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g − 2

2

(rescaled) di!erence:1

aµ→e → aµ ↑
m2

µ

m2
e

ae. (1)

The mass-ratio rescaling ensures that the high-energy ef-
fects are canceling out.

In future, given the appropriately improved knowledge
of ae, and the fine-structure constant ω (to sever the QED
contribution), the quantity aµ→e is all that will be left to
compute. In the meantime, this quantity may play the
role of a natural ‘window quantity’, which isolates the
sub-GeV range of hadronic contributions. The existing
discrepancies in aHVP

µ
are expected to stay for aHVP

µ→e
, be-

cause the largest discrepancies between data sets arise at
rather low energies, around the ε(775) resonance.

At the same time, this quantity is less sensitive to
short-distance uncertainties which may be helpful sort
out the current discrepancy between lattice and data-
driven, seen in the 1st column of Table I. As evidenced
from the data-driven entry in Table I, both the absolute
value of the HVP contribution, and importantly of its er-
ror, is significantly (↓ 85%) reduced for aµ→e compared
to aµ.

It is di”cult to say whether the large lattice error for
aHVP

e
, seen in the table, can be improved by an order

of magnitude to approach the data-driven value in pre-
cision. But certainly a direct calculation of aHVP

µ→e
could

easily achieve a much better precision (see Sec. II for
more details).

One may also envision calculations of aµ→e within an
e!ective-field theory (EFT), such as chiral perturbation
theory (ϑPT). For an individual lepton aω, ϑPT has no
predictive power because an unknown low-energy con-
stant enters already at leading order (see the discussion
in Ref. [3]). However, it cancels out from aµ→e, thus al-
lowing for a parameter-free prediction. In Sec. IV, we
obtain the one for the ϖ0ϱ contribution, which has been
a subject of controversy for some time.

Currently, the aµ→e quantity is mostly of a method-
ological interest along the lines of e!orts to resolve ten-
sions between data-driven and lattice values for the HVP

1
Alternatively, one can use:

ae→µ → ae ↑
m2

e

m2
µ

aµ,

which may be advantageous when looking at the entire aω, not
just the hadronic contributions. Also, ae→µ is positive-definite

whereas aµ→e = ↑(mµ/me)
2ae→µ is negative, which may be an-

other reason for preferring the former. As long as the mass-ratio

uncertainty is negligible, using one or the other is equivalent.

LO HVP aµ
(
10→10

)
ae

(
10→14

)
aµ→e

(
10→10

)

lattice QCD 713.2(6.1) [6] 189.3(8.2) [8] ↑96.1(29.0)

data-driven 692.8(2.4) [9] 186.10(66) [9] ↑102.8(4)

discrepancy 20.4(6.6) 3.2(8.2) 6.7(29.0)

TABLE I: HVP contribution to aµ, ae, and aµ→e

combination from lattice QCD and data-driven
approach. The uncertainty of aµ→e is computed
assuming 100% correlation between aµ and ae

calculations.

contributions. In the future, however, both ae and ω
measurements can be improved to the point of making
aµ→e an important probe of New Physics scenarios. If
experimental accuracy is not a limiting factor but the
treatment of the strong interactions is, then it is likely
that the constraining power of aµ→e is going to be greater
than that of aµ and ae separately, precisely due to strong
cancellations of the hadronic e!ects in aµ→e and reduced
error on calculation of this quantity. We show that in
this, distant future perspective, certain classed of be-
yond the SM (BSM) scenarios can be constrained. In
particular, we argue that aµ→e may provide a deeper
reach into the parameter space of sub-GeV New Physics
than aµ or ae considered separately. We illustrate this
in Sec. V using the Dark Photon contribution. More
broadly, any flavour non-universal BSM, that deviates
from aBSM

µ
/aBSM

e
= m2

µ
/m2

e
can be constrained this way.

