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Hadronic Corrections

Polarizability, Finite Size, Vacuum Polarization ...

PROTONS,
ELECTRON NUCLEUS NEUTRONS QUARK

GLUONS

MATTER ATOM NUCLEUS NUCLEON

... heeded to interpret spectroscopy experiment
... limit the uncertainty of SM predictions

... require careful assessment of uncertainties
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Muonic-Hydrogen Spectroscopy
Proton Charge Radius from Lamb Shift

Accurate extraction of the proton charge radius with unprecedented precision

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026



Muonic-Hydrogen Spectroscopy
Proton Charge Radius from Lamb Shift

Accurate extraction of the proton charge radius with unprecedented precision

Comparison of precision measurement and theory prediction:

Theory: E = [206.0344(3) =5.2259 (RE/fm)2] meV + ESon

oin?rlfileus (Z)® 16
P a(Za)* eVPW with r (%O‘)5 . 1PE _ .
02(Za)t eVP® with r2 | | @ (Za)® Coulomb distortion
(Za)®  3PE
? o (Za)® eVPW with TPE
§ a(Za)® pSEW + uVPW with TPE

[Pachucki et al., Rev. Mod. Phys. 96 (2024) 015001 ] i B B
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Muonic-Hydrogen Spectroscopy
Proton Charge Radius from Lamb Shift

Accurate extraction of the proton charge radius with unprecedented precision

Comparison of precision measurement and theory prediction:

Theory: E(1) = 206.0344(3) — 5.2259 (R /fm)’|meV + Eirs

2P fine splitting

Experiment: E/$®) = 202.370 6(23) meV B |

E=1
=1
F=0

[ueV] Lamb
shift

Lamb shift 202 370.6 2.3
2S HFS 22 808.9 5.1 2x 104

[CREMA Collaboration (2010/2013)] s,
2S hyperfine splitting
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Muonic-Hydrogen Spectroscopy

Proton Charge Radius from Lamb Shift

Accurate extraction of the proton charge radius with unprecedented precision

Comparison of precision measurement and theory prediction:

Theory: E(1) = 206.0344(3) — 5.2259 (R /fm)’|meV + Eirs

Experiment: E/$®) = 202.370 6(23) meV

[HeV]
Lamb shift 202 370.6 2.3 105
2S HFS 22 808.9 5.1 2% 104
IS HFS ~ 182 626(5) ~0.02 10 to 107

[CREMA Collaboration (2010/2013)]
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1S Hyperfine Splitting

Measurements of the pH ground-state HFS
planned by two independent collaborations:

CREMA coll. aims at 10~ accuracy

[talks by Randolf Pohl and Siddharth

Rajamohanan]

CREMA, Nature 466 (2010) 213 - 216
CREMA, Science 339 (2013) 417—420

First run by FAMU coll. in 2023/2024

[poster by Eugenio Fasci]
FAMU, EPJ A 61 (2025) 12, 284

Theory predictions for HFS in pH are driven

by 1ISHFS in H

[poster by Andrzej Maron and talk by K. Pachucki]
A. Maron, M. Pantak and K. Pachucki, 2604.06930

[talk by V. Pascalutsa]
A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026

Muonic-Hydrogen Spectroscopy

Maron et al. '26
Antognini et al. '22 -

Disp. Rel.
Tomalak '18 ——e—
HBYPT
Peset et al. '17 - b s
BxPT LO
Hagelstein et al. '23 - [ o

182.60 182.64 182.68
Ents (1S, uH) [meV]

FEAMU 2023+2§024 covered§ range

NN . Ruth'24

i J! Hagelsteéin '23
N\ ~ Antognini 22
I\ ,_i_. Tomalak§'19

I J. Peset '17

FAMU expected resonance width:

o

1 I 1 1 1 |1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 |1 I 1 1 1 1 I 1
6788 6789 6790 6791
Mis (nm)
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Proton Zemach Radius
From 1S Hyperfine Splitting in pH

The hyperfine splitting of ;H (theory update):

A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)

Fisne = [182.443 +1.350(7) +0.004 —1.30653(17) (%) + B (1.01656(4)Arecoil +1.00402 Apol)]mev

Ep QEDlweak hVP v~ ~
I 27v incl. radiative corr.

measure
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Proton Zemach Radius
From 1S Hyperfine Splitting in pH

The hyperfine splitting of ;H (theory update):

A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)

Fisne = [182.443 +1.350(7) +0.004 —1.30653(17) (%) + B (1.01656(4) Arecoil + 1.00402 Apol)]mev

Ep QED+weak hVP v~ ~

I I 27v incl. radiative corr.

measure extract

Ry = Jdrr Jdr'QE(|”’—’”|)QM(r')

_ 4 r’ a0 | GHOIGu(©@Y) _
@@ | el
Zemach radius can help to pin down the of the proton
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Theory prediction

Limited by Hadronic Corrections

;

HFS = + + hadronic
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Theory prediction

Limited by Hadronic Corrections

HFS = + + hadronic

il
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Theory prediction

Limited by Hadronic Corrections

HFS = + weak + hadronic

sy

hadronic = HVP + Zemach radius + finite-size recoil + polarizability

“RZ” “recoil”

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026



Empirical Refinement
Hydrogen Rescaling

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026

A. Maron, et al., 2604.06930

TABLE 1. Contributions to HFS in pH, constants from Ref. [19],
gp = 5.5856946893(16), vp = 44114600.4(2.0) MHz, Ep =
0.182 443 32 8(8) eV, a,, is the muon magnetic moment anomaly.

