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- The electron’s cyclotron and axial motion within the cavity can be 
decomposed in Fourier space as well as the cavity modes:

- If the system has reached a thermal steady state, the cavity has a 
constant thermal noise temperature

- The cavity does not contain thermal sources:

Low Frequency Apparatus (LFA)

- Measuring the neutrino 
mass with the 𝛽-decay 
endpoint technique

- CRES: 𝛽-decay electrons in 
a magnetic trap undergo 
cyclotron motion, emitting 
EM waves at their relativistic 
cyclotron frequencies

- We need predictions of the electron’s radiation fingerprint in 
the cavity to reconstruct its energy in the 𝛽-decay endpoint 

- Axial motion within the trap siphons off the cyclotron radiation 
into sidebands

Figure 5.2. Cylindrical cavity of radius a and length L. The electron’s cyclotron radius is
denoted by flc and its guiding center position by r0. The axial motion (along ẑ) and grad-B
drift motion (along „̂) are shown by the gray line. The depicted period of drift motion is for
illustrative purposes and is much less than what is expected in Project 8 experiments.
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5.3.2 Electron Cyclotron-cavity Coupling2316

We derive explicit expressions for the decomposition of the current generated by a single2317

electron into the cavity modes, resulting in the spectral coe�cients s–(Ê) and q–(Ê) in2318

Equation (5.25), which allow for direct numerical evaluation of the power emitted into2319

the modes (Equations (5.29) and (5.31)). We first write these coe�cients in a generalized2320

form in order to identify similarities between modes that allow for faster calculation:2321

jM
– (Ê) = ≠eF

;⁄

V
” (r ≠ rc(t)) vc(t) · EM

– (r)dV
<

, (5.39)

where e is the elementary charge (e > 0), and the electron’s velocity is vc(t). Here, jM
–2322

can be either sM
– (with EM

– = eM
– ) or qM

– (with EM
– = fM

– ). In this section it is assumed2323

that the electron undergoes ideal cyclotron motion with no z momentum and no losses,2324

and so take flc, Êc, zc to be constant. Later, in Section 5.4, these quantities are allowed2325

to vary in ways that are representative of periodic motion in a highly uniform magnetic2326

bottles. In the electron’s guiding center coordinate system, the electron’s momentum is2327

only in „̂, and so re-casting the above integral in this coordinate system simplifies the2328

evaluation of jM
– (Ê).2329
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- CRES with microwave cavities improves SNR and simplifies 
signal readout

- The electron’s CRES signal is resonantly enhanced in the cavity 
while its motion leads to distinct features at various frequencies

- Dominant signal 
sidebands are created 
by the axial motion 
relative to the cavity 
mode’s gain: odd 
modes (TE011) have 
even sidebands

TE011 mode excited by P8 
trapped electron

- The choice of length-to-
diameter ratio (L/D) and 
operating mode is 
found to greatly 
influence the average 
expected signal power

Phase IV

Application of the Fluctuation-Dissipation theorem for the cavity’s 
Green dyadic yields  the cavity noise contribution from all ports

- High-Q cavities greatly enhance SNR—but only on resonance !
- Low-Q cavities optimize the SNR of the  𝛽-decay endpoint region 
- Low-frequency cavities are viable for scaling CRES to large 

volumes

- If the 𝑗!  decomposition 
can be found analytically, 
it immediately yields the 
signal power 𝑃!
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Cavity CRES Apparatus (CCA)
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5.5 Noise Model and Signal-to-Noise Ratio2629

The ability to use CRES signals to reconstruct the electron’s energy is highly dependent2630

on the signal-to-noise ratio (SNR) of the event. Following the analysis of CRES signal2631

power and topology, we now address the noise power coming from the cavity. Cavity2632

noise has been studied in detail, most notably in the context of equivalent circuits [76–78]2633

for one or more ports. Here, we employ the cavity model derived in Section 5.2 in our2634

derivation of the cavity noise. This is made possible through the use of generalized2635

electromagnetic power flow in steady-state. We first cover thermal noise and signal power2636

coming from the cavity through the transmission line and into an amplifier, which will2637

be considered the final RF component in the chain. We then explicitly model noise2638

propagation along a realistic lossy RF signal chain. Finally, we derive the physical SNR2639

and explore the impact of experimental design in simplified parametric studies.2640

