓1) + P (B1=A2) + P (A2=B2↓1) + P (B2=A1↓1)

]
.

(95)

Each bracket sums four “probabilities that two outcomes are correlated with a fixed o!set.”
The first bracket rewards one pattern of correlation, the second penalizes the neighbouring one.
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CGLMP ineq: 
Collins, Gisin, Linden, 

Massar, Popescu (2002)
<latexit sha1_base64="K29CEcNLDmHctuavFLL8WAbC3MA="></latexit>
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→
11↑

→
3

2
↓ 0.792

maximally nonlocal

maximally entangled
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4 beyond QM
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The 15/2 here plays exactly the role of the 3 in (54) and the 9 in (58): it is the reciprocal of a
spherical-harmonic norm, and it is again a dilution factor telling us how many events the tensor
polarization costs relative to the vector polarization.

Key point. The whole of collider tomography, qubit and qutrit alike, is one sentence: expand
the angular distribution in spherical harmonics, and read o! the coe”cients by integrating
against the dual harmonics. The three moment identities (45), (49) and (74) are all one needs;
the Gell-Mann, Wigner-symbol and multipole formalisms below are bookkeeping schemes for the
same operation, chosen for convenience.

2.4.3 Wigner Q and P symbols: reading angles as operators

Slide: Q vs P
symbols on
the sphere
(Figs. 1–2 of
[8]); note
P →= Q for
qutrits.

The clean way to invert the qutrit angular distribution is the Weyl–Wigner correspondence
between operators and functions on the sphere. For a spin-coherent state |n̂→ (maximally
polarized along n̂), the Wigner Q symbol of an operator A is its coherent-state expectation
and the Wigner P symbol is its dual (Weyl) kernel:

#Q
A(n̂) = ↑n̂|A|n̂→, A =

2j + 1

4ω

∫
d$n̂ |n̂→#P

A(n̂) ↑n̂|. (76)

They obey the orthogonality d
4ω

∫
d$#P

i #Q
j = 2εij that makes the inversion work. Writing

the (projective) decay distribution as p($) = d
4ω

(
1
d +

∑
i#

Q
i ($) ai

)
and hitting it with the P

symbols gives the punchline formula:

ai =
1
2

∫
d$ p($)#P

i ($) =
1
2

〈
#P
i

〉
events

. (77)

Each of the eight qutrit parameters is, again, a plain average of a known trigonometric function
of the decay direction over the events — structurally identical to the qubit result (54), just with
eight functions instead of three.

Key point. A genuinely qutrit feature worth a slide: for spin 1
2 the P and Q symbols are

proportional, but for d > 2 they di!er (e.g. #Q±
3 ↓ ±4 cos ϑ+ 3 cos 2ϑ+ 1 vs. #P±

3 ↓ ±4 cos ϑ+
15 cos 2ϑ + 5). The dual weighting used to read out a qutrit is not just the naive angular
distribution — it up-weights the quadrupole (cos 2ϑ) piece, i.e. the tensor polarization that has
no qubit analogue.

2.4.4 The multipole language, worked out in full

Slide: ALM ↑∫
d! dω

ωd! Y M→
L

— one
formula covers
every
example.

The Gell-Mann and Wigner-symbol schemes above are complete, but the language actually used
in the H ↔ ZZ analyses is a third one: irreducible tensor operators, i.e. ordinary multipoles. It
is worth doing in full, because it is the only one of the three in which the two-qutrit problem costs
nothing beyond the one-qutrit problem, and in which the statistical price of every individual
observable is legible on the page. What follows is the method of Aguilar-Saavedra, Bernal,
Casas and Moreno [10] (see also [9]): we build it for a single Z, then square it.

Step 1: a basis of multipoles. A qutrit density matrix is a 3 ↗ 3 Hermitian matrix, and
the space of such matrices carries the reducible SO(3) representation 1 ↘ 1 = 0 ≃ 1 ≃ 2. So
instead of eight Gell-Mann matrices with no rotational meaning, use the nine operators TL

M
with L = 0, 1, 2 and ⇐L ⇒ M ⇒ L, which transform among themselves under rotations exactly
like the spherical harmonics Y M

L . Fix them by

T 0
0 = 1l3, T 1

±1 = ⇑
→
3
2

(
Jx ± iJy

)
, T 1

0 =
√

3
2 Jz, T 2

±2 =
2→
3

(
T 1
±1

)2
, (78)
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The 15/2 here plays exactly the role of the 3 in (54) and the 9 in (58): it is the reciprocal of a
spherical-harmonic norm, and it is again a dilution factor telling us how many events the tensor
polarization costs relative to the vector polarization.

Key point. The whole of collider tomography, qubit and qutrit alike, is one sentence: expand
the angular distribution in spherical harmonics, and read o! the coe”cients by integrating
against the dual harmonics. The three moment identities (45), (49) and (74) are all one needs;
the Gell-Mann, Wigner-symbol and multipole formalisms below are bookkeeping schemes for the
same operation, chosen for convenience.

2.4.3 Wigner Q and P symbols: reading angles as operators

Slide: Q vs P
symbols on
the sphere
(Figs. 1–2 of
[8]); note
P →= Q for
qutrits.

The clean way to invert the qutrit angular distribution is the Weyl–Wigner correspondence
between operators and functions on the sphere. For a spin-coherent state |n̂→ (maximally
polarized along n̂), the Wigner Q symbol of an operator A is its coherent-state expectation
and the Wigner P symbol is its dual (Weyl) kernel:

#Q
A(n̂) = ↑n̂|A|n̂→, A =

2j + 1

4ω

∫
d$n̂ |n̂→#P

A(n̂) ↑n̂|. (76)

They obey the orthogonality d
4ω

∫
d$#P

i #Q
j = 2εij that makes the inversion work. Writing

the (projective) decay distribution as p($) = d
4ω

(
1
d +

∑
i#

Q
i ($) ai

)
and hitting it with the P

symbols gives the punchline formula:

ai =
1
2

∫
d$ p($)#P

i ($) =
1
2

〈
#P
i

〉
events

. (77)

Each of the eight qutrit parameters is, again, a plain average of a known trigonometric function
of the decay direction over the events — structurally identical to the qubit result (54), just with
eight functions instead of three.

Key point. A genuinely qutrit feature worth a slide: for spin 1
2 the P and Q symbols are

proportional, but for d > 2 they di!er (e.g. #Q±
3 ↓ ±4 cos ϑ+ 3 cos 2ϑ+ 1 vs. #P±

3 ↓ ±4 cos ϑ+
15 cos 2ϑ + 5). The dual weighting used to read out a qutrit is not just the naive angular
distribution — it up-weights the quadrupole (cos 2ϑ) piece, i.e. the tensor polarization that has
no qubit analogue.

2.4.4 The multipole language, worked out in full

Slide: ALM ↑∫
d! dω

ωd! Y M→
L

— one
formula covers
every
example.

The Gell-Mann and Wigner-symbol schemes above are complete, but the language actually used
in the H ↔ ZZ analyses is a third one: irreducible tensor operators, i.e. ordinary multipoles. It
is worth doing in full, because it is the only one of the three in which the two-qutrit problem costs
nothing beyond the one-qutrit problem, and in which the statistical price of every individual
observable is legible on the page. What follows is the method of Aguilar-Saavedra, Bernal,
Casas and Moreno [10] (see also [9]): we build it for a single Z, then square it.

Step 1: a basis of multipoles. A qutrit density matrix is a 3 ↗ 3 Hermitian matrix, and
the space of such matrices carries the reducible SO(3) representation 1 ↘ 1 = 0 ≃ 1 ≃ 2. So
instead of eight Gell-Mann matrices with no rotational meaning, use the nine operators TL

M
with L = 0, 1, 2 and ⇐L ⇒ M ⇒ L, which transform among themselves under rotations exactly
like the spherical harmonics Y M

L . Fix them by

T 0
0 = 1l3, T 1

±1 = ⇑
→
3
2

(
Jx ± iJy

)
, T 1

0 =
√

3
2 Jz, T 2

±2 =
2→
3

(
T 1
±1

)2
, (78)
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The 15/2 here plays exactly the role of the 3 in (54) and the 9 in (58): it is the reciprocal of a
spherical-harmonic norm, and it is again a dilution factor telling us how many events the tensor
polarization costs relative to the vector polarization.

Key point. The whole of collider tomography, qubit and qutrit alike, is one sentence: expand
the angular distribution in spherical harmonics, and read o! the coe”cients by integrating
against the dual harmonics. The three moment identities (45), (49) and (74) are all one needs;
the Gell-Mann, Wigner-symbol and multipole formalisms below are bookkeeping schemes for the
same operation, chosen for convenience.

2.4.3 Wigner Q and P symbols: reading angles as operators

Slide: Q vs P
symbols on
the sphere
(Figs. 1–2 of
[8]); note
P →= Q for
qutrits.

The clean way to invert the qutrit angular distribution is the Weyl–Wigner correspondence
between operators and functions on the sphere. For a spin-coherent state |n̂→ (maximally
polarized along n̂), the Wigner Q symbol of an operator A is its coherent-state expectation
and the Wigner P symbol is its dual (Weyl) kernel:

#Q
A(n̂) = ↑n̂|A|n̂→, A =

2j + 1

4ω

∫
d$n̂ |n̂→#P

A(n̂) ↑n̂|. (76)

They obey the orthogonality d
4ω

∫
d$#P

i #Q
j = 2εij that makes the inversion work. Writing

the (projective) decay distribution as p($) = d
4ω

(
1
d +

∑
i#

Q
i ($) ai

)
and hitting it with the P

symbols gives the punchline formula:

ai =
1
2

∫
d$ p($)#P

i ($) =
1
2

〈
#P
i

〉
events

. (77)

Each of the eight qutrit parameters is, again, a plain average of a known trigonometric function
of the decay direction over the events — structurally identical to the qubit result (54), just with
eight functions instead of three.

Key point. A genuinely qutrit feature worth a slide: for spin 1
2 the P and Q symbols are

proportional, but for d > 2 they di!er (e.g. #Q±
3 ↓ ±4 cos ϑ+ 3 cos 2ϑ+ 1 vs. #P±

3 ↓ ±4 cos ϑ+
15 cos 2ϑ + 5). The dual weighting used to read out a qutrit is not just the naive angular
distribution — it up-weights the quadrupole (cos 2ϑ) piece, i.e. the tensor polarization that has
no qubit analogue.

2.4.4 The multipole language, worked out in full

Slide: ALM ↑∫
d! dω

ωd! Y M→
L

— one
formula covers
every
example.

The Gell-Mann and Wigner-symbol schemes above are complete, but the language actually used
in the H ↔ ZZ analyses is a third one: irreducible tensor operators, i.e. ordinary multipoles. It
is worth doing in full, because it is the only one of the three in which the two-qutrit problem costs
nothing beyond the one-qutrit problem, and in which the statistical price of every individual
observable is legible on the page. What follows is the method of Aguilar-Saavedra, Bernal,
Casas and Moreno [10] (see also [9]): we build it for a single Z, then square it.

Step 1: a basis of multipoles. A qutrit density matrix is a 3 ↗ 3 Hermitian matrix, and
the space of such matrices carries the reducible SO(3) representation 1 ↘ 1 = 0 ≃ 1 ≃ 2. So
instead of eight Gell-Mann matrices with no rotational meaning, use the nine operators TL

M
with L = 0, 1, 2 and ⇐L ⇒ M ⇒ L, which transform among themselves under rotations exactly
like the spherical harmonics Y M

L . Fix them by

T 0
0 = 1l3, T 1

±1 = ⇑
→
3
2

(
Jx ± iJy

)
, T 1

0 =
√

3
2 Jz, T 2

±2 =
2→
3

(
T 1
±1

)2
, (78)
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● The density matrix of 1-qutrit is 3 x 3;

The 15/2 here plays exactly the role of the 3 in (54) and the 9 in (58): it is the reciprocal of a
spherical-harmonic norm, and it is again a dilution factor telling us how many events the tensor
polarization costs relative to the vector polarization.

Key point. The whole of collider tomography, qubit and qutrit alike, is one sentence: expand
the angular distribution in spherical harmonics, and read o! the coe”cients by integrating
against the dual harmonics. The three moment identities (45), (49) and (74) are all one needs;
the Gell-Mann, Wigner-symbol and multipole formalisms below are bookkeeping schemes for the
same operation, chosen for convenience.

2.4.3 Wigner Q and P symbols: reading angles as operators

Slide: Q vs P
symbols on
the sphere
(Figs. 1–2 of
[8]); note
P →= Q for
qutrits.

The clean way to invert the qutrit angular distribution is the Weyl–Wigner correspondence
between operators and functions on the sphere. For a spin-coherent state |n̂→ (maximally
polarized along n̂), the Wigner Q symbol of an operator A is its coherent-state expectation
and the Wigner P symbol is its dual (Weyl) kernel:

#Q
A(n̂) = ↑n̂|A|n̂→, A =

2j + 1

4ω

∫
d$n̂ |n̂→#P

A(n̂) ↑n̂|. (76)

They obey the orthogonality d
4ω

∫
d$#P

i #Q
j = 2εij that makes the inversion work. Writing

the (projective) decay distribution as p($) = d
4ω

(
1
d +

∑
i#

Q
i ($) ai

)
and hitting it with the P

symbols gives the punchline formula:

ai =
1
2

∫
d$ p($)#P

i ($) =
1
2

〈
#P
i

〉
events

. (77)

Each of the eight qutrit parameters is, again, a plain average of a known trigonometric function
of the decay direction over the events — structurally identical to the qubit result (54), just with
eight functions instead of three.

Key point. A genuinely qutrit feature worth a slide: for spin 1
2 the P and Q symbols are

proportional, but for d > 2 they di!er (e.g. #Q±
3 ↓ ±4 cos ϑ+ 3 cos 2ϑ+ 1 vs. #P±

3 ↓ ±4 cos ϑ+
15 cos 2ϑ + 5). The dual weighting used to read out a qutrit is not just the naive angular
distribution — it up-weights the quadrupole (cos 2ϑ) piece, i.e. the tensor polarization that has
no qubit analogue.

2.4.4 The multipole language, worked out in full

Slide: ALM ↑∫
d! dω

ωd! Y M→
L

— one
formula covers
every
example.

The Gell-Mann and Wigner-symbol schemes above are complete, but the language actually used
in the H ↔ ZZ analyses is a third one: irreducible tensor operators, i.e. ordinary multipoles. It
is worth doing in full, because it is the only one of the three in which the two-qutrit problem costs
nothing beyond the one-qutrit problem, and in which the statistical price of every individual
observable is legible on the page. What follows is the method of Aguilar-Saavedra, Bernal,
Casas and Moreno [10] (see also [9]): we build it for a single Z, then square it.

Step 1: a basis of multipoles. A qutrit density matrix is a 3 ↗ 3 Hermitian matrix, and
the space of such matrices carries the reducible SO(3) representation 1 ↘ 1 = 0 ≃ 1 ≃ 2. So
instead of eight Gell-Mann matrices with no rotational meaning, use the nine operators TL

M
with L = 0, 1, 2 and ⇐L ⇒ M ⇒ L, which transform among themselves under rotations exactly
like the spherical harmonics Y M

L . Fix them by

T 0
0 = 1l3, T 1

±1 = ⇑
→
3
2

(
Jx ± iJy

)
, T 1

0 =
√

3
2 Jz, T 2

±2 =
2→
3

(
T 1
±1

)2
, (78)
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● We consider the multipole decomposition:

<latexit sha1_base64="dQnrN0reoT3qxjEe3+KSy2tO8CE="></latexit>

(m = →1, 0,+1 ; a vector of SO(3))
<latexit sha1_base64="aBzObc934VYBq7Xkr/TzAnAzyN8="></latexit>ωmm→

with T 2
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√
2
3

(
T 1
±1T

1
0 + T 1

0 T
1
±1

)
and T 2

0 =
→
2
3

(
T 1
1 T

1
↑1 + T 1

↑1T
1
1 + 2(T 1

0 )
2
)
. The normalization

and the conjugation rule are

Tr
{
TL
M

(
TL→
M →

)†}
= 3 ωLL→ωMM → ,

(
TL
M

)†
= (→1)M TL

↑M . (79)

In the helicity basis {|+↑, |0↑, |→↑} they are, explicitly,

T 1
1 =

√
3
2




0 →1 0
0 0 →1
0 0 0



, T 1
0 =

√
3
2




1 0 0
0 0 0
0 0 →1



, T 1
↑1 =

√
3
2




0 0 0
1 0 0
0 1 0



, (80)

T 2
2 =

↓
3




0 0 1
0 0 0
0 0 0



, T 2
1 =

√
3
2




0 →1 0
0 0 1
0 0 0



, T 2
0 = 1→

2




1 0 0
0 →2 0
0 0 1



, (81)

with T 2
↑1, T

2
↑2 obtained from (79). The physical dictionary is the familiar one: L = 1 is the

polarization vector, L = 2 the tensor polarization (alignment), and T 2
0 ↔ diag(1,→2, 1) is

nothing but the longitudinal fraction f0 in disguise.

Step 2: the state. Any single-qutrit density matrix is then

ε =
1

3

[
1l3 +

2∑

L=1

L∑

M=↑L

ALM TL
M

]
, ALM = (→1)M

(
AL,↑M

)↓
, (82)

the conjugation condition being exactly what Hermiticity of ε demands. Counting: 3 complex
numbers for L = 1 and 5 for L = 2, halved by the reality condition, gives 3 + 5 = 8 real
parameters — the eight of the Gell-Mann parametrization, reorganized by angular momentum.

Step 3: the decay matrix. All the physics of “how well does this decay analyse the spin” is
packed into one object. For Z ↗ ϑ+ϑ↑, with (ϖ,ϱ) the polar angles of the negative lepton in the
Z rest frame, the decay density matrix is, writing s± ↘ sin 2ϖ±2ςω sin ϖ for the two o!-diagonal
combinations,

”(ϖ,ϱ) =
1

4





1 + cos2ϖ → 2ςω cos ϖ
1→
2
s↑ eiε sin2ϖ e2iε

1→
2
s↑ e↑iε 2 sin2ϖ → 1→

2
s+ eiε

sin2ϖ e↑2iε → 1→
2
s+ e↑iε 1 + cos2ϖ + 2ςω cos ϖ



 (83)

and the single-boson distribution is 1
ϑ

dϑ
d! = 3

4ϖ Tr{ε”T }. Only one number distinguishes Z from
any other spin-1 parent, the vector analysing power

ςω =
1→ 4s2W

1→ 4s2W + 8s4W
≃ 0.13, (84)

which is the ς = (g2L→g2R)/(g
2
L+g2R) of Section 2.2.1 evaluated for charged leptons. Note where

it does and does not appear in (83): it multiplies the cos ϖ and sin ϖ pieces — the parity-odd,
L = 1 structures — and is completely absent from the cos2 ϖ, sin2 ϖ and sin 2ϖ pieces. That
observation is the whole story of why H ↗ 4ϑ works, and we will cash it in twice below.
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The 15/2 here plays exactly the role of the 3 in (54) and the 9 in (58): it is the reciprocal of a
spherical-harmonic norm, and it is again a dilution factor telling us how many events the tensor
polarization costs relative to the vector polarization.

Key point. The whole of collider tomography, qubit and qutrit alike, is one sentence: expand
the angular distribution in spherical harmonics, and read o! the coe”cients by integrating
against the dual harmonics. The three moment identities (45), (49) and (74) are all one needs;
the Gell-Mann, Wigner-symbol and multipole formalisms below are bookkeeping schemes for the
same operation, chosen for convenience.

2.4.3 Wigner Q and P symbols: reading angles as operators

Slide: Q vs P
symbols on
the sphere
(Figs. 1–2 of
[8]); note
P →= Q for
qutrits.

The clean way to invert the qutrit angular distribution is the Weyl–Wigner correspondence
between operators and functions on the sphere. For a spin-coherent state |n̂→ (maximally
polarized along n̂), the Wigner Q symbol of an operator A is its coherent-state expectation
and the Wigner P symbol is its dual (Weyl) kernel:

#Q
A(n̂) = ↑n̂|A|n̂→, A =

2j + 1

4ω

∫
d$n̂ |n̂→#P

A(n̂) ↑n̂|. (76)

They obey the orthogonality d
4ω

∫
d$#P

i #Q
j = 2εij that makes the inversion work. Writing

the (projective) decay distribution as p($) = d
4ω

(
1
d +

∑
i#

Q
i ($) ai

)
and hitting it with the P

symbols gives the punchline formula:

ai =
1
2

∫
d$ p($)#P

i ($) =
1
2

〈
#P
i

〉
events

. (77)

Each of the eight qutrit parameters is, again, a plain average of a known trigonometric function
of the decay direction over the events — structurally identical to the qubit result (54), just with
eight functions instead of three.

Key point. A genuinely qutrit feature worth a slide: for spin 1
2 the P and Q symbols are

proportional, but for d > 2 they di!er (e.g. #Q±
3 ↓ ±4 cos ϑ+ 3 cos 2ϑ+ 1 vs. #P±

3 ↓ ±4 cos ϑ+
15 cos 2ϑ + 5). The dual weighting used to read out a qutrit is not just the naive angular
distribution — it up-weights the quadrupole (cos 2ϑ) piece, i.e. the tensor polarization that has
no qubit analogue.

2.4.4 The multipole language, worked out in full

Slide: ALM ↑∫
d! dω

ωd! Y M→
L

— one
formula covers
every
example.

The Gell-Mann and Wigner-symbol schemes above are complete, but the language actually used
in the H ↔ ZZ analyses is a third one: irreducible tensor operators, i.e. ordinary multipoles. It
is worth doing in full, because it is the only one of the three in which the two-qutrit problem costs
nothing beyond the one-qutrit problem, and in which the statistical price of every individual
observable is legible on the page. What follows is the method of Aguilar-Saavedra, Bernal,
Casas and Moreno [10] (see also [9]): we build it for a single Z, then square it.

Step 1: a basis of multipoles. A qutrit density matrix is a 3 ↗ 3 Hermitian matrix, and
the space of such matrices carries the reducible SO(3) representation 1 ↘ 1 = 0 ≃ 1 ≃ 2. So
instead of eight Gell-Mann matrices with no rotational meaning, use the nine operators TL

M
with L = 0, 1, 2 and ⇐L ⇒ M ⇒ L, which transform among themselves under rotations exactly
like the spherical harmonics Y M

L . Fix them by

T 0
0 = 1l3, T 1

±1 = ⇑
→
3
2

(
Jx ± iJy

)
, T 1

0 =
√

3
2 Jz, T 2

±2 =
2→
3

(
T 1
±1

)2
, (78)

33

with T 2
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√
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T 1
±1T

1
0 + T 1

0 T
1
±1

)
and T 2

0 =
→
2
3

(
T 1
1 T

1
↑1 + T 1

↑1T
1
1 + 2(T 1

0 )
2
)
. The normalization

and the conjugation rule are

Tr
{
TL
M

(
TL→
M →

)†}
= 3 ωLL→ωMM → ,

(
TL
M

)†
= (→1)M TL

↑M . (79)

In the helicity basis {|+↑, |0↑, |→↑} they are, explicitly,

T 1
1 =

√
3
2




0 →1 0
0 0 →1
0 0 0



, T 1
0 =

√
3
2




1 0 0
0 0 0
0 0 →1



, T 1
↑1 =

√
3
2




0 0 0
1 0 0
0 1 0



, (80)

T 2
2 =

↓
3




0 0 1
0 0 0
0 0 0



, T 2
1 =

√
3
2




0 →1 0
0 0 1
0 0 0



, T 2
0 = 1→

2




1 0 0
0 →2 0
0 0 1



, (81)

with T 2
↑1, T

2
↑2 obtained from (79). The physical dictionary is the familiar one: L = 1 is the

polarization vector, L = 2 the tensor polarization (alignment), and T 2
0 ↔ diag(1,→2, 1) is

nothing but the longitudinal fraction f0 in disguise.

Step 2: the state. Any single-qutrit density matrix is then

ε =
1

3

[
1l3 +

2∑

L=1

L∑

M=↑L

ALM TL
M

]
, ALM = (→1)M

(
AL,↑M

)↓
, (82)

the conjugation condition being exactly what Hermiticity of ε demands. Counting: 3 complex
numbers for L = 1 and 5 for L = 2, halved by the reality condition, gives 3 + 5 = 8 real
parameters — the eight of the Gell-Mann parametrization, reorganized by angular momentum.

Step 3: the decay matrix. All the physics of “how well does this decay analyse the spin” is
packed into one object. For Z ↗ ϑ+ϑ↑, with (ϖ,ϱ) the polar angles of the negative lepton in the
Z rest frame, the decay density matrix is, writing s± ↘ sin 2ϖ±2ςω sin ϖ for the two o!-diagonal
combinations,

”(ϖ,ϱ) =
1

4





1 + cos2ϖ → 2ςω cos ϖ
1→
2
s↑ eiε sin2ϖ e2iε

1→
2
s↑ e↑iε 2 sin2ϖ → 1→

2
s+ eiε

sin2ϖ e↑2iε → 1→
2
s+ e↑iε 1 + cos2ϖ + 2ςω cos ϖ



 (83)

and the single-boson distribution is 1
ϑ

dϑ
d! = 3

4ϖ Tr{ε”T }. Only one number distinguishes Z from
any other spin-1 parent, the vector analysing power

ςω =
1→ 4s2W

1→ 4s2W + 8s4W
≃ 0.13, (84)

which is the ς = (g2L→g2R)/(g
2
L+g2R) of Section 2.2.1 evaluated for charged leptons. Note where

it does and does not appear in (83): it multiplies the cos ϖ and sin ϖ pieces — the parity-odd,
L = 1 structures — and is completely absent from the cos2 ϖ, sin2 ϖ and sin 2ϖ pieces. That
observation is the whole story of why H ↗ 4ϑ works, and we will cash it in twice below.
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with T 2
↑1, T

2
↑2 obtained from (79). The physical dictionary is the familiar one: L = 1 is the

polarization vector, L = 2 the tensor polarization (alignment), and T 2
0 ↔ diag(1,→2, 1) is

nothing but the longitudinal fraction f0 in disguise.

Step 2: the state. Any single-qutrit density matrix is then
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1
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[
1l3 +

2∑

L=1
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ALM TL
M

]
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(
AL,↑M
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, (82)

the conjugation condition being exactly what Hermiticity of ε demands. Counting: 3 complex
numbers for L = 1 and 5 for L = 2, halved by the reality condition, gives 3 + 5 = 8 real
parameters — the eight of the Gell-Mann parametrization, reorganized by angular momentum.

Step 3: the decay matrix. All the physics of “how well does this decay analyse the spin” is
packed into one object. For Z ↗ ϑ+ϑ↑, with (ϖ,ϱ) the polar angles of the negative lepton in the
Z rest frame, the decay density matrix is, writing s± ↘ sin 2ϖ±2ςω sin ϖ for the two o!-diagonal
combinations,

”(ϖ,ϱ) =
1

4


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1 + cos2ϖ → 2ςω cos ϖ
1→
2
s↑ eiε sin2ϖ e2iε

1→
2
s↑ e↑iε 2 sin2ϖ → 1→

2
s+ eiε

sin2ϖ e↑2iε → 1→
2
s+ e↑iε 1 + cos2ϖ + 2ςω cos ϖ



 (83)

and the single-boson distribution is 1
ϑ

dϑ
d! = 3

4ϖ Tr{ε”T }. Only one number distinguishes Z from
any other spin-1 parent, the vector analysing power

ςω =
1→ 4s2W

1→ 4s2W + 8s4W
≃ 0.13, (84)

which is the ς = (g2L→g2R)/(g
2
L+g2R) of Section 2.2.1 evaluated for charged leptons. Note where

it does and does not appear in (83): it multiplies the cos ϖ and sin ϖ pieces — the parity-odd,
L = 1 structures — and is completely absent from the cos2 ϖ, sin2 ϖ and sin 2ϖ pieces. That
observation is the whole story of why H ↗ 4ϑ works, and we will cash it in twice below.
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polarization vector, L = 2 the tensor polarization (alignment), and T 2
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the conjugation condition being exactly what Hermiticity of ε demands. Counting: 3 complex
numbers for L = 1 and 5 for L = 2, halved by the reality condition, gives 3 + 5 = 8 real
parameters — the eight of the Gell-Mann parametrization, reorganized by angular momentum.

Step 3: the decay matrix. All the physics of “how well does this decay analyse the spin” is
packed into one object. For Z ↗ ϑ+ϑ↑, with (ϖ,ϱ) the polar angles of the negative lepton in the
Z rest frame, the decay density matrix is, writing s± ↘ sin 2ϖ±2ςω sin ϖ for the two o!-diagonal
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which is the ς = (g2L→g2R)/(g
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it does and does not appear in (83): it multiplies the cos ϖ and sin ϖ pieces — the parity-odd,
L = 1 structures — and is completely absent from the cos2 ϖ, sin2 ϖ and sin 2ϖ pieces. That
observation is the whole story of why H ↗ 4ϑ works, and we will cash it in twice below.
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● Any single-qutrit density matrix is written as  

● The distribution of the decay product of the qutrit is given by
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ω† = ω

Step 4: the three trace identities. Everything now follows from three lines of algebra,
which the reader can verify directly from (80)–(83):

Tr
{
1l3 !

T
}
= 2

→
ω Y 0

0 , Tr
{
T 1
M !T

}
= ↑

→
2ω εω Y

M
1 , Tr

{
T 2
M !T

}
=

√
2ε
5 Y M

2 , (85)

all harmonics evaluated at (ϑ,ϖ). This is the punchline of the whole formalism, and it is worth
staring at. The decay matrix, traced against the multipole of rank L, returns precisely the
spherical harmonic of the same rank — no mixing, no leftovers. That is not luck: ! transforms
as a rank-2 tensor under rotations of the decay axis, so by Wigner–Eckart the trace Tr{TL

M!T }
must be proportional to Y M

L , with a single reduced matrix element BL per rank. The content
of (85) is the value of that reduced matrix element:

B0 = 1, B1 = ↑
→
2ω εω, B2 =

√
2ε
5 . (86)

B1 carries the analysing power; B2 does not.

Step 5: the distribution, in one line. Insert (82) into 3
4ε Tr{ϱ!T } and use (85):

1

ς

dς

d”
=

1

4ω

[
1 +

∑

L,M

ALM BL Y M
L (ϑ,ϖ)

]
. (87)

The angular distribution is the multipole expansion of ϱ, harmonic by harmonic, with the
analysing powers BL as the only dictionary between them.

Step 6: the inversion. Orthonormality of the harmonics,
∫
Y M
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inverts (87) without any linear algebra at all:
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“Multipole moments of the decay distribution = multipole components of ϱ.” Once again —
as in (54), (75) and (77) — every parameter of the state is a plain average of a known function
of the decay angles over the events. No fit, no unfolding matrix, no likelihood: histogram Y M→

L
and read o# the mean.

A convention trap, since the literature writes it both ways. Reference [10] integrates against the unstarred
Y M
L and gets ALM on the right-hand side; we integrate against Y M→

L . The two agree because Y M→
L =

(↑1)MY ↑M
L and, by (82), AL,↑M = (↑1)MA→

LM — the same reality condition, applied twice. Whichever
you choose, use it in both places.

A check you can do by hand. Take a purely transverse Z, ϱ = |+↓↔+| = diag(1, 0, 0).
From (79), ALM = Tr{ϱ (TL

M )†}, so the only survivors are A10 =
√
3/2 and A20 = 1/

→
2. Feed

them into (87):
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which is exactly 3
4ε!11 from (83), integrates to 1, and is the m = +1 line of the Legendre form

Wm = 1
3 ↗ ϑ

2P1 + ↼mP2 used in Section 3.4. The formalism is self-consistent, and the check
takes two minutes.
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with T 2
±1 =

√
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T 1
±1T

1
0 + T 1

0 T
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±1

)
and T 2

0 =
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2
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T 1
1 T

1
↑1 + T 1

↑1T
1
1 + 2(T 1

0 )
2
)
. The normalization

and the conjugation rule are

Tr
{
TL
M

(
TL→
M →

)†}
= 3 ωLL→ωMM → ,

(
TL
M

)†
= (→1)M TL

↑M . (79)

In the helicity basis {|+↑, |0↑, |→↑} they are, explicitly,

T 1
1 =

√
3
2




0 →1 0
0 0 →1
0 0 0



, T 1
0 =

√
3
2




1 0 0
0 0 0
0 0 →1



, T 1
↑1 =

√
3
2




0 0 0
1 0 0
0 1 0



, (80)

T 2
2 =

↓
3




0 0 1
0 0 0
0 0 0



, T 2
1 =

√
3
2




0 →1 0
0 0 1
0 0 0



, T 2
0 = 1→

2




1 0 0
0 →2 0
0 0 1



, (81)

with T 2
↑1, T

2
↑2 obtained from (79). The physical dictionary is the familiar one: L = 1 is the

polarization vector, L = 2 the tensor polarization (alignment), and T 2
0 ↔ diag(1,→2, 1) is

nothing but the longitudinal fraction f0 in disguise.

Step 2: the state. Any single-qutrit density matrix is then

ε =
1

3

[
1l3 +

2∑

L=1

L∑

M=↑L

ALM TL
M

]
, ALM = (→1)M

(
AL,↑M

)↓
, (82)

the conjugation condition being exactly what Hermiticity of ε demands. Counting: 3 complex
numbers for L = 1 and 5 for L = 2, halved by the reality condition, gives 3 + 5 = 8 real
parameters — the eight of the Gell-Mann parametrization, reorganized by angular momentum.