Term Value Reference

a, 0.001 165 92 Ref. [19]

(1+ a,) 65 0.006 082 37 Eq. (15)

(1+ ay,) 682 0.000 061 32 Eq. (18)

63 —0.000016 34 Eq. (91), Ref.[15]

6@ —0.000007 10 Eq. (92), Ref.[15, 20]

82 o 0.000 001 15 Eq. (33)

85 evp 0.000001 17 Eq. (87)

- —0.000 001 70 Eq. (89)

5 oo 0.000 000(2) EVP on muon line

st —0.008237(21)  Egs. (93,94), Ref.[21]

8lel 0.001672(3) Eq. (95), Ref.[17]

5 0.0002006(524) Eq. (96), Ref.[22]

@ ) —0.000033 12 Eq. (97)

2 ¢y 53 0.000 006 72 Eq. (97)

02 s —0.000 149 81 Eq. (65)

85 rec 0.000 025 24 Eq. (66)

82 s —0.000 025 10 Eq. (70)

S s wec —0.000001 18 Eq. (71)

8 0.000016 18 Eq. (81)

8 hec 0.000 016 48 Eq. (84)
2 s —0.000 050 85 Eq. (102), Ref.[23]
2 e 0.000 118 86 Eq. (103), Ref.[4]
o vees 0.000000(12)  (Za)* (m/M)*
IS 0.000000(12)  (Za)*m?*/Mry

52, 0.00001180(8)  Eq. (104), Ref. [24]

5t 0.000 000(2) a*mry

Sueak 0.000011 99 Eq. (105)

) 0.000 870 (60) total value




Empirical Refinement
Hydrogen Rescaling

Zemach radius = largest correction

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026

A. Maron, et al., 2604.06930

TABLE 1. Contributions to HFS in pH, constants from Ref. [19],
gp = 5.5856946893(16), vp = 44114600.4(2.0) MHz, Ep =
0.182 443 32 8(8) eV, a,, is the muon magnetic moment anomaly.

Term Value Reference

a, 0.001 165 92 Ref. [19]

(1 + ay,) 68, 0.006 082 37 Eq. (15)

(1+ ay,) 682 0.000 061 32 Eq. (18)

63 —0.000016 34 Eq. (91), Ref.[15]

6@ —0.000 007 10 Eq. (92), Ref.[15, 20]

82 o 0.000 001 15 Eq. (33)

85 evp 0.000001 17 Eq. (87)

- —0.000 001 70 Eq. (89)

5 o 0.000 000(2) EVP on muon line

st —0.008237(21)  Egs. (93,94), Ref.[21]

8lel 0.001672(3) Eq. (95), Ref.[17]

5 0.0002006(524) Eq. (96), Ref.[22]

@ ) —0.000033 12 Eq. (97)

2 ¢y 53 0.000 006 72 Eq. (97)

02 s —0.000 149 81 Eq. (65)

85 rec 0.000 025 24 Eq. (66)

82 s —0.000 025 10 Eq. (70)

S s wec —0.000001 18 Eq. (71)

8 0.000016 18 Eq. (81)

8 hec 0.000 016 48 Eq. (84)
2 s —0.000 050 85 Eq. (102), Ref.[23]
2 e 0.000 118 86 Eq. (103), Ref.[4]
o vees 0.000000(12)  (Za)* (m/M)*
IS 0.000000(12)  (Za)®>m?/Mry

52, 0.00001180(8)  Eq. (104), Ref. [24]

5t 0.000 000(2) a*mry

Sueak 0.000011 99 Eq. (105)

) 0.000 870 (60) total value




Empirical Refinement
Hydrogen Rescaling

Zemach radius = largest correction

Refinement of TPE effects needed

PSAS 2026 @ OAW Vienna
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A. Maron, et al., 2604.06930

TABLE 1. Contributions to HFS in pH, constants from Ref. [19],
gp = 5.5856946893(16), vp = 44114600.4(2.0) MHz, Ep =
0.182 443 32 8(8) eV, a,, is the muon magnetic moment anomaly.

Term Value Reference
a, 0.001 165 92 Ref. [19]

(1 + a,) 88, 0.006 082 37 Eq. (15)

(14 a,) 882 0.000 061 32 Eq. (18)

53 —0.000016 34 Eq. (91), Ref.[15]
6@ —0.000007 10 Eq. (92), Ref.[15, 20]
82 o 0.000 001 15 Eq. (33)

St evp 0.000001 17 Eq. (87)

- —0.000 001 70 Eq. (89)

5 o 0.000 000(2) EVP on muon line
5. —0.008237(21)  Egs. (93,94), Ref.[21]
8ol 0.001672(3) Eq. (95), Ref.[17]
) 0.0002006(524) Eq. (96), Ref.[22]
@y i) —0.000033 12 Eq. (97)

2 ¢y 53 0.000 006 72 Eq. (97)

02 s —0.000 149 81 Eq. (65)

3&0p rec 0.000 025 24 Eq. (66)

82 s —0.000 025 10 Eq. (70)

Sy rec —0.000001 18 Eq. (71)

8 0.000016 18 Eq. (81)

8 hec 0.000 016 48 Eq. (84)

2 s —0.000 050 85 Eq. (102), Ref.[23]

2 e 0.000 118 86 Eq. (103), Ref.[4]

2 ez 0.000000(12)  (Za)? (m/M)?

2 et 0.000000(12)  (Za)®m?/Mry
52 0.00001180(8)  Eq. (104), Ref. [24]
52 0.000 000(2) a*mry
Sueak 0.000011 99 Eq. (105)

) 0.000 870 (60) total value




Empirical Refinement

TABLE 1. Contributions to HFS in pH, constants from Ref. [19],
gp = 5.5856946893(16), vp = 44114600.4(2.0) MHz, Ep =
0.182443 32 8(8) eV, a,, is the muon magnetic moment anomaly.

