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… needed to interpret spectroscopy experiment

… limit the uncertainty of SM predictions

… require careful assessment of uncertainties
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Accurate extraction of the proton charge radius with unprecedented precision
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TABLE I Contributions to the 2P1/2�2S1/2 energy di↵erence EL in meV, with the charge radii rC given in fm. All corrections
larger than 3% of the overall uncertainty are included. Theoretical predictions for EL are EL(theo) = EQED+C r2C +ENS. The
last two rows show the values of rC determined from a comparison of EL(theo) to EL(exp).

Sec. Order Correction µH µD µ3He+ µ4He+

III.A ↵ (Z↵)2 eVP(1) 205.007 38 227.634 70 1641.886 2 1665.773 1
III.A ↵2(Z↵)2 eVP(2) 1.658 85 1.838 04 13.084 3 13.276 9
III.A ↵3(Z↵)2 eVP(3) 0.007 52 0.008 42(7) 0.073 0(30) 0.074 0(30)
III.B (Z,Z2, Z3)↵5 light-by-light eVP �0.000 89(2) �0.000 96(2) �0.013 4(6) �0.013 6(6)
III.C (Z↵)4 recoil 0.057 47 0.067 22 0.126 5 0.295 2
III.D ↵ (Z↵)4 relativistic with eVP(1) 0.018 76 0.021 78 0.509 3 0.521 1
III.E ↵2(Z↵)4 relativistic with eVP(2) 0.000 17 0.000 20 0.005 6 0.005 7
III.F ↵ (Z↵)4 µSE(1) + µVP(1), LO �0.663 45 �0.769 43 �10.652 5 �10.926 0
III.G ↵ (Z↵)5 µSE(1) + µVP(1), NLO �0.004 43 �0.005 18 �0.174 9 �0.179 7
III.H ↵2(Z↵)4 µVP(1) with eVP(1) 0.000 13 0.000 15 0.003 8 0.003 9
III.I ↵2(Z↵)4 µSE(1) with eVP(1) �0.002 54 �0.003 06 �0.062 7 �0.064 6
III.J (Z↵)5 recoil �0.044 97 �0.026 60 �0.558 1 �0.433 0
III.K ↵ (Z↵)5 recoil with eVP(1) 0.000 14(14) 0.000 09(9) 0.004 9(49) 0.003 9(39)
III.L Z2↵ (Z↵)4 nSE(1) �0.009 92 �0.003 10 �0.084 0 �0.050 5

III.M ↵2(Z↵)4 µF (2)
1 , µF (2)

2 , µVP(2) �0.001 58 �0.001 84 �0.031 1 �0.031 9
III.N (Z↵)6 pure recoil 0.000 09 0.000 04 0.001 9 0.001 4
III.O ↵ (Z↵)5 radiative recoil 0.000 22 0.000 13 0.002 9 0.002 3
III.P ↵ (Z↵)4 hVP 0.011 36(27) 0.013 28(32) 0.224 1(53) 0.230 3(54)
III.Q ↵2(Z↵)4 hVP with eVP(1) 0.000 09 0.000 10 0.002 6(1) 0.002 7(1)

IV.A (Z↵)4 r2C �5.197 5 r2p �6.073 2 r2d �102.523 r2h �105.322 r2↵
IV.B ↵ (Z↵)4 eVP(1) with r2C �0.028 2 r2p �0.034 0 r2d �0.851 r2h �0.878 r2↵
IV.C ↵2(Z↵)4 eVP(2) with r2C �0.000 2 r2p �0.000 2 r2d �0.009(1) r2h �0.009(1) r2↵

V.A (Z↵)5 TPE 0.029 2(25) 1.979(20) 16.38(31) 9.76(40)
V.B ↵2(Z↵)4 Coulomb distortion 0.0 �0.261 �1.010 �0.536
V.C (Z↵)6 3PE �0.001 3(3) 0.002 2(9) �0.214(214) �0.165(165)
V.D ↵ (Z↵)5 eVP(1) with TPE 0.000 6(1) 0.027 5(4) 0.266(24) 0.158(12)
V.E ↵ (Z↵)5 µSE(1) + µVP(1) with TPE 0.000 4 0.002 6(3) 0.077(8) 0.059(6)

III EQED point nucleus 206.034 4(3) 228.774 0(3) 1644.348(8) 1668.491(7)
IV C r2C finite size �5.225 9 r2p �6.107 4 r2d �103.383 r2h �106.209 r2↵
V ENS nuclear structure 0.028 9(25) 1.750 3(200) 15.499(378) 9.276(433)

EL(exp) experimenta 202.370 6(23) 202.878 5(34) 1258.598(48) 1378.521(48)

rC this review 0.840 60(39) 2.127 58(78) 1.970 07(94) 1.678 6(12)
rC previous worka 0.840 87(39) 2.125 62(78) 1.970 07(94) 1.678 24(83)

a Presented by Antognini et al. (2013b), Pohl et al. (2016), Krauth et al. (2021), and Schuhmann et al. (2023).
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where the subscripts d, h, and ↵ denote the deuteron,
helion (3He nucleus), and ↵ particle (4He nucleus), re-
spectively. Moreover, with µ the reduced mass of the
two-body system,

µ =
mµ

1 +mµ/M
(14)

with M standing for the nuclear mass, we define the ratio

� =
me

Z↵µ
, (15)

for which we obtain the following values:

�p = 0.737 383 68 , (16a)

�d = 0.700 086 14 , (16b)

�h = 0.343 842 92 , (16c)

�↵ = 0.340 769 14 . (16d)

Finally, the nonrelativistic Coulomb wave function � with
nonrelativistic energy E0 is the solution of (H0�E0)� =
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Accurate extraction of the proton charge radius with unprecedented precision

Comparison of precision measurement and theory prediction:

• Theory:            E(th.)
LS = [206.034 4(3) − 5.225 9 (RE /fm)2]meV + E(strong)

LS

[Pachucki et al., Rev. Mod. Phys. 96 (2024) 015001]
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Accurate extraction of the proton charge radius with unprecedented precision

Comparison of precision measurement and theory prediction:

• Theory:            

• Experiment: 

E(th.)
LS = [206.034 4(3) − 5.225 9 (RE /fm)2]meV + E(strong)

LS

E(exp.)
LS = 202.370 6(23) meV

[µeV] E ΔE ΔE /E

Lamb shift 202 370.6 2.3 10-5

2S HFS 22 808.9 5.1 2×10-4

Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.

25 JANUARY 2013 VOL 339 SCIENCE www.sciencemag.org418

RESEARCH ARTICLES

[CREMA Collaboration (2010/2013)]
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Accurate extraction of the proton charge radius with unprecedented precision

Comparison of precision measurement and theory prediction:

• Theory:            

• Experiment: 

E(th.)
LS = [206.034 4(3) − 5.225 9 (RE /fm)2]meV + E(strong)

LS

E(exp.)
LS = 202.370 6(23) meV

[µeV] E ΔE ΔE /E

Lamb shift 202 370.6 2.3 10-5

2S HFS 22 808.9 5.1 2×10-4

1S HFS ~ 182 626(5) ~ 0.02 10-6  to 10-7

Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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RESEARCH ARTICLES

[CREMA Collaboration (2010/2013)]



PSAS 2026 @ ÖAW Vienna        Franziska Hagelstein          21th May 2026 5

Muonic-Hydrogen Spectroscopy
1S Hyperfine Splitting
Measurements of the μH ground-state HFS 
planned by two independent collaborations:


• CREMA coll. aims at  accuracy                         
[talks by Randolf Pohl and Siddharth 
Rajamohanan]


               CREMA, Nature 466 (2010) 213 - 216 
               CREMA, Science 339 (2013) 417–420 

• First run by FAMU coll. in 2023/2024                              
[poster by Eugenio Fasci]  


      FAMU, EPJ A 61 (2025) 12, 284 

Theory predictions for HFS in μH are driven 
by 1S HFS in H                                 
[poster by Andrzej Maroń and talk by K. Pachucki] 
A. Maroń, M. Pańtak and K. Pachucki, 2604.06930                  
[talk by V. Pascalutsa]                                            
A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)
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Figure 19: Left: comparison among the latest theoretical predictions for the 1S-hfs and the spectral range
covered in the 2023 and 2024 beam times. Right: histogram of the 29 wavelengths measured in 2023 and
2024 by the FAMU experiment.

to be → 80 pm wide. It is important to notice that narrower and more regular peaks are visible for December 2023.
This is thanks to an automatic wavelength keeper which was added to the laser software to optimise the laser stability.
Fig. 20 (left) demonstrates the wavelength stability: each point of the plot represents the average of the wavelength
over one hour of data taking.

Fig. 20 (right) shows a typical distribution of the energy delivered by each laser pulse. It is essential to recognize
that the transition probability is proportional to the laser energy, as it is proportional to the number of photons
interacting with the µH atoms. For this reason, the energy distribution must be considered when selecting data
and to compare events with different energies. The system is not capable of delivering the same energy for every
wavelength and this variation among different batches has to be considered for data normalization.
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Figure 20: Left: plot of measured wavelengths as a function of time during the December 2023 run, evi-
dencing the excellent stability due to the automatic wavelength keeping software. Right: example of energy
distribution during a batch of data acquisition with fixed wavelength.

An example of the performance of the X-ray detectors is shown in Fig. 21, where the number of X-rays collected
in the Oxygen signal region (60÷200 keV) by the LaBr3:Ce read by SiPM arrays is shown as a function of the
wavelength. The number of X-rays quoted in the plot is normalized on the number of muon triggers. The initial
statistics (December 2023), stably around 0.8 X-rays per trigger and per wavelength point, has been then increased
up to → 1 in the latest run (September 2024) thanks to the increase of the geometrical acceptance of the X-ray
detectors due to the substitution of a number of 0.5” detectors with 1” detectors (setup B, see Sec. 3.4).

Fig. 22 shows with a black line the spectrum measured in 23 hours of data taking measured in September 2024
with all X-ray detectors and the gas mixture (H2+O2). By subtracting this measurement with one carried out
with pure hydrogen in the same period (red filled spectrum in the same plot) it was possible to extract the net

18
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From 1S Hyperfine Splitting in µH

The hyperfine splitting of µH (theory update):

E1S-hfs = �182.443�������������������������
EF

+1.350(7)�������������������������������������������
QED+weak

+0.004�������������������
hVP

−1.30653(17)�rZp
fm
� +EF �1.01656(4)�recoil + 1.00402�pol�
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2� incl. radiative corr.

�meV, 40.

E2S-hfs = �22.8054�������������������������
1
8EF

+0.1524(8)�����������������������������������������������������
QED+weak

+0.0006(1)�����������������������������������������������������
hVP

−0.16319(2)�rZp
fm
� + 1

8
EF �1.01580(4)�recoil + 1.00326�pol�

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.
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4.2. Hyperfine splitting in µH

The improved 2S −2P measurements discussed above will also improve the precision of the

2S hfs measurement. However, a new level of precision will be reached in the upcoming

CREMA measurement of 1S hfs (108). The schematics of this experiment are shown in

Fig. 7 explained in the insert. On the theory side, we have made a detailed account of

the various contributions to these hfs transitions. Their simplified breakdown is given in

Eq. 40. More details can be found in the Supplement.

Once a high-precision measurement of the 1S hfs in µH is available, it can be used

together with H to accurately disentangle the Zemach and polarizability contributions, �Z

and �pol, with unprecedented precision. This is possible because the eVP corrections to

the 2� exchange di↵er between H and µH, cf. Eqs. 40 and 42. Anticipating 1 ppm accuracy

for the µH 1S hfs experiment, the Zemach radius will be determined with 5 × 10−3 relative

uncertainty and �pol(µH) with 40 ppm absolute uncertainty. It will thus lead to the

best empirical determination of the proton Zemach radius from spectroscopy, without the

uncertainty associated with the polarizability contribution.