Step 3: the decay matrix. All the physics of “how well does this decay analyse the spin” is
packed into one object. For Z ↗ ϑ+ϑ↑, with (ϖ,ϱ) the polar angles of the negative lepton in the
Z rest frame, the decay density matrix is, writing s± ↘ sin 2ϖ±2ςω sin ϖ for the two o!-diagonal
combinations,

”(ϖ,ϱ) =
1

4





1 + cos2ϖ → 2ςω cos ϖ
1→
2
s↑ eiε sin2ϖ e2iε

1→
2
s↑ e↑iε 2 sin2ϖ → 1→

2
s+ eiε

sin2ϖ e↑2iε → 1→
2
s+ e↑iε 1 + cos2ϖ + 2ςω cos ϖ



 (83)

and the single-boson distribution is 1
ϑ

dϑ
d! = 3

4ϖ Tr{ε”T }. Only one number distinguishes Z from
any other spin-1 parent, the vector analysing power

ςω =
1→ 4s2W

1→ 4s2W + 8s4W
≃ 0.13, (84)

which is the ς = (g2L→g2R)/(g
2
L+g2R) of Section 2.2.1 evaluated for charged leptons. Note where

it does and does not appear in (83): it multiplies the cos ϖ and sin ϖ pieces — the parity-odd,
L = 1 structures — and is completely absent from the cos2 ϖ, sin2 ϖ and sin 2ϖ pieces. That
observation is the whole story of why H ↗ 4ϑ works, and we will cash it in twice below.
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(Z → ω+ω→)

Step 4: the three trace identities. Everything now follows from three lines of algebra,
which the reader can verify directly from (80)–(83):

Tr
{
1l3 !

T
}
= 2

→
ω Y 0

0 , Tr
{
T 1
M !T

}
= ↑

→
2ω εω Y

M
1 , Tr

{
T 2
M !T

}
=

√
2ε
5 Y M

2 , (85)

all harmonics evaluated at (ϑ,ϖ). This is the punchline of the whole formalism, and it is worth
staring at. The decay matrix, traced against the multipole of rank L, returns precisely the
spherical harmonic of the same rank — no mixing, no leftovers. That is not luck: ! transforms
as a rank-2 tensor under rotations of the decay axis, so by Wigner–Eckart the trace Tr{TL

M!T }
must be proportional to Y M

L , with a single reduced matrix element BL per rank. The content
of (85) is the value of that reduced matrix element:

B0 = 1, B1 = ↑
→
2ω εω, B2 =

√
2ε
5 . (86)

B1 carries the analysing power; B2 does not.

Step 5: the distribution, in one line. Insert (82) into 3
4ε Tr{ϱ!T } and use (85):

1

ς

dς

d”
=

1

4ω

[
1 +

∑

L,M

ALM BL Y M
L (ϑ,ϖ)

]
. (87)

The angular distribution is the multipole expansion of ϱ, harmonic by harmonic, with the
analysing powers BL as the only dictionary between them.

Step 6: the inversion. Orthonormality of the harmonics,
∫
Y M
L Y M →→

L→ d” = φLL→φMM → , now
inverts (87) without any linear algebra at all:

ALM =
4ω

BL

∫
d”

( 1

ς

dς

d”

)
Y M→
L (ϑ,ϖ) =

4ω

BL

〈
Y M→
L

〉
events

. (88)

“Multipole moments of the decay distribution = multipole components of ϱ.” Once again —
as in (54), (75) and (77) — every parameter of the state is a plain average of a known function
of the decay angles over the events. No fit, no unfolding matrix, no likelihood: histogram Y M→

L
and read o# the mean.

A convention trap, since the literature writes it both ways. Reference [10] integrates against the unstarred
Y M
L and gets ALM on the right-hand side; we integrate against Y M→

L . The two agree because Y M→
L =

(↑1)MY ↑M
L and, by (82), AL,↑M = (↑1)MA→

LM — the same reality condition, applied twice. Whichever
you choose, use it in both places.

A check you can do by hand. Take a purely transverse Z, ϱ = |+↓↔+| = diag(1, 0, 0).
From (79), ALM = Tr{ϱ (TL

M )†}, so the only survivors are A10 =
√
3/2 and A20 = 1/

→
2. Feed

them into (87):
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)
, (89)

which is exactly 3
4ε!11 from (83), integrates to 1, and is the m = +1 line of the Legendre form

Wm = 1
3 ↗ ϑ

2P1 + ↼mP2 used in Section 3.4. The formalism is self-consistent, and the check
takes two minutes.
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● Quantum State Tomography

Step 4: the three trace identities. Everything now follows from three lines of algebra,
which the reader can verify directly from (80)–(83):
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all harmonics evaluated at (ϑ,ϖ). This is the punchline of the whole formalism, and it is worth
staring at. The decay matrix, traced against the multipole of rank L, returns precisely the
spherical harmonic of the same rank — no mixing, no leftovers. That is not luck: ! transforms
as a rank-2 tensor under rotations of the decay axis, so by Wigner–Eckart the trace Tr{TL

M!T }
must be proportional to Y M

L , with a single reduced matrix element BL per rank. The content
of (85) is the value of that reduced matrix element:
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B1 carries the analysing power; B2 does not.

Step 5: the distribution, in one line. Insert (82) into 3
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The angular distribution is the multipole expansion of ϱ, harmonic by harmonic, with the
analysing powers BL as the only dictionary between them.
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“Multipole moments of the decay distribution = multipole components of ϱ.” Once again —
as in (54), (75) and (77) — every parameter of the state is a plain average of a known function
of the decay angles over the events. No fit, no unfolding matrix, no likelihood: histogram Y M→

L
and read o# the mean.

A convention trap, since the literature writes it both ways. Reference [10] integrates against the unstarred
Y M
L and gets ALM on the right-hand side; we integrate against Y M→

L . The two agree because Y M→
L =

(↑1)MY ↑M
L and, by (82), AL,↑M = (↑1)MA→

LM — the same reality condition, applied twice. Whichever
you choose, use it in both places.

A check you can do by hand. Take a purely transverse Z, ϱ = |+↓↔+| = diag(1, 0, 0).
From (79), ALM = Tr{ϱ (TL

M )†}, so the only survivors are A10 =
√
3/2 and A20 = 1/

→
2. Feed

them into (87):

1

4ω

[
1↑

√
3
2

→
2ω εω

√
3
4ε cos ϑ + 1↑

2

√
2ε
5

√
5

16ε (3 cos
2ϑ ↑ 1)

]
=

3

16ω

(
1 + cos2ϑ ↑ 2εω cos ϑ

)
, (89)

which is exactly 3
4ε!11 from (83), integrates to 1, and is the m = +1 line of the Legendre form

Wm = 1
3 ↗ ϑ

2P1 + ↼mP2 used in Section 3.4. The formalism is self-consistent, and the check
takes two minutes.
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2-qutrit case

y are averages over the kinematical variables, as expressed in Eq. (11). Of course, when the ⇢ matrix

is extracted from experimental data, it does not present the exact form (12) due to systematic and

statistical errors, and the existence of (small) background.

3.2 The irreducible tensor operator parametrization

A convenient way to parametrize the 9⇥ 9 spin density-operator of the two vector bosons is to use

the basis of irreducible tensor operators {TL1
M1

⌦ TL2
M2

} [18], where

TL1
M1

, TL2
M2

2
�

13;T
1
1 , T

1
0 , T

1
�1;T

2
2 , T

2
1 , T

2
0 , T

2
�1, T

2
�2

 
. (13)

Here, TL

M
are normalized such that Tr

n
TL

M

�
TL

M

�†o
= 3, where

�
TL

M

�†
= (�1)M TL

M
. More precisely,

defining Jx, Jy and Jz as the spin-1 components operators, we have T 1
±1 = ⌥

p
3/2 (Jx ± iJy) and

T 1
0 =

q
3
2 Jz, i.e.

T 1
1 =

r
3

2

0

B@
0 �1 0

0 0 �1

0 0 0

1

CA , T 1
0 =

r
3

2

0

B@
1 0 0

0 0 0

0 0 �1

1

CA , T 1
�1 =

r
3

2

0

B@
0 0 0

1 0 0

0 1 0

1

CA . (14)

On the other hand,

T 2
±2 =

2p
3
(T 1

±1)
2,

T 2
±1 =

r
2

3

⇥
T 1
±1T

1
0 + T 1

0 T
1
±1

⇤
,

T 2
0 =

p
2

3

⇥
T 1
1 T

1
�1 + T 1

�1T
1
1 + 2(T 1

0 )
2
⇤
. (15)

Explicitly,

T 2
2 =

p
3

0

B@
0 0 1

0 0 0

0 0 0

1

CA , T 2
�2 =

p
3

0

B@
0 0 0

0 0 0

1 0 0

1

CA , T 2
1 =

r
3

2

0

B@
0 �1 0

0 0 1

0 0 0

1

CA ,

T 2
�1 =

r
3

2

0

B@
0 0 0

1 0 0

0 �1 0

1

CA , T 2
0 =

1p
2

0

B@
1 0 0

0 �2 0

0 0 1

1

CA . (16)

Hence, the spin density matrix of the two vector bosons can be parametrized as

⇢ =
1

9

h
13 ⌦ 13 +A1

LM TL

M ⌦ 13 +A2
LM 13 ⌦ TL

M + CL1M1L2M2 TL1
M1

⌦ TL2
M2

i
, (17)

where we are summing in L = 1, 2 and �L  M  L (likewise with L1,2 and M1,2). In order for ⇢

to be hermitian, and taking into account that
�
TL

M

�†
= (�1)M TL

M
, the coe�cients of the expansion

must fulfill A1,2
LM

= (�1)M (A1,2
L,�M

)⇤ and CL1M1L2M2 = (�1)M1+M2(CL1,�M1,L2,�M2)
⇤. Altogether

these are the 80 independent real parameters of the 9⇥ 9 ⇢ matrix.
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LM TL
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⌦ TL2
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where we are summing in L = 1, 2 and �L  M  L (likewise with L1,2 and M1,2). In order for ⇢

to be hermitian, and taking into account that
�
TL

M

�†
= (�1)M TL

M
, the coe�cients of the expansion

must fulfill A1,2
LM

= (�1)M (A1,2
L,�M

)⇤ and CL1M1L2M2 = (�1)M1+M2(CL1,�M1,L2,�M2)
⇤. Altogether

these are the 80 independent real parameters of the 9⇥ 9 ⇢ matrix.
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with 80 real parameters in general, reduced to a handful by the symmetries of the production
process. For each event one measures the polar and azimuthal angles (ωi,εi) of the negative lepton
in the rest frame of its parent boson, with axes given by the helicity basis {r̂, n̂, k̂} constructed
from the boson momentum k̂ and the beam direction in the Higgs (or diboson) rest frame. The
normalised angular distribution is then a finite sum of spherical harmonics [2, 4],

1

ϑ

dϑ

d!1 d!2
=

1

(4ϖ)2

[
1+BLA

1
LMY

M

L (!1)+BLA
2
LMY

M

L (!2)+BL1BL2CL1M1L2M2Y
M1
L1

(!1)Y
M2
L2

(!2)
]
,

(4)
and the orthonormality of the Y

M

L
turns tomography into simple moments: averaging products of

spherical harmonics over the event sample directly yields the coe”cients ALM and CL1M1L2M2 , and
hence the full accessible density matrix. For Z → ϱ

+
ϱ
→ the constants are B1 = ↑

↓
2ϖ ςω and B2 =√

2ϖ/5, where ςω = (1↑4s2
W
)/(1↑4s2

W
+8s4

W
) ↔ 0.13 is the small lepton spin-analysing power: all

L = 1 (vector polarisation) terms are suppressed, so the practical observables in H → ZZ are the
L = 2 coe”cients such as C2,1,2,→1 and C2,2,2,→2. Barr’s formulation for H → WW

↑ [1] is equivalent
but written with Gell-Mann matrices: the direction cosines φ±

i
of the charged leptons in the W

±

rest frames give the spin correlations through relations such as dij = ↑4↗φ+
i
φ
→
j
↘, and quadratic

moments like ↗(φ±x )2 ↑ (φ±y )
2↘ access the tensor-polarisation coe”cients. The important practical

di#erence between the channels is reconstruction: in H → ZZ → 4ϱ all leptons are measured and
the frames are exactly reconstructible, whereas H → WW

↑ → ϱ↼ϱ↼ has two invisible neutrinos,
so the W rest frames must be estimated with MT2-assisted (MAOS-type) kinematic techniques;
Barr models this by Gaussian smearing of the W momenta. In VBS, Morales computes the density
matrix analytically from helicity amplitudes at the subprocess level and notes that the experimental
reconstruction would proceed through exactly the same leptonic tomography, folded with e#ective
boson luminosities; a full Monte-Carlo tomography study is left for future work [3].

3 Entanglement and Bell observables

Entanglement. For theH → ZZ system the Peres–Horodecki criterion, generally only su”cient,
becomes necessary and su!cient because of the restricted Jz = 0 structure: the state is entangled
if and only if C2,1,2,→1 ≃= 0 or C2,2,2,→2 ≃= 0 [2]. Entanglement is therefore a counting-free, model-
independent statement about two measurable moments. In VBS, where the subprocess states are
pure, Morales uses the negativity, the entropy of entanglement and the concurrence; essentially
all V V

↓ final states come out entangled in almost the whole (
↓
S, cos ω) plane, with maximal

entanglement reached along specific kinematic curves (e.g. in W
+
W

→ → ↽↽ and W
+
W

→ →
Z↽) [3].

Bell inequalities. For qutrits the optimal test is the CGLMP inequality, I3 ⇐ 2 for any local-
realistic theory, with I3 ↔ 2.87 for the maximally entangled state. Barr showed that the CGLMP
expectation value can be written entirely in terms of lepton angular moments, e.g. ↗Bxy

CGLMP↘ =
8↔
3
↗φ+x φ→x + φ

+
y φ

→
y ↘ + 25↗((φ+x )2 ↑ (φ+y )

2)((φ→x )
2 ↑ (φ→y )

2)↘ + 100↗φ+x φ+y φ→x φ→y ↘, making it a directly

measurable collider observable [1]. A spin-1 generalisation of CHSH turns out not to be violated
in these decays (the extra “0” outcome dilutes the correlations), so CGLMP is the inequality
of choice. For the non-maximally entangled ⇀ > 1 states of H → ZZ, Ref. [2] optimises the
Bell operator over local unitaries and expresses the result through the measured moments, I3 =
1
36

[
18 + 16

↓
3 ↑

↓
2 (9 ↑ 8

↓
3)A2,0 ↑ 8(3 + 2

↓
3)C2,1,2,→1 + 6C2,2,2,→2

]
, improving the sensitivity

with respect to the standard settings. In VBS, CGLMP violation is found only in restricted
phase-space regions (

↓
S ↭ 600 GeV, central scattering angles), with maxima such as I3 ↔ 2.8 for

ZZ → W
+
W

→ and I3 ↔ 2.7 for W±
Z → W

±
Z and same-sign WW , while W

+
W

→ → ↽↽ violates
CHSH over the entire plane, up to the Tsirelson bound; entanglement alone is explicitly shown
not to imply Bell violation [3].
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● The decay distribution:
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Y M
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BL

4ε
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Higgs is a scalar   along the ZZ production axis⇒ Jz = 0
 only |+−⟩, |00⟩, |−+⟩ can be populated.⇒
 only a 3 x 3 block of the 9 x 9 density matrix survives.  ⇒

kinematics as in ω =
∫
dε P (ε) ωω preserves the texture: in the basis {|+→↑, |00↑, |→+↑},

ω
∣∣∣
3→3

=
1

2 + w2




1 →y 1
→y w2 →y
1 →y 1



 ,
pure (m1,m2 fixed): w = y = ε,

mixed: w, y are kinematic averages.
(118)

The pattern of equal entries in the corners and along the edges is not an approximation — it is
the statement that |+→↑ and |→+↑ enter (115) with identical coe!cients, which is parity.

Symmetry 2: three multipole coe!cients, and one relation. Translating (118) into the
multipole basis of Section 2.4.4, exactly three of the 80 coe!cients are non-zero: the common
single-boson alignment A1

2,0 = A2
2,0 and the two correlations C2,1,2,↑1 and C2,2,2,↑2. All eight

L = 1 polarizations vanish (parity), all L = 1 correlations vanish, and the surviving matrix
elements read

ω+↑,+↑ = ω↑+,↑+ = 1
6

(↓
2A1

2,0 + 2
)
, ω00,00 =

1
3

(
1→

↓
2A1

2,0

)
, (119)

ω+↑,00 = ω00,↑+ = 1
3 C2,1,2,↑1, ω+↑,↑+ = 1

3 C2,2,2,↑2,

with the exact relation 1↓
2
A1

2,0 + 1 = C2,2,2,↑2.
(120)

So there are three measured numbers and one exact constraint among them: two independent
parameters. The constraint is worth keeping unimposed when fitting, as a free handle on the
systematics — Ref. [10] finds that imposing it shrinks the statistical uncertainty on the Bell
observable by about 5%. For the pure state (115) all three have closed forms,

A1
2,0 =

↓
2 (1→ ε2)

2 + ε2
, C2,1,2,↑1 = → 3ε

2 + ε2
, C2,2,2,↑2 =

3

2 + ε2
, (121)

which at the singlet point ε = 1 give (0,→1,+1) and in the separable limit ε ↔ ↗ give
(→

↓
2, 0, 0). Two sanity checks: the constraint (120) holds identically in ε, and both correlations

vanish exactly where the entanglement does.

Key point. Look back at the cost table of Section 2.4.4. The three surviving coe!cients are
all L = 2: the measurement never touches an L = 1 correlation, and therefore never pays
the 1/ϑ2

ε
↘ 59 penalty. The physics reason is the same in both places — L = 1 is parity-odd,

the Higgs decay is parity-even, and the leptonic Z decay is very nearly parity-blind. The one
place the analysing power would have hurt is precisely the one place the symmetry has already
removed.

Peres–Horodecki, exactly. With so much structure one can do better than a su!cient
condition. Write the surviving block generically as

ω
∣∣∣
3→3

=




a b c
b↔ d f
c↔ f↔ g



 in {|+→↑, |00↑, |→+↑}, (122)

and take the partial transpose on the second boson, |m1m2↑≃m↗
1m

↗
2| ↔ |m1m↗

2↑≃m↗
1m2|. Every o”-

diagonal entry is moved out of the block: b lands in the {|+0↑, |→→↑} sector, c in {|++↑, |→→↑},
f in {|00↑, . . .}, and in each case it produces an isolated 2 ⇐ 2 o”-diagonal pair

(
0 x

x
→ 0

)
whose

eigenvalues are ±|x|. The diagonal entries stay put. Hence the spectrum of ωT2 is, in closed
form,

spec
(
ωT2

)
=

{
a, d, g, ±|b|, ±|c|, ±|f |

}
. (123)

50

⌘ Assumption 1: 

⌘ Assumption 2:   Parity even  all  coefficients vanish ⇒ L = 1

● Peres-Horodecki condition: ρTB < 0

● Only 6 elements remain:
A negative eigenvalue appears i! one of b, c, f is non-zero. And the converse is immediate: if
b = c = f = 0 the state is diagonal in a product basis, hence manifestly separable. So for this
system the Peres–Horodecki criterion is not merely su!cient but necessary and su!cient —
a genuine rarity beyond 2→ 2, and worth flagging in the lecture, because the standard warning
is that PPT-bound entangled states exist in 3 → 3. Symmetry has bought us an exact i”. In
terms of the measured coe!cients,

the ZZ pair is entangled ↑↓ C2,1,2,→1 ↔= 0 or C2,2,2,→2 ↔= 0. (124)

Two independent entanglement witnesses, each a single number, each an L = 2→L = 2 moment
of the four-lepton distribution. By (121) the second one is non-zero for every finite ω, which is
the formal statement of what the ω discussion showed: the SM never hands us a separable ZZ
pair, only an asymptotically separable one.

3.4.3 CGLMP for the Higgs

Slide:
CGLMP
(defined in
2.5.1) applied
here —
I3 → 2.6
inclusive, 2.8
with an mV2

cut.

The qutrit Bell test is the CGLMP inequality defined in Section 2.5.1 (I3 ↗ 2 for local realism,
quantum max 2.9149). Two points specific to the Higgs:

First, the naive spin-1 generalization of CHSH (outcomes {+1, 0,↘1}) fails — the extra “0”
outcome dilutes the correlations, and Igen2 ↗ 2 even for the singlet. The genuinely three-outcome
CGLMP is the right tool, and it is near-maximally violated : I3 ≃ 2.6 inclusively, rising to ≃ 2.8
with an mV2 ↭ 30 GeV cut that purifies the state toward the singlet.

Which CGLMP, exactly? Choosing the Bell operator. A Bell inequality is a statement
about four chosen measurement settings, and di”erent settings suit di”erent states. It is conve-
nient to package a choice of settings into a single Bell operator OBell, so that I3 = Tr{εOBell}
and the local-realistic bound is I3 ↗ 2. For the canonical maximally entangled state |ϑ0⇐ =
1↑
3
(|11⇐+ |22⇐+ |33⇐) the CGLMP optimum is known, and in the multipole basis of Section 2.4.4

it is startlingly compact:

O0
Bell =

4

3
⇒
3

(
T 1
1 → T 1

1 + T 1
→1 → T 1

→1

)
+

2

3

(
T 2
2 → T 2

2 + T 2
→2 → T 2

→2

)
. (125)

Our state is not |ϑ0⇐ unless ω = 1, so the settings must be re-optimized. The useful observation
is that |ϑV V ⇐ is invariant under U OA → U↓ with OA = antidiag(1,↘1, 1) and U unitary, so
the inequivalent choices live in the coset U(3)/(U(2)→ U(1)) — a small enough space to scan.
Writing OBell = (UOA → U↓)†O0

Bell (UOA → U↓) and maximizing over it, Ref. [10] finds

U0 =





1
2 ↘ 1↑

2
1
2

↘ 1↑
2

0 1↑
2

1
2

1↑
2

1
2



 ,

I3(ω, 1l) =
12 + 8

⇒
3ω

3(2 + ω2)
,

I3(ω, U0) =
(1 + ω)

(
3 + 4

⇒
3 + 3ω

)

3(2 + ω2)
.

(126)

At ω = 1 the two agree (all U are equivalent for the singlet) at I3 = (12+ 8
⇒
3)/9 = 2.873, just

below the qutrit maximum 2.9149; away from ω = 1 the optimized operator wins, and since the
physical ω peaks near 1.5 rather than at 1, that gain is exactly where the rate is. This is a nice
pedagogical point in its own right: a Bell test is only as good as its settings, and quoting “the”
CGLMP value for a non-maximally entangled state without optimizing is leaving violation on
the table.
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Simplification 0++:

(3 parameters)
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This is illustrated in Fig. 2, where the functions

I3(�, 1) =
12 + 8

p
3�

3(2 + �2)
,

I3(�, U0) =
(1 + �)(3 + 4

p
3 + 3�)

3(2 + �2)
,

(41)

are displayed, showing the improvement provided by this non-trivial choice.

Figure 2: Functions (I3(�, 1), I3(�, U0)) defined in Eq. (41). We have also displayed the local-realistic

upper bound for the Bell inequality (gray dashed horizontal line) as well as the mean value of � with

respect to the probability distribution P(�) shown in Fig. 1 (red dashed vertical line).

For completeness, we give the expression of the Bell operator (39) for U = U0:

OBell =

✓
2

3
p
3

�
T 1
1 ⌦ T 1

1 � T 1
0 ⌦ T 1

0 + T 1
1 ⌦ T 1

�1

�
+

1

12

�
T 2
2 ⌦ T 2

2 + T 2
2 ⌦ T 2

�2

�

+
1

2
p
6

�
T 2
2 ⌦ T 2

0 + T 2
0 ⌦ T 2

2

�
� 1

3
(T 2

1 ⌦ T 2
1 + T 2

1 ⌦ T 2
�1) +

1

4
T 2
0 ⌦ T 2

0

◆
+ h.c.

(42)

In general, the state of the ZZ system is given by the density operator ⇢ shown in Eq. (26) and the

corresponding prediction for I3 = Tr {⇢ OBell} reads

I3 =
1

36

⇣
18 + 16

p
3�

p
2
⇣
9� 8

p
3
⌘
A1

2,0 � 8
⇣
3 + 2

p
3
⌘
C2,1,2,�1 + 6C2,2,2,�2

⌘
. (43)

In other words, the ZZ system violates the GCLMP inequality whenever this expression for I3 is

larger than 2. Notice that the A1
2,0 parameter is related to C2,2,2,�2 by Eq. (27). However, we

will keep it as an independent parameter when extracting its value from data, as a possible handle

to estimate the involved uncertainties1. This may not be convenient, however, in the presence of

systematic uncertainties, but such a study is beyond the scope of the present work.

1
Actually, in this way the statistical uncertainty in I3 becomes 5% smaller in the simulations discussed in section

6.
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● From 0++ assumption: 
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ISM3 = 2.60

● SM prediction:

ity, and calculate the observables from the di↵erential distribution, as aforementioned. Repeating

this procedure, we obtain the mean and standard deviation for each observable. The mean value

resulting from the pseudo-experiments is quite close to the theoretical value calculated with the full

Monte Carlo sample, and the standard deviation corresponds to the expected statistical uncertainty.

Systematic uncertainties are not included in our analysis. Given the clean final state and the good

experimental resolution for charged leptons, these uncertainties are expected to be small. In any

case, they must be addressed within an experimental analysis using a full detector simulation.

As discussed in section 3.1, the larger the mass m2 of the o↵-shell Z boson, the more entangled

the ZZ state is. However, requiring a lower cut on mZ2 also decreases the statistics, increasing

the uncertainty in the measurements. We give results without any cut and also with lower cuts

mZ2 � 10, 20, 30 GeV.

Table 1 gives the results for L = 300 fb�1. The entanglement can be probed at the 3� level using

C2,1,2,�1, and below the 2� level using C2,2,2,�2, see Eq. (30). A combination of both observables,

which is beyond the scope of this work, would improve the sensitivity. On the other hand, the

sensitivity to the violation of the Bell inequalities, see Eq. (43), is below the 2� level.

min mZ2

0 10 GeV 20 GeV 30 GeV

N 450 418 312 129

C2,1,2,�1 �0.98± 0.31 �0.97± 0.33 �1.05± 0.38 �1.06± 0.61

C2,2,2,�2 0.60± 0.37 0.64± 0.38 0.74± 0.43 0.82± 0.63

I3 2.66± 0.46 2.67± 0.49 2.82± 0.57 2.88± 0.89

Table 1: Values of the spin correlation coe�cients C2,1,2,�1 and C2,2,2,�2 signaling quantum entan-

glement, and the Bell operator I3 signaling violation of the Bell inequalities, obtained from 1000

pseudo-experiments with with L = 300 fb�1.

Table 2 gives the results for L = 3 ab�1. In this case, the entanglement can be probed beyond

the 5� level using both coe�cients, reaching a 10% precision in the case of C2,1,2,�1. The sensitivity

to a violation of the Bell inequalities is at the 4.5� level.

min mZ2

0 10 GeV 20 GeV 30 GeV

N 4500 4180 3120 1290

C2,1,2,�1 �0.95± 0.10 �1.00± 0.10 �1.04± 0.12 �1.04± 0.19

C2,2,2,�2 0.60± 0.12 0.64± 0.12 0.74± 0.14 0.83± 0.20

I3 2.63± 0.15 2.71± 0.16 2.81± 0.18 2.84± 0.28

Table 2: The same as Table 1, for L = 3 ab�1.
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● Prospects at the LHC:

LHC Run-3 (300 fb-1) HL-LHC(3000 fb-1)

Entanglement ~ 3σ

Non-locality ~ 2σ

Entanglement > 5σ

Non-locality ~ 4.5σ

Aguilar-Saavedra, Bernal, Casas, Moreno [2209.13441]
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Figure 2: The observed (full circles) and the expected (histograms) four-lepton invariant mass distribution around
the observed Higgs boson resonance. The expectation shows the contributions from 𝐿 → 𝑀𝑀↑ → 4𝑁 and from
various background processes as described in the text. The uncertainty bar on data points are Poisson errors, and the
uncertainty band includes statistical and systematic contributions added in quadrature.
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Figure 3: An illustration of the decay angle definitions in the 𝑂𝑂 → 𝐿 → 𝑀𝑀↑ → 4𝑁 process. The azimuthal angles
𝑃1 and 𝑃2 are not shown in the figure and are defined in the conventional manner for right-handed coordinate systems.
The unprimed frame is the laboratory frame with the 𝑄-axis along the beam direction. The primed frame is that in
which the polarization of 𝑀 bosons is defined.
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Entanglement ~ 4.7σ

CMS reports a similar result [CMS PAS HIG-25-011]

EUROPEAN ORGANISATION FOR NUCLEAR RESEARCH (CERN)

Submitted to: PRL CERN-EP-2026-061
March 30, 2026

Measurements of 𝜴-boson pair entanglement in

decays of Higgs bosons at the ATLAS experiment

The ATLAS Collaboration

Entanglement is a key property of quantum systems. In this Letter the first measurements of
quantum entanglement between spins in pairs of 𝐿 bosons are reported, using proton–proton
collision data from the Large Hadron Collider (LHC) at center-of-mass energies of 13 TeV and
13.6 TeV, recorded with the ATLAS detector. Measurements of angular observables sensitive
to 𝐿𝐿→ spin-density-matrix elements in the 𝑀 ↑ 𝐿𝐿→ ↑ 𝑁+𝑁↓𝑁+𝑁↓ process yield coe!cients
𝑂2,1,2,↓1 = ↓0.71 ± 0.45 and 𝑂2,2,2,↓2 = 0.08 ± 0.44, consistent with their Standard Model
predictions. A complementary hypothesis test using the full angular distribution, and relying
on several Standard Model assumptions in the decays, provides substantially higher sensitivity
to quantum correlations and disfavors the separable-state hypothesis at a significance of
4.7 standard deviations (expected 4.9𝑃) relative to the entangled Standard Model hypothesis.
These results provide strong evidence of quantum entanglement between massive bosons (spin
qutrits) at the electroweak scale.

© 2026 CERN for the benefit of the ATLAS Collaboration.
Reproduction of this article or parts of it is allowed as specified in the CC-BY-4.0 license.
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(a) 𝐿2,1,2,→1 (b) 𝐿2,2,2,→2

Figure 4: The observed distributions of events (full circles) overlaid on the expected (shaded) distributions of the
estimator (a) 𝐿2,1,2,→1 and (b) 𝐿2,2,2,→2 for the entangled hypothesis (blue solid line) and the separable non-QE
hypothesis (orange dashed line) and background.

from products of spherical harmonics 𝑀𝐿

𝑀
(𝑁, 𝑂) from event-by-event real-valued estimators [18],

𝐿2 𝐿1 2 𝐿2 = 40𝑃 ↑
(
𝑀𝐿1

2 (𝑁1, 𝑂1) ↓ 𝑀𝐿2
2 (𝑁2, 𝑂2)

)
,

where the integers 𝑄1 = →𝑄2 are either 1 or 2. The values of the SDM coe!cients𝑅2 𝐿1 2 𝐿2 = ↔𝐿2 𝐿1 2 𝐿2↗
are obtained from the averages of these event-by-event estimators over events within the kinematic region
defined by the dilepton and four-lepton mass requirements listed in the previous paragraph. During the
calculation of the average values corrections are applied for the e"ects of background processes, detector
acceptance, reconstruction e"ects, and higher-order electroweak corrections, as described in End Matter B.
In the same-flavor decay channels (4𝑆, 4𝑇), quantum interference arising from multiple indistinguishable
assignments of identical leptons to the intermediate 𝑈 bosons leads to modifications of the SDM elements
at the level of roughly 10% [44]. These e"ects are corrected for as described in End Matter B.

At leading order in perturbation theory and under the assumption described above, the density matrix of the
𝑈𝑈↘ system has a well-defined structure with only nine of the 81 elements being non-zero [18]. Of the six
o"-diagonal elements, the four that are products of |0, 0↗ and |±,≃↗ are equal to 1

3𝑅2,1,2,→1, while the two
that are products of |+,→↗ and |→,+↗ are equal to 1

3𝑅2,2,2,→2. The Peres-Horodecki conditions [26, 27] for
the 𝑈𝑈↘ system then imply that the system is entangled if and only if at least one of the coe!cients 𝑅2,1,2,→1
or 𝑅2,2,2,→2 is non-zero [18]. A non-zero value of either of them serves as a marker of entanglement in the
𝑈𝑈↘ system. The null hypothesis in which both coe!cients vanish corresponds physically to the situation
in which the 𝑈 bosons are in a pure separable |00↗ state, with a single remaining non-zero SDM element.