5.5.1 Thermal Cavity Noise2641

A cavity with distinct ports (with the cavity walls considered a port) can be modeled as2642

an out-of-equilibrium, steady state system. Here, we model the cavity as the medium2643

through which thermal radiation from the ports is transported. We can characterize the2644

steady state behavior of this system by assuming that the e�ective noise temperature2645

from the cavity’s walls, interior, and port are constant. The gas temperature is assumed2646

to be negligible compared to the walls and ports; thus, its contribution to RF noise is2647

ignored.3. The energy flux through the boundaries must satisfy2648

ÿ

i

P N
–,i(Ê) = 0, (5.83)

where P N
–,i(Ê) is the noise power through the boundary indexed i mediated by mode2649

indexed –. The power through the boundary is the sum of two incoherent sources, coming2650

from both sides of the boundary:2651

P N
–,i = Re

5⁄

Si

S–(r, T–) · n̂(r)dS
6

+ Re
5⁄

Si

S–(r,Ti) · n̂(r)dS
6

, (5.84)

3This assumption is backed by preliminary atomic tritium operation concepts, in which the gas
temperature will be approximately two orders of magnitude lower than the cavity walls.
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The noise 
generated by and 
reflected off the 

cavity is cascaded 
down the RF signal 
line and combined 

with other RF 
noise sources.
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The change in spontaneous emission rate of the particle due to coupling to a di�erent1285

density of states is known as the “Purcell e�ect.” The Purcell factor, which multiplies the1286

free-space emission rate when an emitter is strongly coupled to a cavity mode (indexed1287

–), was first estimated as [45]1288

F– = 6fic3Q–

Ê3V
, (3.19)

with the cavity loaded quality factor Q– of the mode, the angular frequency of emission1289

Ê, and the cavity volume V .1290

The electromagnetic environment provided by cavities can create additional considera-1291

tions when choosing a CRES operating frequency. Like in free space, the rate of emission1292

for electrons in CRES cavity experiments generally increases with frequency, resulting in1293

more robust signals that are easier to detect. However, in cavities the emission rate is also1294

partially tied to how many cavity modes are resonant near the cyclotron frequency, as1295

the electron can couple to each mode independently. Operating the cavity at frequencies1296

high above its fundamental resonant frequency decreases the frequency spacing between1297

modes [46], making it more likely that the electron will emit strongly. Observing many1298

channels to reconstruct CRES events would be computationally expensive (for more1299

information, see the studies of CRES in antennas [41–44]). On the other hand, operating1300

the resonant cavity detector at frequencies near one of the cavity’s fundamental modes1301

decreases the signal complexity and reduces the impact of uncertainties associated with1302

the electromagnetic characterization of the detector. Given these considerations single-1303

or few-mode operation in the frequency range close to the cavity’s fundamental mode1304

seems preferred for Project 8 uses.1305

A cavity CRES experiment with a large detector volume (≥ 10 m3) may then be1306

realized with a single cavity operating in the hundreds of MHz to tens of GHz range. A1307

cartoon of the cavity CRES setup is shown in Figure 3.9. In the figure, the heatmap1308

represents the radiative mode the electron emits into and that is read out. The conceptual1309

setup is similar to that used in the measurement of the electron magnetic dipole moment,1310

wherein the lifetime of an electron confined in a Penning trap is extended beyond its1311

free-space value by tuning the cyclotron frequency away from the mode structure of a1312

weakly coupled cavity resonator [21,22,47–53]. The body of work regarding the lifetime1313

and frequency shifts of an electron undergoing cyclotron motion within a cylindrical1314

cavity [22,47,51] is an important foundation for the work in Chapter 5.1315

Cavity CRES presents additional theoretical challenges, relative to previous work1316
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observation is that the electrons under observation are mildly-relativistic (v ¥ c/4), and980

while undergoing cyclotron motion may move parallel to the main magnetic field axis.981