Hydrogen Rescaling

Maron et al. '26
Antognini et al. '22 A
Disp. Rel.
Tomalak '18 - —e—
HBYPT
Peset et al. '17 I - {

ByPT LO

Hagelstein et al. '23 A I o i

182.60 182.64 182.68

Enfs (1S, uH) [meV]
A. Maron, et al., 2604.06930

J 0.000 870 (60) total value
i) Sexp(H) — 6(H)]  0.000133 Sec. IX
Ocorr 0.001 003 (30) corrected total value

Zemach radius = largest correction
Refinement of TPE effects needed

Understand
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A. Maron, et al., 2604.06930

Term Value Reference
a, 0.001 165 92 Ref. [19]
(1+ a,) 65 0.006 082 37 Eq. (15)
(14 a,) 882 0.000 061 32 Eq. (18)
63 —0.000016 34 Eq. (91), Ref.[15]
6@ —0.000007 10 Eq. (92), Ref.[15, 20]
82 o 0.000 001 15 Eq. (33)
85 evp 0.000001 17 Eq. (87)
- —0.000 001 70 Eq. (89)
5 o 0.000 000(2) EVP on muon line
5. —0.008237(21)  Egs. (93,94), Ref.[21]
8ol 0.001672(3) Eq. (95), Ref.[17]
) 0.0002006(524) Eq. (96), Ref.[22]
@y i) —0.000033 12 Eq. (97)
2 ¢y 53 0.000 006 72 Eq. (97)
02 s —0.000 149 81 Eq. (65)
Soprec 0.000 025 24 Eq. (66)
82 s —0.000 025 10 Eq. (70)
Sy, rec —0.000001 18 Eq. (71)

@ 0.000016 18 Eq. (81)
52 0.000 016 48 Eq. (84)
82 e —0.000 050 85 Eq. (102), Ref.[23]

2 e 0.000 118 86 Eq. (103), Ref.[4]
82 e 0.000000(12)  (Za)? (m/M)?

2 et 0.000000(12)  (Za)®>m?/Mry
S 0.00001180(8)  Eq. (104), Ref. [24]
52 0.000 000(2) a*mry
Sueak 0.000011 99 Eq. (105)

) 0.000 870 (60) total value




Lepton-Mass Scaling
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Two-photon exchange (TPE)

Zemach Radius, Recoll, Polarizability

A. Antognini, FH, V. Pascalutsa,
Table 1 Forward 2y-exchange contribution to the HFS in pyH. Ann. Rev. Nucl. Part. 72 (2022)

Reference AV Arecoil Apol Aq Ao E%ﬁlfs
[ppm] [ppm] || [ppm] [ppm] [ppm] [meV]

DATA-DRIVEN

Pachucki ’96 (1) -8025 1666 0(658) -1.160

Faustov et al. ’01 (9)* ~-7180 410(80) 468 -58

Faustov et al. ’06 (10)" 470(104) 518 —48

Carlson et al. "11 (11)° 7703 031 |l 351(114) | 370(112) | -19(19) | -1.171(39)

Tomalak ’18 (12)% 7333(48) || 846(6) || 364(89) | 429(84) | —65(20) | ~1.117(19)

HEAVY-BARYON YxPT

Peset et al. '17 (13) -1.161(20)

LEADING-ORDER xPT

Hagelstein et al. '16 (14) 37(95) 29(90) 9(29)

+A(1232) EXCIT.

Hagelstein et al. "18 (15) -13 84 -97

[ ” .
‘Ry, “recoil”

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026



Proton Polarizability
— Inelastic TPE —

e”/u” e /pn”
,7* ,)/*
N N




Two-photon exchange (TPE)

Zemach Radius, Recoll, Polarizability

A. Antognini, FH, V. Pascalutsa,
Table 1 Forward 2y-exchange contribution to the HFS in pyH. Ann. Rev. Nucl. Part. 72 (2022)

Reference Ay Arecoil Apol AN Ao BN

[ppm] [ppm]| | [ppm] [ppm] [ppm] [meV]
DATA-DRIVEN
Pachucki ’96 (1) -8025 1666 0(658) -1.160
Faustov et al. ’01 (9)* 7180 410(80) 468 -58 Data-driven
Faustov et al. 06 (10)" 470(104) 518 -48 dispersive approach
Carlson et al. "11 (11)° 7703 031 | 351(114) | 370(112) | -19(19) | -1.171(39)
Tomalak ’18 (12)¢ —7333(48) | 846(6) | 364(89) | 429(84) | -65(20) | -1.117(19)
HEAVY-BARYON YxPT
Peset et al. "17 (13) -1.161(20)
LEADING-ORDER xPT Baryon Chiral
Hagelstein et al. '16 (14) 37(95) 29(90) 9(29) Perturbation Theory
+A(1232) EXCIT.
Hagelstein et al. "18 (15) -13 84 -97

Lattice QCD ?
o D

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 12



Polarizability Effect

BChPT vs. Data-driven Dispersion Relations

Baryon Chiral Perturbation Theory Data-driven dispersive approach

Muonic Hydrogen (uH)

1
Ll]‘ 2 - | . |I , . y
/’\\ ~ \\ ’\\ /'—.—.—'—‘TT’-_"'_I'Q
/ \ / \ / \ ~° i TS l\
| \ | \ | \ == .
4

Q2(A; Integrand)

=N

I
=
1

1- =¥ [ i
(a) (b) (c) '
| | | | | |
(f)

0 e 1T |
(h) )