The sensitivity to entanglement from measurements of the coe!cients 𝑅2,1,2,→1 and 𝑅2,2,2,→2 is limited,
since they rely on estimating the mean of a broad underlying distribution using the mean of the data sample.
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Decoherence: Interacting with an environment, the system becomes more classical.
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<latexit sha1_base64="Zu5I58ZV0JhO6FLU/zVNBMD/J9A="></latexit>

1→
2

(
|+→+ |↑→

)

<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+

<latexit sha1_base64="B2vV5y1wk0LzUBoj8lQOcJEsClA="></latexit>→

coherent superposition of a wake and sleep cat? 
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<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+
<latexit sha1_base64="3uvUOpLKUOyLVat62eJS7HuJwKk="></latexit>

|ωf → =
<latexit sha1_base64="Zq0JR+C2l5TwhKTF6JxMDQxhzJc="></latexit>

1→
2

<latexit sha1_base64="tNcBbJGTX21GYR0o1R0F80zsyu4="></latexit>[ <latexit sha1_base64="tNcBbJGTX21GYR0o1R0F80zsyu4="></latexit> [
<latexit sha1_base64="LBtNxvryofuQNs9KILLKZTVq2II="></latexit>

|+→↑
<latexit sha1_base64="EP9CuxvjlnsMfwj7xv8eGd6z5rQ="></latexit>

|→↑↓

<latexit sha1_base64="3uvUOpLKUOyLVat62eJS7HuJwKk="></latexit>

|ωf → =
<latexit sha1_base64="Zq0JR+C2l5TwhKTF6JxMDQxhzJc="></latexit>

1→
2

<latexit sha1_base64="tNcBbJGTX21GYR0o1R0F80zsyu4="></latexit>[ <latexit sha1_base64="tNcBbJGTX21GYR0o1R0F80zsyu4="></latexit> [
<latexit sha1_base64="0ZyR7NNqp42unetZPYxcAgEzEAg="></latexit>

→|Env(0ω)↑

<latexit sha1_base64="fpw3MuzAa7dVbQTU56ZJvVusyTs="></latexit>ω

<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+
<latexit sha1_base64="OUCstpeqTN+PvHXK/XadVtu9szg="></latexit>

→|Ẽnv(1ω)↑

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>




measure spin-z component
<latexit sha1_base64="Zu5I58ZV0JhO6FLU/zVNBMD/J9A="></latexit>

1→
2

(
|+→+ |↑→

)

<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+

<latexit sha1_base64="B2vV5y1wk0LzUBoj8lQOcJEsClA="></latexit>→

<latexit sha1_base64="LBtNxvryofuQNs9KILLKZTVq2II="></latexit>

|+→↑
<latexit sha1_base64="EP9CuxvjlnsMfwj7xv8eGd6z5rQ="></latexit>

|→↑↓
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<latexit sha1_base64="5sR/q7ehncNGQVZp1pbb5erFMT0="></latexit>

Env(0ω)

<latexit sha1_base64="NBQzKscAxXXIJpWL3q4MnGJLZ5E="></latexit>

Env(1ω)



<latexit sha1_base64="3uvUOpLKUOyLVat62eJS7HuJwKk="></latexit>

|ωf → =
<latexit sha1_base64="Zq0JR+C2l5TwhKTF6JxMDQxhzJc="></latexit>

1→
2

<latexit sha1_base64="tNcBbJGTX21GYR0o1R0F80zsyu4="></latexit>[ <latexit sha1_base64="tNcBbJGTX21GYR0o1R0F80zsyu4="></latexit> [
<latexit sha1_base64="0ZyR7NNqp42unetZPYxcAgEzEAg="></latexit>

→|Env(0ω)↑ <latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+
<latexit sha1_base64="OUCstpeqTN+PvHXK/XadVtu9szg="></latexit>

→|Ẽnv(1ω)↑
<latexit sha1_base64="NzD8AHlfnFECQL/B/zmCNdAysEY="></latexit>

TrE

<latexit sha1_base64="efjIlLEYUZONwlSKjdjAQG1ASj4="></latexit>(
1
2

1
2A

1
2A

→ 1
2

)
<latexit sha1_base64="fg5/U2AmuPg9SJk95mXT5/MN5gE="></latexit>

ωfS =

<latexit sha1_base64="ZlFU5BUzqsf2H/IdQqXqxABwdI0="></latexit>

=

(
1
2

1
2

)

<latexit sha1_base64="ruvvfqLPvoQ4YL32fDswBeULAQQ="></latexit>

A = →Ẽnv(1ω)|Env(0ω)↑ = 0

<latexit sha1_base64="LBtNxvryofuQNs9KILLKZTVq2II="></latexit>

|+→↑
<latexit sha1_base64="EP9CuxvjlnsMfwj7xv8eGd6z5rQ="></latexit>

|→↑↓

<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+
<latexit sha1_base64="PNdEpHpKXHYLLi6NiAX9jLfPlpQ="></latexit>

|
<latexit sha1_base64="8Cl9SFaXf1wkDurVOp9VLFlr1gA="></latexit>

→
<latexit sha1_base64="B2vV5y1wk0LzUBoj8lQOcJEsClA="></latexit>→

<latexit sha1_base64="PNdEpHpKXHYLLi6NiAX9jLfPlpQ="></latexit>

|
<latexit sha1_base64="8Cl9SFaXf1wkDurVOp9VLFlr1gA="></latexit>

→

<latexit sha1_base64="8Cl9SFaXf1wkDurVOp9VLFlr1gA="></latexit>

→<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+
<latexit sha1_base64="PNdEpHpKXHYLLi6NiAX9jLfPlpQ="></latexit>

| <latexit sha1_base64="B2vV5y1wk0LzUBoj8lQOcJEsClA="></latexit>→
<latexit sha1_base64="PNdEpHpKXHYLLi6NiAX9jLfPlpQ="></latexit>

|
<latexit sha1_base64="8Cl9SFaXf1wkDurVOp9VLFlr1gA="></latexit>

→

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>




<latexit sha1_base64="EmvSOA3qEkOceV6r9WA3le0klh0="></latexit>

+

<latexit sha1_base64="B2vV5y1wk0LzUBoj8lQOcJEsClA="></latexit>→

<latexit sha1_base64="a8mZ9/0cacNq7+ISJEU2fn1wesU="></latexit>

50%
<latexit sha1_base64="a8mZ9/0cacNq7+ISJEU2fn1wesU="></latexit>

50%

classical 
ensemble
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Quantum Channel: Evolution of the system in an environment

<latexit sha1_base64="qJw3v0NBteqZW6AtgLoCkNfhdOQ="></latexit>

ω(i)S → ω(i)E

system
(open)

total
(closed)

unitary evolution

(non-unitary evolution)

Quantum Channel

<latexit sha1_base64="vWIQbWlI85W3m4WiaDmJXTZDrek="></latexit>

U(ω(i)S → ω(i)E )U †

<latexit sha1_base64="9YiWO+5nX8HguHQhCxvLaZlb7ps="></latexit>

ω(i)E = |0→↑0|E

<latexit sha1_base64="E09Yh77nrWwlVTz6lC9eiDGeejI="></latexit>

TrE→

<latexit sha1_base64="oVQiJHBNjYaNfwLiBZ86P9XYdi8="></latexit>

ω(f)S→

<latexit sha1_base64="cH6s84Qy7xciVv9zPv0Ucq/t8WU="></latexit>

ω(f)S→ = TrE→
[
U(ω(i)S → |0↑↓0|E)U †]

<latexit sha1_base64="vAoH8AeVeWSvpsWZt+n8Ry71DFg="></latexit>

E→ (S→) may not be the same as E (S).
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<latexit sha1_base64="NiLBqEX8Er5GWuDEqCGvvQ0+Sfc=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUTckUGdtd0Y3LivYBnbFk0rQNzSRDkhHK0N9w40IRt/6MO//GTFtBRQ9cOJxzL/feE8acaYPQh5NbWV1b38hvFra2d3b3ivsHbS0TRWiLSC5VN8SaciZoyzDDaTdWFEchp51wcpn5nXuqNJPi1kxjGkR4JNiQEWys5PtqLPs3d2mZnc76xRKqIAvPgxlxa8i1pF6vVat16M4thEpgiWa/+O4PJEkiKgzhWOuei2ITpFgZRjidFfxE0xiTCR7RnqUCR1QH6fzmGTyxygAOpbIlDJyr3ydSHGk9jULbGWEz1r+9TPzL6yVmWAtSJuLEUEEWi4YJh0bCLAA4YIoSw6eWYKKYvRWSMVaYGBtTwYbw9Sn8n7SrFdereNdnpcbFMo48OALHoAxccA4a4Ao0QQsQEIMH8ASencR5dF6c10VrzlnOHIIfcN4+AedGkaE=</latexit>

ω(i)S

<latexit sha1_base64="RUDfeM7oLV7fWQt8rNDPPsXc900="></latexit>

E : HS →↑ HS→



Quantum Channel: Evolution of the system in an environment
<latexit sha1_base64="cH6s84Qy7xciVv9zPv0Ucq/t8WU="></latexit>

ω(f)S→ = TrE→
[
U(ω(i)S → |0↑↓0|E)U †]

<latexit sha1_base64="vAoH8AeVeWSvpsWZt+n8Ry71DFg="></latexit>

E→ (S→) may not be the same as E (S).
137

<latexit sha1_base64="lCGBoqe5YMiafLzTI/zQ6LKJAmA="></latexit>

=
∑

k

→k|E→
(
U(ω(i)S ↑ |0↓→0|E)U†|k↓E→

<latexit sha1_base64="Tc+8qO0A1CTvdMr2D1pUehyBlog="></latexit>

{|k→E→}: basis of the traced out Env.



Quantum Channel: Evolution of the system in an environment
<latexit sha1_base64="cH6s84Qy7xciVv9zPv0Ucq/t8WU="></latexit>

ω(f)S→ = TrE→
[
U(ω(i)S → |0↑↓0|E)U †]

<latexit sha1_base64="lCGBoqe5YMiafLzTI/zQ6LKJAmA="></latexit>

=
∑

k

→k|E→
(
U(ω(i)S ↑ |0↓→0|E)U†|k↓E→

<latexit sha1_base64="Tc+8qO0A1CTvdMr2D1pUehyBlog="></latexit>

{|k→E→}: basis of the traced out Env.

<latexit sha1_base64="6A3EOqDE2JGmztI5YzRJlwU/H/Y="></latexit>

=
∑

k

Kk ωS K†
k

<latexit sha1_base64="gjkRtpfHejsaNgKsnJVvbe9+Hp4="></latexit>

Kk = →k|E→U |0↑E

<latexit sha1_base64="S9IltXYRMYCDjINwNWp6CJlng08="></latexit>

operator : HS → HS→

138

<latexit sha1_base64="vAoH8AeVeWSvpsWZt+n8Ry71DFg="></latexit>

E→ (S→) may not be the same as E (S).



Quantum Channel: Evolution of the system in an environment

●            are the Kraus operators, satisfying
<latexit sha1_base64="Qfn71zZCYL+OzuO99S6ZjAxU2Ws="></latexit>

{Kk}

<latexit sha1_base64="cH6s84Qy7xciVv9zPv0Ucq/t8WU="></latexit>

ω(f)S→ = TrE→
[
U(ω(i)S → |0↑↓0|E)U †]

<latexit sha1_base64="lCGBoqe5YMiafLzTI/zQ6LKJAmA="></latexit>

=
∑

k

→k|E→
(
U(ω(i)S ↑ |0↓→0|E)U†|k↓E→

<latexit sha1_base64="Tc+8qO0A1CTvdMr2D1pUehyBlog="></latexit>

{|k→E→}: basis of the traced out Env.

<latexit sha1_base64="6A3EOqDE2JGmztI5YzRJlwU/H/Y="></latexit>

=
∑

k

Kk ωS K†
k

<latexit sha1_base64="gjkRtpfHejsaNgKsnJVvbe9+Hp4="></latexit>

Kk = →k|E→U |0↑E

<latexit sha1_base64="S9IltXYRMYCDjINwNWp6CJlng08="></latexit>

operator : HS → HS→

<latexit sha1_base64="pDcR/k2U4xm0ST238KptcfE34w8="></latexit>∑

k

K†
kKk =

∑

k

→0|EU†|k↑E→→k|E→U |0↑E = →0|EU †U |0↑E = 1l
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The quantum channel      is a map 

<latexit sha1_base64="2RM/wzDijhLCgqS2kOdYTd5klh4="></latexit>∑

k

K†
kKk = 1l

<latexit sha1_base64="WU/8zsoD710oHVOgxx2B3/SyKcQ="></latexit>

ω(i)S → ω(f)S→ = E [ω(i)S ] =
∑

k

Kkω
(i)
S K†

k

<latexit sha1_base64="DEgOzLvQw3pd+FETyJBziut2I0I="></latexit>

E : HS → HS→
<latexit sha1_base64="YTYBO5PpPwxMcRCFIQ79qaC/AHg="></latexit>

E
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The quantum channel      is a map 

<latexit sha1_base64="2RM/wzDijhLCgqS2kOdYTd5klh4="></latexit>∑

k

K†
kKk = 1l

<latexit sha1_base64="WU/8zsoD710oHVOgxx2B3/SyKcQ="></latexit>

ω(i)S → ω(f)S→ = E [ω(i)S ] =
∑

k

Kkω
(i)
S K†

k

<latexit sha1_base64="DEgOzLvQw3pd+FETyJBziut2I0I="></latexit>

E : HS → HS→
<latexit sha1_base64="YTYBO5PpPwxMcRCFIQ79qaC/AHg="></latexit>

E

Properties:

● Linear

● Trace-preserving

<latexit sha1_base64="GLuUprIJqpS3Ce3IYTmNMze01Vc="></latexit>

Tr[ω(f)S→ ] = Tr
(∑

k K
†
kKkω

(i)
S

)
= Tr[ω(i)S ]

● Completely-positive

<latexit sha1_base64="lggYg69MAG3VEf+f3ICRi89AEro="></latexit>

ω(f)S→ =
∑

k

Kk

√
ω(i)S

[
Kk

√
ω(i)S

]†

1 Note

For ω̃(i) = ωext → ω(i)S and K̃k = 1ext →Kk, the extended map ω̃(f) =
∑

k K̃kω̃(i)K
†
k is positive.

1

⌘ Any linear Completely-Positive Trace-Preserving (CPTP) map is a quantum channel.
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Single-qubit examples:

● Phase-flip
<latexit sha1_base64="AQA5GkZSVhn7x0gAUbydF1EMNbA="></latexit>

K0 =
√
1→ p 1l, K1 =

↑
pωz

142

<latexit sha1_base64="xXqF7zOWW/uPJ9Nx9jLeJRxtbGI="></latexit>

ω = 1
2 [1l +Biεi]

<latexit sha1_base64="d3r4Dq5cUoViYxMJfw5oDcXEQ8I="></latexit>

E(ω) = (1→ p)ω+ pεzω εz



Single-qubit examples:

● Phase-flip
<latexit sha1_base64="AQA5GkZSVhn7x0gAUbydF1EMNbA="></latexit>

K0 =
√
1→ p 1l, K1 =

↑
pωz

<latexit sha1_base64="xXqF7zOWW/uPJ9Nx9jLeJRxtbGI="></latexit>

ω = 1
2 [1l +Biεi]

<latexit sha1_base64="d3r4Dq5cUoViYxMJfw5oDcXEQ8I="></latexit>

E(ω) = (1→ p)ω+ pεzω εz

<latexit sha1_base64="7hcDri37uY6OiA/Iu1LumSbst9I="></latexit>

= 1
2 [1l +B→

iωi]
<latexit sha1_base64="HeySMNJMoKGBAy5sccuQLzyJA68="></latexit>

B→
x = (1→ 2p)Bx

<latexit sha1_base64="usOiq5HrwWHfywtPcstd8xgf5o4="></latexit>

B→
y = (1→ 2p)By

<latexit sha1_base64="7oaEzy5dXamrpWl2L7HK79CDk38="></latexit>

B→
z = Bz

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>



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Single-qubit examples:

● Phase-flip
<latexit sha1_base64="AQA5GkZSVhn7x0gAUbydF1EMNbA="></latexit>

K0 =
√
1→ p 1l, K1 =

↑
pωz

<latexit sha1_base64="xXqF7zOWW/uPJ9Nx9jLeJRxtbGI="></latexit>

ω = 1
2 [1l +Biεi]

<latexit sha1_base64="d3r4Dq5cUoViYxMJfw5oDcXEQ8I="></latexit>

E(ω) = (1→ p)ω+ pεzω εz

<latexit sha1_base64="7hcDri37uY6OiA/Iu1LumSbst9I="></latexit>

= 1
2 [1l +B→

iωi]
<latexit sha1_base64="HeySMNJMoKGBAy5sccuQLzyJA68="></latexit>

B→
x = (1→ 2p)Bx

<latexit sha1_base64="usOiq5HrwWHfywtPcstd8xgf5o4="></latexit>

B→
y = (1→ 2p)By

<latexit sha1_base64="7oaEzy5dXamrpWl2L7HK79CDk38="></latexit>

B→
z = Bz

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>




● Depolarising 
<latexit sha1_base64="g+JYxBKP1h2Hc6b4K4uDuBiAvGk="></latexit>

K0 =
√
1→ 3p

4 1l, Ki =
√

p
4 ωi,

<latexit sha1_base64="NsThE2Te7+6Jc6kVPPGjJAk5dnA="></latexit>

E(ω) = (1→ p)ω+ p 1l
2

<latexit sha1_base64="cXymG7MNg87Sd3ZOv/E32ATZ7Ac="></latexit>ω

<latexit sha1_base64="0Bk+eUcsxukk/mWY23OFkqXuey4="></latexit>

ωiεωi = 21l→ ε
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4

Choi Matrix: A quantum channel can be described by a single matrix.

● Consider an input state:
<latexit sha1_base64="3g0F6Hps14cjg9vFSwHleJMdxro="></latexit>

din = dimHin
<latexit sha1_base64="4MAR+UexkX1NzqAub7z3STslTIU="></latexit>

dout = dimHout
<latexit sha1_base64="6onrYBOFRdXwnFJmxjlDvnf5rFo="></latexit>

D = din · dout
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.
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ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
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EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =
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i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1
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∑
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⎞
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k
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)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4

Choi Matrix: A quantum channel can be described by a single matrix.

● Consider an input state:

● Quantum Channel: 

<latexit sha1_base64="3g0F6Hps14cjg9vFSwHleJMdxro="></latexit>

din = dimHin
<latexit sha1_base64="4MAR+UexkX1NzqAub7z3STslTIU="></latexit>

dout = dimHout
<latexit sha1_base64="6onrYBOFRdXwnFJmxjlDvnf5rFo="></latexit>

D = din · dout
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)
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E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1
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∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.
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k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
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EkρinE
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If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals
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x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1
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∑
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⎞
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
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(1⊗ Ek) |Ω⟩⟨Ω|
(
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)
=

1
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∑
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|i⟩⟨j |⊗
(
∑
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Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.
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● Consider an input state:

● Quantum Channel: 
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
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din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
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)
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)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.
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If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
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D×D Choi matrix, Ẽ , is then expressed in this basis as
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.
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channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
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quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,
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where |ϱ̃k⟩ ≡
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We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
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|Ω⟩ ≡ 1√
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through the action of some operator Ek :Hin →Hout as
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Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies
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Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
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channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
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Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
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We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
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|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
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linearity, we calculate the action of E on any state ρin as

E (ρin) =
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Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
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din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies
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then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
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Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =
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Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.
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channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
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∑
k E

†
kEk = 1.

4

<latexit sha1_base64="qP8UoHC0oz9HGEFYW1b/nXF8xMs="></latexit>

Hout

● Define the            Choi matrix as

Quantum Sci. Technol. 10 (2025) 045060 C Altomonte et al

A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4

<latexit sha1_base64="3g0F6Hps14cjg9vFSwHleJMdxro="></latexit>

din = dimHin
<latexit sha1_base64="4MAR+UexkX1NzqAub7z3STslTIU="></latexit>

dout = dimHout
<latexit sha1_base64="6onrYBOFRdXwnFJmxjlDvnf5rFo="></latexit>

D = din · dout

<latexit sha1_base64="rmkp/zD+bMOwgc029lmx2mw6mhc="></latexit>

D →D
<latexit sha1_base64="NHuImhCE1cKlw91EjbzLTZAwaTg="></latexit>

each block is a dout → dout matrix

● The Choi matrix has complete information about the quantum channel.
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4

● The Choi matrix is Hermitian              
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A quantum instrument is related to a quantum channel in an obvious way: If we were to include the
outcomes x we have discarded, Px̄ = 1−Px =

∑
k∈x̄ |k⟩⟨k|, the map would become a quantum channel:

ρout $→ ρout = TrE′((Px +Px̄)ρout). The quantum instrument can also be constructed with the restricted set
of Kraus operators corresponding to the domain x:

"x = Ix (ρin) =
∑

k∈x

EkρinE
†
k . (4)

If the range of outcomes x that we are interested in is a continuous set, as it will be the case in section 3,
then the sums over k ∈ x should be replaced by integrals

´
x dµ(k) with an appropriate measure µ.

2.3. Choi matrices
Let din and dout be the dimensions of the input and output Hilbert spaces: din = dimHin and
dout = dimHout. Any linear map on operators B(Hin)→ B(Hout) can be described, in chosen bases ofHin

andHout, through a D×Dmatrix with D= din · dout. For the case of a completely positive map, such a
matrix is called a Choi matrix of the map.

Let {|i⟩} and {|α⟩} be the orthonormal bases ofHin andHout, respectively. We first expand the input
state in the basis {|i⟩⟨j|} of B(Hin): ρin =

∑
i,j ρij|i⟩⟨j|, where [ρij] is a din × din density matrix. The quantum

channel, E , is completely determined once its action on all the basis elements, E(|i⟩⟨j|), is specified. Then, by
linearity, we calculate the action of E on any state ρin as

E (ρin) =
∑

i,j

ρij E (|i⟩⟨j|) . (5)

Since E(|i⟩⟨j|) ∈ B(Hout) it can be represented by a dout × dout matrix, [E(|i⟩⟨j|)]αβ = ⟨α|E(|i⟩⟨j|)|β⟩. The
D×D Choi matrix, Ẽ , is then expressed in this basis as

Ẽ ≡ 1

din

∑

i,j

|i⟩⟨j |⊗ E (|i⟩⟨j |) = 1

din

⎛

⎜⎜⎜⎝

E (|1⟩⟨1|) E (|1⟩⟨2|) · · · E (|1⟩⟨din|)
E (|2⟩⟨1|) E (|2⟩⟨2|) · · · E (|2⟩⟨din|)

...
...

. . .
...

E (|din⟩⟨1|) E (|din⟩⟨2|) · · · E (|din⟩⟨din|)

⎞

⎟⎟⎟⎠
. (6)

Here, each element E(|i⟩⟨j|) is a dout × dout block matrix. Since E is trace-preserving, the trace of the diagonal
block is one, Tr[E(|i⟩⟨i|)] = 1, for any i ∈ {1, . . . ,din}, which means that the Choi matrix has a unit trace.

A powerful theorem in quantum information, known as the Choi–Jamiołkowski isomorphism [40, 41] or
channel–state duality, states that a map E : B(Hin)→ B(Hout) is completely positive if and only if the
corresponding Choi matrix (6) is positive semi-definite. In particular, E is a quantum channel iff Ẽ is a
quantum state in S(Hin ⊗Hout). Consequently, it can also be written as a mixture of pure states
|ϱk⟩ ∈Hin ⊗Hout with some probabilities pk,

Ẽ =
∑

k

|ϱ̃k⟩⟨ϱ̃k|, (7)

where |ϱ̃k⟩ ≡
√
pk|ϱk⟩.

We note that any ket |ϱ̃k⟩ ∈Hin ⊗Hout can be obtained from the maximally entangled state in
Hin ⊗Hin,

|Ω⟩ ≡ 1√
din

din∑

i=1

|i⟩⊗ |i⟩ (8)

through the action of some operator Ek :Hin →Hout as

|ϱ̃k⟩ = (1⊗ Ek) |Ω⟩. (9)

Using this expression, equation (7) becomes

Ẽ =
∑

k

(1⊗ Ek) |Ω⟩⟨Ω|
(
1⊗ E†k

)
=

1

din

∑

i,j

|i⟩⟨j |⊗
(
∑

k

Ek|i⟩⟨j |E†k

)

Comparing the last expression with equation (6), we conclude that Ek are the Kraus operators for the channel
E . In fact, Tr Ẽ = 1 implies

∑
k E

†
kEk = 1.

4

● QC is Completely-Positive    <latexit sha1_base64="dhdzDSncI+0iGFDL3b7lLLizcYg="></latexit>→
<latexit sha1_base64="gKIfZLwWhyNwt63ptj1jfKD87RY="></latexit>

Ẽ is PSD

● QC is Trace-Preserving <latexit sha1_base64="dhdzDSncI+0iGFDL3b7lLLizcYg="></latexit>→
<latexit sha1_base64="jo5rsn8DWmdYji1nyL7MWK+AGJI="></latexit>

Tr Ẽ = 1

<latexit sha1_base64="/hsQBxN1bQckC9x/qd9kNdA3eX8="></latexit>

Ẽ† = Ẽ
<latexit sha1_base64="Ee4hEyBmehnJdzMb8dLdeaK5KaQ="></latexit>

Ẽ is a state in Hin →Hout

Choi–Jamiołkowski isomorphism
“Channel–State duality”

Jamiołkowski (1972), Choi (1975)

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit> 



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Time evolution of open quantum systems 

● Consider a short time interval  δt

<latexit sha1_base64="XYxfn5g0gwzoT2MW92zanNlNJaA="></latexit>

K0 = 1l +G ωt
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→
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ω(t+ εt) = K0 ωK
†
0 +

∑

j→1

Kj ωK
†
j
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Time evolution of open quantum systems 

● Consider a short time interval  δt
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K0 = 1l +G ωt
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(j → 1)
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Time evolution of open quantum systems 

● Consider a short time interval  δt
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K0 = 1l +G ωt
<latexit sha1_base64="wxzcw0r/xSG7y9LsrKYJTIh3N1Q="></latexit>

Kj = Lj

→
ωt

<latexit sha1_base64="hkI7Vsj3gxQ9HmwON/Z+i7DPARE="></latexit>

(j → 1)

● Trace-Preservation condition

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>
<latexit sha1_base64="vTdOQrVKP8oYq9BlatPWhYwmoDg="></latexit>

= 0

<latexit sha1_base64="URpEa7xdbAjaFLklEn2BasuEL8Y="></latexit>

G = →iH → 1

2

∑

j→1

L
†
jLj

<latexit sha1_base64="4tYjTPayd0C53K7XuEFa8aWlTN0="></latexit>

1l = K†
0K0 +

∑

j→1

K†
jKj = 1l +

[
G+G† +

∑

j→1

L†
jLj

]
ωt

<latexit sha1_base64="odq8uLrAKl7M5JV2gnJ19Byr1GA="></latexit>

!
<latexit sha1_base64="FNKVqducQcDwm0k3FIXj1g5WJ4c="></latexit>→

<latexit sha1_base64="Dx4DwviS8nGywpBEilPOgZQQXt4="></latexit>

= ω +
[
Gω+ ωG† +

∑

j→1

LjωL
†
j

]
εt

<latexit sha1_base64="86tJNcS8ZFIBOdV9TH3PgsLVfl0="></latexit>

ω(t+ εt) = K0 ωK
†
0 +

∑

j→1

Kj ωK
†
j
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Time evolution of open quantum systems 

● Consider a short time interval  δt

<latexit sha1_base64="XYxfn5g0gwzoT2MW92zanNlNJaA="></latexit>

K0 = 1l +G ωt
<latexit sha1_base64="wxzcw0r/xSG7y9LsrKYJTIh3N1Q="></latexit>

Kj = Lj

→
ωt

<latexit sha1_base64="hkI7Vsj3gxQ9HmwON/Z+i7DPARE="></latexit>

(j → 1)

● Trace-Preservation condition

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>
<latexit sha1_base64="vTdOQrVKP8oYq9BlatPWhYwmoDg="></latexit>

= 0

<latexit sha1_base64="URpEa7xdbAjaFLklEn2BasuEL8Y="></latexit>

G = →iH → 1

2

∑

j→1

L
†
jLj

<latexit sha1_base64="4tYjTPayd0C53K7XuEFa8aWlTN0="></latexit>

1l = K†
0K0 +

∑

j→1

K†
jKj = 1l +

[
G+G† +

∑

j→1

L†
jLj

]
ωt

<latexit sha1_base64="odq8uLrAKl7M5JV2gnJ19Byr1GA="></latexit>

!
<latexit sha1_base64="FNKVqducQcDwm0k3FIXj1g5WJ4c="></latexit>→

<latexit sha1_base64="Dx4DwviS8nGywpBEilPOgZQQXt4="></latexit>

= ω +
[
Gω+ ωG† +

∑

j→1

LjωL
†
j

]
εt

<latexit sha1_base64="Dnq6X216FG6w0V4S8sMsDv2kNCQ="></latexit>

dω

dt
= →i[H, ω] +

∑

j

[
LjωL

†
j →

1

2
{L†

jLj , ω}
] Gorini, Kossakowski, 

Sudarshan (1976), 
Lindblad (1976)

The GKSL (Lindblad master) equation: 

<latexit sha1_base64="86tJNcS8ZFIBOdV9TH3PgsLVfl0="></latexit>

ω(t+ εt) = K0 ωK
†
0 +

∑

j→1

Kj ωK
†
j
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Single-qubit example:

● Dephasing 
<latexit sha1_base64="BHBDfhLvmbkeI5i+63ndCgLG5PA="></latexit>

L =
√

ω
2 ωz

<latexit sha1_base64="Dnq6X216FG6w0V4S8sMsDv2kNCQ="></latexit>

dω

dt
= →i[H, ω] +

∑

j

[
LjωL

†
j →

1

2
{L†

jLj , ω}
]

<latexit sha1_base64="FNKVqducQcDwm0k3FIXj1g5WJ4c="></latexit>→
<latexit sha1_base64="T7mqMJW4vy9M8MmsKcPPGHA9Q4Y="></latexit>

ω̇00 = ω̇11 = 0
<latexit sha1_base64="OTBkxcPVZDqeU5dVBH7+pEdBtJM="></latexit>

ω̇01 = →ε · ω01
<latexit sha1_base64="FNKVqducQcDwm0k3FIXj1g5WJ4c="></latexit>→

<latexit sha1_base64="PIubbDO4qeTt5Us8GWeiPqztZHM="></latexit>








<latexit sha1_base64="3lrhONMdxwtgR2iYxnoo3nAL7Eg="></latexit>

ω(t) =

(
ω00(0) e→ωt ω01(0)

e→ωt ω10(0) ω11(0)

)
<latexit sha1_base64="FNKVqducQcDwm0k3FIXj1g5WJ4c="></latexit>→

coherence (off-diagonal) terms decay exponentially

<latexit sha1_base64="dGVYYLAvW/kXbmKXOwD2q/mJjYw="></latexit>

ω̇ = ω
2 (εzωεz → ω)
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Application

● Decoherence as radiation effects

● Reconstruction of QC; probing NLQM
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout
<latexit sha1_base64="81kkyi6AZsSy4sOACWOladX/y2U="></latexit>

C2
e→ → C2

e+ ↑
<latexit sha1_base64="o/X9X9kVXmJW7vigAMrPZZ5JXLo="></latexit>

→ C2
t ↑ C2

t̄

<latexit sha1_base64="2lUl1bNFxPyHx+bB2KjGHWWfrgI="></latexit>ωin
<latexit sha1_base64="p8NYqlaAYkSsnEsD0m1yT1VYFJQ="></latexit>

ωxout

target channel
<latexit sha1_base64="Oq2BDE+d0v49TeeZ98K0fGQPl6w="></latexit>

Ix(ωin) = εxout (Quantum Instrument)

<latexit sha1_base64="CE57GSaSasLJ+hQSxbjBJ4EaUVQ="></latexit>

tt̄ spin state subject to a kinematic selection x
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout
<latexit sha1_base64="81kkyi6AZsSy4sOACWOladX/y2U="></latexit>

C2
e→ → C2

e+ ↑
<latexit sha1_base64="o/X9X9kVXmJW7vigAMrPZZ5JXLo="></latexit>

→ C2
t ↑ C2

t̄

<latexit sha1_base64="2lUl1bNFxPyHx+bB2KjGHWWfrgI="></latexit>ωin
<latexit sha1_base64="p8NYqlaAYkSsnEsD0m1yT1VYFJQ="></latexit>

ωxout

<latexit sha1_base64="VtqRDvbM2R1YWwDCy6fB5ot0zsg="></latexit>

ωin → ω(i)E
SM Fock space <latexit sha1_base64="1zQtHovBB/0dKUWcXEsRe7q2aFM="></latexit>

S[ωin → ω(i)E ]S†

unitary evolution

(closed)
<latexit sha1_base64="TcMmhzeDRtm6NRrry3CBkzei6VM="></latexit>Px, TrE→

target channel
<latexit sha1_base64="Oq2BDE+d0v49TeeZ98K0fGQPl6w="></latexit>

Ix(ωin) = εxout (Quantum Instrument)

<latexit sha1_base64="CE57GSaSasLJ+hQSxbjBJ4EaUVQ="></latexit>

tt̄ spin state subject to a kinematic selection x
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Fock 
space

<latexit sha1_base64="2lUl1bNFxPyHx+bB2KjGHWWfrgI="></latexit>ωin
<latexit sha1_base64="p8NYqlaAYkSsnEsD0m1yT1VYFJQ="></latexit>

ωxout

<latexit sha1_base64="VtqRDvbM2R1YWwDCy6fB5ot0zsg="></latexit>

ωin → ω(i)E

<latexit sha1_base64="1zQtHovBB/0dKUWcXEsRe7q2aFM="></latexit>

S[ωin → ω(i)E ]S†

<latexit sha1_base64="TcMmhzeDRtm6NRrry3CBkzei6VM="></latexit>Px, TrE→

<latexit sha1_base64="pweKwvldTbVCVVdde2FnXirL3xE="></latexit>

(i)

<latexit sha1_base64="G1Q0UGD46hte7SLUoQodYkQfBoA="></latexit>

(ii)
<latexit sha1_base64="OjVxLvrC5SVVV+uOOa64ZD3nUC8="></latexit>

(iii)

<latexit sha1_base64="+wCcHFVjDkb8V6Quhjoahaq9U6c="></latexit>

(iv)

<latexit sha1_base64="PZkgBmTTvsx75aLQgibZZl1ni60="></latexit>

(v)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.