Leveraging radiative
corrections allows to
disentangle the
Zemach radius from
H and µH hfs.

4.3. Pinning down the 1S hyperfine splitting in µH

The success of the 1S µH hfs experiments relies critically on the precision and accuracy of

the theory prediction. The CREMA Collaboration is expecting 2 hours of data taking time

per frequency point to observe an excess of events over background. The 1S hfs resonance

would need to be searched in a more than 40 GHz wide frequency range to be compared

with a linewidth of about 200 MHz at FWHM resulting from Doppler broadening (60 MHz),

laser bandwidth (100 MHz) and collisional e↵ects. We estimate the search range to cover a±3� band over the present spread of 2�-exchange theory predictions, cf. Fig. 8. Given the

limited access to the PSI accelerator facility, it is important to further narrow it down as

much as possible.

Fractional accuracy
of a quantity X:
�(X) = �X�X, with
�X the absolute
accuracy.

The 1S hfs in H has already been measured with � = 7 × 10−13 accuracy (109, 110):

E
exp.

1S-hfs
(H) = 1420.405751768(1)MHz. 41.

The corresponding theory prediction is compiled in Eq. 42. Compared to a previous compila-

tion by Volotka (92), we have recalculated the µVP correction which agrees with Ref. (111).

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 19

A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)

measure
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4.2. Hyperfine splitting in µH

The improved 2S −2P measurements discussed above will also improve the precision of the

2S hfs measurement. However, a new level of precision will be reached in the upcoming

CREMA measurement of 1S hfs (108). The schematics of this experiment are shown in

Fig. 7 explained in the insert. On the theory side, we have made a detailed account of

the various contributions to these hfs transitions. Their simplified breakdown is given in

Eq. 40. More details can be found in the Supplement.

Once a high-precision measurement of the 1S hfs in µH is available, it can be used

together with H to accurately disentangle the Zemach and polarizability contributions, �Z

and �pol, with unprecedented precision. This is possible because the eVP corrections to

the 2� exchange di↵er between H and µH, cf. Eqs. 40 and 42. Anticipating 1 ppm accuracy

for the µH 1S hfs experiment, the Zemach radius will be determined with 5 × 10−3 relative

uncertainty and �pol(µH) with 40 ppm absolute uncertainty. It will thus lead to the

best empirical determination of the proton Zemach radius from spectroscopy, without the

uncertainty associated with the polarizability contribution.

Leveraging radiative
corrections allows to
disentangle the
Zemach radius from
H and µH hfs.

4.3. Pinning down the 1S hyperfine splitting in µH

The success of the 1S µH hfs experiments relies critically on the precision and accuracy of

the theory prediction. The CREMA Collaboration is expecting 2 hours of data taking time

per frequency point to observe an excess of events over background. The 1S hfs resonance

would need to be searched in a more than 40 GHz wide frequency range to be compared

with a linewidth of about 200 MHz at FWHM resulting from Doppler broadening (60 MHz),

laser bandwidth (100 MHz) and collisional e↵ects. We estimate the search range to cover a±3� band over the present spread of 2�-exchange theory predictions, cf. Fig. 8. Given the

limited access to the PSI accelerator facility, it is important to further narrow it down as

much as possible.

Fractional accuracy
of a quantity X:
�(X) = �X�X, with
�X the absolute
accuracy.

The 1S hfs in H has already been measured with � = 7 × 10−13 accuracy (109, 110):

E
exp.

1S-hfs
(H) = 1420.405751768(1)MHz. 41.

The corresponding theory prediction is compiled in Eq. 42. Compared to a previous compila-

tion by Volotka (92), we have recalculated the µVP correction which agrees with Ref. (111).

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 19

A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022)

measure extract

Zemach radius can help to pin down the magnetic properties of the proton

“RZ”

GMGE

RZ ≡ ∫ dr r ∫ dr′￼ϱE( |r′￼− r | ) ϱM(r′￼)

= −
4
π ∫

∞

0

dQ
Q2 [ GE(Q2)GM(Q2)

1 + κ
− 1]
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which significantly differs from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 23.92 ppm. For hydrogen,
we obtain

ωse,fns(H) = 0.115 ppm, (82)

which differs very slightly from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 0.116 ppm.
The nuclear recoil contribution is

E(6)
se,rec = ε2

(0) (4ϑZ ϖ)2
ϱI · ϱs

3

∫
d4k

(2ϑ)4
1

k4

→

[
2 k2 t1se T1 + k20 (t1se + t2se) (T1 + T2)

+
8 k

M
t1se(k

2, 0)GE(k
2
)GM (k2) +

32 ae (1 + ς)m

kM (M +m)

]
.

(83)

This integral is evaluated numerically, yielding the following
results

ωse,rec(µH) = 16.48 ppm , (84)

ωse,rec(H) = 0.104 ppm , (85)

where ! has been adjusted to match the Zemach radius rZ .

VII. EVP COMBINED WITH µVP AND SE

The combined electronic and muonic vacuum polarizations
contribution in the nonrecoil limit for a point-like nucleus is

E(7)
µvp,evp = EF

2Z ϖmµ

ϑ2
6

∫
d3k

k4
φ̄
(
↑

k2

m2
e

)
φ̄
(
↑

k2

m2
µ

)
,

(86)

from which we obtain

ω(3)µvp,evp (µH) = 1.17 ppm. (87)

Including FNS, this correction decreases to 0.32 ppm, which
indicates the significance of the FNS effect. Here we neglect
FNS for consistency, as all ϖ3 corrections are calculated for
a point nucleus, and estimate the unknown ω(3)fns = ±2 ppm,
while ω(2)fns is calculated separately for the VP, SE, and REL
parts.

Another correction is the muon one-loop self-energy com-
bined with EVP inserted into the exchanged photons between
the lepton and the nucleus. In the nonrecoil limit, this correc-
tion is given by

E(7)
se,evp1 = ↑ ε2

(0) (4ϑZ ϖ)2
2 (1 + ς) ϱI · ϱs

3M

→

∫
d3k

(2ϑ)3
1

k2

(
t1se(k

2, 0) +
4 aµ
k2

)
(↑2) φ̄

(
↑

k2

m2
e

)
.

(88)

After numerical integration, we obtain

ω(3)se,evp1 (µH) = ↑1.70 ppm, (89)

and FNS would decrease this correction to -1.37 ppm.

TABLE I. Contributions to HFS in µH, constants from Ref. [19],
gp = 5.585 694 6893(16), ωF = 44 114 600.4(2.0) MHz, EF =

0.182 443 32 8(8) eV, aµ is the muon magnetic moment anomaly.

Term Value Reference

aµ 0.001 165 92 Ref. [19]
(1 + aµ) ε

(1)
evp 0.006 082 37 Eq. (15)

(1 + aµ) ε
(2)
evp 0.000 061 32 Eq. (18)

ε(2) →0.000 016 34 Eq. (91), Ref.[15]
ε(3) →0.000 007 10 Eq. (92), Ref.[15, 20]
ε(3)rel,evp 0.000 001 15 Eq. (33)
ε(3)µvp,evp 0.000 001 17 Eq. (87)
ε(3)se,evp1 →0.000 001 70 Eq. (89)
ε(3)se,evp2 0.000 000(2) EVP on muon line
ε(1)fns →0.008 237(21) Eqs. (93,94), Ref.[21]
ε(1)rec 0.001 672(3) Eq. (95), Ref.[17]
ε(1)pol 0.000 200 6(52 4) Eq. (96), Ref.[22]
ω
ε c1 ε

(1)
fns →0.000 033 12 Eq. (97)

ω
ε c1 ε

(1)
rec 0.000 006 72 Eq. (97)

ε(2)evp,fns →0.000 149 81 Eq. (65)
ε(2)evp,rec 0.000 025 24 Eq. (66)
ε(2)µvp,fns →0.000 025 10 Eq. (70)
ε(2)µvp,rec →0.000 001 18 Eq. (71)
ε(2)se,fns 0.000 016 18 Eq. (81)
ε(2)se,rec 0.000 016 48 Eq. (84)
ε(2)rel,fns →0.000 050 85 Eq. (102), Ref.[23]
ε(2)rel,rec 0.000 118 86 Eq. (103), Ref.[4]
ε(2)rel,rec2 0.000 000(12) (Z ϑ)2 (m/M)

2

ε(2)rel,rec,fns 0.000 000(12) (Z ϑ)2 m2/M rZ
ε(2)hvp 0.000 011 80(8) Eq. (104), Ref. [24]
ε(3)fns 0.000 000(2) ϑ3 mrZ
εweak 0.000 011 99 Eq. (105)

ε 0.000 870 (60) total value
mµ

me
[εexp(H)→ ε(H)] 0.000 133 Sec. IX

εcorr 0.001 003 (30) corrected total value

VIII. SUMMARY OF HYPERFINE SPLITTING IN
MUONIC HYDROGEN

The ground state hyperfine splitting of µH is conveniently
represented as

Ehfs = EF (1 + ω) , (90)

where the dimensionless ω is the sum of various contributions
listed in Table I. Let us now explain the meaning of all ω con-
tributions. ω(1)evp in Eq. (15) and ω(2)evp in Eq. (18) are one- and
two-loop EVP corrections to the contact Fermi (spin-spin) in-
teraction. ω(2) and ω(3) are QED corrections, which are ex-
actly the same as in the electronic case [15],

ω(2) =
3

2
(Z ϖ)2 + ϖ (Z ϖ)

(
ln(2)↑

5

2

)
, (91)

ω(3) =
ϖ (Z ϖ)2

ϑ

[
↑

8

3
ln(Z ϖ)

(
ln(Z ϖ)↑ ln(4) +

281

480

)
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which significantly differs from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 23.92 ppm. For hydrogen,
we obtain

ωse,fns(H) = 0.115 ppm, (82)

which differs very slightly from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 0.116 ppm.
The nuclear recoil contribution is

E(6)
se,rec = ε2

(0) (4ϑZ ϖ)2
ϱI · ϱs
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∫
d4k

(2ϑ)4
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+
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)GM (k2) +

32 ae (1 + ς)m
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]
.

(83)

This integral is evaluated numerically, yielding the following
results

ωse,rec(µH) = 16.48 ppm , (84)

ωse,rec(H) = 0.104 ppm , (85)

where ! has been adjusted to match the Zemach radius rZ .

VII. EVP COMBINED WITH µVP AND SE

The combined electronic and muonic vacuum polarizations
contribution in the nonrecoil limit for a point-like nucleus is

E(7)
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(86)

from which we obtain

ω(3)µvp,evp (µH) = 1.17 ppm. (87)

Including FNS, this correction decreases to 0.32 ppm, which
indicates the significance of the FNS effect. Here we neglect
FNS for consistency, as all ϖ3 corrections are calculated for
a point nucleus, and estimate the unknown ω(3)fns = ±2 ppm,
while ω(2)fns is calculated separately for the VP, SE, and REL
parts.

Another correction is the muon one-loop self-energy com-
bined with EVP inserted into the exchanged photons between
the lepton and the nucleus. In the nonrecoil limit, this correc-
tion is given by

E(7)
se,evp1 = ↑ ε2

(0) (4ϑZ ϖ)2
2 (1 + ς) ϱI · ϱs

3M

→
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)
(↑2) φ̄
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.