1 _AlS
(d) (e)
V\/\//L\ ‘/Ll/y‘gr’ w
/ \ \ I
| \ N /
(2

-
\ —
Q2(A, Integrand)

I
o o o o o o o
(o)} U H w N = o

»—I/

o/
7/

-0.7 ———————r ————— ——————r
A 103 102 10! 100
= Q2 (GeV?)
—— Fit (Extrapolation) -+ Hall B Model EG4 Results
FH, V. Lensky, V. Pascalutsa, EPJC 83 (2023) 8, 762 Fit (Unused) MAID Model B 92p Results

D. Ruth, K. Slifer, J.P. Chen,
C. Carlson, FH, V. Pascalutsa, et al.,

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 PLB 859 (2024) 139116 13



Polarizability Effect

BChPT vs. Data-driven Dispersion Relations

Baryon Chiral Perturbation Theory Data-driven dispersive approach
Muonic Hydrogen (uH)
1 (@) L 1 ;0 J?
L%? N \{)j w LL%I T;; i, — i

S \ -0.14 N /
S _0oJ R /7
(d) g -02 ) /
S 0.3 R /
£ _0.4-
— <
- T 0.5
/ \
06

(2 (h) (i )

Q«(
) —|—.—}7
51 7
\
N

Spin-dependent forward TPE is completely constrained by empirical information

TPE effects are dominated by low energies (low photon virtualities Qz)
BChPT = low-energy EFT of QCD

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 14



Polarizability Effect

BChPT vs. Data-driven Dispersion Relations

Data-Driven |
Analyses
Ruth, et al., ] —e— 1 —eo—
2024
Tomalak | i
et al.'19
BChPT puts
Carl .
etal. 11 | ' data-driven
Faust I I
Faustov | : dispersive
evaluation to the
LO BXPT 1 - test
H I t i L 1 . I ]
g | o
—(I).S OiO Oj5 le lj5 2j0 2j5 3j0 —lIOO (I) l(I)O 260 3(I)0 4(I)0 5(I)0 6(I)O
Dpor [eH] (ppm) Dpor [UH] (ppm)

Spin-dependent forward TPE is completely constrained by empirical information

TPE effects are dominated by low energies (low photon virtualities Q2)
BChPT = low-energy EFT of QCD

Limited experimental data, e.g., at low Q2

Intricate cancellations enhance uncertainty

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026
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Uncertainty Estimate

Partial Integration TricKk Data-driven dispersive approach

c=0 c=1/2
47.0;11
g -175L1 I }[ i I
= I i (| I 1
<T—18.O; %§ T L | 3¢ T T
s -18.5]]|
<_ -19.0{f"
4 195/
002 004 006 008 002 004 006 008
Qo [GeV?]

Need to improve understanding at low Q2

3
B1(H) ~ | =2 + 18MPe; | Oy = 135(90),

o(uH) ~

54
~-2.19 =33

1 2
_EK rPauh + 8M ¢ _3_}/0

—2.13

——145 —0.18

PSAS 2026 @ OAW Vienna

Qmax
J dQ?f,(z,) = 0.86(69)

0

Franziska Hagelstein

Model uncertainty (new Integral)

Spread of results

- -- model uncertainty without partial integration

— A4V A M (without partial integration)

Faustov et al.

Carlson et al.

Tomalak et al.
Ruth et al.

Hagelstein et al.

21th May 2026

'06
'08
1771
24
‘2311

This work |

—

consistency

o AWM (data integral with Simpson's rule)

o AyMIOWLA M (data integral with trapezoidal rule)

/ check

Apol(,UH) [ppm]

100 200 300 400 500

1
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Uncertainty Estimate

A(1232) Contribution [Baryon Chiral Perturbation Theory

6F F R
I 30p ]
4f _ 20t
%J ol ] § : - E(Apol.)
[ j = 8 7]
— 0.7 f = = E(AL7)
T o 04 =F T 6 >
g 0.3 ] = ] — E(A7)
2 * %)
o -2F A — E(A1)
I ]
I ] ] — E(A2)
4 4.4 —3 -232—> |
0.0 ““ 0.5 ““ 1.0 ““ 1.5 ““ o

Qfax [GEV?]

Table 1 Forward 2y-exchange contribution to the HFS in pH.

Reference Az Arecoil Apol Ay As EfS”y])gfs
[ppm] [ppm] | [ppm] [ppm] [ppm] [meV]

HEAVY-BARYON xPT

Peset et al. "17 (13) l l l -1.161(20)

LEADING-ORDER xPT

Hagelstein et al. ’16 (14) 37(95) 29(90) 9(29)

+A(1232) EXCIT.

Hagelstein et al. ’18 (15) -13 84 -97

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026
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Proton Zemach Radius
From 1S Hyperfine Splitting in H

1S HFS H & choice of Ay (cf. Fig. 3)

Ruth et al. '24 (this work) —e—

Hagelstein et al. '23 (LO xPT) —o0—|

100 = 1.05
R, [fm]

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026

18



Proton Zemach Radius
From 1S Hyperfine Splitting in H

Ruth et al. '24 (this work)
Hagelstein et al. '23 (LO yPT)

Lattice QCD
Djukanovic et al. '23

Proton Form Factors
Lin et al. '21

Distler et al. '14

Borah et al. '20

PSAS 2026 @ OAW Vienna Franziska Hagelstein

1S HFS H & choice of Ay (cf. Fig. 3)

—o—
—e—
| o l
e
o
——e—
100  1.05
R~ [fm]

21th May 2026




Proton Zemach Radius

Charge Radius Dependence

115 ——————— ‘ -
1.10
P -
£ o
= 1.05
o .- $
.ot I pH 2S HFS + LO BxPT
! H 1S HFS + LO BPT
1.00 -
0.95 S . t * *
0.80 0.82 0.84 0.86 0.88 0.90
Re [fm]