6

<latexit sha1_base64="G1Q0UGD46hte7SLUoQodYkQfBoA="></latexit>

(ii)

<latexit sha1_base64="UI44CXdWyclBVp/0w18Mz6OUKpI="></latexit>

e→e+ spin basis

159



Fock 
space

<latexit sha1_base64="2lUl1bNFxPyHx+bB2KjGHWWfrgI="></latexit>ωin
<latexit sha1_base64="p8NYqlaAYkSsnEsD0m1yT1VYFJQ="></latexit>

ωxout

<latexit sha1_base64="VtqRDvbM2R1YWwDCy6fB5ot0zsg="></latexit>

ωin → ω(i)E

<latexit sha1_base64="1zQtHovBB/0dKUWcXEsRe7q2aFM="></latexit>

S[ωin → ω(i)E ]S†

<latexit sha1_base64="TcMmhzeDRtm6NRrry3CBkzei6VM="></latexit>Px, TrE→

<latexit sha1_base64="pweKwvldTbVCVVdde2FnXirL3xE="></latexit>

(i)

<latexit sha1_base64="G1Q0UGD46hte7SLUoQodYkQfBoA="></latexit>

(ii)
<latexit sha1_base64="OjVxLvrC5SVVV+uOOa64ZD3nUC8="></latexit>

(iii)

<latexit sha1_base64="+wCcHFVjDkb8V6Quhjoahaq9U6c="></latexit>

(iv)

<latexit sha1_base64="PZkgBmTTvsx75aLQgibZZl1ni60="></latexit>

(v)

Quantum Sci. Technol. 10 (2025) 045060 C Altomonte et al

state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by
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8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.

6

<latexit sha1_base64="G1Q0UGD46hte7SLUoQodYkQfBoA="></latexit>

(ii)

<latexit sha1_base64="OjVxLvrC5SVVV+uOOa64ZD3nUC8="></latexit>

(iii)

Quantum Sci. Technol. 10 (2025) 045060 C Altomonte et al

state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to
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=
∑
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× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′
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[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L
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)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and
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A,B
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[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where the final state momenta and spins/flavours are unconstrained. The rescaling from ! ′
x to !x is

independent of the initial state ρin, therefore the map ρin !→ !x is still linear. Because the normalisation factor
was introduced by hand, the quantity

Tr!x =
σx (αϱ [ρin]→ γδ)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) , (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ρx ∈ S(Hγδ) is given by formula (3), as in
the standard quantum instrument, so that the artificial normalisation factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement, Ix(ρin), is given by
equations (20)–(22) and (24). Using the linearity of the map and equation (13), we find that the rescaled
Choi matrix element is given by

Ix (|I, J⟩⟨K,L|)[A,B],[C,D] =
1

din

1

σN

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
. (26)

Finally, we note that !x can be obtained from ρin with the help of rescaled Kraus operators as

!x = Ix (ρin) =
ˆ
x
dΠLIPSE

(
pf
)
ρinE

† (pf
)
, (27)

with

E
(
pf
)
=

1√
2sσN

∑

I,J,A,B

MI,J
A,B|A,B⟩⟨I, J| . (28)

For any given initial state ρin =
∑

I,J,K,L
ρin[I,J],[K,L]|I, J⟩⟨K,L|, the Choi matrix (26), calculated within a

specific model, enables us to immediately calculate the model’s prediction of the outcome as

⟨A,B|!x|C,D⟩ = din
∑

I,J,K,L

(ρin)[I,J],[K,L] Ix (|I, J⟩⟨K,L|)[A,B],[C,D] . (29)

3.2. Foundational tests via Choi matrix reconstruction
An experimental measurement of the elements of the Choi matrix for a scattering process offers a unique
possibility to test the predictions of a particular quantum field theoretic model (e.g. Standard Model), and of
quantum theory in general.

The possibility of performing the relevant Choi matrix reconstruction is based on three assumptions:

1. The initial spins and/or flavours of both particles α and ϱ can be prepared independently in any of the d2in
linearly independent states of the form ρ(a,b)in = ρain,α ⊗ ρbin,β .

2. For any input state ρ(a,b)in one can perform a reliable quantum state tomography which yields a

reconstructed state ρ(a,b)x ∈ S(Hout) of the spins and/or flavours of the outgoing particles γ, δ, for some
range x of their kinematic parameters.

3. One can measure:

• σ
(
αϱ[ρmix

in ]→ γδ
)
— the inclusive cross section for the process αϱ→ γδ with an ensemble of

random spins and/or flavours of α and ϱ;

• σx
(
αϱ[ρ(a,b)in ]→ γδ

)
— the effective cross section after the kinematic selection, x, of the γδ momenta,

for any of the initial states ρkin.

With the above assumptions, one obtains d2in quantum instrument outcomes:

!(a,b)x =
σx
(
αϱ
[
ρ(a,b)in

]
→ γδ

)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) · ρ(a,b)x . (30)

The first condition implies that ρain,α and ρbin,β span the spaces S(Hα) and S(Hβ), respectively. Hence, we

can find the coefficients X(I,K)
a and Y(J,L)

b satisfying

|I⟩⟨K|α =
dimHα∑

a=1

X(I,K)
a ρain,α and |J⟩⟨L|β =

dimHβ∑

b=1

Y(J,L)
b ρbin,β . (31)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
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states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise
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where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑
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∑
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ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J
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(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where the final state momenta and spins/flavours are unconstrained. The rescaling from ! ′
x to !x is

independent of the initial state ρin, therefore the map ρin !→ !x is still linear. Because the normalisation factor
was introduced by hand, the quantity

Tr!x =
σx (αϱ [ρin]→ γδ)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) , (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ρx ∈ S(Hγδ) is given by formula (3), as in
the standard quantum instrument, so that the artificial normalisation factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement, Ix(ρin), is given by
equations (20)–(22) and (24). Using the linearity of the map and equation (13), we find that the rescaled
Choi matrix element is given by

Ix (|I, J⟩⟨K,L|)[A,B],[C,D] =
1

din

1

σN

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
. (26)

Finally, we note that !x can be obtained from ρin with the help of rescaled Kraus operators as

!x = Ix (ρin) =
ˆ
x
dΠLIPSE

(
pf
)
ρinE

† (pf
)
, (27)

with

E
(
pf
)
=

1√
2sσN

∑

I,J,A,B

MI,J
A,B|A,B⟩⟨I, J| . (28)

For any given initial state ρin =
∑

I,J,K,L
ρin[I,J],[K,L]|I, J⟩⟨K,L|, the Choi matrix (26), calculated within a

specific model, enables us to immediately calculate the model’s prediction of the outcome as

⟨A,B|!x|C,D⟩ = din
∑

I,J,K,L

(ρin)[I,J],[K,L] Ix (|I, J⟩⟨K,L|)[A,B],[C,D] . (29)

3.2. Foundational tests via Choi matrix reconstruction
An experimental measurement of the elements of the Choi matrix for a scattering process offers a unique
possibility to test the predictions of a particular quantum field theoretic model (e.g. Standard Model), and of
quantum theory in general.

The possibility of performing the relevant Choi matrix reconstruction is based on three assumptions:

1. The initial spins and/or flavours of both particles α and ϱ can be prepared independently in any of the d2in
linearly independent states of the form ρ(a,b)in = ρain,α ⊗ ρbin,β .

2. For any input state ρ(a,b)in one can perform a reliable quantum state tomography which yields a

reconstructed state ρ(a,b)x ∈ S(Hout) of the spins and/or flavours of the outgoing particles γ, δ, for some
range x of their kinematic parameters.

3. One can measure:

• σ
(
αϱ[ρmix

in ]→ γδ
)
— the inclusive cross section for the process αϱ→ γδ with an ensemble of

random spins and/or flavours of α and ϱ;

• σx
(
αϱ[ρ(a,b)in ]→ γδ

)
— the effective cross section after the kinematic selection, x, of the γδ momenta,

for any of the initial states ρkin.

With the above assumptions, one obtains d2in quantum instrument outcomes:

!(a,b)x =
σx
(
αϱ
[
ρ(a,b)in

]
→ γδ

)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) · ρ(a,b)x . (30)

The first condition implies that ρain,α and ρbin,β span the spaces S(Hα) and S(Hβ), respectively. Hence, we

can find the coefficients X(I,K)
a and Y(J,L)

b satisfying

|I⟩⟨K|α =
dimHα∑

a=1

X(I,K)
a ρain,α and |J⟩⟨L|β =

dimHβ∑

b=1

Y(J,L)
b ρbin,β . (31)
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where the final state momenta and spins/flavours are unconstrained. The rescaling from ! ′
x to !x is

independent of the initial state ρin, therefore the map ρin !→ !x is still linear. Because the normalisation factor
was introduced by hand, the quantity

Tr!x =
σx (αϱ [ρin]→ γδ)

σ
(
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[
ρmix
in

]
→ γδ

) , (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ρx ∈ S(Hγδ) is given by formula (3), as in
the standard quantum instrument, so that the artificial normalisation factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement, Ix(ρin), is given by
equations (20)–(22) and (24). Using the linearity of the map and equation (13), we find that the rescaled
Choi matrix element is given by
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(
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ρin[I,J],[K,L]|I, J⟩⟨K,L|, the Choi matrix (26), calculated within a

specific model, enables us to immediately calculate the model’s prediction of the outcome as

⟨A,B|!x|C,D⟩ = din
∑

I,J,K,L

(ρin)[I,J],[K,L] Ix (|I, J⟩⟨K,L|)[A,B],[C,D] . (29)

3.2. Foundational tests via Choi matrix reconstruction
An experimental measurement of the elements of the Choi matrix for a scattering process offers a unique
possibility to test the predictions of a particular quantum field theoretic model (e.g. Standard Model), and of
quantum theory in general.

The possibility of performing the relevant Choi matrix reconstruction is based on three assumptions:

1. The initial spins and/or flavours of both particles α and ϱ can be prepared independently in any of the d2in
linearly independent states of the form ρ(a,b)in = ρain,α ⊗ ρbin,β .

2. For any input state ρ(a,b)in one can perform a reliable quantum state tomography which yields a

reconstructed state ρ(a,b)x ∈ S(Hout) of the spins and/or flavours of the outgoing particles γ, δ, for some
range x of their kinematic parameters.

3. One can measure:

• σ
(
αϱ[ρmix

in ]→ γδ
)
— the inclusive cross section for the process αϱ→ γδ with an ensemble of

random spins and/or flavours of α and ϱ;

• σx
(
αϱ[ρ(a,b)in ]→ γδ

)
— the effective cross section after the kinematic selection, x, of the γδ momenta,

for any of the initial states ρkin.

With the above assumptions, one obtains d2in quantum instrument outcomes:

!(a,b)x =
σx
(
αϱ
[
ρ(a,b)in

]
→ γδ

)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) · ρ(a,b)x . (30)

The first condition implies that ρain,α and ρbin,β span the spaces S(Hα) and S(Hβ), respectively. Hence, we

can find the coefficients X(I,K)
a and Y(J,L)

b satisfying

|I⟩⟨K|α =
dimHα∑
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X(I,K)
a ρain,α and |J⟩⟨L|β =
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to
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x = TrP [PxρoutPx]

=
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dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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state tomography will give us the corresponding effective output state ρkx. In order to obtain "kx = Ix(ρkin)
instead, we need to multiply ρkx by the probability that measurement on the auxiliary system E′ gave an
outcome in x, as indicated in equation (3).

In section 4 we present an explicit procedure for the reconstruction of a quantum instrument associated
with the t̄t production in polarised e−e+ scattering. In particular, we will see that, in this case, the presence of
the outcome x corresponds to a particular energy-momentum selection of the t̄t state.

3. Quantum instruments in collisions

3.1. From S-matrix to quantum instruments
In this section, we demonstrate how quantum instruments naturally arise in measurements in high energy
experiments. For concreteness, we consider 2→ 2 scattering8 αβ→ ϱδ. We concentrate on the transition of
internal (finite-dimensional) degrees of freedom, such as spin and flavour. For the initial state, let us denote
the Hilbert space of these internal degrees of freedom byHin =Hα ⊗Hβ , and its basis kets by |I, J⟩=
|I, J⟩= |I⟩⊗ |J⟩ or |K⟩⊗ |L⟩, where |I⟩, |K⟩ ∈Hα and |J⟩, |L⟩ ∈Hβ . Similarly, for the final state, we have
Hout =Hγ ⊗Hδ and |A,B⟩= |A⟩⊗ |B⟩, |C,D⟩= |C⟩⊗ |D⟩ with |A⟩, |C⟩ ∈Hγ and |B⟩, |D⟩ ∈Hδ . We are
interested in the quantum instrument, which maps an initial state ρin ∈ S(Hin) into an unnormalised state
"x ∈ B+(Hout), arising from the time evolution and the subsequent selective measurement with the outcome
lying within a range x.

To explicitly construct a quantum instrument, we expand the initial state in terms of the basis operators
inHin as

ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|I, J⟩⟨K,L|, (13)

where ρin[I,J],[K,L] is the expansion coefficient, also interpreted as the [I, J], [K,L] element of the density matrix.
In what follows, we assume the momentum and the internal degrees of freedom in the initial state are not
correlated. This condition is often satisfied to a good approximation at colliders9. At lepton colliders, the
beam energy resolution is good enough so that we can regard the initial state as a pure state, |p̃in⟩, where p̃in
collectively denotes the momenta of two colliding particles, α and β. The tilde indicates that this state is
normalised as ⟨p̃in|p̃in⟩= 1. In the context of high energy collisions, the initial state is of the product form,
ρin = ραin ⊗ ρβin, with ρ

α
in ∈ S(Hα) and ρ

β
in ∈ S(Hβ), because the beams are not correlated before the collision.

In collider physics, the process of calculating a final state "x within quantum theory proceeds as follows:

[1] The initial state of the incoming particles is written as

ρin = |p̃in⟩⟨p̃in|⊗ ρin =
∑

I,J,K,L

ρin[I,J],[K,L]|p̃in; I, J⟩⟨p̃in;K,L| , (14)

which includes both their momenta and spins. The condition Trρin = 1 follows from the proper
normalisation of |p̃in⟩.

[2] We then evolve the entire system with the unitary S-matrix:

ρin &→ ρout = SρinS
†. (15)

[3] After the collision of αβ, we measure the ϱδ final state. At this point, we might want to constrain the
final state momenta in a restricted region x. This may reflect the fact that the detector has a finite
resolution or a fiducial volume, or it is simply due to the event selection in the analysis. The complete set
in terms of the late-time asymptotic states is given by

1̂=
∑

f

⎡

⎣

⎛

⎝
∏

i∈f

ˆ
dΠi

⎞

⎠ |f⟩⟨f |

⎤

⎦ , dΠi =
d3pi

(2π)3 2Ei
, (16)

8 Extensions to 2→ n scattering and to inclusive processes, e.g. αβ → δγ+X with X being extra particles to be ignored are straightfor-
ward by modifying the projection operator (18) as desired. This is directly relevant in the e+e− → t̄t process discussed in section 4 if one
wants to consider an exclusive t̄t+ n jets final state or the inclusive t̄t+ jets final state. However, we do not consider these channels further
in this paper.
9 At hadron colliders, however, the initial parton momentum is correlated with the parton flavour, as captured by the parton distribution
functions. On the other hand, the spin degrees of freedom is uncorrelated with the momentum, even in hadron collider.
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where the final state momenta and spins/flavours are unconstrained. The rescaling from ! ′
x to !x is

independent of the initial state ρin, therefore the map ρin !→ !x is still linear. Because the normalisation factor
was introduced by hand, the quantity

Tr!x =
σx (αϱ [ρin]→ γδ)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) , (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ρx ∈ S(Hγδ) is given by formula (3), as in
the standard quantum instrument, so that the artificial normalisation factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement, Ix(ρin), is given by
equations (20)–(22) and (24). Using the linearity of the map and equation (13), we find that the rescaled
Choi matrix element is given by

Ix (|I, J⟩⟨K,L|)[A,B],[C,D] =
1

din

1

σN

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
. (26)

Finally, we note that !x can be obtained from ρin with the help of rescaled Kraus operators as

!x = Ix (ρin) =
ˆ
x
dΠLIPSE

(
pf
)
ρinE

† (pf
)
, (27)

with

E
(
pf
)
=

1√
2sσN

∑

I,J,A,B

MI,J
A,B|A,B⟩⟨I, J| . (28)

For any given initial state ρin =
∑

I,J,K,L
ρin[I,J],[K,L]|I, J⟩⟨K,L|, the Choi matrix (26), calculated within a

specific model, enables us to immediately calculate the model’s prediction of the outcome as

⟨A,B|!x|C,D⟩ = din
∑

I,J,K,L

(ρin)[I,J],[K,L] Ix (|I, J⟩⟨K,L|)[A,B],[C,D] . (29)

3.2. Foundational tests via Choi matrix reconstruction
An experimental measurement of the elements of the Choi matrix for a scattering process offers a unique
possibility to test the predictions of a particular quantum field theoretic model (e.g. Standard Model), and of
quantum theory in general.

The possibility of performing the relevant Choi matrix reconstruction is based on three assumptions:

1. The initial spins and/or flavours of both particles α and ϱ can be prepared independently in any of the d2in
linearly independent states of the form ρ(a,b)in = ρain,α ⊗ ρbin,β .

2. For any input state ρ(a,b)in one can perform a reliable quantum state tomography which yields a

reconstructed state ρ(a,b)x ∈ S(Hout) of the spins and/or flavours of the outgoing particles γ, δ, for some
range x of their kinematic parameters.

3. One can measure:

• σ
(
αϱ[ρmix

in ]→ γδ
)
— the inclusive cross section for the process αϱ→ γδ with an ensemble of

random spins and/or flavours of α and ϱ;

• σx
(
αϱ[ρ(a,b)in ]→ γδ

)
— the effective cross section after the kinematic selection, x, of the γδ momenta,

for any of the initial states ρkin.

With the above assumptions, one obtains d2in quantum instrument outcomes:

!(a,b)x =
σx
(
αϱ
[
ρ(a,b)in

]
→ γδ

)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) · ρ(a,b)x . (30)

The first condition implies that ρain,α and ρbin,β span the spaces S(Hα) and S(Hβ), respectively. Hence, we

can find the coefficients X(I,K)
a and Y(J,L)

b satisfying

|I⟩⟨K|α =
dimHα∑

a=1

X(I,K)
a ρain,α and |J⟩⟨L|β =

dimHβ∑

b=1

Y(J,L)
b ρbin,β . (31)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
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=
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× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix
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din
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where
∑

f represents the summation over all single- and multi-particle final states and all internal
degrees of freedom. The index i labels an individual particle in the final state f. The N and N ′ particle
states |f⟩ and |f ′⟩ have no overlap if their particle contents are different, otherwise

⟨f |f ′⟩=
∏

i∈f

(2π)3 2Ei δ
3 (pi − p ′

i ) . (17)

Note that this normalisation is different than that of |p̃in⟩.
The projection operator, Px, implementing our selective measurement, is a part of this complete set

Px =
∑

A,B

ˆ
x
dΠγδ|pf;A,B⟩⟨pf;A,B| , (18)

where |pf;A,B⟩ is the γδ final state with the definite momenta, collectively denoted by pf, and
spins/flavours, x represents the selected momentum region and dΠγδ = dΠγdΠδ . With this event
selection, the evolved state ρout is projected to

ρout $→ ϱ ′
x = TrP [PxρoutPx]

=
∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]

ˆ
x
dΠγδ ⟨pf;A,B|S|p̃in; I, J⟩×

× ⟨p̃in;K,L|S†|pf;C,D⟩|A,B⟩⟨C,D| , (19)

where TrP is the partial trace over the final state momenta. We note that the projector (18) involves the
selection of γδ out of all possible final states, so it implements a selective measurement even if x is the
full range of momenta.

The above set of steps directly corresponds to the procedure of the quantum instrument described in
section 2. The map ρin $→ ϱ ′

x is linear and trace non-increasing. However, as we demonstrate in the
appendix B, ϱ ′

x is proportional to a dimensionful factor, which vanishes in the limit of infinite time and
volume. To improve the situation, we rescale ϱ ′

x by some factor, which is formally singular and independent
of ρin, to define

ϱx =
1

σN

∑

I,J,K,L

∑

A,B,C,D

ρin[I,J],[K,L]Rx
[I,J],[K,L]
[A,B],[C,D] |A,B⟩⟨C,D| . (20)

Though the detailed derivation of this expression is provided in appendix B, the factors Rx and σN need to
be defined. First, Rx is given (neglecting the mass of colliding particles) by

Rx
[I,J],[K,L]
[A,B],[C,D] ≡

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
, (21)

in the centre of mass frame, where s is the square of the centre of mass energy,MI,J
A,B ∝ ⟨pf;A,B|S|p̃in; I, J⟩ is

the scattering amplitude and

dΠLIPS = (2π)4 δ4
(∑

pµin −
∑

pµf

) ∏

j=γ,δ

d3pj

(2π)3
1

2Ej
(22)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J],[K,L]
[A,B],[C,D] is related to the cross

section

∑

A,B

Rx
[I,J],[I,J]
[A,B],[A,B] = σx (αβ [I, J]→ γδ) , (23)

where the initial internal state is |I, J⟩ ∈Hin, and the final state momenta are restricted in x, but the final state
spins/flavours are unconstrained.

For convenience, we choose the normalisation factor σN to be the inclusive cross section of αβ→ γδ for
the maximally mixed initial state, ρmix

in ≡ 1
din

∑
IJ |I, J⟩⟨I, J|,

σN = σ
(
αβ
[
ρmix
in

]
→ γδ

)
, (24)
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where the final state momenta and spins/flavours are unconstrained. The rescaling from ! ′
x to !x is

independent of the initial state ρin, therefore the map ρin !→ !x is still linear. Because the normalisation factor
was introduced by hand, the quantity

Tr!x =
σx (αϱ [ρin]→ γδ)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) , (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ρx ∈ S(Hγδ) is given by formula (3), as in
the standard quantum instrument, so that the artificial normalisation factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement, Ix(ρin), is given by
equations (20)–(22) and (24). Using the linearity of the map and equation (13), we find that the rescaled
Choi matrix element is given by

Ix (|I, J⟩⟨K,L|)[A,B],[C,D] =
1

din

1

σN

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
. (26)

Finally, we note that !x can be obtained from ρin with the help of rescaled Kraus operators as

!x = Ix (ρin) =
ˆ
x
dΠLIPSE

(
pf
)
ρinE

† (pf
)
, (27)

with

E
(
pf
)
=

1√
2sσN

∑

I,J,A,B

MI,J
A,B|A,B⟩⟨I, J| . (28)

For any given initial state ρin =
∑

I,J,K,L
ρin[I,J],[K,L]|I, J⟩⟨K,L|, the Choi matrix (26), calculated within a

specific model, enables us to immediately calculate the model’s prediction of the outcome as

⟨A,B|!x|C,D⟩ = din
∑

I,J,K,L

(ρin)[I,J],[K,L] Ix (|I, J⟩⟨K,L|)[A,B],[C,D] . (29)

3.2. Foundational tests via Choi matrix reconstruction
An experimental measurement of the elements of the Choi matrix for a scattering process offers a unique
possibility to test the predictions of a particular quantum field theoretic model (e.g. Standard Model), and of
quantum theory in general.

The possibility of performing the relevant Choi matrix reconstruction is based on three assumptions:

1. The initial spins and/or flavours of both particles α and ϱ can be prepared independently in any of the d2in
linearly independent states of the form ρ(a,b)in = ρain,α ⊗ ρbin,β .

2. For any input state ρ(a,b)in one can perform a reliable quantum state tomography which yields a

reconstructed state ρ(a,b)x ∈ S(Hout) of the spins and/or flavours of the outgoing particles γ, δ, for some
range x of their kinematic parameters.

3. One can measure:

• σ
(
αϱ[ρmix

in ]→ γδ
)
— the inclusive cross section for the process αϱ→ γδ with an ensemble of

random spins and/or flavours of α and ϱ;

• σx
(
αϱ[ρ(a,b)in ]→ γδ

)
— the effective cross section after the kinematic selection, x, of the γδ momenta,

for any of the initial states ρkin.

With the above assumptions, one obtains d2in quantum instrument outcomes:

!(a,b)x =
σx
(
αϱ
[
ρ(a,b)in

]
→ γδ

)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) · ρ(a,b)x . (30)

The first condition implies that ρain,α and ρbin,β span the spaces S(Hα) and S(Hβ), respectively. Hence, we

can find the coefficients X(I,K)
a and Y(J,L)

b satisfying

|I⟩⟨K|α =
dimHα∑

a=1

X(I,K)
a ρain,α and |J⟩⟨L|β =

dimHβ∑

b=1

Y(J,L)
b ρbin,β . (31)
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M+�
A,B = M�+

A,B = 0

and the normalisation factor (24) is given by6

ωN =
NC

128ε2

q

s
→
s

∫ ∑

I,J,A,B

∣∣∣MI,J
A,B

∣∣∣
2
d! , (41)

where NC = 3 is the number of QCD colours of the final state top quark.
The spin structure of the interaction Lagrangian (37) implies that, at tree-level within

the Standard Model, the Choi matrix Ĩx has the following form

Ĩx =
1

4





Ix(| ++↑↓++ |) 0 0 Ix(| ++↑↓↔ ↔ |)
0 0 0 0
0 0 0 0

Ix(| ↔ ↔↑↓++ |) 0 0 Ix(| ↔ ↔↑↓↔ ↔ |)



 , (42)

where each Ix(|IJ↑↓KL|) is a 4↗4 matrix. By Hermicity of Ĩx we have Ix(|↔↔↑↓++|) =
[Ix(| ++↑↓↔ ↔ |)]†.

The angular dependence, dĨ/d! of the Choi matrix for polarised e
→
e
+

↘ tt̄ scatter-
ing can be calculated explicitly using formulas Eqs. (38), (40) and (41). With sω ≃ sin ϑ
and cω ≃ cos ϑ, we obtain

dI(| ++↑↓++ |)

d!
=





a
(+)
11 s

2
ω a

(+)
12 sω(1 + cω) a

(+)
13 sω(1 ↔ cω) a

(+)
14 s

2
ω

a
(+)
21 sω(1 + cω) a

(+)
22 (1 + cω)2 a

(+)
23 s

2
ω a

(+)
24 sω(1 + cω)

a
(+)
31 sω(1 ↔ cω) a

(+)
32 s

2
ω a

(+)
33 (1 ↔ cω)2 a

(+)
34 sω(1 ↔ cω)

a
(+)
41 s

2
ω a

(+)
42 sω(1 + cω) a

(+)
43 sω(1 ↔ cω) a

(+)
44 s

2
ω




,

dI(| ++↑↓↔ ↔ |)

d!
= e

i2ε





a
(+→)
11 s

2
ω a

(+→)
12 sω(1 ↔ cω) a

(+→)
13 sω(1 + cω) a

(+→)
14 s

2
ω

a
(+→)
21 sω(1 + cω) a

(+→)
22 s

2
ω a

(+→)
23 (1 + cω)2 a

(+→)
24 sω(1 + cω)

a
(+→)
31 sω(1 ↔ cω) a

(+→)
32 (1 ↔ cω)2 a

(+→)
33 s

2
ω a

(+→)
34 sω(1 ↔ cω)

a
(+→)
41 s

2
ω a

(+→)
42 sω(1 ↔ cω) a

(+→)
43 sω(1 + cω) a

(+→)
44 s

2
ω




,

dI(| ↔ ↔↑↓↔ ↔ |)

d!
=





a
(→)
11 s

2
ω a

(→)
12 sω(1 ↔ cω) a

(→)
13 sω(1 + cω) a

(→)
14 s

2
ω

a
(→)
21 sω(1 ↔ cω) a

(→)
22 (1 ↔ cω)2 a

(→)
23 s

2
ω a

(→)
24 sω(1 ↔ cω)

a
(→)
31 sω(1 + cω) a

(→)
32 s

2
ω a

(→)
33 (1 + cω)2 a

(→)
34 sω(1 + cω)

a
(→)
41 s

2
ω a

(→)
42 sω(1 ↔ cω) a

(→)
43 sω(1 + cω) a

(→)
44 s

2
ω




. (43)

Here, the coe”cients a(ϑ)ij depend on the centre of mass energy and of the explicit form
of the interaction Lagrangian (37).

The di#erential Choi matrix, dĨ/d!, involves a single Kraus operator, as can be seen
in Eq. (27). It, therefore, has only one non-zero eigenvalue as evidenced by Eqs. (7) and
(9). This eigenvalue is equal to the trace of the matrix:

Tr
[
dĨ/d!

]
= 1

4

(
D0 + 2D1 cos ϑ +D2 cos

2
ϑ
)
, (44)

6We multiplied in Eqs. (40) and (41) the number of QCD colours, NC = 3, of the final state top
quark so that ωN agrees with the total cross section of the process. This factor is, however, cancelled by
the NC factor in Eq. (40).
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Standard Model prediction (LO):

where i runs over possible contributions. For example, the Standard Model contribution
can be obtained by summing over the photon and Z-boson exchange, i = A and Z, with
the following replacement at the amplitude level:

i !2
i c

i
L c

i
R d

i
L d

i
R

A s →e →e
2
3e

2
3e

Z s → m
2
Z + imZ”Z gZ

(
→

1
2 + sin2 ωw

)
gZ sin2 ωw gZ

(
1
2 →

2
3 sin

2
ωw

)
gZ

(
→

2
3 sin

2
ωw

)

Here ωw is the weak mixing angle, mZ and ”Z are the mass and width of the Z boson,
and e and gZ = e/(sin ωw cos ωw) are the electromagnetic and the Z-boson couplings,
respectively.

We perform the calculation in the centre of mass frame and parametrise the top-quark
momentum, pµt = (E, q sin ω cosε, q sin ω sinε, q cos ω) with 0 ↑ ω ↑ ϑ and →ϑ ↑ ε ↑ ϑ,

and E =
√

m
2
t + q2 =

→
s
2 . The two kinematic parameters ω and ε determine our range

x of classical outcomes of the momentum measurement, x ↓ [0,ϑ] ↔ [→ϑ,ϑ]. In this
setup, the tree-level helicity amplitudes are given by

M
++
00 = M

++
11 = e

iω
∑

i

s

2!2
i

ϖ
↑1

c
i
R sin ω(diL + d

i
R) ,

M
++
01 = →e

iω
∑

i

s

2!2
i

c
i
R(1 + cos ω)[diL(1 → ϱ) + d

i
R(1 + ϱ)] ,

M
++
10 = →e

iω
∑

i

s

2!2
i

c
i
R(1 → cos ω)[diL(1 + ϱ) + d

i
R(1 → ϱ)] ,

M
↑↑

00 = M
↑↑

11 = →e
↑iω

∑

i

s

2!2
i

ϖ
↑1

c
i
L sin ω(diL + d

i
R) ,

M
↑↑

01 = →e
↑iω

∑

i

s

2!2
i

c
i
L(1 → cos ω)[diL(1 → ϱ) + d

i
R(1 + ϱ)] ,

M
↑↑

10 = →e
↑iω

∑

i

s

2!2
i

c
i
L(1 + cos ω)[diL(1 + ϱ) + d

i
R(1 → ϱ)] , (38)

where ϱ = q
E and ϖ = E

mt
. For other e

↑
e
+ polarisations, the amplitudes vanish:

M
+↑

[A,B] = M
↑+
[A,B] = 0. The phase space factor is

d#LIPS =
1

16ϑ2

q
↗
s
d$ , (39)

with d$ = sin ωdωdε. The Choi matrix elements Ĩx =
∫
x dĨ are obtained through (see

Eq. (26))

dI(|I, J↘≃K,L|)[A,B],[C,D] =
NC

128ϑ2

1

ςN

q

s
↗
s

M
I,J
A,B

(
M

K,L
C,D

)
↓

d$ , (40)
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where the final state momenta and spins/flavours are unconstrained. The rescaling from ! ′
x to !x is

independent of the initial state ρin, therefore the map ρin !→ !x is still linear. Because the normalisation factor
was introduced by hand, the quantity

Tr!x =
σx (αϱ [ρin]→ γδ)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) , (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ρx ∈ S(Hγδ) is given by formula (3), as in
the standard quantum instrument, so that the artificial normalisation factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement, Ix(ρin), is given by
equations (20)–(22) and (24). Using the linearity of the map and equation (13), we find that the rescaled
Choi matrix element is given by

Ix (|I, J⟩⟨K,L|)[A,B],[C,D] =
1

din

1

σN

1

2s

ˆ
x
dΠLIPSMI,J

A,B

(
MK,L

C,D

)∗
. (26)

Finally, we note that !x can be obtained from ρin with the help of rescaled Kraus operators as

!x = Ix (ρin) =
ˆ
x
dΠLIPSE

(
pf
)
ρinE

† (pf
)
, (27)

with

E
(
pf
)
=

1√
2sσN

∑

I,J,A,B

MI,J
A,B|A,B⟩⟨I, J| . (28)

For any given initial state ρin =
∑

I,J,K,L
ρin[I,J],[K,L]|I, J⟩⟨K,L|, the Choi matrix (26), calculated within a

specific model, enables us to immediately calculate the model’s prediction of the outcome as

⟨A,B|!x|C,D⟩ = din
∑

I,J,K,L

(ρin)[I,J],[K,L] Ix (|I, J⟩⟨K,L|)[A,B],[C,D] . (29)

3.2. Foundational tests via Choi matrix reconstruction
An experimental measurement of the elements of the Choi matrix for a scattering process offers a unique
possibility to test the predictions of a particular quantum field theoretic model (e.g. Standard Model), and of
quantum theory in general.