(88)

After numerical integration, we obtain

ω(3)se,evp1 (µH) = ↑1.70 ppm, (89)

and FNS would decrease this correction to -1.37 ppm.

TABLE I. Contributions to HFS in µH, constants from Ref. [19],
gp = 5.585 694 6893(16), ωF = 44 114 600.4(2.0) MHz, EF =

0.182 443 32 8(8) eV, aµ is the muon magnetic moment anomaly.

Term Value Reference

aµ 0.001 165 92 Ref. [19]
(1 + aµ) ε

(1)
evp 0.006 082 37 Eq. (15)

(1 + aµ) ε
(2)
evp 0.000 061 32 Eq. (18)

ε(2) →0.000 016 34 Eq. (91), Ref.[15]
ε(3) →0.000 007 10 Eq. (92), Ref.[15, 20]
ε(3)rel,evp 0.000 001 15 Eq. (33)
ε(3)µvp,evp 0.000 001 17 Eq. (87)
ε(3)se,evp1 →0.000 001 70 Eq. (89)
ε(3)se,evp2 0.000 000(2) EVP on muon line
ε(1)fns →0.008 237(21) Eqs. (93,94), Ref.[21]
ε(1)rec 0.001 672(3) Eq. (95), Ref.[17]
ε(1)pol 0.000 200 6(52 4) Eq. (96), Ref.[22]
ω
ε c1 ε

(1)
fns →0.000 033 12 Eq. (97)

ω
ε c1 ε

(1)
rec 0.000 006 72 Eq. (97)

ε(2)evp,fns →0.000 149 81 Eq. (65)
ε(2)evp,rec 0.000 025 24 Eq. (66)
ε(2)µvp,fns →0.000 025 10 Eq. (70)
ε(2)µvp,rec →0.000 001 18 Eq. (71)
ε(2)se,fns 0.000 016 18 Eq. (81)
ε(2)se,rec 0.000 016 48 Eq. (84)
ε(2)rel,fns →0.000 050 85 Eq. (102), Ref.[23]
ε(2)rel,rec 0.000 118 86 Eq. (103), Ref.[4]
ε(2)rel,rec2 0.000 000(12) (Z ϑ)2 (m/M)

2

ε(2)rel,rec,fns 0.000 000(12) (Z ϑ)2 m2/M rZ
ε(2)hvp 0.000 011 80(8) Eq. (104), Ref. [24]
ε(3)fns 0.000 000(2) ϑ3 mrZ
εweak 0.000 011 99 Eq. (105)

ε 0.000 870 (60) total value
mµ

me
[εexp(H)→ ε(H)] 0.000 133 Sec. IX

εcorr 0.001 003 (30) corrected total value

VIII. SUMMARY OF HYPERFINE SPLITTING IN
MUONIC HYDROGEN

The ground state hyperfine splitting of µH is conveniently
represented as

Ehfs = EF (1 + ω) , (90)

where the dimensionless ω is the sum of various contributions
listed in Table I. Let us now explain the meaning of all ω con-
tributions. ω(1)evp in Eq. (15) and ω(2)evp in Eq. (18) are one- and
two-loop EVP corrections to the contact Fermi (spin-spin) in-
teraction. ω(2) and ω(3) are QED corrections, which are ex-
actly the same as in the electronic case [15],

ω(2) =
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which significantly differs from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 23.92 ppm. For hydrogen,
we obtain

ωse,fns(H) = 0.115 ppm, (82)

which differs very slightly from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 0.116 ppm.
The nuclear recoil contribution is

E(6)
se,rec = ε2

(0) (4ϑZ ϖ)2
ϱI · ϱs

3

∫
d4k

(2ϑ)4
1

k4

→

[
2 k2 t1se T1 + k20 (t1se + t2se) (T1 + T2)

+
8 k

M
t1se(k

2, 0)GE(k
2
)GM (k2) +

32 ae (1 + ς)m

kM (M +m)

]
.

(83)

This integral is evaluated numerically, yielding the following
results

ωse,rec(µH) = 16.48 ppm , (84)

ωse,rec(H) = 0.104 ppm , (85)

where ! has been adjusted to match the Zemach radius rZ .

VII. EVP COMBINED WITH µVP AND SE

The combined electronic and muonic vacuum polarizations
contribution in the nonrecoil limit for a point-like nucleus is

E(7)
µvp,evp = EF

2Z ϖmµ

ϑ2
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∫
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φ̄
(
↑
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)
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)
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(86)

from which we obtain

ω(3)µvp,evp (µH) = 1.17 ppm. (87)

Including FNS, this correction decreases to 0.32 ppm, which
indicates the significance of the FNS effect. Here we neglect
FNS for consistency, as all ϖ3 corrections are calculated for
a point nucleus, and estimate the unknown ω(3)fns = ±2 ppm,
while ω(2)fns is calculated separately for the VP, SE, and REL
parts.

Another correction is the muon one-loop self-energy com-
bined with EVP inserted into the exchanged photons between
the lepton and the nucleus. In the nonrecoil limit, this correc-
tion is given by

E(7)
se,evp1 = ↑ ε2

(0) (4ϑZ ϖ)2
2 (1 + ς) ϱI · ϱs

3M

→

∫
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(2ϑ)3
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)
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)
.

(88)

After numerical integration, we obtain

ω(3)se,evp1 (µH) = ↑1.70 ppm, (89)

and FNS would decrease this correction to -1.37 ppm.

TABLE I. Contributions to HFS in µH, constants from Ref. [19],
gp = 5.585 694 6893(16), ωF = 44 114 600.4(2.0) MHz, EF =

0.182 443 32 8(8) eV, aµ is the muon magnetic moment anomaly.

Term Value Reference

aµ 0.001 165 92 Ref. [19]
(1 + aµ) ε

(1)
evp 0.006 082 37 Eq. (15)

(1 + aµ) ε
(2)
evp 0.000 061 32 Eq. (18)

ε(2) →0.000 016 34 Eq. (91), Ref.[15]
ε(3) →0.000 007 10 Eq. (92), Ref.[15, 20]
ε(3)rel,evp 0.000 001 15 Eq. (33)
ε(3)µvp,evp 0.000 001 17 Eq. (87)
ε(3)se,evp1 →0.000 001 70 Eq. (89)
ε(3)se,evp2 0.000 000(2) EVP on muon line
ε(1)fns →0.008 237(21) Eqs. (93,94), Ref.[21]
ε(1)rec 0.001 672(3) Eq. (95), Ref.[17]
ε(1)pol 0.000 200 6(52 4) Eq. (96), Ref.[22]
ω
ε c1 ε

(1)
fns →0.000 033 12 Eq. (97)

ω
ε c1 ε

(1)
rec 0.000 006 72 Eq. (97)

ε(2)evp,fns →0.000 149 81 Eq. (65)
ε(2)evp,rec 0.000 025 24 Eq. (66)
ε(2)µvp,fns →0.000 025 10 Eq. (70)
ε(2)µvp,rec →0.000 001 18 Eq. (71)
ε(2)se,fns 0.000 016 18 Eq. (81)
ε(2)se,rec 0.000 016 48 Eq. (84)
ε(2)rel,fns →0.000 050 85 Eq. (102), Ref.[23]
ε(2)rel,rec 0.000 118 86 Eq. (103), Ref.[4]
ε(2)rel,rec2 0.000 000(12) (Z ϑ)2 (m/M)

2

ε(2)rel,rec,fns 0.000 000(12) (Z ϑ)2 m2/M rZ
ε(2)hvp 0.000 011 80(8) Eq. (104), Ref. [24]
ε(3)fns 0.000 000(2) ϑ3 mrZ
εweak 0.000 011 99 Eq. (105)

ε 0.000 870 (60) total value
mµ

me
[εexp(H)→ ε(H)] 0.000 133 Sec. IX

εcorr 0.001 003 (30) corrected total value

VIII. SUMMARY OF HYPERFINE SPLITTING IN
MUONIC HYDROGEN

The ground state hyperfine splitting of µH is conveniently
represented as

Ehfs = EF (1 + ω) , (90)

where the dimensionless ω is the sum of various contributions
listed in Table I. Let us now explain the meaning of all ω con-
tributions. ω(1)evp in Eq. (15) and ω(2)evp in Eq. (18) are one- and
two-loop EVP corrections to the contact Fermi (spin-spin) in-
teraction. ω(2) and ω(3) are QED corrections, which are ex-
actly the same as in the electronic case [15],
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which significantly differs from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 23.92 ppm. For hydrogen,
we obtain

ωse,fns(H) = 0.115 ppm, (82)

which differs very slightly from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 0.116 ppm.
The nuclear recoil contribution is

E(6)
se,rec = ε2

(0) (4ϑZ ϖ)2
ϱI · ϱs

3

∫
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+
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(83)

This integral is evaluated numerically, yielding the following
results

ωse,rec(µH) = 16.48 ppm , (84)

ωse,rec(H) = 0.104 ppm , (85)

where ! has been adjusted to match the Zemach radius rZ .

VII. EVP COMBINED WITH µVP AND SE

The combined electronic and muonic vacuum polarizations
contribution in the nonrecoil limit for a point-like nucleus is
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from which we obtain

ω(3)µvp,evp (µH) = 1.17 ppm. (87)

Including FNS, this correction decreases to 0.32 ppm, which
indicates the significance of the FNS effect. Here we neglect
FNS for consistency, as all ϖ3 corrections are calculated for
a point nucleus, and estimate the unknown ω(3)fns = ±2 ppm,
while ω(2)fns is calculated separately for the VP, SE, and REL
parts.

Another correction is the muon one-loop self-energy com-
bined with EVP inserted into the exchanged photons between
the lepton and the nucleus. In the nonrecoil limit, this correc-
tion is given by
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After numerical integration, we obtain

ω(3)se,evp1 (µH) = ↑1.70 ppm, (89)

and FNS would decrease this correction to -1.37 ppm.

TABLE I. Contributions to HFS in µH, constants from Ref. [19],
gp = 5.585 694 6893(16), ωF = 44 114 600.4(2.0) MHz, EF =

0.182 443 32 8(8) eV, aµ is the muon magnetic moment anomaly.

Term Value Reference

aµ 0.001 165 92 Ref. [19]
(1 + aµ) ε

(1)
evp 0.006 082 37 Eq. (15)

(1 + aµ) ε
(2)
evp 0.000 061 32 Eq. (18)

ε(2) →0.000 016 34 Eq. (91), Ref.[15]
ε(3) →0.000 007 10 Eq. (92), Ref.[15, 20]
ε(3)rel,evp 0.000 001 15 Eq. (33)
ε(3)µvp,evp 0.000 001 17 Eq. (87)
ε(3)se,evp1 →0.000 001 70 Eq. (89)
ε(3)se,evp2 0.000 000(2) EVP on muon line
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ε(2)rel,rec 0.000 118 86 Eq. (103), Ref.[4]
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εweak 0.000 011 99 Eq. (105)
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tributions. ω(1)evp in Eq. (15) and ω(2)evp in Eq. (18) are one- and
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which significantly differs from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 23.92 ppm. For hydrogen,
we obtain

ωse,fns(H) = 0.115 ppm, (82)

which differs very slightly from the result obtained by omit-
ting the O(m2/!2

) terms ωse,fns = 0.116 ppm.
The nuclear recoil contribution is

E(6)
se,rec = ε2

(0) (4ϑZ ϖ)2
ϱI · ϱs

3

∫
d4k

(2ϑ)4
1

k4

→

[
2 k2 t1se T1 + k20 (t1se + t2se) (T1 + T2)

+
8 k

M
t1se(k

2, 0)GE(k
2
)GM (k2) +

32 ae (1 + ς)m

kM (M +m)

]
.