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026

Lin et al. 21
Borah et al. '20
CREMA '13
Distler et al. "11
Dipole form factor

Djukanovic et al. '23

e Kelly'04
Bradford et al. '06

= Arrington et al. '07
Arrington & Sick '07

20



Finite-Size Effects

— Elastic Proton Form Factor Contr. —

e /u” e” /"
,.y* ,.y*
N—é iN




(Za)’ Recoil Corrections

Form Factor Uncertainties

Antognini, Lin, MeiBner,
PLB 835 (2022) 137575

Borah et al., PRD 102
(2020) 7, 074012

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

Ruth et al. '24 (this work)
Hagelstein et al. '23 (LO xPT)

Lattice QCD
Djukanovic et al. '23

Proton Form Factors
Lin et al. '21

Distler et al. '14

Borah et al. '20

Rz

1S HFS H & choice of Ay (cf. Fig. 3)

1.00 ©1.05
R, [fm]

_ +0.00340.000
= 1.0547 500> 001 M.

R, = 1.0227(94)(51) fm

21th May 2026
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(Za)’ Recoil Corrections

Form Factor Uncertainties

“recoil”

Reference Az Arecoil
[ppm] [ppm]
DATA-DRIVEN
Carlson et al. ’11 (11)° —7703 931
Tomalak ’18 (12)9 ~7333(48) | 846(6)
Aptognin Lin Melbner. | 7403218 | 837.6°3
Borah et al., PRD 102 —7183(75)

(2020) 7, 074012

anticipated experimental precision: 1 - 0.1 ppm

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026

Ruth et al. '24 (this work)
Hagelstein et al. '23 (LO xPT)

Lattice QCD
Djukanovic et al. '23

Proton Form Factors
Lin et al. '21

Distler et al. '14

Borah et al. '20

Rz

1S HFS H & choice of Ay (cf. Fig. 3)

1.00 ©1.05
R, [fm]

_ +0.00340.000
= 1.0547 500> 001 M.

R, = 1.0227(94)(51) fm
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Charge Radius Dependence

Fitting electron-proton scattering world data:

Analysis of Scattering Data

Unpolarized cross sections: 33 experiments, 2055 data points

Polarization transfer: |4 experiments, 69 data points

Initial-state-radiation extraction: | experiment, 25 points

10 fixed values of R, € {0.83,0.89} fm

0.030
0.028}
= 0.026
> ,
— 0.024}
B r

002 2022

H
EX Fr

0.020 -

0.018

PSAS 2026 @ OAW Vienna Franziska Hagelstein

E#HRecoil ueV]

0.10

-0.05

21th May 2026

0.05

Tomalak 2022
(Borah et al. 2020)
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Self-Consistent & Blind Extraction
Proton Charge Radius from Lamb Shift

Experiment: E(3P) = 202.370 6(23) meV [CREMA Collaboration (2010/2013)]
EM) = [206.034 4(3) = 52259 RE/fm)2] mev BB

[EFriar + Erecoil] (Rg) + polarizability (BChPT, Pachucki et al. 24)

“““““““““““““““““
024 202.39r
2023 o ] . 202.38[ =<
> “§§t ] > i ~"~
5 S Q s
£ 2022 v £
) ) I "‘~* "~.~
- 20237 I v
m 202.1 ® m >3
_ . B 3~
202.0 \‘\/‘::n ] 202.36
201.9 ) f
P T S S S S ] 20235 L
0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.8390  0.8395  0.8400  0.8405  0.8410  0.8415  0.8420
Ry [fm] RE [fm]

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 MZZ(,(,W “ @Wm 24



(Za)® Finite-Size Corrections

... Limitation of the (Za)’ Finite-Size Expansion

H pH
Quantity Form Factor Exact [kHz| O(a®) [kHz] Exact [peV] O(a®) [neV]
Ye et al. [49)] —38.5(7) —38.5(7) —918(15) —921(15)
Borah et al. [50]  —36.4(5) —36.4(5) —869(13) —871(13)
E15-nts Exp. Precision 0.000 002 0.02*
Ye et al. [49] —4.82(8) —4.82(8) ~114.8(1.9) ~115.1(2.0)
g, . Borahetal[50]  —4.56(7) —4.56(7) ~108.7(1.6) —108.9(1.6)
Exp. Precision 0.000 85 0.1
Ye et al. [49] 0.000 092(6) 0.404(27)
Doy Borah et al. [50] 0.000069(7) 0.307(33)
Exp. Precision 0.006 8 40.8%

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026

illication in Lrebarati




(Za)® Finite-Size Corrections

... Limitation of the (Za)’ Finite-Size Expansion

uH
Quantity Form Factor Exact [peV] O(a®) [peV]
Ye et al. [49] —918(15) —921(15)
Borah et al. [50] —869(13) —871(13)
E15—nfs Exp. Precision 0.02*
Ye et al. [49] —114.8(1.9) ~115.1(2.0)
Borah et al. [50] —108.7(1.6) —108.9(1.6)
E2s_nts
Exp. Precision 5.1
Ye et al. [49] 0.404(27)
Doy Borah et al. [50] 0.307(33)
Exp. Precision 40.8*
Ye, Arrington, Hill, Lee, _
PLR 77';5(2018) 8 1 Ry, = 0.851(28) fm
Borah et al., PRD 102 Ry, = 0.739(41) fm