The possibility of performing the relevant Choi matrix reconstruction is based on three assumptions:

1. The initial spins and/or flavours of both particles α and ϱ can be prepared independently in any of the d2in
linearly independent states of the form ρ(a,b)in = ρain,α ⊗ ρbin,β .

2. For any input state ρ(a,b)in one can perform a reliable quantum state tomography which yields a

reconstructed state ρ(a,b)x ∈ S(Hout) of the spins and/or flavours of the outgoing particles γ, δ, for some
range x of their kinematic parameters.

3. One can measure:

• σ
(
αϱ[ρmix

in ]→ γδ
)
— the inclusive cross section for the process αϱ→ γδ with an ensemble of

random spins and/or flavours of α and ϱ;

• σx
(
αϱ[ρ(a,b)in ]→ γδ

)
— the effective cross section after the kinematic selection, x, of the γδ momenta,

for any of the initial states ρkin.

With the above assumptions, one obtains d2in quantum instrument outcomes:

!(a,b)x =
σx
(
αϱ
[
ρ(a,b)in

]
→ γδ

)

σ
(
αϱ
[
ρmix
in

]
→ γδ

) · ρ(a,b)x . (30)

The first condition implies that ρain,α and ρbin,β span the spaces S(Hα) and S(Hβ), respectively. Hence, we

can find the coefficients X(I,K)
a and Y(J,L)

b satisfying

|I⟩⟨K|α =
dimHα∑

a=1

X(I,K)
a ρain,α and |J⟩⟨L|β =

dimHβ∑

b=1

Y(J,L)
b ρbin,β . (31)
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Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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33 ,
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(+)
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(−)
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C Numerical values for the coe!cients a(→)
ij

and Di appear-
ing in Eqs. (43) and (44)

We now report the values of a(→)ij and Di coe!cients appearing in Eqs. (43) and (44),
evaluated at tree-level in the Standard Model, outlined in Subsection 4.1, and using
measured values for the physical constants. Above the threshold,

↑
s = 370 GeV, we

obtain

a
(+)

∣∣↑
s=370GeV

=





0.503 ↓1.442 0.364 0.503
↓1.442 4.137 ↓1.043 ↓1.442
0.364 ↓1.043 0.263 0.364
0.503 ↓1.442 0.364 0.503



 · 10↓2
,

a
(+↓)

∣∣↑
s=370GeV

=





↓0.800 0.264 ↓1.979 ↓0.800
2.293 ↓0.758 5.676 2.293

↓0.578 0.191 ↓1.431 ↓0.578
↓0.800 0.264 ↓1.980 ↓0.800



 · 10↓2
,

a
(↓)

∣∣↑
s=370GeV

=





1.271 ↓0.420 3.146 1.271
↓0.420 0.139 ↓1.040 ↓0.420
3.146 ↓1.040 7.788 3.146
1.271 ↓0.420 3.146 1.271



 · 10↓2
, (108)

(D0, D1, D2)|↑s=370GeV = (0.159, 0.115, 0.0878) .

while for
↑
s = 1 TeV, these values change to

a
(+)

∣∣↑
s=1TeV

=





0.219 ↓0.777 ↓0.494 0.219
↓0.777 2.755 1.751 ↓0.777
↓0.494 1.751 1.113 ↓0.494
0.219 ↓0.777 ↓0.494 0.219



 · 10↓2
,

a
(+↓)

∣∣↑
s=1TeV

=





↓0.340 ↓0.810 ↓1.162 ↓0.340
1.205 2.870 4.117 1.205
0.766 1.824 2.617 0.766

↓0.340 ↓0.810 ↓1.162 ↓0.340



 · 10↓2
,

a
(↓)

∣∣↑
s=1TeV

=





0.527 1.256 1.802 0.527
1.256 2.990 4.290 1.256
1.802 4.290 6.154 1.802
0.527 1.256 1.802 0.527



 · 10↓2
, (109)

(D0, D1, D2)|↑s=1TeV = (0.145, 0.0481, 0.115) .
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Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
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�
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x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]
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dI(++,++)
d cos ✓d�
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�

�
�
�
�
�

�
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2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�
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�

�
�
�
�
�

�
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2
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a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,
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d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).
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33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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The SM Choi matrix (  ) :ρin → ϱx
out
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M+�
A,B = M�+

A,B = 0

● This zero structure is broken by new physics:

s-channel scalar s-channel tensor t-channel scalar

though some admixture of other elements, e.g. |01→↑00| or |11→↑01|, is also visible. The
right plot b) illustrates the o!-diagonal block Ix(| ++→↑↓ ↓ |) with a final state phase
space cut, x = {ω ↔ [2ε/3,ε],ϑ ↔ [↓ε/4,ε/4]}. Although the o!-diagonal blocks in
Eq. (42) in general have complex entries, all matrix entries are real with the above
kinematic range x. We see that the o!-diagonal block of the Choi matrix (42) has
a very rich structure with all 16 elements substantially di!erent from zero. On the
other hand, their magnitudes are significantly smaller than the dominant component
of Ix(| + +→↑+ + |). This is a consequence of the chosen range of post-selection of the
scattering angles. Indeed, the integration of the dominant term in the diagonal block
yields a multiplicative factor

∫ 2ω
0 dϑ

∫ ω
0 dω(1 + cos(ω))2 sin(ω) = 16ε/3, while in the o!-

diagonal block we have
∫ ω/4
→ω/4 dϑ e

2iε
∫ ω
2ω/3 dω (1 + cos(ω))2 sin(ω) = 1/24.

We have chosen this specific range of angles to show that by applying suitable cuts
in the final states’ phase space we can reveal the rich structure of the Choi matrix. In
particular, one can tune the cut to single out a specific matrix element. For instance,
Ix(| + +→↑↓ ↓ |) with x = {ω ↔ [0,ε],ϑ ↔ [↓ε/4,ε/4]}, has a dominant component
|01→↑10| with a numerical value 0.15136.

It is important to note that the vanishing entries in the Choi matrix (42) arise from
the properties M

+→

[A,B] = M
→+
[A,B] = 0, which are characteristic of the tree-level prediction

associated with the Standard-Model-type operator (37) with the spin-1 tensor structure.
These zeros, however, are generically populated by higher-order corrections within the
Standard Model, as well as by leading contributions from new physics described by other
types of four-fermion operators, such as

cS

”2
[ϖ̄eϖe][ϖ̄tϖt] ,

cT

”2
[ϖ̄eϱµϑϖe][ϖ̄tϱ

µϑ
ϖt] ,

ct

”2
[ϖ̄eϖt][ϖ̄tϖe] . (46)

In other words, within the quantum process tomography framework, these new physics
e!ects compete directly with loop-level Standard Model contributions rather than with
the dominant tree-level amplitude. This stands in sharp contrast to traditional spin
correlation observables or quantum state tomography, where new physics sits on top of
the leading Standard Model contribution.

The enhanced sensitivity of quantum process tomography to new physics reflects a
fundamental property of the Choi matrix. Since the Choi matrix fully encodes the input-
output map of a quantum process, any two theories with distinct dynamics (input-output
transitions) will necessarily yield di!erent Choi matrices. Thus, by reconstructing the
Choi matrix, quantum process tomography e!ectively measures ‘the theory’ itself. This
highlights a key advantage of quantum process tomography, o!ering a powerful precision
test of the Standard Model.

4.2 Experimental procedure

Our goal is to reconstruct the 16↗ 16 Choi matrix (32) from the experimental data. To
this end, we need to perform 16 experimental runs with 16 distinct pairs of 4 di!erent
polarisations of the electron beam and 4 di!erent polarisations of the positron beam. In
the following analysis, for concreteness, we take the two polarisations in the direction

18
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LO of new physics can directly competes with NLO of SM.
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Experimental reconstruction of the Choi matrix (Quantum Process Tomography):

● Need an informationally-complete set of beam polarisation settings:
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of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
[47]. The practicalities and capabilities of current and future colliders facilitating beam
polarization are discussed further in Section 5.

A general polarisation vector of a spin-half fermion can be written as

|n↑ = ε |+↑ + ϑ |→↑ , (47)

with |ε|
2+ |ϑ|

2 = 1 and |±↑ denoting the eigenstates of the spin operator along a chosen
axis. Our choice for the e

→
e
+

↓ tt̄ process is the z-axis, along the electron beam. We
could write the coe!cients in (47) as ε = cos(ϖ↑/2), ϑ = e

iω→
sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by

ϱ(q,n) ↔ q |n↑↗n| + 1→q
2 1

= 1
2

[
(1 + q)|n↑↗n| + (1 → q)|→n↑↗→n|

]

=
∑

I,K=±

C
(I,K)
(q,n) |I↑↗K| (48)

with
(
C

(+,+)
(q,n) , C

(+,→)
(q,n) , C

(→,+)
(q,n) , C

(→,→)
(q,n)

)
=

(
q|ε|

2 + 1→q
2 , qεϑ

↓
, qε

↓
ϑ, q|ϑ|

2 + 1→q
2

)
. (49)

In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states

ς
(a,b)
in = ς

a
in,e↑ ↘ ς

b
in,e+ , (50)

with

ς
+
in,e↑ = ϱ(q,+), ς

→

in,e↑ = ϱ(q,→), ς
εx
in,e↑ = ϱ(q, ωx), ς

εy
in,e↑ = ϱ(q, ωy) ,

ς
+
in,e+ = ϱ(q̄,+), ς

→

in,e+ = ϱ(q̄,→), ς
εx
in,e+ = ϱ(q̄, ωx), ς

εy
in,e+ = ϱ(q̄, ωy) (51)

and |ωx↑ = 1
↔
2

(
|+↑ + |→↑

)
and |ωy↑ = 1

↔
2

(
|+↑ + i |→↑

)
.
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Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by
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. (49)

In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states

ς
(a,b)
in = ς

a
in,e↑ ↘ ς

b
in,e+ , (50)

with

ς
+
in,e↑ = ϱ(q,+), ς

→

in,e↑ = ϱ(q,→), ς
εx
in,e↑ = ϱ(q, ωx), ς

εy
in,e↑ = ϱ(q, ωy) ,

ς
+
in,e+ = ϱ(q̄,+), ς

→

in,e+ = ϱ(q̄,→), ς
εx
in,e+ = ϱ(q̄, ωx), ς

εy
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2 = 1 and |±↑ denoting the eigenstates of the spin operator along a chosen
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sin(ϖ↑/2), which shows that
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As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states
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↓ tt̄ process is the z-axis, along the electron beam. We
could write the coe!cients in (47) as ε = cos(ϖ↑/2), ϑ = e

iω→
sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by
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In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states

ς
(a,b)
in = ς

a
in,e↑ ↘ ς

b
in,e+ , (50)

with

ς
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In this case, the input states are expanded in terms of the basis operators as

ω
a
in,e→ =

∑

I,K=±

[X→1]a(I,K)|I→↑K|, and ω
b
in,e+ =

∑

J,L=±

[Y →1]b(J,L)|J→↑L|, (52)

with

X
→1 =

1

2





1 + q 0 0 1 ↓ q

1 ↓ q 0 0 1 + q

1 q q 1
1 ↓iq iq 1



 , (53)

where the rows are indexed by a ↔ {+,↓, εx, εy} and the columns by pairs (I,K) ↔

{(++), (+↓), (↓+), (↓↓)}. Taking its inverse, we find the matrix appearing in Eq.
(31),

X =
1

2q





1 + q ↓(1 ↓ q) 0 0
↓(1 + i) ↓(1 + i) 2 2i
↓1 + i ↓1 + i 2 ↓2i

↓(1 ↓ q) 1 + q 0 0



 , (54)

where now the columns are indexed by a and the row by pairs (I,K). The matrix Y for
the positron states has the same form with q replaced by q̄.

For each of the 16 initial states we reconstruct the corresponding output operators

ϑ
(a,b)
x = Ix

(
ω
(a,b)
in

)
, with the chosen range x of the tt̄ kinematic parameters. This is done

from the measurements via formula (30),

ϑ
(a,b)
x =

ϖx
(
e
→
e
+[ω(a,b)in ] ↗ tt̄

)

ϖ
(
ϱς[ωmix

in ] ↗ tt̄
) ω

(a,b)
x , (55)

where ϖ(e→e+[ωmix
in ] ↗ tt̄) is the inclusive cross section of e→e+ ↗ tt̄ with unpolarised

e
+
e
→ beams, ϖx(e→e+[ω

(a,b)
in ] ↗ tt̄) is the e!ective cross section after the kinematic

selection, x, of the tt̄ momenta, for the initial polarisation state ω
(a,b)
in and ω

(a,b)
x is the

tt̄ spin density matrix. The method of experimental reconstruction of the e!ective tt̄

spin density matrix (quantum state tomography) is studied and outlined in [1,2], and has
recently been applied in pp collisions at the LHC by CMS [30].

To facilitate the comparison with the theoretical prediction (40) for the Choi matrix
we shall use formula (32). It yields the blocks of the experimentally reconstructed Choi
matrix:

Ix(|IJ→ ↑KL|) =
∑

a,b↑{+,→,ωx,ωy}

X
(I,K)
a Y

(J,L)
b · ϑ

(a,b)
x , (56)

In particular, the diagonal block is reconstructed as

Ix(|++→ ↑++|) =
1

4qq̄

[
(1 + q)(1 + q̄)ϑ(+,+)

x ↓ (1 + q)(1 ↓ q̄)ϑ(+,→)
x

↓ (1 ↓ q)(1 + q̄)ϑ(→,+)
x + (1 ↓ q)(1 ↓ q̄)ϑ(→,→)

x

]
, (57)
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Figure 1. Experimental reconstruction of the Choi matrix associated with 2→ 2 scattering process. At step [1] we prepare the

initial state, ραin ⊗ ρβin, of the two beams. Step [2] is the scattering process, which is treated as a quantum-information-processing
‘black-box’. At step [3] we reconstruct the relevant (unnormalised) states "x from the gathered data. The dotted coloured arrows
of the outgoing particles illustrate the fact their joint spin (or flavour) state is entangled. The same procedure applies in the case of
2→ n scattering process (see footnote 8), in which we trace-out the quantum degrees of freedom of the unobserved n− 2
particles marked in gray colour in the figure.

Using the linearity of the quantum instrument map, the Choi matrix can be reconstructed from the
experimental data—through the quantum process tomography—as follows (cf equations (11) and (12))

Ix (|I, J⟩⟨K,L|)[A,B],[C,D] =
1

din

dimHα∑

a=1

dimHβ∑

b=1

X(I,K)
a Y(J,L)

b · ⟨A,B|!(a,b)x |C,D⟩ . (32)

A more formal discussion on the quantum process tomography is given in appendix A.
What distinguishes the Choi matrix reconstruction from typical high-energy tests is that the

computation of formula (32) from the data is model-independent and, in fact, it does not rely on the
quantum description of the scattering processes. Indeed, formula (32) only relies on steps [1] and [3] of the
procedure described in section 3.1, but not on step [2] (evolution). In other words, while we do assume the
validity of quantum theory at the stages of state preparation and measurement (i.e. the incoming and
outgoing particles are well described by the standard QFT), we treat the αβ→ γϱ scattering process as a
‘black box’, which need not abide by the laws of quantum theory. This point and the procedure of quantum
process tomography at colliders are illustrated in figure 1. The experimental Choi matrix reconstruction is
thus a ‘Q-data test’ — see [35] for more details.

A Choi matrix reconstructed from experimental data carries a lot of useful information about the
scattering process αβ→ γβ. It can be directly compared with the theoretical prediction (26) based on a
specific model. Note that the dimension of the Choi matrix associated with a quantum instrument is
typically fairly large—even for a simple two-qubit to two-qubit mapping it has (din · dout)2 = 256 entries. A
disagreement between the SM prediction and the experimental value at any of these entries would hint at
new physics. Therefore, the experimental Choi matrix reconstruction is a powerful tool for a precision test of
the Standard Model, as well as for testing specific BSM models.

The black-box approach to high-energy scattering processes offers an unprecedented opportunity to
explore physics beyond the perturbative Standard Model. In particular, the Choi matrix (32) could be
measured for processes in hadron physics, which are not calculable through Feynman diagrams. This would
provide a new insight into the non-perturbative dynamics of quarks and gluons, which could be compared
with lattice QCD simulations.

Even more importantly, the Choi matrix reconstruction is a foundational test of the quantum theory
itself, akin to Bell tests. Indeed, as explained in section 2, quantum mechanics postulates that the map
Ix : ρin $→ !x is linear and completely positive, for any range x of kinematical parameters. By the
channel-state duality, this is equivalent to the Choi matrix Ĩx being positive semi-definite. This property of
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Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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<latexit sha1_base64="WVpRQ8x9+IuZMvg3ifACXVwKmY0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXrwIFe0HtEvJptk2NMmuSVYoS/+EFw+KePXvePPfmG73oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK9nfvuJKs0i+WAmMfUFHkoWMoKNlTppTwl0fzvtlytu1c2AlomXkwrkaPTLX71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mt07RSdWGaAwUrakQZn6eyLFQuuJCGynwGakF72Z+J/XTUx46adMxomhkswXhQlHJkKz59GAKUoMn1iCiWL2VkRGWGFibEQlG4K3+PIyaZ1VvVq1dndeqV/lcRThCI7hFDy4gDrcQAOaQIDDM7zCm/PovDjvzse8teDkM4fwB87nD7muj8g=</latexit>

SM

Precision test of SM

models.
The black-box approach to high-energy scattering processes o!ers an unprecedented

opportunity to explore physics beyond the perturbative Standard Model. In particular,
the Choi matrix (32) could be measured for processes in hadron physics, which are not
calculable through Feynman diagrams. This would provide a new insight into the non-
perturbative dynamics of quarks and gluons, which could be compared with lattice QCD
simulations.

Even more importantly, the Choi matrix reconstruction is a foundational test of the
quantum theory itself, akin to Bell tests. Indeed, as explained in Section 2, quantum
mechanics postulates that the map Ix : ωin →↑ εx is linear and completely positive, for any
range x of kinematical parameters. By the channel-state duality, this is equivalent to the
Choi matrix Ĩx being positive semi-definite. This property of the map Ix can be checked
directly by inspecting the smallest eigenvalue of the experimentally reconstructed Choi
matrix (32),

ϑmin(Ĩx) = min
{
ϑ
∣∣ det

(
Ĩx ↓ ϑ

)
= 0

}
. (33)

If the experimental data suggest a statistically significant deviation from positivity,
ϑmin(Ĩx) ↔ 0, then this would imply that the scattering process cannot be entirely
explained by any quantum model.

Furthermore, the postulated linearity of quantum theory implies that the action of
the map Ix : ωin →↑ εx on basis states completely determines its outcome for any other
state. Consequently, one can directly test the linearity postulate as follows:

Suppose that we have gathered a dataset {ω
k
in, ε

k
x}

K
k=1, with K > d

2
in, which consists

of pairs of the prepared input states ωkin and the corresponding outcomes εkx reconstructed
from quantum state tomography and cross-sections. We split this dataset into two parts:

{ω
r
in, ε

r
x}

d2in
r=1 and {ω

s
in, ε

s
x}

K
s=d2in+1

. Using the first set, we reconstruct the Choi matrix with

the formula (32) (see also Section 4.2 for the details of the experimental reconstruction
of the Choi matrix). Reconstructed Choi matrix Ix (|I, J↗↘K,L|) and the initial states
in the second data set, {ω

s
in}

K
s=d2in+1

, allow us to predict the corresponding expected final

states in the second data set:

ϖ
s
x ≃ Ix(ω

s
in) =

∑

I,J,K,L

(ωsin)[I,J ],[K,L] Ix (|I, J↗↘K,L|) . (34)

If the scattering process induces a linear map from the space S(Hin) to B+(Hout), then
we should have ϖ

s
x = ε

s
x for all s = d

2
in + 1, . . . ,K. This is a prediction of quantum

theory, which can be verified empirically. The test can be performed by comparing the
deviation between the prediction and the measured outcome to their uncertainties:

∣∣∣∣∣
↘A,B| ε

s
x ↓ ϖ

s
x |C,D↗

ϱ
s
[A,B],[C,D]

∣∣∣∣∣

2

, (35)

where ϱ
s
[A,B],[C,D] is the combined uncertainty including the theoretical, statistical and

systematic uncertainties for the measurement and calculation of the [A,B], [C,D] compo-

13

Positivity test of QM

check 
experimentally

Linearity test of QM

<latexit sha1_base64="ymyBpwYHnlE51xlccvT+Vj68Tck="></latexit>

[ωx]
prediction
[A,B][C,D]

=
∑

[I,J][K,L]

εin,new
[I,J][K,L]

Ĩexp
x (|I, J→↑K,L|)

[A,B][C,D]

<latexit sha1_base64="eKpqYCS2p1VMpi84ktImBsvSzw4="></latexit>

Ĩexp
x (|I, J→↑K,L|)

[A,B],[C,D]

QPT = reconstruction of the theory
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<latexit sha1_base64="DdEY520wso1CKM5uEcz9wqLE7/o="></latexit>

|ω(t)→ = Û(t) |ω(0)→

Linear time-evolution:Born rule:
<latexit sha1_base64="GglqNrQg99i4/mVfdekFvavKKAI=">AAACLHicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6kaoduOygn1AE8JkOm2HTiZhZiKUtB/kxl8RxIVF3PodTtIo2nph4NxzzuXOPX7EqFSWNTMKK6tr6xvFzdLW9s7unrl/0JJhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P6qnevuBCElDfq/GEXEDNOC0TzFSmvLMusMQHzACnSFS8Bo6Ims9J5IUXsEfNW0n36bJvM+90DPLVsXKCi4DOwdlkFfDM1+cXojjgHCFGZKya1uRchMkFMWMTEtOLEmE8AgNSFdDjgIi3SQ7dgpPNNOD/VDoxxXM2N8TCQqkHAe+dgZIDeWilpL/ad1Y9S/dhPIoVoTj+aJ+zKAKYZoc7FFBsGJjDRAWVP8V4iESCCudb0mHYC+evAxaZxW7WqnenZdrN3kcRXAEjsEpsMEFqIFb0ABNgMEjeAZvYGY8Ga/Gu/ExtxaMfOYQ/Cnj8wtnQaZ8</latexit>

→Â↑ω = →ω|Â|ω↑

Bell test Quantum Process Tomography

High Energy test of QM



Decoherence as the radiation effect

177



Radiation as environment

6

system + env.
<latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit><latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit><latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit><latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit>

system
<latexit sha1_base64="xNoEuX4amzfzPypWP3CIQjyHrE4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbt0Nwm7EyGE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpDh2eyET3QmZAihg6KFBCL9XAVCjhMZzczvzHJ9BGJPED5ikEio1iEQnO0Ep+4WtFTW4Q1HRQb7hNdw66SrySNEiJ9qD+5Q8TnimIkUtmTN9zUwwKplFwCdOanxlIGZ+wEfQtjZkCExTzm6f0zCpDGiXaVox0rv6eKJgyJleh7VQMx2bZm4n/ef0Mo+ugEHGaIcR8sSjKJMWEzgKgQ6GBo8wtYVwLeyvlY6YZRxtTzYbgLb+8SroXTc9teveXjdZNGUeVnJBTck48ckVa5I60SYdwkpJn8krenMx5cd6dj0VrxSlnjskfOJ8/aZOR6g==</latexit><latexit sha1_base64="xNoEuX4amzfzPypWP3CIQjyHrE4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbt0Nwm7EyGE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpDh2eyET3QmZAihg6KFBCL9XAVCjhMZzczvzHJ9BGJPED5ikEio1iEQnO0Ep+4WtFTW4Q1HRQb7hNdw66SrySNEiJ9qD+5Q8TnimIkUtmTN9zUwwKplFwCdOanxlIGZ+wEfQtjZkCExTzm6f0zCpDGiXaVox0rv6eKJgyJleh7VQMx2bZm4n/ef0Mo+ugEHGaIcR8sSjKJMWEzgKgQ6GBo8wtYVwLeyvlY6YZRxtTzYbgLb+8SroXTc9teveXjdZNGUeVnJBTck48ckVa5I60SYdwkpJn8krenMx5cd6dj0VrxSlnjskfOJ8/aZOR6g==</latexit><latexit sha1_base64="xNoEuX4amzfzPypWP3CIQjyHrE4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbt0Nwm7EyGE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpDh2eyET3QmZAihg6KFBCL9XAVCjhMZzczvzHJ9BGJPED5ikEio1iEQnO0Ep+4WtFTW4Q1HRQb7hNdw66SrySNEiJ9qD+5Q8TnimIkUtmTN9zUwwKplFwCdOanxlIGZ+wEfQtjZkCExTzm6f0zCpDGiXaVox0rv6eKJgyJleh7VQMx2bZm4n/ef0Mo+ugEHGaIcR8sSjKJMWEzgKgQ6GBo8wtYVwLeyvlY6YZRxtTzYbgLb+8SroXTc9teveXjdZNGUeVnJBTck48ckVa5I60SYdwkpJn8krenMx5cd6dj0VrxSlnjskfOJ8/aZOR6g==</latexit><latexit sha1_base64="xNoEuX4amzfzPypWP3CIQjyHrE4=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDbbSbt0Nwm7EyGE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpDh2eyET3QmZAihg6KFBCL9XAVCjhMZzczvzHJ9BGJPED5ikEio1iEQnO0Ep+4WtFTW4Q1HRQb7hNdw66SrySNEiJ9qD+5Q8TnimIkUtmTN9zUwwKplFwCdOanxlIGZ+wEfQtjZkCExTzm6f0zCpDGiXaVox0rv6eKJgyJleh7VQMx2bZm4n/ef0Mo+ugEHGaIcR8sSjKJMWEzgKgQ6GBo8wtYVwLeyvlY6YZRxtTzYbgLb+8SroXTc9teveXjdZNGUeVnJBTck48ckVa5I60SYdwkpJn8krenMx5cd6dj0VrxSlnjskfOJ8/aZOR6g==</latexit>

system + env.
<latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit><latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit><latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit><latexit sha1_base64="gniWWr1/5NykbBbaoD4K992KTpc=">AAAB+nicbVBNSwMxEM3Wr1q/Wj16CRZBEJZdEfRY9OKxgv2AdinZdLYNTbJLkq2UtT/FiwdFvPpLvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewtr6xuVXcLu3s7u0flCuHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0ApHtzO/NQalWSwfzCSBQJCBZBGjxFipV65kXSWwnmgD4hzk2J32ylXP9ebAq8TPSRXlqPfKX91+TFMB0lBOtO74XmKCjCjDKIdpqZtqSAgdkQF0LJVEgA6y+elTfGqVPo5iZUsaPFd/T2REaD0Roe0UxAz1sjcT//M6qYmug4zJJDUg6WJRlHJsYjzLAfeZAmr4xBJCFbO3YjokilBj0yrZEPzll1dJ88L1Pde/v6zWbvI4iugYnaAz5KMrVEN3qI4aiKJH9Ixe0Zvz5Lw4787HorXg5DNH6A+czx8vdpPv</latexit>

system
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8.3 FSR decoherence II: resummation, RG flow, and sudden death
Slide:
resummation
promotes the
fixed-order
dissipator to
the exact
GKSL
generator.

The fixed-order weights grow logarithmically as the resolution scales are pushed below the hard
scale (and are IR-divergent for the axial coupling). This signals that the unresolved region is
populated not by one emission but by many, and the one-emission map must be iterated. In the
strongly-ordered region successive emissions factorize with no interference, so the composition
is a Markov chain on the spin space, and the continuum limit is a genuine GKSL master
equation. We now derive that statement explicitly in the simplest setting, and only then
quote the general form.

8.3.1 Worked derivation: one fermion leg, from splitting amplitude to Lindblad

Slide: the
unresolved
photon is a
which-helicity
meter; its
overlap is the
decoherence
factor.

Before quoting the general generator it is worth doing the simplest case completely. Every struc-
tural feature of the general result is already present, and the algebra is two-by-two throughout.
Take a single energetic fermion leg, keep only collinear radiation, and work in the boosted
limit m/q → 0. Write ω = g2/4ε for a QED-like emission o! a unit charge; for QCD replace
ω → ωsCF everywhere below.

Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+↑ and |↓↑ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting amplitude as an emission operator. Let z ↔ (0, 1) be the momen-
tum fraction retained by the daughter fermion in ı̃ → i+ k, so that z → 1 is the soft limit for
the emitted boson. The helicity-resolved collinear splitting amplitude, with the mass-suppressed
flip branch already dropped, is

F h,h,ω(z) =
1↗
1↓ z

{
1, ϑ = h,

z, ϑ = ↓h,
h,ϑ = ±, (179)

where h is the (conserved) fermion helicity and ϑ the emitted boson helicity. Because h is
unchanged, each ϑ defines a diagonal operator on the two-dimensional helicity space {|+↑, |↓↑}:

K+(z) =
1↗
1↓ z

(
1 0
0 z

)
, K→(z) =

1↗
1↓ z

(
z 0
0 1

)
. (180)

Read them o! (179): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϖ↑ = c+|+↑+ c→|↓↑. After one emission the joint fermion–boson state is, by (180), of
the perfect which-path form

|”↑ =
∑

h=±
ch |h↑ ↘ |ϱh↑, |ϱ+↑ =

|+↑ε + z|↓↑ε↗
1↓ z

, |ϱ→↑ =
z|+↑ε + |↓↑ε↗

1↓ z
. (181)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ςhh→ → chc↑h→≃ϱh→ |ϱh↑, and the only two
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<latexit sha1_base64="DwCcpXCERLS3rc/wbTtSE/9Hyoo="></latexit>

Ei → zEĩ
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8.3 FSR decoherence II: resummation, RG flow, and sudden death
Slide:
resummation
promotes the
fixed-order
dissipator to
the exact
GKSL
generator.

The fixed-order weights grow logarithmically as the resolution scales are pushed below the hard
scale (and are IR-divergent for the axial coupling). This signals that the unresolved region is
populated not by one emission but by many, and the one-emission map must be iterated. In the
strongly-ordered region successive emissions factorize with no interference, so the composition
is a Markov chain on the spin space, and the continuum limit is a genuine GKSL master
equation. We now derive that statement explicitly in the simplest setting, and only then
quote the general form.

8.3.1 Worked derivation: one fermion leg, from splitting amplitude to Lindblad

Slide: the
unresolved
photon is a
which-helicity
meter; its
overlap is the
decoherence
factor.

Before quoting the general generator it is worth doing the simplest case completely. Every struc-
tural feature of the general result is already present, and the algebra is two-by-two throughout.
Take a single energetic fermion leg, keep only collinear radiation, and work in the boosted
limit m/q → 0. Write ω = g2/4ε for a QED-like emission o! a unit charge; for QCD replace
ω → ωsCF everywhere below.

Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+↑ and |↓↑ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting amplitude as an emission operator. Let z ↔ (0, 1) be the momen-
tum fraction retained by the daughter fermion in ı̃ → i+ k, so that z → 1 is the soft limit for
the emitted boson. The helicity-resolved collinear splitting amplitude, with the mass-suppressed
flip branch already dropped, is

F h,h,ω(z) =
1↗
1↓ z

{
1, ϑ = h,

z, ϑ = ↓h,
h,ϑ = ±, (179)

where h is the (conserved) fermion helicity and ϑ the emitted boson helicity. Because h is
unchanged, each ϑ defines a diagonal operator on the two-dimensional helicity space {|+↑, |↓↑}:

K+(z) =
1↗
1↓ z

(
1 0
0 z

)
, K→(z) =

1↗
1↓ z

(
z 0
0 1

)
. (180)

Read them o! (179): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϖ↑ = c+|+↑+ c→|↓↑. After one emission the joint fermion–boson state is, by (180), of
the perfect which-path form

|”↑ =
∑

h=±
ch |h↑ ↘ |ϱh↑, |ϱ+↑ =

|+↑ε + z|↓↑ε↗
1↓ z

, |ϱ→↑ =
z|+↑ε + |↓↑ε↗

1↓ z
. (181)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ςhh→ → chc↑h→≃ϱh→ |ϱh↑, and the only two
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Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+→ and |↑→ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting variable z, and the amplitude as an emission operator. The
collinear branching is ı̃ ↓ i+k: a parent fermion of momentum pı̃ splits into a daughter fermion
i and a gauge boson k, both nearly parallel to the parent direction. The splitting variable z is
the longitudinal momentum fraction retained by the daughter fermion. Covariantly,
with n a lightlike reference vector pointing opposite to the common collinear direction,

z ↔ n · pi
n · pı̃

, 1↑ z =
n · pk
n · pı̃

, z ↗ (0, 1), (181)

so that at leading collinear order pi ↘ z pı̃ and pk ↘ (1↑ z) pı̃: the fermion keeps the fraction z
and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
the boson’s energy fraction 1 ↑ z vanishes; z ↓ 0 is the opposite extreme, in which the boson
takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
and at angle ω to the jet axis its transverse momentum is k→ ↘ (1 ↑ z)EJω — the scale that
will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
argument of the splitting kernels P (z), and the soft singularity of those kernels is the 1/(1↑ z)
pole at z ↓ 1.