(83)

This integral is evaluated numerically, yielding the following
results

ωse,rec(µH) = 16.48 ppm , (84)

ωse,rec(H) = 0.104 ppm , (85)

where ! has been adjusted to match the Zemach radius rZ .

VII. EVP COMBINED WITH µVP AND SE

The combined electronic and muonic vacuum polarizations
contribution in the nonrecoil limit for a point-like nucleus is

E(7)
µvp,evp = EF

2Z ϖmµ

ϑ2
6

∫
d3k

k4
φ̄
(
↑

k2

m2
e

)
φ̄
(
↑

k2

m2
µ

)
,

(86)

from which we obtain

ω(3)µvp,evp (µH) = 1.17 ppm. (87)

Including FNS, this correction decreases to 0.32 ppm, which
indicates the significance of the FNS effect. Here we neglect
FNS for consistency, as all ϖ3 corrections are calculated for
a point nucleus, and estimate the unknown ω(3)fns = ±2 ppm,
while ω(2)fns is calculated separately for the VP, SE, and REL
parts.

Another correction is the muon one-loop self-energy com-
bined with EVP inserted into the exchanged photons between
the lepton and the nucleus. In the nonrecoil limit, this correc-
tion is given by

E(7)
se,evp1 = ↑ ε2

(0) (4ϑZ ϖ)2
2 (1 + ς) ϱI · ϱs

3M

→

∫
d3k

(2ϑ)3
1

k2

(
t1se(k

2, 0) +
4 aµ
k2

)
(↑2) φ̄

(
↑

k2

m2
e

)
.

(88)

After numerical integration, we obtain

ω(3)se,evp1 (µH) = ↑1.70 ppm, (89)

and FNS would decrease this correction to -1.37 ppm.

TABLE I. Contributions to HFS in µH, constants from Ref. [19],
gp = 5.585 694 6893(16), ωF = 44 114 600.4(2.0) MHz, EF =

0.182 443 32 8(8) eV, aµ is the muon magnetic moment anomaly.

Term Value Reference

aµ 0.001 165 92 Ref. [19]
(1 + aµ) ε

(1)
evp 0.006 082 37 Eq. (15)

(1 + aµ) ε
(2)
evp 0.000 061 32 Eq. (18)

ε(2) →0.000 016 34 Eq. (91), Ref.[15]
ε(3) →0.000 007 10 Eq. (92), Ref.[15, 20]
ε(3)rel,evp 0.000 001 15 Eq. (33)
ε(3)µvp,evp 0.000 001 17 Eq. (87)
ε(3)se,evp1 →0.000 001 70 Eq. (89)
ε(3)se,evp2 0.000 000(2) EVP on muon line
ε(1)fns →0.008 237(21) Eqs. (93,94), Ref.[21]
ε(1)rec 0.001 672(3) Eq. (95), Ref.[17]
ε(1)pol 0.000 200 6(52 4) Eq. (96), Ref.[22]
ω
ε c1 ε

(1)
fns →0.000 033 12 Eq. (97)

ω
ε c1 ε

(1)
rec 0.000 006 72 Eq. (97)

ε(2)evp,fns →0.000 149 81 Eq. (65)
ε(2)evp,rec 0.000 025 24 Eq. (66)
ε(2)µvp,fns →0.000 025 10 Eq. (70)
ε(2)µvp,rec →0.000 001 18 Eq. (71)
ε(2)se,fns 0.000 016 18 Eq. (81)
ε(2)se,rec 0.000 016 48 Eq. (84)
ε(2)rel,fns →0.000 050 85 Eq. (102), Ref.[23]
ε(2)rel,rec 0.000 118 86 Eq. (103), Ref.[4]
ε(2)rel,rec2 0.000 000(12) (Z ϑ)2 (m/M)

2

ε(2)rel,rec,fns 0.000 000(12) (Z ϑ)2 m2/M rZ
ε(2)hvp 0.000 011 80(8) Eq. (104), Ref. [24]
ε(3)fns 0.000 000(2) ϑ3 mrZ
εweak 0.000 011 99 Eq. (105)

ε 0.000 870 (60) total value
mµ

me
[εexp(H)→ ε(H)] 0.000 133 Sec. IX

εcorr 0.001 003 (30) corrected total value

VIII. SUMMARY OF HYPERFINE SPLITTING IN
MUONIC HYDROGEN

The ground state hyperfine splitting of µH is conveniently
represented as

Ehfs = EF (1 + ω) , (90)

where the dimensionless ω is the sum of various contributions
listed in Table I. Let us now explain the meaning of all ω con-
tributions. ω(1)evp in Eq. (15) and ω(2)evp in Eq. (18) are one- and
two-loop EVP corrections to the contact Fermi (spin-spin) in-
teraction. ω(2) and ω(3) are QED corrections, which are ex-
actly the same as in the electronic case [15],

ω(2) =
3

2
(Z ϖ)2 + ϖ (Z ϖ)

(
ln(2)↑

5

2

)
, (91)

ω(3) =
ϖ (Z ϖ)2

ϑ

[
↑

8

3
ln(Z ϖ)

(
ln(Z ϖ)↑ ln(4) +

281

480

)
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Table 1 Forward 2�-exchange contribution to the HFS in µH.

Reference �Z �recoil �pol �1 �2 E
�2��
1S-hfs

[ppm] [ppm] [ppm] [ppm] [ppm] [meV]

data-driven

Pachucki ’96 (1) −8025 1666 0(658) −1.160
Faustov et al. ’01 (9)a −7180 410(80) 468 −58
Faustov et al. ’06 (10)b 470(104) 518 −48
Carlson et al. ’11 (11)c −7703 931 351(114) 370(112) −19(19) −1.171(39)
Tomalak ’18 (12)d −7333(48) 846(6) 364(89) 429(84) −65(20) −1.117(19)
heavy-baryon �PT

Peset et al. ’17 (13) −1.161(20)
leading-order �PT

Hagelstein et al. ’16 (14) 37(95) 29(90) 9(29)
+�(1232) excit.

Hagelstein et al. ’18 (15) −13 84 −97
a
Adjusted values: �pol and �1 corrected by −46 ppm as described in Ref. 16.

b
Di↵erent convention was used to calculate the Pauli form factor contribution to �1, which is equivalent

to the approximate formula in the limit of m = 0 used for H in Ref. 11.

c
Elastic form factors from Ref. 17 and updated error analysis from Ref. 16. Note that this result already

includes radiative corrections for the Zemach-radius contribution, (1+�radZ )�Z with �radZ ∼ 0.0153 (18, 19),

as well as higher-order recoil corrections with the proton anomalous magnetic moment, cf. (11, Eq. 22)

and (18).

d
Uses rp from µH (20) as input.

Here, we introduced I1(Q2) as the first moment of the g1 structure function:

I1(Q2) ≡ 2M2

Q2 � x0

0

dxg1(x,Q2), 38.

whose polarizability part reads:

I
(pol)
1
(Q2) = I1(Q2) + 1

4
F

2

2 (Q2). 39.

Note that the F 2

2 (Q2) term is the important conversion factor between pole and Born VVCS

amplitudes shown in Eq. 23b. The m = 0 limit of �pol is presented in Section 3.2.2 of the

main Review, where the polarizability contribution is discussed in details.

In Table 1, we summarize results for the 2�-exchange contribution to the µH hfs. While

�recoil is known with the best accuracy, it is a limiting factor when narrowing down the

search range for the 1S hfs transition in µH with the help of the precisely measured 1S hfs

transition in H, as done in Section 4.3 of the main Review.

4.5. O↵-forward two-photon exchange

As explained in Section 2.2 of the main Review, the leading order-(Z↵)5 2�-exchange

corrections originate from the 2�-exchange diagram in forward kinematics, cf. Fig. 1, while

10 A. Antognini, F. Hagelstein and V. Pascalutsa
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main Review, where the polarizability contribution is discussed in details.

In Table 1, we summarize results for the 2�-exchange contribution to the µH hfs. While
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search range for the 1S hfs transition in µH with the help of the precisely measured 1S hfs

transition in H, as done in Section 4.3 of the main Review.
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BChPT vs. Data-driven Dispersion Relations

Data-driven dispersive approachBaryon Chiral Perturbation Theory
Eur. Phys. J. C (2014) 74:2852 Page 3 of 10 2852

Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αemg2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αemg2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms

123
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FIG. 2. The hyperfine contribution integrands for ∆1 and
∆2 in Eqs. (5) and (6), weighted by Q2, for muonic hydro-
gen. Results from the g2p experiment [16] are shown in blue
squares. The results of the EG4 experiment [17] are shown in
orange triangles. The inner error bars represent the statistical
uncertainty, while the outer error bars represent the total un-
certainty including systematic error. The green dash-dot and
cyan dashed lines represent the phenomenological Hall B and
MAID models [18, 19] respectively. The form factor term of
the integrand for ∆1 is constructed using the Arrington form
factor fit [20]. The red line indicates a new phenomenological
fit to the data and extrapolation to low Q2=0 and high Q2,
with the red band representing the uncertainty of the calcu-
lation. The results are similar but have different mass scaling
in electronic hydrogen.

at low Q2 if we wish to fully understand the hydrogen
atom, and by extension the HFS effect in general.

In the following, we focus on a new empirical input for
the proton spin structure functions. Our evaluation de-
tails new results from Jefferson Lab Experiments E03-
006 (EG4) and E08-027 (g2p), two complementary ex-
periments both aimed at collecting low Q2 data with
longitudinally and transversely polarized proton (NH3)
targets, respectively [16, 17]. Here, we present these ex-
periments’ contribution to the hyperfine integrals above,
with the g2p data providing the first data-driven extrac-
tion of ∆2, and the EG4 data providing new ∆1 data
with unprecedented coverage in the low-Q2 region.

In the EG4 experiment, 1-3.5 nA of longitudinally po-
larized electron beam was incident on a longitudinally
polarized NH3 target. The scattered electrons were de-
tected using the CEBAF Large Acceptance Spectrometer
(CLAS). The longitudinal polarized cross section differ-
ence ∆σ‖ was directly extracted from the yield differ-
ence between left- and right-handed beam electrons, such

FIG. 3. The polarizability contribution to the hyperfine split-
ting for muonic hydrogen. The analysis of this work is shown
in a red circle, and is compared to previous data-driven disper-
sion relation calculations [4–6] shown in orange squares, and
the baryon chiral perturbation theory calculation [21] shown
in blue triangles.

that contributions from the unpolarized material cancel.
Combined with an estimation of the (small) transverse
contribution based on a parameterization of world data,
the proton structure function g1 was extracted. Four dif-
ferent beam energies, along with the very small scatter-
ing angle down to 6◦, allowed the minimum Q2 to reach
a very low 0.012 GeV2. These g1 results were used to
form the bulk of the low Q2 ∆1 data presented in this
letter, see Fig. 2 (top panel).