(2020) 7, 074012

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 ,@uf&mm 777 /@;W@ 25



(Za)® Finite-Size Corrections

... Limitation of the (Za)’ Finite-Size Expansion

uH
Quantity Form Factor Exact [peV] O(a®) [peV]
Ye et al. [49] —918(15) —921(15)
Borah et al. [50] —869(13) —871(13)
E15—nfs Exp. Precision 0.02*
Ye et al. [49] ~114.8(1.9) ~115.1(2.0)
Borah et al. [50] —108.7(1.6) —108.9(1.6)
E25nfs
Exp. Precision 5.1
Ye et al. [49] 0.404(27)
Borah et al. [50] 0.307(33)
Do
Exp. Precision 40.8*
Ye, Arrington, Hill, Lee
e, Arrington, Hill, Lee, R,, = 0.851(28) fm

PLB 777 (2018) 8—-15
Ry =0.879(12) fm

Borah et al., PRD 102 Ry, =0.739(41) fm
(2020) 7, 074012
Ry = 0.84089(39) fm

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 WW 777 ﬁz%m{wn 25



Form Factor Uncertainties

Magnetic Radius Puzzle

Constrain the magnetic radius through inelastic scattering?

Ry =

24L0) 3k

ol

1 + 2«

1/2
T+x  2M2 " <r2>E>]

Projection assuming 25 %, |5 % and 5 %
relative uncertainty for 15(0)

BC projection -

Sick et al.
Bernauer et al.
Alarcon et al.
Lin et al.

Djukanovic et al.

| |
'12 -
144 F—e—
'20 - [
22 - ol
'23 e
080 085 090  0.95
Ry [fm]

PSAS 2026 @ OAW Vienna Franziska Hagelstein

21th May 2026
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Hadronic Vacuum Polarization

poster by Vadim Lensky

in collaboration with Bogdan Malaescu and Vladimir Pascalutsa



Hadronic Vacuum Polarization

Data-Driven Dispersive Evaluation vs. Lattice QCD

Q) = -

dr

with Tm TI(s) = %0(}/* _ anything) = %R(s)

wa

Q2
n J t(t+ Q?)

Im I1(7)

had, oy —
Rya (s) =

hadrons

c(eTe”™ — y* — hadrons)

olete™ - y* — u*p~)
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Hadronic Vacuum Polarization

Data-Driven Dispersive Evaluation vs. Lattice QCD

Q%) = — Im I1(7)

03 J dz
r ) t@+ 0?)

with Tm TI(s) = %0(}/* _ anything) = %R(s)

wa

had, oy —
Rya (s) =

hadrons

c(eTe”™ — y* — hadrons)

olete™ - y* — u*p~)
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Hadronic Vacuum Polarization

Data-Driven Dispersive Evaluation vs. Lattice QCD

Q2

dr

Q) = -

|

T

Im I1(7)

t(t+ Q?)

with Tm TI(s) = %0(}/* _ anything) = %R(s)

wa

SNDOG s i
CMD-2 ‘
BaBar e i
KLOE = ‘
BESIII |
"""""" T S— N s
CMD-3 s
7 O H
Lattice HVP Avg. 1| j i |
WP25 | —
e FNAL-23
° { FNAL-21 %
Lo | BNL-06 >
40 30 90 10 0 10 20
1010 x (a/SLM — affp)
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hadrons

c(eTe”™ — y* — hadrons)

R™(s) =
olete™ - y* — u*p~)
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Hadronic Vacuum Polarization
1S Hyperfine Splitting

(6]

EXS g _ 2Za mM ‘dt ImII(—)W(7)
Ep nn3 M? — m? t
Ly
27 (a\? mM ‘  ROW()
3 \n) M2-—m2 3¢

Iy

“RZ ”

“recoil”

ﬁ

1 [do , L F(0Y) +3F,(QY) S+4y, L ) 0
M= J 0 {2(V ~Ou@ )IZFI(Q A Do+ [1 e | T 2 )}z+ 0’
0
H [kHz] | °He" [kHz] | puH [peV] |p*He' [peV]
Previous calculations:
S. Karshenboim, Phys. Lett. A 225, 97 (1997)
point-like 0.19(8)
finite size 0.04(1)
R. Faustov, A. Martynenko, Phys. Atom. Nucl. 61, 471 (1998) 3.5610
E. Borie, Ann. Phys. 327, 733 (2012) 4.8(8) —T72.8
This_work:
((pHMZ 0.0860(4) | —0.476(17) | 2.152(10) | —15.18(55))
alphaQED23 0.0860(5) | —0.476(17) | 2.153(14) —15.17(55)

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

expect X 2 uncertainty increase due to scatter

21th May 2026

SOOW DN AYXLV :)
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(Muonic) Vacuum Polarization
1S Hyperfine Splitting

Muonium

-\ (a) -

@ uVP non-recoil (x100) RN
uVP recoil (X100) [

@ eVP non-recoill

eVP recoil

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 30



Hadronic Vacuum Polarization
1S Hyperfine Splitting

Mu [kHz] H [kHz| SHet [kHz] | pH [ueV] |p’He™ [ueV]
ALPHAQED?23
finite size
full kernel (12) 0.086 0(5) —0.476(17) | 2.153(14) —15.17(55)
G 2 — 1 non-recoil (13) 0.0876(6) —0.482(18) | 2.093(13) —15.22(56)
K@) =1, point-like
GM(Q2) =14+« full kernel (14) 0.2745(19) | —2.264(15) | 7.07(5) —73.99(49)
non-recoil (17) 0.397(3) —4.85(3) 9.49(7) —152.9(11)
k=0 structureless
full kernel (15)| 0.2338(15) 0.2128(14) | —3.45(2) 5.51(4) —112.0(8)
Muonic Hydrogen
50,-_" I I LR | ' L ' L
[ point-like (b)
40F ]
[ finite-size, recoil correction
30} -
= 20¢ ]
10} ]
()-'—......l N PR | M sl M PR | " ST
107! 10° 10! 10? 10°
t [GeV?]