II. HVP CONTRIBUTION TO aµ→e

Let us quickly review the properties of aµ→e for the
HVP contribution to lepton g↑2, seen in Fig. 1. Plugging

ϱ

ς ς

ϱ ϱ

FIG. 1: The leading-order HVP contribution to (g↑ 2)ω.

the dispersion relation for vacuum polarization #(q2) into
this diagram, one obtains a familiar expression in terms
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• Ongoing  search for ground-state hyperfine splitting in  
• When found — ground breaking  ( 1ppm exp. precision) 
• Theory is reaching 30 ppm at best (with H rescaling)
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0 1 2 3 4
(EHFS – EHFS) (1S, H) (kHz)exp EHFS (1S, μH) (meV)

182.60 182.64 182.68
EHFS (2S, μH) (meV)

22.8122.80 22.82

Figure 8
Experimental values and theoretical predictions for the 1S and 2SHFS in H and µH (2, 62, 81, 91, 103, 114, 115). Abbreviations:
BχPT, baryon chiral perturbation theory; HFS, hyper!ne splitting.

With this, we arrive at a complete prediction of the HFS in µH:

E1S-HFS(µH) = 182.636(8)meV, E2S-HFS(µH) = 22.8134(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of "pol at the level
of 2% [assuming a very generous size for this contribution, "pol(µH) = 400 ppm]. Our result
is shown inFigure 8 together with the existingµH2SHFSmeasurement.The theory predictions
based on the empirical HFS in H (Equation 48) are up to a factor 5 better than results that do not
use the H HFS.

Note that all theory predictions shown in Figure 8 are in agreement, even though the data-
driven dispersive evaluations and the BχPT prediction disagree in the polarizability contribution
(cf. Figure 6, Table 3). This is because most works use the experimental H HFS to re!ne their
prediction for the total 2γ -exchange effect. Hence, the discrepancy in polarizability is compen-
sated by slightly different Zemach radii.

In the future, reversing the above procedure to obtain a prediction of the 2γ -exchange contri-
bution to the 1SHFS inH from ameasurement of the 1SHFS inµHmight allow for a benchmark
test of the H HFS theory. This, however, would also require further improvements for the recoil
corrections from 2γ exchange, as well as for the uncertainty from missing contributions in the
µH theory. Note that a slightly better benchmark test (δ ∼ 2 × 10−9) of bound-state QED for hy-
per!ne transitions can be achieved for the muoniumHFS, which theMuSEUM experiment (119)
aims to measure with δ ∼ 2 × 10−9 relative accuracy. To test the muonium HFS on this level, the
MuMass experiment (120, 121) has to determine themµ/me ratio to better than δ ∼ 1× 10−9 from
the 1S-2S transition in muonium.

5. BOUND-STATE QED TESTS OF SIMPLE ATOMIC
AND MOLECULAR SYSTEMS
The simplicity of two- and three-body atomic-molecular systems combined with the precision of
laser spectroscopy permits unique confrontations between theory and experiments.The predictive
power of bound-state QED, however, depends on the knowledge of fundamental constants such
as the masses of the involved particles, α, R∞, and nuclear properties such as the nuclear charge
radii or magnetic moments.

While the µH and µDmeasurements have been taken into account in the CODATA 2018 ad-
justment of the fundamental constants yielding rp = 0.8414(19) fm (13), its uncertainty is !ve times
larger than the uncertainty from the muonic measurement alone (2) (cf. Equation 39). Hence,
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The corresponding theory prediction is compiled in Equation 41.Compared with a previous com-
pilation by Volotka et al. (93), we have recalculated the µVP correction, which agrees with Refer-
ence 117. We have also updated the hVP, rescaling the recent result obtained for muonium (66).
These µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)
than quoted in Reference 93.