To overcome this, the electrons are trapped within a magnetic bottle (see Section 3.2.2982

and Figure 3.1). The second is that the electrons may scatter o� the gas in the detector983

and change frequency. Due to the ‘source=detector’ philosophy of CRES, this may never984

be eradicated, but may be overcome through careful choice of gas density.985

3.2.2 Motion of Magnetically Confined Charges986

The relativistic motion of an electron in a constant magnetic field B with magnitude B is987

well studied. The electron undergoes circular motion with relativistic cyclotron frequency988

Êc = eB

“me
= eB

me + Ekin/c2 , (3.1)

where e is the fundamental electric charge, “ is the relativistic Lorentz factor, Ekin is the989

electron’s kinetic energy, and c is the speed of light. The corresponding cyclotron radius990

of the motion is991

flc = me“v‹

eB
, (3.2)

where v‹ = |v‹| = |v sin ◊p| is the magnitude of the electron’s velocity perpendicular to992

B, and ◊p is the pitch angle between the electron’s momentum and the magnetic field993

at the trap center. In free-space, the cyclotron motion results in radiation, with power994

given by the Larmor formula995

P (“, ◊p) = e2

6fi‘0c
Êc

2“2(“2 ≠ 1) sin2 ◊p. (3.3)

The motion of a charged particle in an electromagnetic field is dictated by the996

relativistic Lorentz force equation,997

me“
dv
dt

=
⁄

V
fl(x, t)

1
E + v ◊ B̨

2
dV, (3.4)

where E (B) is the electric (magnetic) field vector in the time domain, and fl(x, t) is998

the electric charge density—here, fl(x, t) = e”(x(t), t) where x(t) is the position of the999

charge. In the case when there is no electric field at the electron’s location, the Lorentz1000

force equation can be split up into components parallel (Î) and perpendicular (‹) to the1001

21

(with �– = Re[Ê–]),2682

P N
–,i = 4kBÊ

�–

Q–,i
(T– ≠ Ti) Im [≠‘hL–(Ê)] . (5.101)

Since it has been assumed that the cavity has no internal thermal sources, its thermal2683

temperature is determined by the temperature of its inputs. The e�ective cavity tem-2684

perature T– is then dictated by the relation Equation (5.83), and can be evaluated2685

by substituting in Equation (5.101), grouping the terms associated with T– to equal2686

Equation (5.7), then dividing out the common factors:2687

T– =
ÿ

i

Q–

Q–,i
Ti. (5.102)

Again, Q– is the loaded Q of mode indexed –.2688

Now that the cavity temperature is known, we can compute the noise power out of2689

the cavity through port p at noise temperature Tp:2690

P N
–,p = 4kBÊ

A
ÿ

i

Q–

Q–,i
Ti ≠ Tp

B

Im [≠‘hL–(Ê)] . (5.103)

Recall the cavity wall boundary is denoted i = 0, and the unloaded Q by Q–,0. For2691

a cavity with a single port, under the same conditions that define the power formula2692

Equation (5.30) (single mode, non-conductive cavity volume),2693

T– ≠ Tp = Q–

Q–,0
(T0 ≠ Tp) (5.104)

Im [L–(Ê)] = ≠
Q–

�2
–

1 + Q2
–

�4
–

1
�2

– ≠ Ê2 ≠ �2
–

(2Q–)2

22 (5.105)

æ P N
–,p =

4kB
Ê

�–
(T0 ≠ Tp) Q2

–
Q–,0Q–,p

1 + Q2
–

�4
–

1
�2

– ≠ Ê2 ≠ �2
–

(2Q–)2

22 . (5.106)

5.5.2 Signal Power Extracted2694

Similarly, as a consequence of implementing impedance boundaries, the signal power can2695

be written in terms of the magnetic field amplitude d–(Ê) (Equation (5.19)),2696

P sig
–,i = 1

2fi2 Re
5⁄

Si

(E– ◊ Hú
–) · n̂(r)dS

6
(5.107)
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Project 8 and Cyclotron Radiation 
Emission Spectroscopy (CRES)

Detector Signal Characterization: Spontaneous 
enhancement and inhibition of cyclotron radiation

Noise Model: Steady state 
blackbody radiation  through a common cavity channel

⟨   ⎸  ⎹   ⟩𝝌 𝝂

e.g. TE011

e.g. TE012
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