In the g2p experiment, the parallel and perpendicular
double spin asymmetries A‖ and A⊥ were measured for
the scattering of 50 nA polarized electrons on longitu-
dinally and transversely polarized NH3 targets, respec-
tively. Scattered electrons were detected at an angle
of ≈6.5◦ using the Hall A High Resolution Spectrom-
eters and a Septa Magnet. Measured asymmetries were
combined with unpolarized cross section models from the
Bosted-Christy phenomenological fit [22] to form polar-
ized cross section differences, which were used to extract
the spin structure functions. By varying the polarized
target magnetic field and electron beam energy, five dif-
ferent kinematic settings were measured ranging from Q2

of 0.02 GeV2 to 0.12 GeV2. Four of these settings were
measured with a transverse polarized target field, giving
rise to a perpendicular polarized cross section difference
and a g2 result, and one setting with a longitudinally po-
larized target field, which provides a parallel polarized
cross section difference and a g1 result. The results from
the g2p experiment are the first data in a range relevant
to the HFS, and so are used to form the ∆2 results in
this letter.
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

3

FIG. 2. The hyperfine contribution integrands for ∆1 and
∆2 in Eqs. (5) and (6), weighted by Q2, for muonic hydro-
gen. Results from the g2p experiment [16] are shown in blue
squares. The results of the EG4 experiment [17] are shown in
orange triangles. The inner error bars represent the statistical
uncertainty, while the outer error bars represent the total un-
certainty including systematic error. The green dash-dot and
cyan dashed lines represent the phenomenological Hall B and
MAID models [18, 19] respectively. The form factor term of
the integrand for ∆1 is constructed using the Arrington form
factor fit [20]. The red line indicates a new phenomenological
fit to the data and extrapolation to low Q2=0 and high Q2,
with the red band representing the uncertainty of the calcu-
lation. The results are similar but have different mass scaling
in electronic hydrogen.

at low Q2 if we wish to fully understand the hydrogen
atom, and by extension the HFS effect in general.

In the following, we focus on a new empirical input for
the proton spin structure functions. Our evaluation de-
tails new results from Jefferson Lab Experiments E03-
006 (EG4) and E08-027 (g2p), two complementary ex-
periments both aimed at collecting low Q2 data with
longitudinally and transversely polarized proton (NH3)
targets, respectively [16, 17]. Here, we present these ex-
periments’ contribution to the hyperfine integrals above,
with the g2p data providing the first data-driven extrac-
tion of ∆2, and the EG4 data providing new ∆1 data
with unprecedented coverage in the low-Q2 region.

In the EG4 experiment, 1-3.5 nA of longitudinally po-
larized electron beam was incident on a longitudinally
polarized NH3 target. The scattered electrons were de-
tected using the CEBAF Large Acceptance Spectrometer
(CLAS). The longitudinal polarized cross section differ-
ence ∆σ‖ was directly extracted from the yield differ-
ence between left- and right-handed beam electrons, such

FIG. 3. The polarizability contribution to the hyperfine split-
ting for muonic hydrogen. The analysis of this work is shown
in a red circle, and is compared to previous data-driven disper-
sion relation calculations [4–6] shown in orange squares, and
the baryon chiral perturbation theory calculation [21] shown
in blue triangles.

that contributions from the unpolarized material cancel.
Combined with an estimation of the (small) transverse
contribution based on a parameterization of world data,
the proton structure function g1 was extracted. Four dif-
ferent beam energies, along with the very small scatter-
ing angle down to 6◦, allowed the minimum Q2 to reach
a very low 0.012 GeV2. These g1 results were used to
form the bulk of the low Q2 ∆1 data presented in this
letter, see Fig. 2 (top panel).

In the g2p experiment, the parallel and perpendicular
double spin asymmetries A‖ and A⊥ were measured for
the scattering of 50 nA polarized electrons on longitu-
dinally and transversely polarized NH3 targets, respec-
tively. Scattered electrons were detected at an angle
of ≈6.5◦ using the Hall A High Resolution Spectrom-
eters and a Septa Magnet. Measured asymmetries were
combined with unpolarized cross section models from the
Bosted-Christy phenomenological fit [22] to form polar-
ized cross section differences, which were used to extract
the spin structure functions. By varying the polarized
target magnetic field and electron beam energy, five dif-
ferent kinematic settings were measured ranging from Q2

of 0.02 GeV2 to 0.12 GeV2. Four of these settings were
measured with a transverse polarized target field, giving
rise to a perpendicular polarized cross section difference
and a g2 result, and one setting with a longitudinally po-
larized target field, which provides a parallel polarized
cross section difference and a g1 result. The results from
the g2p experiment are the first data in a range relevant
to the HFS, and so are used to form the ∆2 results in
this letter.
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Spin-dependent forward TPE is completely constrained by empirical information


TPE effects are dominated by low energies (low photon virtualities )


• BChPT = low-energy EFT of QCD


• Limited experimental data, e.g., at low 


• Intricate cancellations enhance uncertainty

Q2

Q2

5

FIG. 3. The polarizability contribution to the hyperfine splitting for electronic (left) and muonic (right) hydrogen. The analysis
of this work is shown in a red circle, and is compared to previous data-driven dispersion relation calculations [4–6] shown in
orange squares, and the baryon chiral perturbation theory calculation [23] shown in blue triangles. Values compiled from and
in the style of [7].

of 0.02 GeV2 to 0.12 GeV2. A sixth kinematic setting was
measured exclusively for the purpose of radiatively cor-
recting the higher energy settings. The results include
four settings with a transverse polarized target field, giv-
ing rise to a perpendicular polarized cross section di↵er-
ence and a g2 result, and one setting with a longitudinally
polarized target field, which provides a parallel polarized
cross section di↵erence and a g1 result. The results from
the g2p experiment are the first data in a range relevant
to the HFS, and so are used to form the �2 results in
this article.

Results for the �1 integrand are shown in the top of
Fig. 2. The unmeasured part of the integral, largely
at low Bjorken-x, is estimated using the CLAS Hall B
model [20]. This is the best available model, contain-
ing significantly more modern g1 data than the Simula
parametrization [25] used in previous analyses [4]. A new
phenomenological fit, shown in red, is generated to ex-
trapolate to the low Q2 region. Full details of the fit-

H µH
Value Uncertainty Value Uncertainty

�1 6.78
±1.02 (data)

±0.26 (extrap.)
5.69

±0.84 (data)
±0.22 (extrap.)

�2 �1.98
±0.16 (data)

±0.38 (extrap.)
�1.40

±0.11 (data)
±0.31 (extrap.)

�pol 1.09 ppm ±0.32 ppm 200.60 ppm ±52.82 ppm

TABLE I. Results for �1 and �2, as well as the total polar-
izability contribution to the hyperfine splitting in parts per
million (ppm) of the Fermi energy EF . Data are used for inte-
gration whenever possible. The uncertainty of each quantity
is divided into the contribution from the data, and the con-
tribution from our extrapolations into unmeasured regions.

ting procedure are available in the supplemental meth-
ods section. Franzi: Should this be A1? Details on the
fitting procedure can be found in the Methods section
A.Numerical results for these contributions are obtained
by integrating over the data where they exist, primar-
ily the EG4 data shown [17], as well as data from the
EG1b experiment in the Q2 = 1.0-5.0 GeV region [20].
The contribution from the low-Q2 regime is calculated
by integrating the displayed extrapolation fit, while the
high-Q2 contribution above Q2 = 5.0 GeV is calculated
using the Hall B Model [20].

Results for the �2 integrand in Eq. (9) are shown in the
bottom of Fig. 2. The unmeasured part of the integral
is again estimated using the Hall B model [20]. The re-
sults of g2p shown are the first ever direct experimental
extractions of this quantity. Since the �2 formula is al-
ready quickly convergent to zero at low Q2, but requires
extrapolation at both high and low Q2, we choose a func-
tional form which can be used to extrapolate both above
and below the data. Due to the comparative lack of g2
data, the extrapolation has a somewhat larger error than
for the �1 results.

This historical lack of g2 data makes it di�cult to con-
clude if the Hall B model [20] is a good estimation of
the low-x region or not. To account for this, we compare
the result using the older Simula parametrization [25],
which contains a significantly di↵erent prediction for the
low-x behaviour of g2, and include the di↵erence in our
extrapolation error by comparing the upper and lower
error bands of our extrapolating fit to the data in each
case. Despite the very di↵erent models, this error con-
tribution is relatively small, because the low-x region is
suppressed for �2.

BChPT puts 
data-driven 
dispersive 
evaluation to the 
test

Ruth, et al., 
2024
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Partial Integration Trick Data-driven dispersive approach

MATCHING POINT DEPENDENCE

 Choose second matching point for c = 1
2



 Compared to aproach without PI:

10/7/2025 Jonathan Leisenheimer 21

COMPARISON TO LITERATURE

10/7/2025 Jonathan Leisenheimer 29

 Good agreement with other determinations
 Shift towards smaller value as in Ruth et al. 
 Slightly larger error bar

δ1(H) ∼ −
3
4

κ2r2
Pauli

→ −2.19

+ 18M2c1B

→ 3.54

Q2
max = 1.35(90),

δ1(μH) ∼ −
1
3

κ2r2
Pauli

→ −1.45

+ 8M2c1

→ 2.13

−
M2

3α
γ0

→ 0.18

∫
Q2

max

0
dQ2β1(τμ) = 0.86(69)

Need to improve understanding at low Q2

consistency check 
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Table 1 Forward 2�-exchange contribution to the HFS in µH.

Reference �Z �recoil �pol �1 �2 E
�2��
1S-hfs

[ppm] [ppm] [ppm] [ppm] [ppm] [meV]

data-driven

Pachucki ’96 (1) −8025 1666 0(658) −1.160
Faustov et al. ’01 (9)a −7180 410(80) 468 −58
Faustov et al. ’06 (10)b 470(104) 518 −48
Carlson et al. ’11 (11)c −7703 931 351(114) 370(112) −19(19) −1.171(39)
Tomalak ’18 (12)d −7333(48) 846(6) 364(89) 429(84) −65(20) −1.117(19)
heavy-baryon �PT

Peset et al. ’17 (13) −1.161(20)
leading-order �PT

Hagelstein et al. ’16 (14) 37(95) 29(90) 9(29)
+�(1232) excit.

Hagelstein et al. ’18 (15) −13 84 −97
a
Adjusted values: �pol and �1 corrected by −46 ppm as described in Ref. 16.

b
Di↵erent convention was used to calculate the Pauli form factor contribution to �1, which is equivalent

to the approximate formula in the limit of m = 0 used for H in Ref. 11.

c
Elastic form factors from Ref. 17 and updated error analysis from Ref. 16. Note that this result already

includes radiative corrections for the Zemach-radius contribution, (1+�radZ )�Z with �radZ ∼ 0.0153 (18, 19),

as well as higher-order recoil corrections with the proton anomalous magnetic moment, cf. (11, Eq. 22)

and (18).

d
Uses rp from µH (20) as input.

Here, we introduced I1(Q2) as the first moment of the g1 structure function:

I1(Q2) ≡ 2M2

Q2 � x0

0

dxg1(x,Q2), 38.

whose polarizability part reads:

I
(pol)
1
(Q2) = I1(Q2) + 1

4
F

2

2 (Q2). 39.

Note that the F 2

2 (Q2) term is the important conversion factor between pole and Born VVCS

amplitudes shown in Eq. 23b. The m = 0 limit of �pol is presented in Section 3.2.2 of the

main Review, where the polarizability contribution is discussed in details.

In Table 1, we summarize results for the 2�-exchange contribution to the µH hfs. While

�recoil is known with the best accuracy, it is a limiting factor when narrowing down the

search range for the 1S hfs transition in µH with the help of the precisely measured 1S hfs

transition in H, as done in Section 4.3 of the main Review.

4.5. O↵-forward two-photon exchange

As explained in Section 2.2 of the main Review, the leading order-(Z↵)5 2�-exchange

corrections originate from the 2�-exchange diagram in forward kinematics, cf. Fig. 1, while
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αemg2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αemg2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms
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anticipated experimental precision: 1 - 0.1 ppm

837.6+2.8
−1.0−7403+16

−21

−7183(75) 849(34)

Table 1 Forward 2�-exchange contribution to the HFS in µH.