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026
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Hadronic Vacuum Polarization
1S Hyperfine Splitting

Mu [kHz| H [kHz| SHe™ [kHz] | pH [ueV] |p’He™ [ueV]
ALPHAQED?23
finite size
full kernel (12) 0.0860(5) | —0.476(17) [2:53(@4)" —15.17(55)
non-recoil (13) 0.0876(6) | —0.482(18) | 2.093(13) | —15.22(56)
point-like
full kernel (14) 0.2745(19) | —2.264(15) | 7.07(5) —73.99(49)
non-recoil (17) 0.397(3) —4.85(3) 9.49(7) —152.9(11)
structureless
full kernel (15)|| 0.2338(15) | 0.2128(14) | —3.45(2) | 5.51(4) | —112.0(8)
7VP [13]
finite size
full kernel (12) 0.062 4 —0.353(6) [1161 ~11.27(20)
non-recoil (13) 0.063 5 —0.358(6) 1.519 —11.31(20)
point-like
full kernel (14) 0.1685 —1.29 4.315 —42.46
non-recoil (17) 0.203 1 —2.48 4.855 —78.23
structureless
full kernel (15)| 0.1615 0.1341 —2.04 3.454 —66.15

PSAS 2026 @ OAW Vienna

Franziska Hagelstein

21th May 2026

CCRZ 2
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Summary & Conclusions

hadronic = HVP + Zemach radius + finite-size recoil + polarizability

“recoil”

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026

33



Summary & Conclusions

hadronic = HVP + Zemach radius + finite-size recoil + polarizability

“““““““

Proton-polarizability contribution:

Small discrepancy between BChPT and data-driven predictions remains

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026
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Summary & Conclusions

hadronic = HVP + Zemach radius + finite-size recoil + polarizability

“““““““

Proton-polarizability contribution:

Small discrepancy between BChPT and data-driven predictions remains
Finite-size (Zemach radius and recoil) corrections:

Require careful assessment of model uncertainties in form factor input

Self-consistent radii extractions from scattering and spectroscopy desired
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Summary & Conclusions

hadronic = HVP + Zemach radius + finite-size recoil + polarizability

Proton-polarizability contribution:

Small discrepancy between BChPT and data-driven predictions remains
Finite-size (Zemach radius and recoil) corrections:

Require careful assessment of model uncertainties in form factor input

Self-consistent radii extractions from scattering and spectroscopy desired
Hadronic vacuum polarization:

Updated results are more precise but also disagree with the existing work

Proton finite-size reduces the enhancement of recoil corrections in the HFS
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Summary & Conclusions

hadronic = HVP + Zemach radius + finite-size recoil + polarizability

“““““““

Proton-polarizability contribution:

Small discrepancy between BChPT and data-driven predictions remains
Finite-size (Zemach radius and recoil) corrections:

Require careful assessment of model uncertainties in form factor input

Self-consistent radii extractions from scattering and spectroscopy desired
Hadronic vacuum polarization:

Updated results are more precise but also disagree with the existing work

Proton finite-size reduces the enhancement of recoil corrections in the HFS
Outlook:

Disentangle hadronic effects (e.g., Zemach radius and polarizability contributions)
from precise HFS measurements in H and pH

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026
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INTERPLAY THEORY < EXPERIMENT

Theory: QED, ChPT, data-driven : | p
dispersion relations, Experiment: HFS in uH, uHe™, ...

ab-initio few-nucleon theories

> discriminate between theory Determine
|nterpreting the exp. predictions for polarlzablllty fundamental

Guiding the exp. effect constants
| extract ETFE, EP°L or R, - disentangle R &

_ Transitions combining HFS in H & uH
with the help of full > test HFS theory
theory predictions: Input for data- . combining HFS in H & uH
QED, weak, finite . .

. N driven evaluations with theory prediction for
size, polarizability L

polarizabilities

Spectroscopy of
ordinary atoms (H, He™)

ctron and
pton Scattering

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026 34
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Electromagnetic Properties of Nuclei
Scattering vs. Spectroscopy

Lepton-proton (Muonic)-hydrogen
scattering spectroscopy
e /u” e/~ e/~
e /p” /
) — 7
y
, N N N
N bound-state wave functions

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026

36



e /n”

Electromagnetic Properties of Nuclei
Scattering Experiments

Electromagnetic form factors and structure functions measured in
lepton scattering and photoabsorption processes

// e /n

elastic ( 1 z@)2 | . o
COS 2
7* form Ameg 2pic ) sin? (9/2) 1+ % sin? (9/2)
faCtO rs Rutherforglrscattering recoil h S;i,n J
Mott SZL‘Lt"\‘/i‘illg
N
N
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Electromagnetic Properties of Nuclei
Scattering Experiments

Electromagnetic form factors and structure functions measured in
lepton scattering and photoabsorption processes

e e/ e~/

e /u~ : -
elastic + radiative P
form corrections ...
factors
N N
: N
N two-photon exchange

polarizability effect

PSAS 2026 @ OAW Vienna Franziska Hagelstein 21th May 2026
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Electromagnetic Properties of Nuclei
Scattering Experiments

Electromagnetic form factors and structure functions measured in
lepton scattering and photoabsorption processes

/ e /u

+ radiative
corrections ...