InReferences 114 and 118, this high-precisionHFSmeasurement was already exploited to con-
strain the 2γ -exchange contribution and its effect in theHFS ofµH.Here we shall use a somewhat
different procedure, where all the uncertainty of rescaling from H to µH is limited to radiative
corrections. Combining the empirical and theoretical values for the 1S HFS in H (Equations 41
and 42), we deduce a subset of the 2γ -exchange contribution, containing the Zemach radius and
polarizability corrections:

EZ+pol
1S-HFS(H) = EF(H)

[
b1S(H)"Z(H) + c1S(H)"pol(H)

]
= −54.900(71) kHz, 43.

where b1S(H) " 1 + 2 × 10−5 + 0.01846 − 5α/4π and c1S(H) " 1 + 2 × 10−5 are the radiative
correction factors shown explicitly in Equation 41. The correction factors correspond to, respec-
tively, the one-loop eVP correction to the wave function (see Equation 20) and the one-loop eVP
insertion in the elastic 2γ -exchange diagram (see equation 43a of the Supplemental Text), as
well as self-energy and muon anomalous magnetic moment corrections to the Zemach radius
contribution (see equation 45 of the Supplemental Text). We choose not to lump in here the
recoil corrections because they are known rather precisely. We use "recoil(H) = 5.33(5) ppm and
"recoil(µH) = 846(6) ppm (81, 103).

To go from H to µH, we assume that only the radiative factors scale nontrivially with the
reduced mass, and that "Z and "pol scale linearly:

"i(H)
mr (H)

= "i(µH)
mr (µH)

, i = Z, pol. 44.

This scaling is obvious for the Zemach contribution (cf. Equation 15), whereas for the polarizabil-
ity contribution this has been veri!ed numerically to better than 2% (103). Therefore, the sum of
Zemach radius and polarizability corrections in µH, EZ+pol

nS-HFS(µH), can be expressed via the one in
the H 1SHFS, EZ+pol

1S-HFS(H), as follows:

EZ+pol
nS-HFS(µH)= EF(µH)mr (µH) bnS(µH)

n3EF(H)mr (H) b1S(H)
EZ+pol
1S-HFS(H)

− EF(µH)
n3

"pol(µH)
[
c1S(H)

bnS(µH)
b1S(H)

− cnS(µH)
]

︸ ︷︷ ︸
=−6×10−5 for n=1
=−5×10−5 for n=2

45.

where b1S(µH) " 1 + 0.00402 + 0.01846 − 5α/4π , b2S(µH) " 1 + 0.00326 + 0.01846 − 5α/4π ,
c1S(µH) " 1 + 0.00402, and c2S(µH) " 1 + 0.00326 are the radiative correction factors shown
explicitly in Equation 40. The second term in Equation 45 is negligible because the coef!cient
given by the square brackets is very small. We thus evaluate only the !rst term and obtain the
following:

EZ+pol
1S-HFS(µH) = −1.318(2)meV, EZ+pol

2S-HFS(µH) = −0.1646(2)meV. 46.

The main source of uncertainty here is the 2γ -recoil contribution"recoil(H). Adding the 2γ -recoil
contribution "recoil(µH) to Equation 46, we obtain a prediction for the full 2γ -exchange and hVP
contributions to the HFS in µH:

E〈2γ〉
1S-HFS(µH) = −1.161(2)meV, E〈2γ〉

2S-HFS(µH) = −0.1450(2)meV. 47.

408 Antognini • Hagelstein • Pascalutsa

2. From Hydrogen  1S-HFS:
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The corresponding theory prediction is compiled in Equation 41.Compared with a previous com-
pilation by Volotka et al. (93), we have recalculated the µVP correction, which agrees with Refer-
ence 117. We have also updated the hVP, rescaling the recent result obtained for muonium (66).
These µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)
than quoted in Reference 93.