Reference �Z �recoil �pol �1 �2 E
�2��
1S-hfs

[ppm] [ppm] [ppm] [ppm] [ppm] [meV]

data-driven

Pachucki ’96 (1) −8025 1666 0(658) −1.160
Faustov et al. ’01 (9)a −7180 410(80) 468 −58
Faustov et al. ’06 (10)b 470(104) 518 −48
Carlson et al. ’11 (11)c −7703 931 351(114) 370(112) −19(19) −1.171(39)
Tomalak ’18 (12)d −7333(48) 846(6) 364(89) 429(84) −65(20) −1.117(19)
heavy-baryon �PT

Peset et al. ’17 (13) −1.161(20)
leading-order �PT

Hagelstein et al. ’16 (14) 37(95) 29(90) 9(29)
+�(1232) excit.

Hagelstein et al. ’18 (15) −13 84 −97
a
Adjusted values: �pol and �1 corrected by −46 ppm as described in Ref. 16.

b
Di↵erent convention was used to calculate the Pauli form factor contribution to �1, which is equivalent

to the approximate formula in the limit of m = 0 used for H in Ref. 11.

c
Elastic form factors from Ref. 17 and updated error analysis from Ref. 16. Note that this result already

includes radiative corrections for the Zemach-radius contribution, (1+�radZ )�Z with �radZ ∼ 0.0153 (18, 19),

as well as higher-order recoil corrections with the proton anomalous magnetic moment, cf. (11, Eq. 22)

and (18).

d
Uses rp from µH (20) as input.

Here, we introduced I1(Q2) as the first moment of the g1 structure function:
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amplitudes shown in Eq. 23b. The m = 0 limit of �pol is presented in Section 3.2.2 of the

main Review, where the polarizability contribution is discussed in details.

In Table 1, we summarize results for the 2�-exchange contribution to the µH hfs. While

�recoil is known with the best accuracy, it is a limiting factor when narrowing down the

search range for the 1S hfs transition in µH with the help of the precisely measured 1S hfs

transition in H, as done in Section 4.3 of the main Review.

4.5. O↵-forward two-photon exchange

As explained in Section 2.2 of the main Review, the leading order-(Z↵)5 2�-exchange

corrections originate from the 2�-exchange diagram in forward kinematics, cf. Fig. 1, while
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Analysis of Scattering Data

Fitting electron-proton scattering world data:

• Unpolarized cross sections: 33 experiments, 2055 data points

• Polarization transfer: 14 experiments, 69 data points

• Initial-state-radiation extraction: 1 experiment, 25 points

10 fixed values of RE ∈ {0.83, 0.89} fm
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Experiment:  [CREMA Collaboration (2010/2013)]

Theory:            

• Our result:  + polarizability (BChPT, Pachucki et al. 24)
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Proton Charge Radius from Lamb Shift
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Magnetic Radius Puzzle
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Projection assuming 25 %, 15 % and 5 % 
relative uncertainty for I′￼2(0)

PRELIMINARY

Constrain the magnetic radius through inelastic scattering?
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Rhad
γ (s) =

σ(e+e− → γ* → hadrons)
σ(e+e− → γ* → μ+μ−)

e+ hadrons

e-

e+ hadrons

e- γ

Figure 1: The LO Feynman diagrams for the annihilation processes e+e� ! hadrons (left) and e+e� ! � + hadrons with ISR (right).

The remainder of this section is organized as follows. In Sec. 2.2, the di↵erent experiments and methods, direct
scan and radiative return, are discussed. The hadronic cross section data is reviewed, with emphasis on the most
important channels and comparisons of data from di↵erent experiments for the same channel. This section also
includes a short discussion of radiative corrections and Monte Carlo generators, and of the possible use of spectral-
function data from hadronic ⌧ decays. Section 2.3 contains short reviews of the most popular global analyses for the
HVP contributions to aµ. It also includes a discussion of additional constraints that can be used to further improve
the two-pion channel, a comparison of the di↵erent evaluations, and a conservative merging of the main data-driven
results. Section 2.4 discusses prospects for further improvements of the data-driven determination of aHVP

µ and Sec. 2.5
contains a short summary and the conclusions for this part.

2.2. Hadronic data
The dispersive approach for computing HVP contributions to the muon anomalous magnetic moment is based on

the availability of e+e� annihilation measurements of hadronic cross sections at energies below a few GeV. In this
section, we present a review of this data, where a wealth of precision results has been obtained in recent years.

2.2.1. Experimental approaches
The scan method. Until recently, measurements of annihilation cross sections were done by taking data at fixed CM
energies, taking advantage of the good beam energy resolution of e+e� colliders. Then the full accessible range was
scanned at discrete energy points. At each point the cross section for the process e+e� ! X is directly obtained
through

�X =
NX

✏X(1 + �)Lee
, (2.5)

where NX is the observed number of X events, ✏X is the e�ciency depending on the detector acceptance and the event
selection cuts, (1+�) the radiative correction, and Lee the integrated e+e� luminosity obtained from registered leptonic
events with known QED cross sections (e+e� ! e+e�, µ+µ�, or ��). All quantities depend on the CM energy

p
s of

the scan point. The radiative correction takes into account the loss of events by ISR causing them to be rejected by
the selection, which usually imposes constraints on energy-momentum balance.

At LO the process is described by the Feynman diagram shown in Fig. 1. The beauty of e+e� annihilation is
its simplicity due to the purely leptonic initial state governed by QED and the exchange of a highly virtual photon
coupled to any charged particles (leptons or quarks). Thus strong interaction dynamics can be studied in a very clean
way as quark pairs are created initially out of the QCD vacuum.

The advantages of the scan approach are (i) the well-defined CM energy (mass of the hadronic system), which
applies for both the process being investigated and background, thus limiting the number of sources for the latter,
and (ii) the very good energy resolution, typically ⇠ 10�3 ps, allowing for the study of the line shape of narrow
resonances such as the ! and the �. These good points have some negative counterparts, as data taking has to be
distributed at discrete values, leaving gaps without information, while being limited by the operating range of the
collider as luminosity usually drops steeply at lower energies. The consequence of this fact is that the wide range
of energies necessary for the dispersion integral has to be covered by a number of experiments at di↵erent colliders
of increasing energies. Thus, only for the region from threshold to 2 GeV, three generations of colliders have been
used. An additional complication of this situation is a lack of continuity in detector performance and therefore some
di�culties for evaluating systematic uncertainties in a coherent way.

14

Fig. 22. Experimental results for Rhad
γ (s) in the range 1 GeV < E =

√
s < 13 GeV, obtained at the various e+e− storage rings.

The perturbative quark–antiquark production cross–section is also displayed (pQCD). Parameters: αs(MZ ) = 0.118 ± 0.003,
Mc = 1.6 ± 0.15 GeV, Mb = 4.75 ± 0.2 GeV and the MS scale varied in the range µ ∈ (

√
s/2, 2

√
s).

once more reveals large (in comparison with the claimed experimental errors) discrepancies with respect to
previous results. The integrated result yields a shift δahad

µ (ππ) ! +13.5 × 10−10 and seems to be in much
better agreement with corresponding results obtained from the τ spectral–functions (see below), however,
the spectrum is much steeper (-10% at 0.5 GeV up to +10% at 1 GeV) than the one from ALEPH, for
example. The new e+e−–based result agrees better (at ± 5% level) with the more recent Belle τ results. We
will say more about the possibility to use τ data for the calculation of ahad

µ , below.
For the e+e−–based result (113), the size of contributions and squared errors from different energy regions

are illustrated in Fig. 23.

0.0 GeV, ∞

ρ, ω

1.0 GeV

φ, . . . 2.0 GeV
3.1 GeV

ψ 9.5 GeVΥ
0.0 GeV, ∞

ρ, ω

1.0 GeV

φ, . . .

2.0 GeV

3.1 GeV

Fig. 23. The distribution of contributions (left) and errors (right) in % for a(4)
µ (vap, had) from different energy regions. The

error of a contribution i shown is δ2i tot/
∑

i
δ2i tot in %. The total error combines statistical and systematic errors in quadrature.

Some other recent evaluations are collected in Table 4. Differences in errors come about mainly by utilizing
more “theory–driven” concepts : use of selected data sets only, extended use of perturbative QCD in place

43

with 

Π(Q2) = −
Q2

π ∫
dt

t(t + Q2)
Im Π(t)

Im Π(s) =
s

4πα
σ(γ* → anything) =

α
3

R(s)
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)
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BESIII

KLOE

BaBar
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SND06

�

Lattice HVP Avg. 1
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BNL-06

FNAL-21

FNAL-23

Figure 83: Summary of the current SM prediction for aµ in comparison to experiment (red band and data points). The final WP25 prediction is
denoted in black and via the blue band, it derives from the LO HVP result defined by the lattice-QCD “Avg. 1” shown in blue, see Eq. (3.37). The
gray band indicates the WP20 result, based on the e+e→ experiments above the first dashed line. These experimental ranges, as well as the ones for
SND20 and CMD-3 that appeared after WP20, are produced as in Fig. 27; they are meant to illustrate the current situation, but cannot be interpreted
as uncertainties with a proper statistical meaning. The ω point refers to Eq. (2.23), the numerical results are collected in Table 5. In all cases except
for the gray WP20 band the LO HVP results are combined with WP25 values for the remaining contributions, as summarized in Table 1.

obtain
aHLbL
µ = 112.6(9.6) ↑ 10→11 , (9.2)

where the uncertainty includes a scale factor S = 1.5. With this average, the NLO contribution in Eq. (5.70) slightly
changes to aHLbL, NLO

µ = 2.8(6) ↑ 10→11, and the total HLbL contribution becomes

aHLbL
µ + aHLbL, NLO

µ = 115.5(9.9) ↑ 10→11 . (9.3)

Combining Eqs. (9.1) and (9.3) with the QED and EW contributions from Eqs. (7.27) and (8.12), we obtain for the
final SM prediction

aSM
µ = 116 592 033(62) ↑ 10→11 , (9.4)

which can be compared to the current experimental average [5–7, 9–12]

aexp
µ = 116 592 059(22) ↑ 10→11 . (9.5)

At the current level of precision there is no tension between the SM prediction and the experimental world average:

∆aµ ↓ aexp
µ → aSM

µ = 26(66) ↑ 10→11 . (9.6)

This marks a significant shift from the conclusions of WP20, which is driven by the developments relating to the HVP
LO contribution, as can be seen in Table 33 and Fig. 83.

By comparing the uncertainties of Eq. (9.5) and Eq. (9.4) it is apparent that the precision of the SM prediction must
be improved by at least a factor of two to match the precision of the current experimental average, which will soon be
augmented by the imminent release of the result based on the final statistics of the E989 experiment at Fermilab. We
expect progress on both data-driven and lattice methods applied to the hadronic contributions in the next few years.
Resolving the tensions in the data-driven estimations of the HVP contribution is particularly important, and additional
experimental results combined with further scrutiny of theory input such as from event generators should provide a
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γ (s) =
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Figure 1: The LO Feynman diagrams for the annihilation processes e+e� ! hadrons (left) and e+e� ! � + hadrons with ISR (right).
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14

Fig. 22. Experimental results for Rhad
γ (s) in the range 1 GeV < E =

√
s < 13 GeV, obtained at the various e+e− storage rings.