Inelastic structure

e/ .
elastic
. form
factors
N
N
,y*
functions
N
PSAS 2026 @ OAW Vienna Franziska Hagelstein

21th May 2026

e /u” e /u”

N N
two-photon exchange

N

Compton scattering
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Proton Charge Radius

Electron Scattering vs. Muonic Hydrogen

Lehmann '62 ¢ ] ; ®
Hand '63
Frerejacque '66
Akimov '72
Borkowski '74
Murphy '74
Simon '80
McCord '91
Wong '94

Mergell '96

Rosenfelder '00
Eschrich '01
CODATA '02
Sick '03
Blunden '05
CODATA '06
Belushkin '07

Bernauer 10
Borisyuk '10
CODATA 10
Hill '10

Pohl 10
Zhan "1
Adamuscin '12
Lorenz 12
Sick '"12
Antognini '13
CODATA '14

CODATA '14 (ep)

Graczyk '14
Lorenz '14
Griffioen '"15

Lee '"15 (World data)
Lee '"15 (Mainz data)
Arrington 15
Horbatsch '16
Higinbotham '16
Hagelstein '17

Alarcon '18
CODATA '18

Xiong '"19

Alarcon 20
Borah 20

Atac '21
Gramolin '21
Cui '21

Lensky 22 (uD+is0)
Lin '22
CODATA '22

Atoui '24

Goharipour '24

0.8 0.85 0.9 0.95 0.7 0.75 0.8 0.85 0.9
Rep [fm] Rup [fm]
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Borkowski '74
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Cui '21
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Electron scatt. (re-analysis)
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Form Factor Uncertainties

PSAS 2026 @ OAW Vienna

Magnetic Radius Puzzle

Muonic atoms
Antognini '13 (uH) 1

ep scattering

Goharipour '24 A

Cui '21 ——e——
Borah '201 t . 1
Alarcon '20 bo—
Lee '15 (Mainz data) 1 ; o
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Sick '12 A ————
Zhan et al. '11 - ——
Borisyuk et al. '10 A ——
Bernauer '10 (MAMI) A

Borkowski et al.
Frerejacque et al.
Hand et al.
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Lin et al.
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Lorenz et al.
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Mergell et al.

|74_
I66_
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(Za)® Finite-Size Corrections

... Limitation of the Finite-Size Expansion

TABLE II: Assessment of the validity of the finite-size expansion in view of the precision requirements imposed by
experimental values for the transitions in hydrogen (H), muonic hydrogen (¢H) and anti-protonic hydrogen (pH).
We compare the exact un-expanded finite-size effect from Eq. (20) to the finite-size expansion in Eq. (16). The last
column presents the difference of the exact finite-size effect and the leading term in the finite-size expansion. For

E(eFF)

"' in S-, P- and D-levels, we consider the expansion up to and including O(a*). For Ef:g

splitting, we consider the expansion up to and including O(a®).

lil;%s in the hyperfine

System Transition Experimental Value Exact Finite-Size Effect Subleading Finite-Size Effects
(20) (16) — (20)[/(20)

28 — 18 2466 061 413 187.018(11) [40] —2.64 x 10710 0.002

36 —18 2922 743 278 665.79(72) [41] —2.91 x 10710 0.090

251/2 — 2P /2 1057 829.8(3.2) [42] 3.77 x 10~ 0.002
H [kHz]

8Ds/2 — 2512 770649 561 570.9(2.0) [43] —3.78 x 10~ 0.002

1S hfs 1420405.751768(2) [44, 45] —1.05 x 1078 0.036

25 hfs 177 556.838 87(85)  [46] —1.34x107° 0.017

2P /5 — 2512 202 370.6(2.3) [37] —8.08 x 1071° 0.24

a -7

JH [eV] 18 hfs (0.02) —1.46 x 10 0.79

25 hfs 22 808.9(5.1) [37] —1.87x 1078 0.74

B 2P — 18 8.67(15) [48] —1.15 x 1071° 0.69
pH [keV]

28 — 2P —1.40 x 1071¢ 0.74

2 Uncertainty of a future CREMA Collaboration measurement with anticipated 10~7 accuracy [38, 47].
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IR R

Table 1 Forward 2y-exchange contributions to the 2S-shift in xH, in units of peV.
Reference Eéssubt) Eg}el) Eégol) Eéz}) E%W
DATA-DRIVEN
(73) Pachucki 99 1.9 ~13.9 ~12(2)  -23.2(1.0) | -35.2(2.2)
(74) Martynenko '06 2.3 -16.1 —-13.8(2.9)

(75) Carlson et al. '11 5.3(1.9) -12.7(5) -7.4(2.0)

(76) Birse and McGovern '12 | 4.2(1.0) -12.7(5) -8.5(1.1) -24.7(1.6) -33(2)
(77) Gorchtein et al.’13 ~2.3(4.6) -13.0(6) | -15.3(4.6) -24.5(1.2) | -39.8(4.8)
(78) Hill and Paz 16 -30(13)
(79) Tomalak’18 2.3(1.3) ~10.3(1.4) -18.6(1.6) | —29.0(2.1)
LEADING-ORDER BxPT

(80) Alarcon et al. ’14 ~-9.6%37%

(81) Lensky et al. 17 ® 3.51%:9 -12.1(1.8) | -8.67i3

LaTTIiIcE QCD

(82) Fu et al. '22 -37.4(4.9)

Fu et al.’24* =1 1.7* —-32.2%
AETPE — é Born _ A gBorn subtrj. i égz%btr. + AgBgm subtrJ. +AEneL

—AgBgn —Agsubtr.
*our preliminary results based on their LQCD prediction for A@Z‘gb“" = —7.22(81)(57) ueV

CROSS CHECK BETWEEN
3 COMPLEMENTARY APPROACHES

Data-driven
dispersive approach

Baryon Chiral

Perturbation Theory

Lattice QCD
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