With this z, the helicity-resolved splitting amplitude (dropping the mass-suppressed helicity-
flip branch) reads

F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =

1≃
1↑ z

(
z 0
0 1

)
. (183)

Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are

⇒ϖ±|ϖ±→ =
1 + z2

1↑ z
↔ PU (z), ⇒ϖ↔|ϖ±→ =

2z

1↑ z
↔ PT (z). (185)
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Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+→ and |↑→ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting variable z, and the amplitude as an emission operator. The
collinear branching is ı̃ ↓ i+k: a parent fermion of momentum pı̃ splits into a daughter fermion
i and a gauge boson k, both nearly parallel to the parent direction. The splitting variable z is
the longitudinal momentum fraction retained by the daughter fermion. Covariantly,
with n a lightlike reference vector pointing opposite to the common collinear direction,

z ↔ n · pi
n · pı̃

, 1↑ z =
n · pk
n · pı̃

, z ↗ (0, 1), (181)

so that at leading collinear order pi ↘ z pı̃ and pk ↘ (1↑ z) pı̃: the fermion keeps the fraction z
and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
the boson’s energy fraction 1 ↑ z vanishes; z ↓ 0 is the opposite extreme, in which the boson
takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
and at angle ω to the jet axis its transverse momentum is k→ ↘ (1 ↑ z)EJω — the scale that
will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
argument of the splitting kernels P (z), and the soft singularity of those kernels is the 1/(1↑ z)
pole at z ↓ 1.

With this z, the helicity-resolved splitting amplitude (dropping the mass-suppressed helicity-
flip branch) reads

F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =

1≃
1↑ z

(
z 0
0 1

)
. (183)

Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are

⇒ϖ±|ϖ±→ =
1 + z2

1↑ z
↔ PU (z), ⇒ϖ↔|ϖ±→ =

2z

1↑ z
↔ PT (z). (185)
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8.3 FSR decoherence II: resummation, RG flow, and sudden death
Slide:
resummation
promotes the
fixed-order
dissipator to
the exact
GKSL
generator.

The fixed-order weights grow logarithmically as the resolution scales are pushed below the hard
scale (and are IR-divergent for the axial coupling). This signals that the unresolved region is
populated not by one emission but by many, and the one-emission map must be iterated. In the
strongly-ordered region successive emissions factorize with no interference, so the composition
is a Markov chain on the spin space, and the continuum limit is a genuine GKSL master
equation. We now derive that statement explicitly in the simplest setting, and only then
quote the general form.

8.3.1 Worked derivation: one fermion leg, from splitting amplitude to Lindblad

Slide: the
unresolved
photon is a
which-helicity
meter; its
overlap is the
decoherence
factor.

Before quoting the general generator it is worth doing the simplest case completely. Every struc-
tural feature of the general result is already present, and the algebra is two-by-two throughout.
Take a single energetic fermion leg, keep only collinear radiation, and work in the boosted
limit m/q → 0. Write ω = g2/4ε for a QED-like emission o! a unit charge; for QCD replace
ω → ωsCF everywhere below.

Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+↑ and |↓↑ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting amplitude as an emission operator. Let z ↔ (0, 1) be the momen-
tum fraction retained by the daughter fermion in ı̃ → i+ k, so that z → 1 is the soft limit for
the emitted boson. The helicity-resolved collinear splitting amplitude, with the mass-suppressed
flip branch already dropped, is

F h,h,ω(z) =
1↗
1↓ z

{
1, ϑ = h,

z, ϑ = ↓h,
h,ϑ = ±, (179)

where h is the (conserved) fermion helicity and ϑ the emitted boson helicity. Because h is
unchanged, each ϑ defines a diagonal operator on the two-dimensional helicity space {|+↑, |↓↑}:

K+(z) =
1↗
1↓ z

(
1 0
0 z

)
, K→(z) =

1↗
1↓ z

(
z 0
0 1

)
. (180)

Read them o! (179): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϖ↑ = c+|+↑+ c→|↓↑. After one emission the joint fermion–boson state is, by (180), of
the perfect which-path form

|”↑ =
∑

h=±
ch |h↑ ↘ |ϱh↑, |ϱ+↑ =

|+↑ε + z|↓↑ε↗
1↓ z

, |ϱ→↑ =
z|+↑ε + |↓↑ε↗

1↓ z
. (181)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ςhh→ → chc↑h→≃ϱh→ |ϱh↑, and the only two
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Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+→ and |↑→ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting variable z, and the amplitude as an emission operator. The
collinear branching is ı̃ ↓ i+k: a parent fermion of momentum pı̃ splits into a daughter fermion
i and a gauge boson k, both nearly parallel to the parent direction. The splitting variable z is
the longitudinal momentum fraction retained by the daughter fermion. Covariantly,
with n a lightlike reference vector pointing opposite to the common collinear direction,

z ↔ n · pi
n · pı̃

, 1↑ z =
n · pk
n · pı̃

, z ↗ (0, 1), (181)

so that at leading collinear order pi ↘ z pı̃ and pk ↘ (1↑ z) pı̃: the fermion keeps the fraction z
and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
the boson’s energy fraction 1 ↑ z vanishes; z ↓ 0 is the opposite extreme, in which the boson
takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
and at angle ω to the jet axis its transverse momentum is k→ ↘ (1 ↑ z)EJω — the scale that
will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
argument of the splitting kernels P (z), and the soft singularity of those kernels is the 1/(1↑ z)
pole at z ↓ 1.

With this z, the helicity-resolved splitting amplitude (dropping the mass-suppressed helicity-
flip branch) reads

F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =

1≃
1↑ z

(
z 0
0 1

)
. (183)

Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are

⇒ϖ±|ϖ±→ =
1 + z2

1↑ z
↔ PU (z), ⇒ϖ↔|ϖ±→ =

2z

1↑ z
↔ PT (z). (185)
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Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+→ and |↑→ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting variable z, and the amplitude as an emission operator. The
collinear branching is ı̃ ↓ i+k: a parent fermion of momentum pı̃ splits into a daughter fermion
i and a gauge boson k, both nearly parallel to the parent direction. The splitting variable z is
the longitudinal momentum fraction retained by the daughter fermion. Covariantly,
with n a lightlike reference vector pointing opposite to the common collinear direction,

z ↔ n · pi
n · pı̃

, 1↑ z =
n · pk
n · pı̃

, z ↗ (0, 1), (181)

so that at leading collinear order pi ↘ z pı̃ and pk ↘ (1↑ z) pı̃: the fermion keeps the fraction z
and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
the boson’s energy fraction 1 ↑ z vanishes; z ↓ 0 is the opposite extreme, in which the boson
takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
and at angle ω to the jet axis its transverse momentum is k→ ↘ (1 ↑ z)EJω — the scale that
will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
argument of the splitting kernels P (z), and the soft singularity of those kernels is the 1/(1↑ z)
pole at z ↓ 1.

With this z, the helicity-resolved splitting amplitude (dropping the mass-suppressed helicity-
flip branch) reads

F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =

1≃
1↑ z

(
z 0
0 1

)
. (183)

Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are

⇒ϖ±|ϖ±→ =
1 + z2

1↑ z
↔ PU (z), ⇒ϖ↔|ϖ±→ =

2z

1↑ z
↔ PT (z). (185)
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numbers we ever need are

→ω±|ω±↑ =
1 + z2

1↓ z
↔ PU (z), →ω→|ω±↑ =

2z

1↓ z
↔ PT (z). (182)

Diagonal entries of ε are multiplied by PU , o!-diagonal entries by PT . Dividing out the overall
rate, the normalised e!ect of one emission is

ε+↑ ↓↗ PT (z)

PU (z)
ε+↑ =

2z

1 + z2
ε+↑, ε±± unchanged. (183)

The damping factor is precisely the normalised overlap of the two conditional boson states —
the familiar statement that distinguishability of the environment records = loss of coherence,
here derived from a splitting amplitude rather than postulated.

Key point. 2z/(1 + z2) ↘ 1, with equality if and only if z = 1. Very soft radiation is spin
blind: as z ↗ 1 the two conditional boson states in (181) coincide, the photon learns nothing,
and no coherence is lost. This is why the spin-dependent part of the evolution is soft finite even
though the emission rate itself is soft divergent — the divergence lives entirely in the spin-blind
factor PU .

The emitted boson’s azimuth about the jet axis also carries information, through a phase common to
both helicity branches. Integrating over that azimuth is part of the same trace, and such common phases
cancel between |ωh↑ and →ωh→ | in (182). This is why (183) involves no phase, only a real contraction.

Step 3: the map is a phase-flip channel. The same content in Kraus language. Split
(180) into its identity and ϑ3 parts,

K±(z) = a(z) 1l± b(z)ϑ3, a(z) =
1 + z

2
≃
1↓ z

, b(z) =

≃
1↓ z

2
. (184)

Summing over the unobserved boson helicity, the cross terms ⇐ ab cancel between ϖ = + and
ϖ = ↓, leaving

Rz[ε] ↔
∑

ω=±
Kω(z) εK

†
ω(z) = 2a2ε+ 2b2 ϑ3ε ϑ3 = PU (z) ε+

1↓ z

2

(
ϑ3ε ϑ3 ↓ ε

)
. (185)

The split is the punchline of the whole derivation. The first term is proportional to the identity
superoperator: it is spin blind and carries the entire soft/collinear singularity of PU . The second
term is a phase-flip dissipator, is finite as z ↗ 1, and is the only place the two helicities are
treated di!erently.

Step 4: one infinitesimal RG shell. Collinear emission is uniform in ln k2↓: the nearly
on-shell propagator and the collinear phase space give dP = ε

2ϑP (z) d ln k2↓ dz, so every equal
interval of ln k2↓ contributes equally. That is the origin of the collinear logarithm, and it is what
makes an RG treatment natural. Identify the factorisation scale with the transverse momentum,
µ ⇒ k↓, and define the flow variable

t ↔ ln
Qϱ

µ
, t = 0 at the jet boundary µ = Qϱ, tfinal = ln

Qϱ

m
, (186)

with Q the hard scale and ϱ the jet half-opening angle. Since |d ln k2↓| = 2dt, the positive
measure of one downward shell µ ↗ µe↑dt is

ς

2φ
d ln k2↓ dz =

ς

φ
dt dz. (187)

Strongly ordered emissions in di!erent shells factorise and do not interfere, so the state entering
a shell is all the shell needs to know: the evolution in t is Markovian, and one shell supplies
a map ε(t + dt) = (I + dtL)ε(t) + O(dt2). Markovianity is here a consequence of collinear
factorisation, not an assumption.
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Diagonal entries of ω are multiplied by PU , o!-diagonal entries by PT .
These two numbers are exactly the entries of the helicity-resolved splitting function. Squaring

the amplitude (182) and summing over the unobserved boson helicity gives, instead of a number,
a matrix on the fermion helicity space,

P hh→
(z) →

∑

ω=±
F h,h,ω(z)F h→,h→,ω →(z), P++ = P↑↑ = PU , P+↑ = P↑+ = PT . (186)

Its diagonal is the ordinary unpolarised splitting function of the box above, PU = Pqq/CF before
the plus prescription, and the spin-summed rate is its trace, TrP = 2PU . The o!-diagonal
entries PT have no counterpart in the spin-summed treatment at all: they are precisely the
information the trace throws away, and they are what the rest of this derivation is about.
Dividing out the overall rate, the normalised e!ect of one emission is

ω+↑ ↑↓ PT (z)

PU (z)
ω+↑ =

2z

1 + z2
ω+↑, ω±± unchanged. (187)

The damping factor is precisely the normalised overlap of the two conditional boson states —
the familiar statement that distinguishability of the environment records = loss of coherence,
here derived from a splitting amplitude rather than postulated.

Key point. 2z/(1 + z2) ↔ 1, with equality if and only if z = 1. Very soft radiation is spin
blind: as z ↓ 1 the two conditional boson states in (184) coincide, the photon learns nothing,
and no coherence is lost. This is why the spin-dependent part of the evolution is soft finite even
though the emission rate itself is soft divergent — the divergence lives entirely in the spin-blind
factor PU .

The emitted boson’s azimuth about the jet axis also carries information, through a phase common to
both helicity branches. Integrating over that azimuth is part of the same trace, and such common phases
cancel between |εh↗ and ↘εh→ | in (185). This is why (187) involves no phase, only a real contraction.

Step 3: the map is a phase-flip channel. The same content in Kraus language. Split
(183) into its identity and ϑ3 parts,

K±(z) = a(z) 1l± b(z)ϑ3, a(z) =
1 + z

2
≃
1↑ z

, b(z) =

≃
1↑ z

2
. (188)

Summing over the unobserved boson helicity, the cross terms ⇐ ab cancel between ϖ = + and
ϖ = ↑, leaving

Rz[ω] →
∑

ω=±
Kω(z) ωK

†
ω(z) = 2a2ω+ 2b2 ϑ3ω ϑ3 = PU (z) ω+

1↑ z

2

(
ϑ3ω ϑ3 ↑ ω

)
. (189)

The split is the punchline of the whole derivation. The first term is proportional to the identity
superoperator: it is spin blind and carries the entire soft/collinear singularity of PU . The second
term is a phase-flip dissipator, is finite as z ↓ 1, and is the only place the two helicities are
treated di!erently.

Step 4: one infinitesimal RG shell. Collinear emission is uniform in ln k2↓: the nearly
on-shell propagator and the collinear phase space give dP = ε

2ϑP (z) d ln k2↓ dz, so every equal
interval of ln k2↓ contributes equally. That is the origin of the collinear logarithm, and it is what
makes an RG treatment natural. Identify the factorisation scale with the transverse momentum,
µ ⇒ k↓, and define the flow variable

t → ln
Qϱ

µ
, t = 0 at the jet boundary µ = Qϱ, tfinal = ln

Qϱ

m
, (190)
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Diagonal entries of ω are multiplied by PU , o!-diagonal entries by PT .
These two numbers are exactly the entries of the helicity-resolved splitting function. Squaring

the amplitude (182) and summing over the unobserved boson helicity gives, instead of a number,
a matrix on the fermion helicity space,

P hh→
(z) →

∑

ω=±
F h,h,ω(z)F h→,h→,ω →(z), P++ = P↑↑ = PU , P+↑ = P↑+ = PT . (186)

Its diagonal is the ordinary unpolarised splitting function of the box above, PU = Pqq/CF before
the plus prescription, and the spin-summed rate is its trace, TrP = 2PU . The o!-diagonal
entries PT have no counterpart in the spin-summed treatment at all: they are precisely the
information the trace throws away, and they are what the rest of this derivation is about.
Dividing out the overall rate, the normalised e!ect of one emission is

ω+↑ ↑↓ PT (z)

PU (z)
ω+↑ =

2z

1 + z2
ω+↑, ω±± unchanged. (187)

The damping factor is precisely the normalised overlap of the two conditional boson states —
the familiar statement that distinguishability of the environment records = loss of coherence,
here derived from a splitting amplitude rather than postulated.

Key point. 2z/(1 + z2) ↔ 1, with equality if and only if z = 1. Very soft radiation is spin
blind: as z ↓ 1 the two conditional boson states in (184) coincide, the photon learns nothing,
and no coherence is lost. This is why the spin-dependent part of the evolution is soft finite even
though the emission rate itself is soft divergent — the divergence lives entirely in the spin-blind
factor PU .

The emitted boson’s azimuth about the jet axis also carries information, through a phase common to
both helicity branches. Integrating over that azimuth is part of the same trace, and such common phases
cancel between |εh↗ and ↘εh→ | in (185). This is why (187) involves no phase, only a real contraction.

Step 3: the map is a phase-flip channel. The same content in Kraus language. Split
(183) into its identity and ϑ3 parts,

K±(z) = a(z) 1l± b(z)ϑ3, a(z) =
1 + z

2
≃
1↑ z

, b(z) =

≃
1↑ z

2
. (188)

Summing over the unobserved boson helicity, the cross terms ⇐ ab cancel between ϖ = + and
ϖ = ↑, leaving

Rz[ω] →
∑

ω=±
Kω(z) ωK

†
ω(z) = 2a2ω+ 2b2 ϑ3ω ϑ3 = PU (z) ω+

1↑ z

2

(
ϑ3ω ϑ3 ↑ ω

)
. (189)

The split is the punchline of the whole derivation. The first term is proportional to the identity
superoperator: it is spin blind and carries the entire soft/collinear singularity of PU . The second
term is a phase-flip dissipator, is finite as z ↓ 1, and is the only place the two helicities are
treated di!erently.

Step 4: one infinitesimal RG shell. Collinear emission is uniform in ln k2↓: the nearly
on-shell propagator and the collinear phase space give dP = ε

2ϑP (z) d ln k2↓ dz, so every equal
interval of ln k2↓ contributes equally. That is the origin of the collinear logarithm, and it is what
makes an RG treatment natural. Identify the factorisation scale with the transverse momentum,
µ ⇒ k↓, and define the flow variable

t → ln
Qϱ

µ
, t = 0 at the jet boundary µ = Qϱ, tfinal = ln

Qϱ

m
, (190)
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8.3 FSR decoherence II: resummation, RG flow, and sudden death
Slide:
resummation
promotes the
fixed-order
dissipator to
the exact
GKSL
generator.

The fixed-order weights grow logarithmically as the resolution scales are pushed below the hard
scale (and are IR-divergent for the axial coupling). This signals that the unresolved region is
populated not by one emission but by many, and the one-emission map must be iterated. In the
strongly-ordered region successive emissions factorize with no interference, so the composition
is a Markov chain on the spin space, and the continuum limit is a genuine GKSL master
equation. We now derive that statement explicitly in the simplest setting, and only then
quote the general form.

8.3.1 Worked derivation: one fermion leg, from splitting amplitude to Lindblad

Slide: the
unresolved
photon is a
which-helicity
meter; its
overlap is the
decoherence
factor.

Before quoting the general generator it is worth doing the simplest case completely. Every struc-
tural feature of the general result is already present, and the algebra is two-by-two throughout.
Take a single energetic fermion leg, keep only collinear radiation, and work in the boosted
limit m/q → 0. Write ω = g2/4ε for a QED-like emission o! a unit charge; for QCD replace
ω → ωsCF everywhere below.

Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+↑ and |↓↑ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting amplitude as an emission operator. Let z ↔ (0, 1) be the momen-
tum fraction retained by the daughter fermion in ı̃ → i+ k, so that z → 1 is the soft limit for
the emitted boson. The helicity-resolved collinear splitting amplitude, with the mass-suppressed
flip branch already dropped, is

F h,h,ω(z) =
1↗
1↓ z

{
1, ϑ = h,

z, ϑ = ↓h,
h,ϑ = ±, (179)

where h is the (conserved) fermion helicity and ϑ the emitted boson helicity. Because h is
unchanged, each ϑ defines a diagonal operator on the two-dimensional helicity space {|+↑, |↓↑}:

K+(z) =
1↗
1↓ z

(
1 0
0 z

)
, K→(z) =

1↗
1↓ z

(
z 0
0 1

)
. (180)

Read them o! (179): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϖ↑ = c+|+↑+ c→|↓↑. After one emission the joint fermion–boson state is, by (180), of
the perfect which-path form

|”↑ =
∑

h=±
ch |h↑ ↘ |ϱh↑, |ϱ+↑ =

|+↑ε + z|↓↑ε↗
1↓ z

, |ϱ→↑ =
z|+↑ε + |↓↑ε↗

1↓ z
. (181)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ςhh→ → chc↑h→≃ϱh→ |ϱh↑, and the only two
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Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+→ and |↑→ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting variable z, and the amplitude as an emission operator. The
collinear branching is ı̃ ↓ i+k: a parent fermion of momentum pı̃ splits into a daughter fermion
i and a gauge boson k, both nearly parallel to the parent direction. The splitting variable z is
the longitudinal momentum fraction retained by the daughter fermion. Covariantly,
with n a lightlike reference vector pointing opposite to the common collinear direction,

z ↔ n · pi
n · pı̃

, 1↑ z =
n · pk
n · pı̃

, z ↗ (0, 1), (181)

so that at leading collinear order pi ↘ z pı̃ and pk ↘ (1↑ z) pı̃: the fermion keeps the fraction z
and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
the boson’s energy fraction 1 ↑ z vanishes; z ↓ 0 is the opposite extreme, in which the boson
takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
and at angle ω to the jet axis its transverse momentum is k→ ↘ (1 ↑ z)EJω — the scale that
will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
argument of the splitting kernels P (z), and the soft singularity of those kernels is the 1/(1↑ z)
pole at z ↓ 1.

With this z, the helicity-resolved splitting amplitude (dropping the mass-suppressed helicity-
flip branch) reads

F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =

1≃
1↑ z

(
z 0
0 1

)
. (183)

Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are

⇒ϖ±|ϖ±→ =
1 + z2

1↑ z
↔ PU (z), ⇒ϖ↔|ϖ±→ =

2z

1↑ z
↔ PT (z). (185)
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Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
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the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)
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numbers we ever need are

→ω±|ω±↑ =
1 + z2

1↓ z
↔ PU (z), →ω→|ω±↑ =

2z

1↓ z
↔ PT (z). (182)

Diagonal entries of ε are multiplied by PU , o!-diagonal entries by PT . Dividing out the overall
rate, the normalised e!ect of one emission is

ε+↑ ↓↗ PT (z)

PU (z)
ε+↑ =

2z

1 + z2
ε+↑, ε±± unchanged. (183)

The damping factor is precisely the normalised overlap of the two conditional boson states —
the familiar statement that distinguishability of the environment records = loss of coherence,
here derived from a splitting amplitude rather than postulated.

Key point. 2z/(1 + z2) ↘ 1, with equality if and only if z = 1. Very soft radiation is spin
blind: as z ↗ 1 the two conditional boson states in (181) coincide, the photon learns nothing,
and no coherence is lost. This is why the spin-dependent part of the evolution is soft finite even
though the emission rate itself is soft divergent — the divergence lives entirely in the spin-blind
factor PU .

The emitted boson’s azimuth about the jet axis also carries information, through a phase common to
both helicity branches. Integrating over that azimuth is part of the same trace, and such common phases
cancel between |ωh↑ and →ωh→ | in (182). This is why (183) involves no phase, only a real contraction.

Step 3: the map is a phase-flip channel. The same content in Kraus language. Split
(180) into its identity and ϑ3 parts,

K±(z) = a(z) 1l± b(z)ϑ3, a(z) =
1 + z

2
≃
1↓ z

, b(z) =

≃
1↓ z

2
. (184)

Summing over the unobserved boson helicity, the cross terms ⇐ ab cancel between ϖ = + and
ϖ = ↓, leaving

Rz[ε] ↔
∑

ω=±
Kω(z) εK

†
ω(z) = 2a2ε+ 2b2 ϑ3ε ϑ3 = PU (z) ε+

1↓ z

2

(
ϑ3ε ϑ3 ↓ ε

)
. (185)

The split is the punchline of the whole derivation. The first term is proportional to the identity
superoperator: it is spin blind and carries the entire soft/collinear singularity of PU . The second
term is a phase-flip dissipator, is finite as z ↗ 1, and is the only place the two helicities are
treated di!erently.

Step 4: one infinitesimal RG shell. Collinear emission is uniform in ln k2↓: the nearly
on-shell propagator and the collinear phase space give dP = ε

2ϑP (z) d ln k2↓ dz, so every equal
interval of ln k2↓ contributes equally. That is the origin of the collinear logarithm, and it is what
makes an RG treatment natural. Identify the factorisation scale with the transverse momentum,
µ ⇒ k↓, and define the flow variable

t ↔ ln
Qϱ

µ
, t = 0 at the jet boundary µ = Qϱ, tfinal = ln

Qϱ

m
, (186)

with Q the hard scale and ϱ the jet half-opening angle. Since |d ln k2↓| = 2dt, the positive
measure of one downward shell µ ↗ µe↑dt is

ς

2φ
d ln k2↓ dz =

ς

φ
dt dz. (187)

Strongly ordered emissions in di!erent shells factorise and do not interfere, so the state entering
a shell is all the shell needs to know: the evolution in t is Markovian, and one shell supplies
a map ε(t + dt) = (I + dtL)ε(t) + O(dt2). Markovianity is here a consequence of collinear
factorisation, not an assumption.
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Diagonal entries of ω are multiplied by PU , o!-diagonal entries by PT .
These two numbers are exactly the entries of the helicity-resolved splitting function. Squaring

the amplitude (182) and summing over the unobserved boson helicity gives, instead of a number,
a matrix on the fermion helicity space,

P hh→
(z) →

∑

ω=±
F h,h,ω(z)F h→,h→,ω →(z), P++ = P↑↑ = PU , P+↑ = P↑+ = PT . (186)

Its diagonal is the ordinary unpolarised splitting function of the box above, PU = Pqq/CF before
the plus prescription, and the spin-summed rate is its trace, TrP = 2PU . The o!-diagonal
entries PT have no counterpart in the spin-summed treatment at all: they are precisely the
information the trace throws away, and they are what the rest of this derivation is about.
Dividing out the overall rate, the normalised e!ect of one emission is

ω+↑ ↑↓ PT (z)
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ω+↑ =

2z

1 + z2
ω+↑, ω±± unchanged. (187)

The damping factor is precisely the normalised overlap of the two conditional boson states —
the familiar statement that distinguishability of the environment records = loss of coherence,
here derived from a splitting amplitude rather than postulated.

Key point. 2z/(1 + z2) ↔ 1, with equality if and only if z = 1. Very soft radiation is spin
blind: as z ↓ 1 the two conditional boson states in (184) coincide, the photon learns nothing,
and no coherence is lost. This is why the spin-dependent part of the evolution is soft finite even
though the emission rate itself is soft divergent — the divergence lives entirely in the spin-blind
factor PU .

The emitted boson’s azimuth about the jet axis also carries information, through a phase common to
both helicity branches. Integrating over that azimuth is part of the same trace, and such common phases
cancel between |εh↗ and ↘εh→ | in (185). This is why (187) involves no phase, only a real contraction.

Step 3: the map is a phase-flip channel. The same content in Kraus language. Split
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≃
1↑ z

2
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Summing over the unobserved boson helicity, the cross terms ⇐ ab cancel between ϖ = + and
ϖ = ↑, leaving

Rz[ω] →
∑

ω=±
Kω(z) ωK

†
ω(z) = 2a2ω+ 2b2 ϑ3ω ϑ3 = PU (z) ω+

1↑ z

2

(
ϑ3ω ϑ3 ↑ ω

)
. (189)

The split is the punchline of the whole derivation. The first term is proportional to the identity
superoperator: it is spin blind and carries the entire soft/collinear singularity of PU . The second
term is a phase-flip dissipator, is finite as z ↓ 1, and is the only place the two helicities are
treated di!erently.

Step 4: one infinitesimal RG shell. Collinear emission is uniform in ln k2↓: the nearly
on-shell propagator and the collinear phase space give dP = ε

2ϑP (z) d ln k2↓ dz, so every equal
interval of ln k2↓ contributes equally. That is the origin of the collinear logarithm, and it is what
makes an RG treatment natural. Identify the factorisation scale with the transverse momentum,
µ ⇒ k↓, and define the flow variable

t → ln
Qϱ

µ
, t = 0 at the jet boundary µ = Qϱ, tfinal = ln

Qϱ

m
, (190)
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Collinear emission:

phase-flip channel

Step 0: why the answer must be pure dephasing. A collinear gauge boson emitted o!
a fast fermion cannot flip its helicity: the coupling is chiral, so helicity flips cost a factor m/q
and vanish in the boosted limit. But the amplitude to emit does depend on the fermion helicity.
So the radiation learns something about the helicity without changing it. That is exactly
the textbook recipe for pure dephasing — the environment acquires which-path information,
populations survive untouched, and only the coherence between |+→ and |↑→ decays. Everything
below is the quantitative version of this one sentence.

Step 1: the splitting variable z, and the amplitude as an emission operator. The
collinear branching is ı̃ ↓ i+k: a parent fermion of momentum pı̃ splits into a daughter fermion
i and a gauge boson k, both nearly parallel to the parent direction. The splitting variable z is
the longitudinal momentum fraction retained by the daughter fermion. Covariantly,
with n a lightlike reference vector pointing opposite to the common collinear direction,

z ↔ n · pi
n · pı̃

, 1↑ z =
n · pk
n · pı̃

, z ↗ (0, 1), (181)

so that at leading collinear order pi ↘ z pı̃ and pk ↘ (1↑ z) pı̃: the fermion keeps the fraction z
and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
the boson’s energy fraction 1 ↑ z vanishes; z ↓ 0 is the opposite extreme, in which the boson
takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
and at angle ω to the jet axis its transverse momentum is k→ ↘ (1 ↑ z)EJω — the scale that
will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
argument of the splitting kernels P (z), and the soft singularity of those kernels is the 1/(1↑ z)
pole at z ↓ 1.

With this z, the helicity-resolved splitting amplitude (dropping the mass-suppressed helicity-
flip branch) reads

F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =
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(
z 0
0 1

)
. (183)

Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form

|”→ =
∑

h=±
ch |h→ ⇐ |ϖh→, |ϖ+→ =

|+→ε + z|↑→ε≃
1↑ z

, |ϖ↑→ =
z|+→ε + |↑→ε≃

1↑ z
. (184)

The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are

⇒ϖ±|ϖ±→ =
1 + z2

1↑ z
↔ PU (z), ⇒ϖ↔|ϖ±→ =

2z

1↑ z
↔ PT (z). (185)
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and the emitted boson carries 1↑z. Both limits are used below. z ↓ 1 is the soft limit, in which
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takes essentially all of the energy. For a parent of energy EJ the boson has Ek ↘ (1 ↑ z)EJ ,
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will become the RG variable in Step 4. In DGLAP language z is the usual momentum fraction
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where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
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Read them o! (182): emitting a boson whose helicity matches the fermion’s costs amplitude
1, emitting the opposite helicity costs z. The factors common to both helicities belong to the
collinear phase-space measure and are restored in Step 4.

Step 2: trace out the boson — distinguishability is the whole story. Let the fermion
enter in |ϑ→ = c+|+→+ c↑|↑→. After one emission the joint fermion–boson state is, by (183), of
the perfect which-path form
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The two conditional boson states are neither equal nor orthogonal, so the boson is a partial
meter of the fermion helicity. Tracing it out sends ϱhh→ ↓ chc↓h→⇒ϖh→ |ϖh→, and the only two
numbers we ever need are
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F h,h,ω(z) =
1≃
1↑ z

{
1, ε = h,

z, ε = ↑h,
h,ε = ±, (182)

where h is the (conserved) fermion helicity and ε the emitted boson helicity. Because h is
unchanged, each ε defines a diagonal operator on the two-dimensional helicity space {|+→, |↑→}:

K+(z) =
1≃
1↑ z

(
1 0
0 z

)
, K↑(z) =

1≃
1↑ z

(
z 0
0 1

)
. (183)
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collinear phase-space measure and are restored in Step 4.
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● We integrate out the radiation below

<latexit sha1_base64="6QuMFsDGJsvwrA5iV+mCIdqc5g4="></latexit>

Q →
↑
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ĩ
<latexit sha1_base64="Ty3NXhh6tzMCTfhyGGGTPuxBcJk="></latexit>

Mn

<latexit sha1_base64="2pabQoXuOzjtnZ5+D+ds3fRXmQ0="></latexit>

kmax
T

<latexit sha1_base64="nthdBo5mii8z1UGCQ84rrsgfPoI="></latexit>

kmax
T → Qω

<latexit sha1_base64="4+mjSDYNPMfiynF1srnz0pEZHNE="></latexit>

Qω

<latexit sha1_base64="LdtuFoeNB1x9ykEgO3pt7Bea07Y="></latexit>

µ → kT
<latexit sha1_base64="+UW3IV8uVvCt8YJGXCvjcKZn9aA="></latexit>mf (IR cut-off)

Diagonal entries of ω are multiplied by PU , o!-diagonal entries by PT .
These two numbers are exactly the entries of the helicity-resolved splitting function. Squaring

the amplitude (182) and summing over the unobserved boson helicity gives, instead of a number,
a matrix on the fermion helicity space,

P hh→
(z) →

∑

ω=±
F h,h,ω(z)F h→,h→,ω →(z), P++ = P↑↑ = PU , P+↑ = P↑+ = PT . (186)

Its diagonal is the ordinary unpolarised splitting function of the box above, PU = Pqq/CF before
the plus prescription, and the spin-summed rate is its trace, TrP = 2PU . The o!-diagonal
entries PT have no counterpart in the spin-summed treatment at all: they are precisely the
information the trace throws away, and they are what the rest of this derivation is about.
Dividing out the overall rate, the normalised e!ect of one emission is

ω+↑ ↑↓ PT (z)

PU (z)
ω+↑ =

2z

1 + z2
ω+↑, ω±± unchanged. (187)

The damping factor is precisely the normalised overlap of the two conditional boson states —
the familiar statement that distinguishability of the environment records = loss of coherence,
here derived from a splitting amplitude rather than postulated.