The perturbative quark–antiquark production cross–section is also displayed (pQCD). Parameters: αs(MZ ) = 0.118 ± 0.003,
Mc = 1.6 ± 0.15 GeV, Mb = 4.75 ± 0.2 GeV and the MS scale varied in the range µ ∈ (

√
s/2, 2

√
s).

once more reveals large (in comparison with the claimed experimental errors) discrepancies with respect to
previous results. The integrated result yields a shift δahad

µ (ππ) ! +13.5 × 10−10 and seems to be in much
better agreement with corresponding results obtained from the τ spectral–functions (see below), however,
the spectrum is much steeper (-10% at 0.5 GeV up to +10% at 1 GeV) than the one from ALEPH, for
example. The new e+e−–based result agrees better (at ± 5% level) with the more recent Belle τ results. We
will say more about the possibility to use τ data for the calculation of ahad

µ , below.
For the e+e−–based result (113), the size of contributions and squared errors from different energy regions

are illustrated in Fig. 23.

0.0 GeV, ∞

ρ, ω

1.0 GeV

φ, . . . 2.0 GeV
3.1 GeV

ψ 9.5 GeVΥ
0.0 GeV, ∞

ρ, ω

1.0 GeV

φ, . . .

2.0 GeV

3.1 GeV

Fig. 23. The distribution of contributions (left) and errors (right) in % for a(4)
µ (vap, had) from different energy regions. The

error of a contribution i shown is δ2i tot/
∑

i
δ2i tot in %. The total error combines statistical and systematic errors in quadrature.

Some other recent evaluations are collected in Table 4. Differences in errors come about mainly by utilizing
more “theory–driven” concepts : use of selected data sets only, extended use of perturbative QCD in place
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Figure 83: Summary of the current SM prediction for aµ in comparison to experiment (red band and data points). The final WP25 prediction is
denoted in black and via the blue band, it derives from the LO HVP result defined by the lattice-QCD “Avg. 1” shown in blue, see Eq. (3.37). The
gray band indicates the WP20 result, based on the e+e→ experiments above the first dashed line. These experimental ranges, as well as the ones for
SND20 and CMD-3 that appeared after WP20, are produced as in Fig. 27; they are meant to illustrate the current situation, but cannot be interpreted
as uncertainties with a proper statistical meaning. The ω point refers to Eq. (2.23), the numerical results are collected in Table 5. In all cases except
for the gray WP20 band the LO HVP results are combined with WP25 values for the remaining contributions, as summarized in Table 1.

obtain
aHLbL
µ = 112.6(9.6) ↑ 10→11 , (9.2)

where the uncertainty includes a scale factor S = 1.5. With this average, the NLO contribution in Eq. (5.70) slightly
changes to aHLbL, NLO

µ = 2.8(6) ↑ 10→11, and the total HLbL contribution becomes

aHLbL
µ + aHLbL, NLO

µ = 115.5(9.9) ↑ 10→11 . (9.3)

Combining Eqs. (9.1) and (9.3) with the QED and EW contributions from Eqs. (7.27) and (8.12), we obtain for the
final SM prediction

aSM
µ = 116 592 033(62) ↑ 10→11 , (9.4)

which can be compared to the current experimental average [5–7, 9–12]

aexp
µ = 116 592 059(22) ↑ 10→11 . (9.5)

At the current level of precision there is no tension between the SM prediction and the experimental world average:

∆aµ ↓ aexp
µ → aSM

µ = 26(66) ↑ 10→11 . (9.6)

This marks a significant shift from the conclusions of WP20, which is driven by the developments relating to the HVP
LO contribution, as can be seen in Table 33 and Fig. 83.

By comparing the uncertainties of Eq. (9.5) and Eq. (9.4) it is apparent that the precision of the SM prediction must
be improved by at least a factor of two to match the precision of the current experimental average, which will soon be
augmented by the imminent release of the result based on the final statistics of the E989 experiment at Fermilab. We
expect progress on both data-driven and lattice methods applied to the hadronic contributions in the next few years.
Resolving the tensions in the data-driven estimations of the HVP contribution is particularly important, and additional
experimental results combined with further scrutiny of theory input such as from event generators should provide a
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Figure 1: The LO Feynman diagrams for the annihilation processes e+e� ! hadrons (left) and e+e� ! � + hadrons with ISR (right).

The remainder of this section is organized as follows. In Sec. 2.2, the di↵erent experiments and methods, direct
scan and radiative return, are discussed. The hadronic cross section data is reviewed, with emphasis on the most
important channels and comparisons of data from di↵erent experiments for the same channel. This section also
includes a short discussion of radiative corrections and Monte Carlo generators, and of the possible use of spectral-
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µ and Sec. 2.5
contains a short summary and the conclusions for this part.
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where NX is the observed number of X events, ✏X is the e�ciency depending on the detector acceptance and the event
selection cuts, (1+�) the radiative correction, and Lee the integrated e+e� luminosity obtained from registered leptonic
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p
s of
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collider as luminosity usually drops steeply at lower energies. The consequence of this fact is that the wide range
of energies necessary for the dispersion integral has to be covered by a number of experiments at di↵erent colliders
of increasing energies. Thus, only for the region from threshold to 2 GeV, three generations of colliders have been
used. An additional complication of this situation is a lack of continuity in detector performance and therefore some
di�culties for evaluating systematic uncertainties in a coherent way.

14

Fig. 22. Experimental results for Rhad
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√
s < 13 GeV, obtained at the various e+e− storage rings.

The perturbative quark–antiquark production cross–section is also displayed (pQCD). Parameters: αs(MZ ) = 0.118 ± 0.003,
Mc = 1.6 ± 0.15 GeV, Mb = 4.75 ± 0.2 GeV and the MS scale varied in the range µ ∈ (

√
s/2, 2

√
s).

once more reveals large (in comparison with the claimed experimental errors) discrepancies with respect to
previous results. The integrated result yields a shift δahad

µ (ππ) ! +13.5 × 10−10 and seems to be in much
better agreement with corresponding results obtained from the τ spectral–functions (see below), however,
the spectrum is much steeper (-10% at 0.5 GeV up to +10% at 1 GeV) than the one from ALEPH, for
example. The new e+e−–based result agrees better (at ± 5% level) with the more recent Belle τ results. We
will say more about the possibility to use τ data for the calculation of ahad

µ , below.
For the e+e−–based result (113), the size of contributions and squared errors from different energy regions

are illustrated in Fig. 23.
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as uncertainties with a proper statistical meaning. The ω point refers to Eq. (2.23), the numerical results are collected in Table 5. In all cases except
for the gray WP20 band the LO HVP results are combined with WP25 values for the remaining contributions, as summarized in Table 1.
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This marks a significant shift from the conclusions of WP20, which is driven by the developments relating to the HVP
LO contribution, as can be seen in Table 33 and Fig. 83.

By comparing the uncertainties of Eq. (9.5) and Eq. (9.4) it is apparent that the precision of the SM prediction must
be improved by at least a factor of two to match the precision of the current experimental average, which will soon be
augmented by the imminent release of the result based on the final statistics of the E989 experiment at Fermilab. We
expect progress on both data-driven and lattice methods applied to the hadronic contributions in the next few years.
Resolving the tensions in the data-driven estimations of the HVP contribution is particularly important, and additional
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FIG. 2. Weighting functions in various systems. Panel (a): W (t) in muonium, shown as function of the rescaled variable
t/4m2

l . Non-recoil (black solid) and recoil correction (blue dashed) for ml = mµ [both multiplied by a factor 100]; non-recoil
(red dot-dashed) and recoil correction (green dot-dot-dashed) for ml = me. Panel (b): W (t) in µH. Point-like (blue), full
(orange), recoil correction (green).

TABLE II. The hVP contribution to the ground-state hyperfine splitting of hydrogen (H), hydrogen-like helium-3 ion (3He+),
muonic hydrogen (µH), and hydrogen-like muonic helium-3 ion (µ3He+).

H [kHz] 3He+ [kHz] µH [µeV] µ3He+ [µeV]

Previous calculations:
S. Karshenboim, Phys. Lett. A 225, 97 (1997)

point-like 0.19(8)
finite size 0.04(1)

R. Faustov, A. Martynenko, Phys. Atom. Nucl. 61, 471 (1998) 3.561 0
E. Borie, Ann. Phys. 327, 733 (2012) 4.8(8) →72.8
This work:

DHMZ 0.086 0(4) →0.476(17) 2.152(10) →15.18(55)
alphaQED23 0.086 0(5) →0.476(17) 2.153(14) →15.17(55)

(it appears that Ref. [29] uses a slightly di!erent prefactor ↑ 0.667). While the numerical prefactor underestimates
the ratio between the hVP and µVP contributions, the non-recoil limit gives a much bigger integral. This explains
why none of our results in Table III either for µH or for µ3He+ reproduce those of Ref. [29].

For µH there is also a calculation of Ref. [28], which gives a smaller result than [29], although still a bigger one than
the result of this work. Here we note that our Eq. (12) reproduces the result of Ref. [28] with the following caveat:
Eq. (12) of that reference appears to contain a mistake, namely, it takes the Pauli FF F2(Q2) with an extra factor
2. The final result of [28], the sum of their Eqs. (19), (25), and (26), is numerically dominated by the first of these
equations, and once the aforementioned extra factor 2 is removed, their result for W (t) becomes numerically very
close to our Eq. (12). However, two further corrections appear to be needed in order to achieve a complete match,
namely, their Eqs. (25) and (26) have to be multiplied by extra factors of 1/2 and M/2m, respectively. This leads us to
believe that Ref. [28] contains a calculational error leading to incorrect results for the combined hVP-FS contribution
to the HFS in µH.

Finally, turning to the HFS contribution in the ground state of H and comparing our results with those of Ref.
[27], we see that our point-like non-recoil result, which corresponds to the calculation of that work, is actually two
times bigger. The same is true for the non-recoil hVP-FS result, which also should reproduce Ref. [27]. We believe
this di!erence to be due to an underestimation of the hVP e!ects in that work, which only takes into account the
ω-meson pole contribution in the zero width limit [31].

To conclude this section, we turn to our results for the hVP contribution to the Lamb shift of muonium, H, µH,
3He+, and µ3He+. These results are given in Table IV, where we also provide the value for the hVP contribution to

Muonium

µVP

eVP
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TABLE II. The hVP contribution to the ground-state hyperfine splitting of hydrogen (H), hydrogen-like helium-3 ion (3He+),
muonic hydrogen (µH), and hydrogen-like muonic helium-3 ion (µ3He+).

H [kHz] 3He+ [kHz] µH [µeV] µ3He+ [µeV]

Previous calculations:
S. Karshenboim, Phys. Lett. A 225, 97 (1997)

point-like 0.19(8)
finite size 0.04(1)

R. Faustov, A. Martynenko, Phys. Atom. Nucl. 61, 471 (1998) 3.561 0
E. Borie, Ann. Phys. 327, 733 (2012) 4.8(8) →72.8
This work:

DHMZ 0.086 0(4) →0.476(17) 2.152(10) →15.18(55)
alphaQED23 0.086 0(5) →0.476(17) 2.153(14) →15.17(55)

(it appears that Ref. [29] uses a slightly di!erent prefactor ↑ 0.667). While the numerical prefactor underestimates
the ratio between the hVP and µVP contributions, the non-recoil limit gives a much bigger integral. This explains
why none of our results in Table III either for µH or for µ3He+ reproduce those of Ref. [29].

For µH there is also a calculation of Ref. [28], which gives a smaller result than [29], although still a bigger one than
the result of this work. Here we note that our Eq. (12) reproduces the result of Ref. [28] with the following caveat:
Eq. (12) of that reference appears to contain a mistake, namely, it takes the Pauli FF F2(Q2) with an extra factor
2. The final result of [28], the sum of their Eqs. (19), (25), and (26), is numerically dominated by the first of these
equations, and once the aforementioned extra factor 2 is removed, their result for W (t) becomes numerically very
close to our Eq. (12). However, two further corrections appear to be needed in order to achieve a complete match,
namely, their Eqs. (25) and (26) have to be multiplied by extra factors of 1/2 and M/2m, respectively. This leads us to
believe that Ref. [28] contains a calculational error leading to incorrect results for the combined hVP-FS contribution
to the HFS in µH.

Finally, turning to the HFS contribution in the ground state of H and comparing our results with those of Ref.
[27], we see that our point-like non-recoil result, which corresponds to the calculation of that work, is actually two
times bigger. The same is true for the non-recoil hVP-FS result, which also should reproduce Ref. [27]. We believe
this di!erence to be due to an underestimation of the hVP e!ects in that work, which only takes into account the
ω-meson pole contribution in the zero width limit [31].

To conclude this section, we turn to our results for the hVP contribution to the Lamb shift of muonium, H, µH,
3He+, and µ3He+. These results are given in Table IV, where we also provide the value for the hVP contribution to
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TABLE III. Evolution of the hVP contributions to the ground-state hyperfine splitting of the same atomic
systems as in Table II, shown here for the various limiting cases discussed in the text.

Mu [kHz] H [kHz] 3He+ [kHz] µH [µeV] µ3He+ [µeV]

DHMZ
finite size

full kernel (12) XX XX XX XX
non-recoil (13) XX XX XX XX

point-like
full kernel (14) XX XX XX XX
non-recoil (17) 0.395(2) →4.82(2) 9.44(5) →152.0(8)

structureless
full kernel (15) XX XX XX XX XX

alphaQED23
finite size

full kernel (12) 0.086 0(5) →0.476(17) 2.153(14) →15.17(55)
non-recoil (13) 0.087 6(6) →0.482(18) 2.093(13) →15.22(56)

point-like
full kernel (14) 0.274 5(19) →2.264(15) 7.07(5) →73.99(49)
non-recoil (17) 0.397(3) →4.85(3) 9.49(7) →152.9(11)

structureless
full kernel (15) 0.233 8(15) 0.212 8(14) →3.45(2) 5.51(4) →112.0(8)

ωVP [13]
finite size

full kernel (12) 0.062 4 →0.353(6) 1.561 →11.27(20)
non-recoil (13) 0.063 5 →0.358(6) 1.519 →11.31(20)

point-like
full kernel (14) 0.168 5 →1.29 4.315 →42.46
non-recoil (17) 0.203 1 →2.48 4.855 →78.23

structureless
full kernel (15) 0.161 5 0.134 1 →2.04 3.454 →66.15

ae as given by Eq. (19) for reference. Here, one can see that the results for the Lamb shift contributions coincide,
within the corresponding uncertainties, with the previously reported results. We also see that the finite-size e!ects
are very small, only approaching the uncertainty of the leading point-like e!ect in µH.

IV. SUMMARY AND CONCLUSIONS

Higher-order in ε terms in the Uehling-type VP contribution: ε4 and ε5 expansion coe”cients for 1S, 2S, 3S
agree; small relative di!erence in the ε6 coe”cients. We verified that the deviation from a naive n→3 scaling (between
1S and 2S or 3S) is 10→10 kHz for H and 10→4 µeV for µH, thus, it is okay to rescale entries from the LS table.

Impact on H spectroscopy besides the obvious HFS.
List of 1S transitions in H which should be compared to a HVP contribution of approximately ↑ 3 kHz contribution:
Eexp

2S→1S(H) = 2 466 061 413 187.018(11) kHz [38], Eexp

3S→1S(H) = 2 922 743 278 665.79(72) kHz [39]
List of 2S transitions in H which should be compared to a HVP contribution of approximately ↑ 0.4 kHz contribution:
Eexp

2S→6P (H) = 730 690 248 610.79(48) kHz with the theory prediction: Eth

2S→6P (H) = 730 690 248 610.79(18)QED(14)Rp kHz
[40]. The correction of the 6P level is negligible at 10→13 kHz. It is ε2 suppressed and starts from 1/t3. The 2S→nS
(n = 8, 9, 10) measurements by Bullis et al. [41] have ↑ 2 kHz uncertainties, thus, are not yet sensitive to HVP.

Impact on µH spectroscopy: Eexp

2P→2S(µH) = 202 370.6(2.3) meV [42], Eexp

2S-HFS
(µH) = 22 808.9(5.1) meV, and the

anticipated future precision ϑEexp

1S-HFS
(µH) = 0.02 meV with anticipated 10→7 accuracy [4, 43]

CODATA 2022 [44] uses a rescaling of the µVP. See also our theory update for the 1S→2S transition in H, presented
in [45], which takes into account Karshenboim and Shelyuto [3] (incl. NLO HVP). The update we are generating for
the µVP+HVP contribution is at the level of the precision, and should be taken into account. Also our final di!erence
(with DHMZ) to LO HVP [3] might be at the level of the precision and should be taken into account.
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full kernel (14) 0.168 5 →1.29 4.315 →42.46
non-recoil (17) 0.203 1 →2.48 4.855 →78.23

structureless
full kernel (15) 0.161 5 0.134 1 →2.04 3.454 →66.15

ae as given by Eq. (19) for reference. Here, one can see that the results for the Lamb shift contributions coincide,
within the corresponding uncertainties, with the previously reported results. We also see that the finite-size e!ects
are very small, only approaching the uncertainty of the leading point-like e!ect in µH.

IV. SUMMARY AND CONCLUSIONS

Higher-order in ε terms in the Uehling-type VP contribution: ε4 and ε5 expansion coe”cients for 1S, 2S, 3S
agree; small relative di!erence in the ε6 coe”cients. We verified that the deviation from a naive n→3 scaling (between
1S and 2S or 3S) is 10→10 kHz for H and 10→4 µeV for µH, thus, it is okay to rescale entries from the LS table.

Impact on H spectroscopy besides the obvious HFS.
List of 1S transitions in H which should be compared to a HVP contribution of approximately ↑ 3 kHz contribution:
Eexp

2S→1S(H) = 2 466 061 413 187.018(11) kHz [38], Eexp

3S→1S(H) = 2 922 743 278 665.79(72) kHz [39]
List of 2S transitions in H which should be compared to a HVP contribution of approximately ↑ 0.4 kHz contribution:
Eexp

2S→6P (H) = 730 690 248 610.79(48) kHz with the theory prediction: Eth

2S→6P (H) = 730 690 248 610.79(18)QED(14)Rp kHz
[40]. The correction of the 6P level is negligible at 10→13 kHz. It is ε2 suppressed and starts from 1/t3. The 2S→nS
(n = 8, 9, 10) measurements by Bullis et al. [41] have ↑ 2 kHz uncertainties, thus, are not yet sensitive to HVP.

Impact on µH spectroscopy: Eexp

2P→2S(µH) = 202 370.6(2.3) meV [42], Eexp

2S-HFS
(µH) = 22 808.9(5.1) meV, and the

anticipated future precision ϑEexp

1S-HFS
(µH) = 0.02 meV with anticipated 10→7 accuracy [4, 43]

CODATA 2022 [44] uses a rescaling of the µVP. See also our theory update for the 1S→2S transition in H, presented
in [45], which takes into account Karshenboim and Shelyuto [3] (incl. NLO HVP). The update we are generating for
the µVP+HVP contribution is at the level of the precision, and should be taken into account. Also our final di!erence
(with DHMZ) to LO HVP [3] might be at the level of the precision and should be taken into account.
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Proton-polarizability contribution: 

• Small discrepancy between BChPT and data-driven predictions remains
Finite-size (Zemach radius and recoil) corrections: 

• Require careful assessment of model uncertainties in form factor input


• Self-consistent radii extractions from scattering and spectroscopy desired
Hadronic vacuum polarization: 

• Updated results are more precise but also disagree with the existing work


• Proton finite-size reduces the enhancement of recoil corrections in the HFS
Outlook:  

• Disentangle hadronic effects (e.g., Zemach radius and polarizability contributions) 
from precise HFS measurements in H and µH

hadronic = HVP + Zemach radius + finite-size recoil + polarizability
“RZ”

GMGE
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“recoil”

GE,MGE,M
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effect
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TPE Effect in μH Lamb Shift

Table 1 Forward 2�-exchange contributions to the 2S-shift in µH, in units of µeV.

Reference E
(subt)
2S E

(inel)
2S E

(pol)
2S E

(el)
2S E

�2��
2S

data-driven

(73) Pachucki ’99 1.9 −13.9 −12(2) −23.2(1.0) −35.2(2.2)
(74) Martynenko ’06 2.3 −16.1 −13.8(2.9)
(75) Carlson et al. ’11 5.3(1.9) −12.7(5) −7.4(2.0)
(76) Birse and McGovern ’12 4.2(1.0) −12.7(5) −8.5(1.1) −24.7(1.6) −33(2)
(77) Gorchtein et al.’13 a −2.3(4.6) −13.0(6) −15.3(4.6) −24.5(1.2) −39.8(4.8)
(78) Hill and Paz ’16 −30(13)
(79) Tomalak’18 2.3(1.3) −10.3(1.4) −18.6(1.6) −29.0(2.1)
leading-order B�PT

(80) Alarcòn et al. ’14 −9.6+1.4−2.9
(81) Lensky et al. ’17 b 3.5+0.5−1.9 −12.1(1.8) −8.6+1.3−5.2
Lattice QCD

(82) Fu et al. ’22 −37.4(4.9)
a
Adjusted values due to a di↵erent decomposition into the elastic and polarizability contributions.

b
Partially includes the �(1232)-isobar contribution.

the spin-independent amplitudes we have:

T1(⌫,Q2) = T1(0,Q2) + 32⇡Z2
↵M⌫

2

Q4 � 1

0

dxx

1 − x2(⌫�⌫el)2 − i0+ F1(x,Q2), 31a.

T2(⌫,Q2) = 16⇡Z2
↵M

Q2 � 1

0

dx

1 − x2(⌫�⌫el)2 − i0+ F2(x,Q2), 31b.

where ⌫el = Q2�2M .

Unfortunately, the dispersion relation for T1 requires a subtraction, which means not

everything is expressed in terms of the structure functions, here F1 and F2. The amplitude

T1(0,Q2), i.e., the subtraction function1 is an additional unknown in this equation. It is

not well-constrained by experimental data, and hence, in a purely data-driven approach its

modeling leaves some room for imagination. At the beginning of the proton-radius puzzle, a

large subtraction-function contribution was even proposed to resolve the discrepancy (84),

yielding the missing 310 µeV in the µH Lamb shift. In all the other existing models, however,

this contribution appears to be much smaller, by two orders of magnitude, cf. E(subt) in

Table 1. The modest 2�-exchange contribution was corroborated by �PT calculations,

where this problem of model-dependence does not arise. These results are also displayed in

Table 1. Listed in there are the following 2�-exchange e↵ects in the µH Lamb shift:

• E
(subt) the subtraction function,

• E
(inel) the inelastic structure functions,

1The conventional subtraction is done at ⌫ = 0, but, a subtraction at ⌫ = iQ can be used to
diminish the inelastic structure-function contribution and simplify the calculations (83).
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CROSS CHECK BETWEEN                
3 COMPLEMENTARY APPROACHES

Data-driven 
dispersive approach

Baryon Chiral 
Perturbation Theory

Lattice QCD

*our preliminary results based on their LQCD prediction for              Δ𝔈subtr.
nS = − 7.22(81)(57) μeV

Fu et al. ’24*                                                 −11.7*                   −32.2*                                                      