Key point. 2z/(1 + z2) ↔ 1, with equality if and only if z = 1. Very soft radiation is spin
blind: as z ↓ 1 the two conditional boson states in (184) coincide, the photon learns nothing,
and no coherence is lost. This is why the spin-dependent part of the evolution is soft finite even
though the emission rate itself is soft divergent — the divergence lives entirely in the spin-blind
factor PU .

The emitted boson’s azimuth about the jet axis also carries information, through a phase common to
both helicity branches. Integrating over that azimuth is part of the same trace, and such common phases
cancel between |εh↗ and ↘εh→ | in (185). This is why (187) involves no phase, only a real contraction.

Step 3: the map is a phase-flip channel. The same content in Kraus language. Split
(183) into its identity and ϑ3 parts,

K±(z) = a(z) 1l± b(z)ϑ3, a(z) =
1 + z

2
≃
1↑ z

, b(z) =

≃
1↑ z

2
. (188)

Summing over the unobserved boson helicity, the cross terms ⇐ ab cancel between ϖ = + and
ϖ = ↑, leaving

Rz[ω] →
∑

ω=±
Kω(z) ωK

†
ω(z) = 2a2ω+ 2b2 ϑ3ω ϑ3 = PU (z) ω+

1↑ z

2

(
ϑ3ω ϑ3 ↑ ω

)
. (189)

The split is the punchline of the whole derivation. The first term is proportional to the identity
superoperator: it is spin blind and carries the entire soft/collinear singularity of PU . The second
term is a phase-flip dissipator, is finite as z ↓ 1, and is the only place the two helicities are
treated di!erently.

Step 4: one infinitesimal RG shell. Collinear emission is uniform in ln k2↓: the nearly
on-shell propagator and the collinear phase space give dP = ε

2ϑP (z) d ln k2↓ dz, so every equal
interval of ln k2↓ contributes equally. That is the origin of the collinear logarithm, and it is what
makes an RG treatment natural. Identify the factorisation scale with the transverse momentum,
µ ⇒ k↓, and define the flow variable

t → ln
Qϱ

µ
, t = 0 at the jet boundary µ = Qϱ, tfinal = ln

Qϱ

m
, (190)
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Qω

mf● The splitting probability is given by

with Q the hard scale and ω the jet half-opening angle. Since |d ln k2→| = 2dt, the positive
measure of one downward shell µ → µe↑dt is

ε

2ϑ
d ln k2→ dz =

ε

ϑ
dt dz. (191)

Strongly ordered emissions in di!erent shells factorise and do not interfere, so the state entering
a shell is all the shell needs to know: the evolution in t is Markovian, and one shell supplies
a map ϖ(t + dt) = (I + dtL)ϖ(t) + O(dt2). Markovianity is here a consequence of collinear
factorisation, not an assumption.

Step 5: real plus virtual, and why the divergence cancels. The real contribution from
one shell follows from (189) and (191),

dϖreal =
ε

ϑ
dt

∫ 1↑ω

0
dz

[
PU (z) ϖ+

1↑z
2

(
ϱ3ϖ ϱ3 ↑ ϖ

)]
, (192)

with ς regulating the soft end. Since Tr(ϱ3ϖ ϱ3 ↑ ϖ) = 0, the trace of the real map is TrRz[ϖ] =
PU (z) Tr ϖ: real emission alone does not preserve the trace, and PU diverges as ς → 0. Unitarity
supplies the missing piece — the virtual, or no-emission, contribution, whose rate is the same
spin-blind PU because a fermion that did not radiate is a fermion whose spin was not measured:

dϖvirt = ↑ε

ϑ
dt

∫ 1↑ω

0
dz PU (z) ϖ. (193)

Adding (192) and (193), the regulator-dependent spin-blind term cancels identically and only
the finite dissipator survives. In DGLAP language this cancellation is the plus prescription
together with the ω(1↑ z) term; in a parton shower it is the Sudakov no-emission probability;
here it is simply trace preservation of a quantum channel.

Step 6: the master equation. Dividing by dt and letting dt → 0 (two emissions in one
infinitesimal shell are O(dt2)), and using

∫ 1
0 dz 1↑z

2 = 1
4 ,

dϖ

dt
=

ε

ϑ

∫ 1

0
dz

1↑ z

2

(
ϱ3ϖ ϱ3 ↑ ϖ

)
=

ε

4ϑ

(
ϱ3ϖ ϱ3 ↑ ϖ

)
= LϖL† ↑ 1

2{L
†L, ϖ}, L =

√
ε

4ϑ
ϱ3.

This is a GKSL equation with a single jump operator L ↓ ϱ3. The second equality to Lindblad
form is immediate because L†L = ε

4ϑ1l, so the anticommutator term is just ↑ ε
4ϑϖ. There is no

Hamiltonian piece: unresolved collinear radiation dissipates but does not precess the spin.

Step 7: solving it. In components the equation is diagonal. Populations are untouched,
ϖ̇++ = ϖ̇↑↑ = 0, while (ϱ3ϖ ϱ3 ↑ ϖ)+↑ = ↑2ϖ+↑ gives

dϖ+↑
dt

= ↑ ε

2ϑ
ϖ+↑ =↔ ϖ+↑(t) = e↑εt/2ϑ ϖ+↑(0), t = ln

Qω

µ
. (194)

Exponentiating the infinitesimal maps, (I+dtL)t/dt → etL, so (194) resums the leading collinear
series (εt)n = (ε ln(Qω/m))n generated by arbitrarily many strongly ordered emissions. Equiv-
alently, for a finite interval the one-leg channel is the phase-flip channel

ϖ ↗→
(
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)
ϖ+ p2 ϱ3ϖ ϱ3, p2(t) =

1↑ e↑εt/2ϑ
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, (195)

i.e. complete decoherence in the helicity basis, reached only logarithmically slowly.
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with Q the hard scale and ω the jet half-opening angle. Since |d ln k2→| = 2dt, the positive
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Strongly ordered emissions in di!erent shells factorise and do not interfere, so the state entering
a shell is all the shell needs to know: the evolution in t is Markovian, and one shell supplies
a map ϖ(t + dt) = (I + dtL)ϖ(t) + O(dt2). Markovianity is here a consequence of collinear
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with ς regulating the soft end. Since Tr(ϱ3ϖ ϱ3 ↑ ϖ) = 0, the trace of the real map is TrRz[ϖ] =
PU (z) Tr ϖ: real emission alone does not preserve the trace, and PU diverges as ς → 0. Unitarity
supplies the missing piece — the virtual, or no-emission, contribution, whose rate is the same
spin-blind PU because a fermion that did not radiate is a fermion whose spin was not measured:
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Adding (192) and (193), the regulator-dependent spin-blind term cancels identically and only
the finite dissipator survives. In DGLAP language this cancellation is the plus prescription
together with the ω(1↑ z) term; in a parton shower it is the Sudakov no-emission probability;
here it is simply trace preservation of a quantum channel.

Step 6: the master equation. Dividing by dt and letting dt → 0 (two emissions in one
infinitesimal shell are O(dt2)), and using
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This is a GKSL equation with a single jump operator L ↓ ϱ3. The second equality to Lindblad
form is immediate because L†L = ε

4ϑ1l, so the anticommutator term is just ↑ ε
4ϑϖ. There is no

Hamiltonian piece: unresolved collinear radiation dissipates but does not precess the spin.

Step 7: solving it. In components the equation is diagonal. Populations are untouched,
ϖ̇++ = ϖ̇↑↑ = 0, while (ϱ3ϖ ϱ3 ↑ ϖ)+↑ = ↑2ϖ+↑ gives

dϖ+↑
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Exponentiating the infinitesimal maps, (I+dtL)t/dt → etL, so (194) resums the leading collinear
series (εt)n = (ε ln(Qω/m))n generated by arbitrarily many strongly ordered emissions. Equiv-
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series (εt)n = (ε ln(Qω/m))n generated by arbitrarily many strongly ordered emissions. Equiv-
alently, for a finite interval the one-leg channel is the phase-flip channel

ϖ ↗→
(
1↑ p2

)
ϖ+ p2 ϱ3ϖ ϱ3, p2(t) =

1↑ e↑εt/2ϑ
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↑↑↑↑→
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i.e. complete decoherence in the helicity basis, reached only logarithmically slowly.
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with Q the hard scale and ω the jet half-opening angle. Since |d ln k2→| = 2dt, the positive
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Strongly ordered emissions in di!erent shells factorise and do not interfere, so the state entering
a shell is all the shell needs to know: the evolution in t is Markovian, and one shell supplies
a map ϖ(t + dt) = (I + dtL)ϖ(t) + O(dt2). Markovianity is here a consequence of collinear
factorisation, not an assumption.

Step 5: real plus virtual, and why the divergence cancels. The real contribution from
one shell follows from (189) and (191),
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∫ 1↑ω

0
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ϱ3ϖ ϱ3 ↑ ϖ
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with ς regulating the soft end. Since Tr(ϱ3ϖ ϱ3 ↑ ϖ) = 0, the trace of the real map is TrRz[ϖ] =
PU (z) Tr ϖ: real emission alone does not preserve the trace, and PU diverges as ς → 0. Unitarity
supplies the missing piece — the virtual, or no-emission, contribution, whose rate is the same
spin-blind PU because a fermion that did not radiate is a fermion whose spin was not measured:

dϖvirt = ↑ε

ϑ
dt

∫ 1↑ω

0
dz PU (z) ϖ. (193)

Adding (192) and (193), the regulator-dependent spin-blind term cancels identically and only
the finite dissipator survives. In DGLAP language this cancellation is the plus prescription
together with the ω(1↑ z) term; in a parton shower it is the Sudakov no-emission probability;
here it is simply trace preservation of a quantum channel.

Step 6: the master equation. Dividing by dt and letting dt → 0 (two emissions in one
infinitesimal shell are O(dt2)), and using
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=
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2{L
†L, ϖ}, L =

√
ε

4ϑ
ϱ3.

This is a GKSL equation with a single jump operator L ↓ ϱ3. The second equality to Lindblad
form is immediate because L†L = ε

4ϑ1l, so the anticommutator term is just ↑ ε
4ϑϖ. There is no

Hamiltonian piece: unresolved collinear radiation dissipates but does not precess the spin.

Step 7: solving it. In components the equation is diagonal. Populations are untouched,
ϖ̇++ = ϖ̇↑↑ = 0, while (ϱ3ϖ ϱ3 ↑ ϖ)+↑ = ↑2ϖ+↑ gives

dϖ+↑
dt

= ↑ ε
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Exponentiating the infinitesimal maps, (I+dtL)t/dt → etL, so (194) resums the leading collinear
series (εt)n = (ε ln(Qω/m))n generated by arbitrarily many strongly ordered emissions. Equiv-
alently, for a finite interval the one-leg channel is the phase-flip channel
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)
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1↑ e↑εt/2ϑ
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i.e. complete decoherence in the helicity basis, reached only logarithmically slowly.
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Higher-order corrections: Diagrammatic
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Formally, for ttbar production at NLO (in QCD) we need…

Extra radiation?  
Larger Hilbert space.

If the radiation is unresolvable, can we see this as a quantum map?
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with Q the hard scale and ω the jet half-opening angle. Since |d ln k2→| = 2dt, the positive
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together with the ω(1↑ z) term; in a parton shower it is the Sudakov no-emission probability;
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FIG.3.RGevolutionasaphase-flipchannel.Left:Bloch-
sphererepresentationofdecoherenceinthe{|+→↑,|→+↑}
subspace,withlightershadingindicatingreducedspincorre-
lations.|ω+↑=(|+→↑+|→+↑)/

↓
2isamaximally-entangled

state(andsoareallpointsontheequator).Right:The
correspondingpictureofspindecoherencedrivenbycollinear
photonemissions(greenlines).

ThefullprocessinourEFTframeworkcanbeun-
derstoodthroughaRG-evolutionpicture.Itunfolds
inthreestages:Atshortdistances(t=0),anentan-
gledfermionpairiscreated,describedbyane!ective
productionmatrix,R̂e!.Thesystemthenevolvestoa
macroscopicscaletundertheinfluenceofanevolution
operator,Û(t,0),whichaccountsforthedecoherencein-
ducedbyenvironmentalinteractions.Finally,themea-
surementisdescribedbythemeasurementoperator,ˆM,
whichprojectstheevolvedstateontotheHilbertspace
oftheobservedfinal-stateparticles.5

Example.–Toillustrateourframework,weapplyitto
thespinstatesofafermionpair(ff̄)producedatahigh
energycollider.Herewedonotmakeanyassumption
onthehardscatteringprocessthatproducesthefermion
pair,butinsteadworkwiththemostgeneralinitialden-
sitymatrix,ω̂e!(t=0).Thespinstateofeachfermion
evolvesbyemittingunresolvedcollinearradiation,which
weassumetobedescribedbyaQED-liketheorywitha
genericcouplingε→g

2
/(4ϑ).ThehardscaleQisset

tothecenter-of-massenergyofthefermionpair,while
thefermionmassservesastheinfraredregulator,ϖ=m

withm↑Q.TheRGevolutionofω̂e!(t)fromt=0to
t=log(Qϱ/m)definesaquantumchannel.

Theformofthischannelisdictatedbytheunderlying
QED-likeinteractionsintheboostedregime,whichcon-
servehelicitybutnottransversespin[104,105].Work-
inginthehelicitybasis(seeSupplementalMaterial),this
leadstoasimplephase-flipchannel,whoseKrausopera-

5WhileouranalysisfocusesondecoherencefromFSR,thefor-
malismcanbeextendedtoincludeinitial-stateradiation(ISR).
Withinourfactorizedframework,ISRmodifiestheinitiale!ec-
tivedensitymatrix,ω̂e!(t=0),whichsubsequentlyevolvesdue
toFSR.AdetailedstudyofISRe!ectsisleftforfuturework.
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torsareK̂(i,j)=K̂
f
i↓K̂

f̄
j,with

K̂
f(f̄)
0=

√
1↔p2Î,K̂

f(f̄)
1=pς̂3,(10)

wherep→
√

(1↔e
→ω

2εt)/2.Notethatinderiving
Eq.(10)wehaveignoredtherunningofε,inwhichcase
theanomalousdimensionφ

PinEq.(7)isindependentof
t.Weemphasizethatthephase-flipdecoherencee!ect
discussedhereisdominantintheboostedregime.For
massivefermionsproducednearthethreshold,thebit-
flipandbit-phase-flipchannelswouldbemoreimportant
[82],whilethephase-flipchannelissuppressed.

Thedynamicsofthischannelareequivalentlyde-
scribedbyaLindbladmasterequation[106]

dω̂e!

dt
=↔ε

2ϑ
ω̂e!(11)

+
ε

4ϑ

[
(ς̂3↓Î)ω̂e!(ς̂3↓Î)+(Î↓ς̂3)ω̂e!(Î↓ς̂3)

]
,

wheretheLindbladjumpoperatorsL̂1=
√

ε/4ϑς̂3↓Î

andL̂2=
√

ε/4ϑÎ↓ς̂3admitaclearquantumtra-
jectoryinterpretation:each“jump”correspondstoan
unresolvedcollinearphotonemissionfromeitherofthe
fermionlegs,whichinducesastochasticphase-flip.This
leadstoanexponentialdecayofallo!-diagonalterms,

ω̂
ij
e!(t)

ω̂
ij
e!(0)

=






1i=j(diagonal),

e
→ω

εt
ij=14,23,32,41(anti-diagonal),

e
→ω

2εtelse,

(12)

wherei,jarecomponentsintheHf↓Hf̄spinspace.As
t↗↘,onlythediagonaltermssurviveandthesystem
becomesaclassicalmixtureofdi!erenthelicitystates.
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FIG. 3. RG evolution as a phase-flip channel. Left: Bloch-
sphere representation of decoherence in the {|+→↑ , |→+↑}
subspace, with lighter shading indicating reduced spin corre-
lations. |ω+↑ = (|+→↑ + |→+↑)/

↓
2 is a maximally-entangled

state (and so are all points on the equator). Right: The
corresponding picture of spin decoherence driven by collinear
photon emissions (green lines).

The full process in our EFT framework can be un-
derstood through a RG-evolution picture. It unfolds
in three stages: At short distances (t = 0), an entan-
gled fermion pair is created, described by an e!ective
production matrix, R̂e!. The system then evolves to a
macroscopic scale t under the influence of an evolution
operator, Û(t, 0), which accounts for the decoherence in-
duced by environmental interactions. Finally, the mea-
surement is described by the measurement operator, M̂ ,
which projects the evolved state onto the Hilbert space
of the observed final-state particles.5

Example. – To illustrate our framework, we apply it to
the spin states of a fermion pair (ff̄) produced at a high
energy collider. Here we do not make any assumption
on the hard scattering process that produces the fermion
pair, but instead work with the most general initial den-
sity matrix, ω̂e!(t = 0). The spin state of each fermion
evolves by emitting unresolved collinear radiation, which
we assume to be described by a QED-like theory with a
generic coupling ε → g

2
/(4ϑ). The hard scale Q is set

to the center-of-mass energy of the fermion pair, while
the fermion mass serves as the infrared regulator, ϖ = m

with m ↑ Q. The RG evolution of ω̂e!(t) from t = 0 to
t = log (Qϱ/m) defines a quantum channel.

The form of this channel is dictated by the underlying
QED-like interactions in the boosted regime, which con-
serve helicity but not transverse spin [104, 105] . Work-
ing in the helicity basis (see Supplemental Material), this
leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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FIG. 4. The evolution of concurrence C(εe!) as a function
of RG scale t for varying coupling strengths ϑ in the range
[0.02, 0.10], assuming C(0) = 1 and Eq. 13 holds. Varying
ϑ illustrates the general coupling dependence of decoherence,
with stronger interactions leading to faster suppression of en-
tanglement.

tors are K̂(i,j) = K̂
f
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f̄
j , with
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f(f̄)
0 =

√
1 ↔ p2 Î , K̂

f(f̄)
1 = p ς̂3 , (10)

where p →
√

(1 ↔ e
→ ω

2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]

dω̂e!

dt
= ↔ ε

2ϑ
ω̂e! (11)

+
ε

4ϑ

[
(ς̂3 ↓ Î) ω̂e! (ς̂3 ↓ Î) + (Î ↓ ς̂3) ω̂e! (Î ↓ ς̂3)

]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,

ω̂
ij
e!(t)

ω̂
ij
e!(0)

=






1 i = j (diagonal) ,

e
→ω

ε t
ij = 14, 23, 32, 41 (anti-diagonal) ,

e
→ ω

2ε t else ,

(12)

where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.
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FIG. 3. RG evolution as a phase-flip channel. Left: Bloch-
sphere representation of decoherence in the {|+→↑ , |→+↑}
subspace, with lighter shading indicating reduced spin corre-
lations. |ω+↑ = (|+→↑ + |→+↑)/

↓
2 is a maximally-entangled

state (and so are all points on the equator). Right: The
corresponding picture of spin decoherence driven by collinear
photon emissions (green lines).

The full process in our EFT framework can be un-
derstood through a RG-evolution picture. It unfolds
in three stages: At short distances (t = 0), an entan-
gled fermion pair is created, described by an e!ective
production matrix, R̂e!. The system then evolves to a
macroscopic scale t under the influence of an evolution
operator, Û(t, 0), which accounts for the decoherence in-
duced by environmental interactions. Finally, the mea-
surement is described by the measurement operator, M̂ ,
which projects the evolved state onto the Hilbert space
of the observed final-state particles.5

Example. – To illustrate our framework, we apply it to
the spin states of a fermion pair (ff̄) produced at a high
energy collider. Here we do not make any assumption
on the hard scattering process that produces the fermion
pair, but instead work with the most general initial den-
sity matrix, ω̂e!(t = 0). The spin state of each fermion
evolves by emitting unresolved collinear radiation, which
we assume to be described by a QED-like theory with a
generic coupling ε → g

2
/(4ϑ). The hard scale Q is set

to the center-of-mass energy of the fermion pair, while
the fermion mass serves as the infrared regulator, ϖ = m

with m ↑ Q. The RG evolution of ω̂e!(t) from t = 0 to
t = log (Qϱ/m) defines a quantum channel.

The form of this channel is dictated by the underlying
QED-like interactions in the boosted regime, which con-
serve helicity but not transverse spin [104, 105] . Work-
ing in the helicity basis (see Supplemental Material), this
leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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FIG. 4. The evolution of concurrence C(εe!) as a function
of RG scale t for varying coupling strengths ϑ in the range
[0.02, 0.10], assuming C(0) = 1 and Eq. 13 holds. Varying
ϑ illustrates the general coupling dependence of decoherence,
with stronger interactions leading to faster suppression of en-
tanglement.
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where p →
√

(1 ↔ e
→ ω

2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]
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[
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]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,
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where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.
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For a large class of cases, it is possible to obtain a com-
pact form for the evolution of the concurrence C(ω̂e!(t))
(see Supplemental Material for definition), or simply C(t).
Assuming the ff̄ pair are produced with opposite helici-
ties, the spin space e!ectively reduces to a 2-dimensional
subspace formed by |+→↑ and |→+↑ (where ± denotes the
sign of the helicity) since the evolution conserves helic-
ity. The corresponding dephasing trajectory on the Bloch
sphere in the {|+→↑ , |→+↑} subspace always points to-
wards (and is perpendicular to) the z-axis, as illustrated
in Fig. 3. In this case, C(t) is simply proportional to the
absolute value of the o!-diagonal term in the 2↓2 density
matrix, and is given by

C(t) = C(0)e→
ω
ε t

, (13)

which is illustrated in Fig. 4. The same also applies if
the ff̄ pair are produced with the same helicity. These
two cases cover many commonly studied processes. For
example, the pair of fermions from Higgs decay h ↔ ff̄

always have the same helicity (and furthermore, they are
always in the Bell state |++↑ + |→→↑[9, 25]) , while for
e
+
e
→ ↔ Z/ε

↑ ↔ ff̄ at tree-level, the fermion pair always
have opposite helicities.

For the most general case, Eq. (13) instead becomes
an inequality

C(t) ↗ C(0)e→
ω
ε t

, (14)

which can be derived from the factorization law in
Ref. [107] (see also Refs. [108, 109]) for the concurrence of
a two-qubit system that undergoes local noisy channels.
Eq. (14) leads to the final concurrence at t = log(Qϑ/m)

to satisfy

Cfinal ↗ C(0)

(
Qϑ

m

)→ω
ε

. (15)

This expression provides a concrete, testable prediction
for entanglement suppression. The crucial feature is the
power-law suppression factor, which arises from the re-
summation of collinear logarithms and directly links the
degree of decoherence to the detector’s angular resolution
(ϑ) and the fermion mass (m). It explicitly shows that
as the ability to resolve nearby photons worsens (larger
ϑ), entanglement is more strongly suppressed, a property
illustrated in Fig. 5.

Summary and outlook. – In this Letter, we have es-
tablished the first systematic framework for calculating
spin decoherence from FSR in high-energy collisions by
unifying SCET with the formalism of open quantum sys-
tems. Our central finding is that the RG evolution of
the fermion spin state constitutes a quantum channel,
where the RG scale evolution drives a Markovian loss of
quantum coherence. We provide an explicit calculation
in QED-like theory, resulting in an analytical formula for
entanglement suppression that connects decoherence di-
rectly to experimental parameters like angular resolution.
This work establishes a systematically improvable EFT
framework for calculating decoherence from radiation.

The generality of this framework opens several impor-
tant avenues for future research. First, the Markovian na-
ture of our result is a direct consequence of the factoriza-
tion assumption, under which the evolutions of the pair
of fermions are independent of each other as well as any
additional final state particles in the process. Non-local
interactions (e.g., due to QCD confinement) could give
rise to important non-Markovian e!ects which require
separate studies. Second, our formalism is generalizable
to QCD, which will be essential for understanding entan-
glement in hadronic final states and may o!er a novel
perspective. It is also important to include subleading-
power soft e!ects and generalize the formalism to pro-
cesses such as heavy quark productions for which the
e!ects of fermion masses are important. Ultimately, this
line of work will provide the tools to transform the com-
plex environment of a particle collider into a controlled
laboratory for studying open quantum systems.
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FIG. 3. RG evolution as a phase-flip channel. Left: Bloch-
sphere representation of decoherence in the {|+→↑ , |→+↑}
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state (and so are all points on the equator). Right: The
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photon emissions (green lines).

The full process in our EFT framework can be un-
derstood through a RG-evolution picture. It unfolds
in three stages: At short distances (t = 0), an entan-
gled fermion pair is created, described by an e!ective
production matrix, R̂e!. The system then evolves to a
macroscopic scale t under the influence of an evolution
operator, Û(t, 0), which accounts for the decoherence in-
duced by environmental interactions. Finally, the mea-
surement is described by the measurement operator, M̂ ,
which projects the evolved state onto the Hilbert space
of the observed final-state particles.5

Example. – To illustrate our framework, we apply it to
the spin states of a fermion pair (ff̄) produced at a high
energy collider. Here we do not make any assumption
on the hard scattering process that produces the fermion
pair, but instead work with the most general initial den-
sity matrix, ω̂e!(t = 0). The spin state of each fermion
evolves by emitting unresolved collinear radiation, which
we assume to be described by a QED-like theory with a
generic coupling ε → g

2
/(4ϑ). The hard scale Q is set

to the center-of-mass energy of the fermion pair, while
the fermion mass serves as the infrared regulator, ϖ = m

with m ↑ Q. The RG evolution of ω̂e!(t) from t = 0 to
t = log (Qϱ/m) defines a quantum channel.

The form of this channel is dictated by the underlying
QED-like interactions in the boosted regime, which con-
serve helicity but not transverse spin [104, 105] . Work-
ing in the helicity basis (see Supplemental Material), this
leads to a simple phase-flip channel, whose Kraus opera-

5 While our analysis focuses on decoherence from FSR, the for-
malism can be extended to include initial-state radiation (ISR).
Within our factorized framework, ISR modifies the initial e!ec-
tive density matrix, ω̂e!(t = 0), which subsequently evolves due
to FSR. A detailed study of ISR e!ects is left for future work.
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with stronger interactions leading to faster suppression of en-
tanglement.
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2ε t)/2. Note that in deriving
Eq. (10) we have ignored the running of ε, in which case
the anomalous dimension φ

P in Eq. (7) is independent of
t. We emphasize that the phase-flip decoherence e!ect
discussed here is dominant in the boosted regime. For
massive fermions produced near the threshold, the bit-
flip and bit-phase-flip channels would be more important
[82], while the phase-flip channel is suppressed.

The dynamics of this channel are equivalently de-
scribed by a Lindblad master equation [106]
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[
(ς̂3 ↓ Î) ω̂e! (ς̂3 ↓ Î) + (Î ↓ ς̂3) ω̂e! (Î ↓ ς̂3)

]
,

where the Lindblad jump operators L̂1 =
√

ε/4ϑ ς̂3 ↓ Î

and L̂2 =
√

ε/4ϑ Î ↓ ς̂3 admit a clear quantum tra-
jectory interpretation: each “jump” corresponds to an
unresolved collinear photon emission from either of the
fermion legs, which induces a stochastic phase-flip. This
leads to an exponential decay of all o!-diagonal terms,
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1 i = j (diagonal) ,
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where i, j are components in the Hf ↓Hf̄ spin space. As
t ↗ ↘, only the diagonal terms survive and the system
becomes a classical mixture of di!erent helicity states.
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For a large class of cases, it is possible to obtain a com-
pact form for the evolution of the concurrence C(ω̂e!(t))
(see Supplemental Material for definition), or simply C(t).
Assuming the ff̄ pair are produced with opposite helici-
ties, the spin space e!ectively reduces to a 2-dimensional
subspace formed by |+→↑ and |→+↑ (where ± denotes the
sign of the helicity) since the evolution conserves helic-
ity. The corresponding dephasing trajectory on the Bloch
sphere in the {|+→↑ , |→+↑} subspace always points to-
wards (and is perpendicular to) the z-axis, as illustrated
in Fig. 3. In this case, C(t) is simply proportional to the
absolute value of the o!-diagonal term in the 2↓2 density
matrix, and is given by

C(t) = C(0)e→
ω
ε t

, (13)

which is illustrated in Fig. 4. The same also applies if
the ff̄ pair are produced with the same helicity. These
two cases cover many commonly studied processes. For
example, the pair of fermions from Higgs decay h ↔ ff̄

always have the same helicity (and furthermore, they are
always in the Bell state |++↑ + |→→↑[9, 25]) , while for
e
+
e
→ ↔ Z/ε

↑ ↔ ff̄ at tree-level, the fermion pair always
have opposite helicities.

For the most general case, Eq. (13) instead becomes
an inequality

C(t) ↗ C(0)e→
ω
ε t

, (14)

which can be derived from the factorization law in
Ref. [107] (see also Refs. [108, 109]) for the concurrence of
a two-qubit system that undergoes local noisy channels.
Eq. (14) leads to the final concurrence at t = log(Qϑ/m)

to satisfy

Cfinal ↗ C(0)

(
Qϑ

m

)→ω
ε

. (15)

This expression provides a concrete, testable prediction
for entanglement suppression. The crucial feature is the
power-law suppression factor, which arises from the re-
summation of collinear logarithms and directly links the
degree of decoherence to the detector’s angular resolution
(ϑ) and the fermion mass (m). It explicitly shows that
as the ability to resolve nearby photons worsens (larger
ϑ), entanglement is more strongly suppressed, a property
illustrated in Fig. 5.

Summary and outlook. – In this Letter, we have es-
tablished the first systematic framework for calculating
spin decoherence from FSR in high-energy collisions by
unifying SCET with the formalism of open quantum sys-
tems. Our central finding is that the RG evolution of
the fermion spin state constitutes a quantum channel,
where the RG scale evolution drives a Markovian loss of
quantum coherence. We provide an explicit calculation
in QED-like theory, resulting in an analytical formula for
entanglement suppression that connects decoherence di-
rectly to experimental parameters like angular resolution.
This work establishes a systematically improvable EFT
framework for calculating decoherence from radiation.

The generality of this framework opens several impor-
tant avenues for future research. First, the Markovian na-
ture of our result is a direct consequence of the factoriza-
tion assumption, under which the evolutions of the pair
of fermions are independent of each other as well as any
additional final state particles in the process. Non-local
interactions (e.g., due to QCD confinement) could give
rise to important non-Markovian e!ects which require
separate studies. Second, our formalism is generalizable
to QCD, which will be essential for understanding entan-
glement in hadronic final states and may o!er a novel
perspective. It is also important to include subleading-
power soft e!ects and generalize the formalism to pro-
cesses such as heavy quark productions for which the
e!ects of fermion masses are important. Ultimately, this
line of work will provide the tools to transform the com-
plex environment of a particle collider into a controlled
laboratory for studying open quantum systems.
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⇢̂hard(Q, µ)

FIG. 2. Schematic representation of factorization, the scale
separation, and the RG flow in our calculation. Note that we
choose Qω > Qε for illustrative purposes only.

tion. At the leading power in ω, soft emissions are spin-
independent and thus do not induce decoherence [98–
100]. The fragmenting jet operators, Ĵf(f̄), project the
hard scattering state onto the Hilbert space of the ob-
served particles, which is defined via the light-cone corre-
lator of fermion fields ! →

∑
X↑0|ε|fX↓↑fX|ε̄|0↓. This

e”ectively traces over unobserved collinear radiation, and
induces decoherence for the entangled spin system. Ex-
plicitly, Ĵ can be decomposed in a basis of spin operators
[101, 102]

Ĵ =
1

2

[
J U

Î↔Î+J L
ϑ̂z↔ϑ̂z+J T (ϑ̂x↔ϑ̂x+ϑ̂y↔ϑ̂y)

]
, (4)

where the coe#cients, J P
, P = U, L, T , are the unpolar-

ized, longitudinally, and transversely polarized fragment-
ing jet functions, respectively. The detailed derivations
are provided in the Supplemental Material.

In the limit Qϖ ↗ ϱ, we perform a further factor-
ization via an operator product expansion to isolate
the physics at di”erent scales. The fragmenting jet
operators can be decomposed into the product of the
matching operator and the fragmentation operator as
Ĵ(Qϖ, ϱ, µ) = Ĉ(Qϖ, µ)D̂(ϱ, µ). This allows us to define
a scale-dependent e”ective production matrix,

R̂e!(µ) ↘S(Qω, ϖ, µ)Ĉf (Qϖ, µ)R̂hard(Q, µ)Ĉf̄ (Qϖ, µ), (5)

which absorbs all components from the hard scale to the
factorization scale. Substituting it into Eq. 3, the full
production matrix is R̂ = D̂f (ϱ, µ) R̂e!(µ) D̂f̄ (ϱ, µ).

A key insight of the EFT framework is that its RG
consistency governs the evolution of the spin system.
Specifically, the requirement that the full production ma-
trix be independent of the arbitrary factorization scale
(dR̂/dµ = 0) imposes a powerful constraint on the evo-

lution equation of R̂e!(µ). Introducing the RG flow pa-
rameter, t ↘ log(Qϖ/µ), the RG solution of the e”ective
production matrix reads

R̂e!(t) = Ûf (t, 0) R̂e!(0) Ûf̄ (t, 0) , (6)

where the evolution operators Ûf (t, 0) and Ûf̄ (t, 0) are
decomposed as the same as Eq. (4) (see Supplemental
Material). The decomposition coe#cients are the polar-
ized evolution functions,

U
P(t, 0) = exp

(∫ t

0
dt ς

P
)

, (7)

where ς
P ↘ ω

εP
P
ff is the anomalous dimension defined

via the first Mellin moment of the Altarelli-Parisi split-
ting function. Here, we consider only a single type of
branching with small-angle emission and ignore the sub-
leading e”ects from the o”-diagonal contribution in the
flavor space. Eq. (6) shows the evolution of the e”ec-
tive production matrix as a function of t (starting from
t = 0), during which decoherence occurs. From the evolu-
tion operators Ûf (t, 0) and Ûf̄ (t, 0), we can construct the
explicit Kraus operators, {Kω}, for the corresponding
quantum channel. This formalism transforms the cal-
culation of decoherence into the one of RG evolution,
where the anomalous dimensions directly determine the
strength and nature of the information loss. Further-
more, the dynamical map is multiplicative, allowing us
to write a di”erential equation characterizing the open
system dynamics, namely the quantum master equation
[94, 103].

The final stage of the process is the projection of
the evolved spin state onto a definite experimental out-
come. The spin-dependent di”erential cross section is
given by the trace of the full production matrix against
the measurement projectors for the final-state fermions,
P̂f(f̄) = (Î + Sf(f̄) · ω̂)/2 [60, 102],

dϑ(Sf ,Sf̄ ) → Tr
[
P̂f ↔ P̂f̄ R̂

]
. (8)

By defining spin-dependent measurement operators
M̂f(f̄)(Sf(f̄)) ↘ D̂f(f̄)P̂f(f̄), the cross section takes the
form

dϑ(Sf ,Sf̄ ) → Tr
[
M̂f (Sf , t) R̂e!(t) M̂f̄ (Sf̄ , t)

]
, (9)

where we used the fact that the production matrix is fac-
torized. In Eq. (9), physics at di”erent scales is cleanly
separated: all the e”ects of decoherence from collinear ra-
diation are encapsulated in the evolution of the e”ective
production matrix, R̂e!, while the IR physics of the final-
state projection is contained entirely within the measure-
ment operators, M̂ .4

4 In practice, fermion spins are usually reconstructed from their
decay products. This is formally included in M̂ . Such recon-
structions rely on theoretical assumptions, which we do not ad-
dress here.
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Decoherence by radiation:
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End Matter

Rafael Aoude, José Manuel Camacho, Valentin Durupt, Fabio Maltoni, Maria Moreno Llácer, Kazuki Sakurai,
Leonardo Satrioni, and Marcel Vos

In this “End Matter” we present predictions for several quantum observables to characterize the quantum systems
discussed in the paper. All results are based on Monte Carlo samples for the e+e→ → tt̄ and e+e→ → tt̄g processes
generated with MadGraph5 aMC@NLO. The events in the Les Houches Accord format are further processed with the
”reweight” option of Ref. [48] to generate the spin correlation matrix, and with MadSpin to simulate the t → Wb →
µωµb decay chains. The elements of the spin correlation matrix are then reconstructed from the angular distributions
of the muons in the parent top quark rest frame. We use the helicity basis and matrices and polarization vectors are
expressed in the {n, r, k} basis, following the convention of Ref. [61, 62]. In predictions for e+e→ collisions we do not
apply the sign flips adopted by Bernreuther for symmetric LHC collisions. Note that, following the conventions of
Ref.[69], the sign of the spin correlation matrix elements from tomography is opposite with respect to those obtained
using the automated calculation of Ref. [48].

FIG. 1. The concurrence (upper panel), purity (central panel) and discord (lower panel) as a function of gluon energy in the
e+e→ → ω↑/Z↑ → tt̄g process at

↑
s = 500 GeV. Automated predictions are shown as dashed curves with black markers,

analytical predictions as blue crosses, and tomography results as large, red markers with error bars corresponding to the
expected statistical uncertainty with an integrated luminosity of 8 ab→1. The quantum observables are defined in the text.

In Fig. 1, the dependence of the concurrence on the gluon energy is compared to the discord and purity. The purity
is calculated as:

d

d↑ 1
(Tr[ε2]↑ 1

d
), (S1)
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Experimental prospects:

4

Machine

→
s

[TeV]

∫
L dt

[
fb→1

]
tt̄ tt̄+ jet

R =
Ctt̄+jet

Ctt̄
S = R→1

ωR
# events C[ω] Cut # events C[ω]

e+e→ collisions

linear e+e→

LCF [44]

0.5 8 4.38·106 0.133 pgT > 30 GeV 0.14·106 0.04 0.31±
dilep.

0.23 /
all ch.
0.11

dilep.

3.0ε /
all ch.
8.2ε

1.0 8 1.32·106 0.249 pgT > 120 GeV 0.10·105 0.08 0.33±
dilep.

0.15 /
all ch.
0.07

dilep.

4.6ε /
all ch.
12ε

pp collisions (Fiducial region: | cos!tt̄RF
t | < 0.4,mtt̄ > 800 GeV)

LHC Run 2 13 140 0.57·106 0.405 pjT > 250 GeV 0.06·106 0.12 0.29±
dilep.

0.12 /
all ch.
0.04

dilep.

5.8ε /
all ch.
16ε

HL-LHC [64] 14 3000 14.9·106 0.431 pjT > 250 GeV 1.77·106 0.10 0.22±
dilep.

0.06 /
all ch.
0.02

dilep.

12ε /
all ch.
34ε

TABLE I. Prospected statistical significance for the loss of entanglement between tt̄ production and tt̄ production in association
with an energetic jet, from e+e→ and pp collisions considering the di-lepton decay mode (dilep.) and a combination of all final
states (all ch.), assuming a 60 % down-type quark acceptance. Concurrence predictions are provided for the inclusive tt̄ sample
and with an optimized pT cut for tt̄+ j.

FIG. 3. The entanglement markers D (orange) and Dn

(blue) in pp ↑ tt̄j production in a “boosted top” fiducial
region at

→
s = 13 TeV, as a function of the pT of the addi-

tional jet. The error bars represent statistical uncertainties,
calculated considering all reconstructible final states, with
a 60% acceptance for hadronic modes.

there is an important dilution by gg → tt̄ production and
from ISR gluons. The broad mtt̄ distribution smears out
the e!ect. To estimate their e!ects, events are generated
for the pp → tt̄j process (with j any additional parton)
in the fiducial region of Ref. [69]. The pseudo-rapidity
of the additional jet is limited to the detector coverage
|ωj | < 5.

The expected dependence of the entanglement markers
D and Dn on the pT of the additional jet is shown in
Fig. 3. While the shape di!ers in important aspects from
the e+e→ case, a clear dependence of the entanglement
markers on jet pT is visible. Dn, in particular, increases
steadily with jet pT.

The results in the lower half of Table I show that the
statistical power of the LHC experiments exceeds that of
the e+e→ collider. The entries labelled “LHC run 2” indi-
cate that observation of a significant loss of entanglement

is possible with a single experiment and the existing run
2 data, in the experimentally straightforward di-lepton
channel. The lepton+jets and all-hadronic channels en-
hance the significance to a comfortable 20ε per exper-
iment. With run 3 of the LHC, the pp collision data
has more than doubled and the ATLAS and CMS ex-
periments will collect several million events each in the
high-luminosity program of the LHC, boosting the sensi-
tivity still further.

ϑ-lepton production at Belle II and the Z-pole.
High-luminosity electron-positron colliders operated as
a B-hadron or Z-boson factories are expected to pro-
duce samples of 108 to 1011 ϑ+ϑ→ pairs in entangled
states [72, 73]. The prospects of the Belle II experi-
ment and the experiments in Giga-Z and Tera-Z runs
of linear and circular electron-positron collider projects
[44, 70, 71] are assessed here. Also an upgraded ϑ/charm
factory [74] at

↑
s ↓ 4 GeV presents excellent opportu-

nities [75].
Following the prospect study for Belle II of Ref. [72] the

one-prong ϑ→ → ϖ→ϱω decay, with a branching fraction
of about 10% and spin analyzing power ↓ 1, is simulated
at

↑
s = 10.579 GeV and

↑
s = mZ .

Table II presents the results for the concurrence of
e+e→ → ϑ+ϑ→ and e+e→ → ϑ+ϑ→ς samples. The pT
cut on the photon is set to 2 GeV at the B-factory and
raised to 30 GeV at the Z-pole, to maximize the sig-
nificance. Only ϑ+ϑ→ pairs in the central region of the
detector are considered (| cos”RF

ω | < 0.4, where ”RF
ω is

the ϑ→ scattering angle in the center-of-mass rest frame),
as in Ref. [72]. In both cases, the concurrence is high in
the inclusive ϑ+ϑ→ sample and drastically reduced in an
exclusive sample where an energetic photon is tagged.
The statistical significance of the ratio of the two mea-
surements is expected to reach well beyond 5ε with the
Belle II data collected to date, and even with the limited
GigaZ program foreseen at linear colliders. The data
samples envisaged in the target integrated luminosity of
Belle II and the Tera-Z program of circular colliders yield

inclusive + radiation

decoherence 
detection

Aoude, Camacho, Durupt, Garcıa Mir, Maltoni, 
Llacer, KS, Satrioni, Vos [2604.16268]

● Decoherence detection @ LHC 
and ILC is promissing 
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Weak decay = self spin-measurement:

Works for all weakly decaying particles in the SM:

Spin measurement in QM: Weak decays:

measurement axis direction of a 
decay product
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Prob. density for Ŝ:

<latexit sha1_base64="Wr2gc727pZyNOCpPu02LNT1j6GQ=">AAAB+3icbZDNTgIxFIXv4B/i34hLN43ExBWZYYHGFZGNS0wETGBCOqUDDZ120naMhPAqblxojFtfxJ1vYwdmoeBJmnw55960PWHCmTae9+0UNja3tneKu6W9/YPDI/e43NEyVYS2ieRSPYRYU84EbRtmOH1IFMVxyGk3nDSzvPtIlWZS3JtpQoMYjwSLGMHGWgO33JRiyDLGHCVKhtXrgVvxqt5CaB38HCqQqzVwv/pDSdKYCkM41rrne4kJZlgZRjidl/qppgkmEzyiPYsCx1QHs8Xb5+jcOkMUSWWPMGjh/t6Y4VjraRzayRibsV7NMvO/rJea6CqYMZGkhgqyvChKOTISZUWgIVOUGD61gImyFRBExlhhYmxdJVuCv/rldejUqn69Wr+rVRo3eR1FOIUzuAAfLqEBt9CCNhB4gmd4hTdn7rw4787HcrTg5Dsn8EfO5w99TJQX</latexit>

Conditional prob.:

<latexit sha1_base64="Uaa4nH1xaOPq6n47fMFg0vu4aYY="></latexit>

→Sa↑ =
∫

d!s

4ω
(â · Ŝ)P (Ŝ)

<latexit sha1_base64="zq+Ob6TZiXJz6J0xeeBZTiInDmE=">AAAB+HicbVBNT8JAEJ36ifhB1aOXjWDiibQc0HhCvXjERD4SaJrtsoUN227d3ZIg4Zd48aAxXv0p3vw3LtCDgi+Z5OW9mczMCxLOlHacb2ttfWNzazu3k9/d2z8o2IdHTSVSSWiDCC5kO8CKchbThmaa03YiKY4CTlvB8Hbmt0ZUKibiBz1OqBfhfsxCRrA2km8Xrkeyj0SISo8+Ll0h3y46ZWcOtErcjBQhQ923v7o9QdKIxppwrFTHdRLtTbDUjHA6zXdTRRNMhrhPO4bGOKLKm8wPn6Izo/RQKKSpWKO5+ntigiOlxlFgOiOsB2rZm4n/eZ1Uh5fehMVJqmlMFovClCMt0CwF1GOSEs3HhmAimbkVkQGWmGiTVd6E4C6/vEqalbJbLVfvK8XaTRZHDk7gFM7BhQuowR3UoQEEUniGV3iznqwX6936WLSuWdnMMfyB9fkDmUuRwg==</latexit>

Avrg of qa:

<latexit sha1_base64="ZO5Uh2Lk05zOAgqM359FxBYi3e4="></latexit>

Ŝ
<latexit sha1_base64="cxw5LKS0Gj/kByUx8GttUULUniw="></latexit>

q̂

<latexit sha1_base64="XmpqLmYO6PIAHKP0tkdicc0T8X0=">AAAB63icbVBNTwIxEJ3FL8Qv1KOXRmLiiexyQI9ELx4xETCBDemWLjS03abtmpANf8GLB43x6h/y5r+xC3tQ8CWTvLw3k5l5keLMWN//9kobm1vbO+Xdyt7+weFR9fika5JUE9ohCU/0Y4QN5UzSjmWW00elKRYRp71oepv7vSeqDUvkg50pGgo8lixmBNtcMorJYbXm1/0F0DoJClKDAu1h9WswSkgqqLSEY2P6ga9smGFtGeF0XhmkhipMpnhM+45KLKgJs8Wtc3ThlBGKE+1KWrRQf09kWBgzE5HrFNhOzKqXi/95/dTG12HGpEotlWS5KE45sgnKH0cjpimxfOYIJpq5WxGZYI2JdfFUXAjB6svrpNuoB816875Ra90UcZThDM7hEgK4ghbcQRs6QGACz/AKb57wXrx372PZWvKKmVP4A+/zB0K0jmU=</latexit>

spin
<latexit sha1_base64="KKC5+p7aEoLXzbj1A7aJymzF4FY=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0l6qB6LXjxWsB/QhrLZbtqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbG5t75R3K3v7B4dH7vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepv73UeqNIvlg5klNBB4LFnECDa5hJ+YHrpVr+YtgNaJX5AqFGgN3a/BKCapoNIQjrXu+15iggwrwwin88og1TTBZIrHtG+pxILqIFvcOkcXVhmhKFa2pEEL9fdEhoXWMxHaToHNRK96ufif109NdB1kTCapoZIsF0UpRyZG+eNoxBQlhs8swUQxeysiE6wwMTaeig3BX315nXTqNb9Ra9zXq82bIo4ynME5XIIPV9CEO2hBGwhM4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gA6+o5g</latexit>

axis

<latexit sha1_base64="9eZ9JAXF73VP/AlckH4eYCmpiCo=">AAAB9XicbVBNS8NAEN3Urxq/qh69LJaCp5L0UD0WvXisYD+gjWWzmbRLN9mwu1FC6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/IQzpR3n2yptbG5t75R37b39g8OjyvFJV4lUUuhQwYXs+0QBZzF0NNMc+okEEvkcev70Zu73HkEqJuJ7nSXgRWQcs5BRoo30EAAlmV1LpAhSqkeVqlN3FsDrxC1IFRVojypfw0DQNIJYU06UGrhOor2cSM0oh5k9TBUkhE7JGAaGxiQC5eWLq2e4ZpQAh0KaijVeqL8nchIplUW+6YyInqhVby7+5w1SHV55OYuTVENMl4vClGMt8DwCHDAJVPPMEEIlM7diOiGSUG2Csk0I7urL66TbqLvNevOuUW1dF3GU0Rk6RxfIRZeohW5RG3UQRRI9o1f0Zj1ZL9a79bFsLVnFzCn6A+vzBxpnkkU=</latexit>

decay
<latexit sha1_base64="TKvz64UaAoLKRMMIzuuSYSbSlfc=">AAAB7nicbVBNTwIxEJ3FL8Qv1KOXRmLiiexyQI9ELx4xETCBDel2u9DQbZu2a0I2/AgvHjTGq7/Hm//GAntQ8CWTvLw3k5l5keLMWN//9kobm1vbO+Xdyt7+weFR9fika2SmCe0QyaV+jLChnAnascxy+qg0xWnEaS+a3M793hPVhknxYKeKhikeCZYwgq2TekrLOCN2WK35dX8BtE6CgtSgQHtY/RrEkmQpFZZwbEw/8JUNc6wtI5zOKoPMUIXJBI9o31GBU2rCfHHuDF04JUaJ1K6ERQv190SOU2OmaeQ6U2zHZtWbi/95/cwm12HOhMosFWS5KMk4shLNf0cx05RYPnUEE83crYiMscbEuoQqLoRg9eV10m3Ug2a9ed+otW6KOMpwBudwCQFcQQvuoA0dIDCBZ3iFN095L96797FsLXnFzCn8gff5A6efj8o=</latexit>

product

<latexit sha1_base64="zpFfzD3Acwkr0vs5dr0dd6M909k=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjUl0W3bisYB/QGcqdTNqGZjJDkhHqUPwVNy4Ucet/uPNvzLSz0NYDIYdz7iUnJ0g4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFWcSkJbJOax7AagKGeCtjTTnHYTSSEKOO0E45vc7zxQqVgs7vUkoX4EQ8EGjIA2Ut8+8kagceYFMQ/VJDIXhmnfrjo1Zwa8TNyCVFGBZt/+8sKYpBEVmnBQquc6ifYzkJoRTqcVL1U0ATKGIe0ZKiCiys9m6af41CghHsTSHKHxTP29kUGk8mhmMgI9UoteLv7n9VI9uPIzJpJUU0HmDw1SjnWM8ypwyCQlmk8MASKZyYrJCCQQbQqrmBLcxS8vk/Z5za3X6ncX1cZ1UUcZHaMTdIZcdIka6BY1UQsR9Iie0St6s56sF+vd+piPlqxi5xD9gfX5A3smlUM=</latexit>

â

<latexit sha1_base64="U2qMmlerPyOxEkl8WqjMJ8PnhAQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQoZREpLoRim5cVrQPaEKZTCbt0EkmzEyEErpz46+4caGIW3/BnX/jpM1CWw8MczjnXu69x4sZlcqyvo3C0vLK6lpxvbSxubW9Y+7utSVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl4o+vM7zwQISmP7tU4Jm6IBhENKEZKS33z0BkiBVPH48yX41B/8G4CL2HFqlpV+6Rvlq2aNQVcJHZOyiBHs29+OT7HSUgihRmSsmdbsXJTJBTFjExKTiJJjPAIDUhP0wiFRLrp9I4JPNaKDwMu9IsUnKq/O1IUymxJXRkiNZTzXib+5/USFVy4KY3iRJEIzwYFCYOKwywU6FNBsGJjTRAWVO8K8RAJhJWOrqRDsOdPXiTt05pdr9Vvz8qNqzyOIjgAR6ACbHAOGuAGNEELYPAInsEreDOejBfj3fiYlRaMvGcf/IHx+QPII5dQ</latexit>

Ŝ = (0, 0, 1)
<latexit sha1_base64="5PpjakkcWOxPMqJRyMZIY0CzYEc=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GIIGFXJNoIQRvLCOYBSVjuzs4mQ2YfzMyKcckP2PgrNhaK2Nrb+TfOJik08cBlDufcy9x73JgzqSzr28gtLC4tr+RXC2vrG5tb5vZOQ0aJILROIh6JlguSchbSumKK01YsKAQup013cJX5zTsqJIvCWzWMaTeAXsh8RkBpyTEPOn1QOO24EffkMNAPhhG+wCVw7o/BGep6OHLMolW2xsDzxJ6SIpqi5phfHS8iSUBDRThI2batWHVTEIoRTkeFTiJpDGQAPdrWNISAym46vmaED7XiYT8SukKFx+rviRQCma2qOwNQfTnrZeJ/XjtR/nk3ZWGcKBqSyUd+wrGKcBYN9pigRPGhJkAE07ti0gcBROkACzoEe/bkedI4KduVcuXmtFi9nMaRR3toH5WQjc5QFV2jGqojgh7RM3pFb8aT8WK8Gx+T1pwxndlFf2B8/gC4yJq0</latexit>

â = (ax, ay, az)
<latexit sha1_base64="q+3WmAKaid70EkgJKcS6xwOtxz0=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2ARKkiZEaluhGI3LivYC3TKkEnTTmjmYnJGKEMfyI2vIogLi7j1OUzbQbT1QMjPd84h+X8vFlyBZU2M3Mrq2vpGfrOwtb2zu2fuHzRVlEjKGjQSkWx7RDHBQ9YADoK1Y8lI4AnW8oa1ab/1yKTiUXgPo5h1AzIIeZ9TAhq5Zs3xCeDU8SLRU6NAX/hhjK9xSbkO+AwIpq4T+/ys8ANUBmgGTl2zaJWtWeFlYWeiiLKqu+ar04toErAQqCBKdWwrhm5KJHAq2LjgJIrFhA7JgHW0DEnAVDedmR3jE016uB9JfULAM/p7IyWBmjrRkwEBXy32pvC/XieB/lU35WGcAAvp/KF+IjBEeJoc7nHJKIiRFoRKrv+KqU8koaDzLegQ7EXLy6J5XrYr5crdRbF6k8WRR0foGJWQjS5RFd2iOmogip7QC3pHE+PZeDM+jM/5aM7Idg7RnzK+vgGMlact</latexit>

q̂ = (sωcε, sωsε, cω)

<latexit sha1_base64="KuIEbiaJrEDM8E6tqifvXfPwDo0=">AAACD3icbZDLSsNAFIYnXmu9RV26GSyKq5KoVDdC0Y3LivYCTSgn00k7dDIJMxOhhL6BG1/FjQtF3Lp159s4bbPQ1h8GPv5zDmfOHyScKe0439bC4tLyymphrbi+sbm1be/sNlScSkLrJOaxbAWgKGeC1jXTnLYSSSEKOG0Gg+txvflApWKxuNfDhPoR9AQLGQFtrI59dIm9UALJvAEkCYyy0xH2OIgep/iuA9iTE+7YJafsTITnwc2hhHLVOvaX141JGlGhCQel2q6TaD8DqRnhdFT0UkUTIAPo0bZBARFVfja5Z4QPjdPFYSzNExpP3N8TGURKDaPAdEag+2q2Njb/q7VTHV74GRNJqqkg00VhyrGO8Tgc3GWSEs2HBoBIZv6KSR9MPNpEWDQhuLMnz0PjpOxWypXbs1L1Ko+jgPbRATpGLjpHVXSDaqiOCHpEz+gVvVlP1ov1bn1MWxesfGYP/ZH1+QM26Zwq</latexit>

=
ω

3
→Sa↑

<latexit sha1_base64="70FAG5S+/xJuozvmiXWsqQho2po=">AAACI3icbVDLSgMxFM3UV62vUZdugkVwVWZUqghC0Y3LivYBnVLupJk2NJMZk4xQhv6LG3/FjQuluHHhv5g+RG09EDiccy439/gxZ0o7zoeVWVhcWl7JrubW1jc2t+ztnaqKEklohUQ8knUfFOVM0IpmmtN6LCmEPqc1v3c18msPVCoWiTvdj2kzhI5gASOgjdSyzz0OosMpvm0B9uSEX2AvkEDS40Hq9SCOYYC/Y/c/sZaddwrOGHieuFOSR1OUW/bQa0ckCanQhINSDdeJdTMFqRnhdJDzEkVjID3o0IahAkKqmun4xgE+MEobB5E0T2g8Vn9PpBAq1Q99kwxBd9WsNxL/8xqJDs6aKRNxoqkgk0VBwrGO8Kgw3GaSEs37hgCRzPwVky6YerSpNWdKcGdPnifVo4JbLBRvTvKly2kdWbSH9tEhctEpKqFrVEYVRNAjekav6M16sl6sofU+iWas6cwu+gPr8wtip6Qn</latexit>

→Sa↑ =
3

ω
→qa↑

<latexit sha1_base64="iRTwWzLRb5857aXhqjv2NN7Gfp0="></latexit>

Normalisation :

194

<latexit sha1_base64="h3iitPtcZDV3YypwaKokwhJth4c="></latexit>

dP (q̂|Ŝ)
d!q

=
1 + ω q̂ · Ŝ

4ε

<latexit sha1_base64="kpHAfaTuJL52fUU6f5ToljOY6MI="></latexit>

=

∫
d!s

4ω

∫
d!q

4ω
(axsωcε + aysωsε + azcω)(1 + ε q̂ · Ŝ)P (Ŝ)

<latexit sha1_base64="lpsQKmHthkvJO+UL78ho3vGE45c="></latexit>

=

∫
d!s

4ω
azP (Ŝ)

∫ 1

→1

dcω
2

cω(1 + ε cω)

<latexit sha1_base64="4hB+wRWgj33ywfWEa1q5X9RfTQk="></latexit>

→qa↑ =
∫

d!s

4ω

∫
d!q(â · q)dP (q̂|Ŝ)

d!q
P (Ŝ)

<latexit sha1_base64="sUX3XeCVIdCi8OseDtvhSMl5Tic="></latexit>∫
d!q

dP (q̂|Ŝ)
d!q

= 1



<latexit sha1_base64="NDYlIemMw6iAoRXG3p+OrurW5wI="></latexit>

→SaS
→
b↑ =

∫
d!s

4ω

d!s→

4ω
(â · Ŝ)(b̂ · Ŝ

→
)P (Ŝ, Ŝ

→
)

<latexit sha1_base64="+jlhnSSwjzHhJwLbn/PESoorM58=">AAACHXicbVDLSgMxFM3UV62vqks3wSJ1VWakVF0IRTcuK7UP6JThTpppQzOZIckIZeiPuPFX3LhQxIUb8W9MHwttPXC5h3PuJbnHjzlT2ra/rczK6tr6RnYzt7W9s7uX3z9oqiiRhDZIxCPZ9kFRzgRtaKY5bceSQuhz2vKHNxO/9UClYpG416OYdkPoCxYwAtpIXr58hd1AAkndIcQx4FkrjtPLMXY5iD6nuO4Brhc9H7tyKuS8fMEu2VPgZeLMSQHNUfPyn24vIklIhSYclOo4dqy7KUjNCKfjnJsoGgMZQp92DBUQUtVNp9eN8YlRejiIpCmh8VT9vZFCqNQo9M1kCHqgFr2J+J/XSXRw0U2ZiBNNBZk9FCQc6whPosI9JinRfGQIEMnMXzEZgAlLm0AnITiLJy+T5lnJqZQqd+VC9XoeRxYdoWN0ihx0jqroFtVQAxH0iJ7RK3qznqwX6936mI1mrPnOIfoD6+sHUuag0Q==</latexit>

=
ωω→

9
→SaS

→
b↑

<latexit sha1_base64="CRNAMyHWBMGJP5vXw/7SmRZxO0w=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WsoCURqS6LblxWtA9oQplMJu3QySTMTIQS+hVu/BU3LhRxK+78GydtFtr2wDCHc+7l3nu8mFGpLOvHKCwtr6yuFddLG5tb2zvm7l5LRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7wJvPbj0RIGvEHNYqJG6I+pwHFSGmpZ541Ks4AKZg6XsR8OQr1B+/Hp4vE45OeWbaq1gRwntg5KYMcjZ757fgRTkLCFWZIyq5txcpNkVAUMzIuOYkkMcJD1CddTTkKiXTTyVljeKQVHwaR0I8rOFH/dqQolNlyujJEaiBnvUxc5HUTFVy5KeVxogjH00FBwqCKYJYR9KkgWLGRJggLqneFeIAEwkonWdIh2LMnz5PWedWuVWt3F+X6dR5HERyAQ1ABNrgEdXALGqAJMHgCL+ANvBvPxqvxYXxOSwtG3rMP/sH4+gVP357a</latexit>

P (Ŝ, Ŝ
→
)

<latexit sha1_base64="rJddH/bnOYwriYW08eoKRo83+q4="></latexit>

→SaS
→
b↑ =

9

ωω→ →qaq
→
b↑

<latexit sha1_base64="tXWXRSPjxvKpEHv+3JnDGkIcvVY="></latexit>

Joint prob.:

195

<latexit sha1_base64="h3iitPtcZDV3YypwaKokwhJth4c="></latexit>

dP (q̂|Ŝ)
d!q

=
1 + ω q̂ · Ŝ

4ε
<latexit sha1_base64="jeD9tHI47bP13leKlflw5vWkve4="></latexit>

dP (q̂→|Ŝ
→
)

d!q→
=

1 + ω→ q̂→ · Ŝ
→

4ε

<latexit sha1_base64="I4gfAzEqEoqoAMlnvWQizIbpMfs="></latexit>

→qaq→b↑ =
∫

d!s

4ω

d!s→

4ω
d!qd!q→(â · q̂)(b̂ · q̂→)

dP (q̂|Ŝ)
d!q

dP (q̂→|Ŝ
→
)

d!q→
P (Ŝ, Ŝ

→
)

<latexit sha1_base64="ZNPVKmJcSLIlIHlyjecDiKdvLfg="></latexit>

=

∫
d!s

4ω

d!s→

4ω

d!q

4ω

d!q→

4ω
(axsωcε + aysωsε + azcω)(bxsω→cε→ + bysω→sε→ + bzcω→)

<latexit sha1_base64="UAM5A5MY+5fmAVxwh+FszD0af4Y="></latexit>

(1 + ω cω)(1 + ω→ cω→)P (Ŝ, Ŝ
→
)

<latexit sha1_base64="8ohk/z4A3GfwW68m+Sf559SxA30="></latexit>

=

∫
d!s

4ω

d!s→

4ω
azbzP (Ŝ, Ŝ

→
)

∫ 1

↑1

dcω
2

dcω→

2
cωcω→(1 + ε cω)(1 + ε→ cω→)



● Consider a measurement operator for the spin axix  :P̂

<latexit sha1_base64="d/oali01YQuM5X9lDHg3T3rlTmE="></latexit>

ω = | →S↑↓→S | = 1
2 (1l + Ŝ · ω)● For                                             , we find

Ŝ
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∫
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q i
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∫
d! 4ϑ
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=
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+
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+
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Experimental reconstruction of the density matrix:

“Quantum State Tomography”
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[1] Betchart, Demina, Harel: 1305.1878,  [2] D0 Collaboration: hep-ex/9706014,   [3] CMS Collaboration: 1505.04480

Details of neutrino reconstruction

solution in 85% of events; CMS quotes a kinematic-reconstruction e!ciency of about 90%. The
lost 10–15% are not random: they are the events where the resolution happened to be worst, so
the e!ciency must itself be measured and corrected with data-to-simulation scale factors.

4.3.3 What the two collaborations actually do

The two analyses solve the same six equations and then diverge in how they handle the am-
biguity and the failures. The di!erences are small but they are exactly where the systematic
uncertainties live.

ATLAS (2311.07288) CMS (2406.03976)

Channel eµ only, 140 fb→1 ee, µµ, eµ, 36.3 fb→1

Algorithm Ellipse method [35], analytic Kinematic reconstruction [37], analytic
+ smearing

Fixed inputs mW = 80.4, mt = 172.5 GeV mW = 80.4 (smeared, rel. Breit–Wigner
! = 2.1 GeV), mt = 172.5 GeV

Resolution single pass on measured objects jet and lepton energies and directions
smeared by their resolutions, 100 smear-
ings per event

Output per event one solution weighted average of the smeared solu-
tions, weights from the expected m(ωb)
spectrum

Choice among roots lowest mtt̄ lowest m(tt̄)

Jet–lepton pairing both assignments tried; at particle level
minimize |mt → m(W1b1/2)| + |mt →

m(W2b2/1)|

all suitable b-jet pairs and both assign-
ments; the one with the largest summed
weight wins

b-tagging fallback if only one b-tag, use the leading un-
tagged jet

untagged combinations tried only if no
solution is found

On failure Neutrino Weighting [36] (↑5% of events,
scanning εω and weighting by agreement
with ϑp miss

T ); if that also fails, each lepton
is paired with its nearest b-jet as a proxy
for the top direction, with no neutrino at
all

event rejected (↑ 9%); e”ciency param-
eterized in lepton pT , ε, Nb and pmiss

T ,
with scale factors derived separately for
ee, µµ, eµ

Correction calibration curve, detector ↓ particle
level (fiducial)

profile likelihood fit with templates, to
parton level

Two entries deserve comment. First, both experiments pick the solution with the small-
est reconstructed mtt̄, and ATLAS says why in as many words: “to populate the region which
is close to threshold.” This is a deliberate bias toward the signal region, and it is legitimate
only because the identical procedure is applied to simulation and the result is then folded back
through the calibration curve (ATLAS) or the template fit (CMS). It is not a neutral estimator
of mtt̄; it is a selection rule tuned for the measurement being made. Second, ATLAS notes
that because of the finite mtt̄ resolution, events that truly belong to the 380 < mtt̄ < 500 GeV
validation region migrate into the 340 < mtt̄ < 380 GeV signal region — and these migrations
are treated as a detector e!ect, i.e. absorbed into the same calibration curve.

4.3.4 What it costs, in quantum-information language

Slide: a misre-
constructed
frame is a
misaligned
POVM —
random errors
dilute toward
D = 0.

Section 2.1 treated the analysing directions as given. Experimentally they are inferred, and the
inference can be wrong. In the language of Section 1 this is a misaligned measurement: the
decay is still a POVM, but it is being read out along axes rotated away from the true helicity
triad. If the true correlation matrix is C and the two reconstructed triads are rotated by
Ra, Rb, then what one measures is →RaC R→

b
↑, averaged over the event ensemble. For random,
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