InReferences 114 and 118, this high-precisionHFSmeasurement was already exploited to con-
strain the 2γ -exchange contribution and its effect in theHFS ofµH.Here we shall use a somewhat
different procedure, where all the uncertainty of rescaling from H to µH is limited to radiative
corrections. Combining the empirical and theoretical values for the 1S HFS in H (Equations 41
and 42), we deduce a subset of the 2γ -exchange contribution, containing the Zemach radius and
polarizability corrections:

EZ+pol
1S-HFS(H) = EF(H)

[
b1S(H)"Z(H) + c1S(H)"pol(H)

]
= −54.900(71) kHz, 43.

where b1S(H) " 1 + 2 × 10−5 + 0.01846 − 5α/4π and c1S(H) " 1 + 2 × 10−5 are the radiative
correction factors shown explicitly in Equation 41. The correction factors correspond to, respec-
tively, the one-loop eVP correction to the wave function (see Equation 20) and the one-loop eVP
insertion in the elastic 2γ -exchange diagram (see equation 43a of the Supplemental Text), as
well as self-energy and muon anomalous magnetic moment corrections to the Zemach radius
contribution (see equation 45 of the Supplemental Text). We choose not to lump in here the
recoil corrections because they are known rather precisely. We use "recoil(H) = 5.33(5) ppm and
"recoil(µH) = 846(6) ppm (81, 103).

To go from H to µH, we assume that only the radiative factors scale nontrivially with the
reduced mass, and that "Z and "pol scale linearly:

"i(H)
mr (H)

= "i(µH)
mr (µH)

, i = Z, pol. 44.

This scaling is obvious for the Zemach contribution (cf. Equation 15), whereas for the polarizabil-
ity contribution this has been veri!ed numerically to better than 2% (103). Therefore, the sum of
Zemach radius and polarizability corrections in µH, EZ+pol

nS-HFS(µH), can be expressed via the one in
the H 1SHFS, EZ+pol

1S-HFS(H), as follows:

EZ+pol
nS-HFS(µH)= EF(µH)mr (µH) bnS(µH)

n3EF(H)mr (H) b1S(H)
EZ+pol
1S-HFS(H)

− EF(µH)
n3

"pol(µH)
[
c1S(H)

bnS(µH)
b1S(H)

− cnS(µH)
]

︸ ︷︷ ︸
=−6×10−5 for n=1
=−5×10−5 for n=2

45.

where b1S(µH) " 1 + 0.00402 + 0.01846 − 5α/4π , b2S(µH) " 1 + 0.00326 + 0.01846 − 5α/4π ,
c1S(µH) " 1 + 0.00402, and c2S(µH) " 1 + 0.00326 are the radiative correction factors shown
explicitly in Equation 40. The second term in Equation 45 is negligible because the coef!cient
given by the square brackets is very small. We thus evaluate only the !rst term and obtain the
following:

EZ+pol
1S-HFS(µH) = −1.318(2)meV, EZ+pol

2S-HFS(µH) = −0.1646(2)meV. 46.

The main source of uncertainty here is the 2γ -recoil contribution"recoil(H). Adding the 2γ -recoil
contribution "recoil(µH) to Equation 46, we obtain a prediction for the full 2γ -exchange and hVP
contributions to the HFS in µH:

E〈2γ〉
1S-HFS(µH) = −1.161(2)meV, E〈2γ〉

2S-HFS(µH) = −0.1450(2)meV. 47.
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The corresponding theory prediction is compiled in Equation 41.Compared with a previous com-
pilation by Volotka et al. (93), we have recalculated the µVP correction, which agrees with Refer-
ence 117. We have also updated the hVP, rescaling the recent result obtained for muonium (66).
These µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)
than quoted in Reference 93.

InReferences 114 and 118, this high-precisionHFSmeasurement was already exploited to con-
strain the 2γ -exchange contribution and its effect in theHFS ofµH.Here we shall use a somewhat
different procedure, where all the uncertainty of rescaling from H to µH is limited to radiative
corrections. Combining the empirical and theoretical values for the 1S HFS in H (Equations 41
and 42), we deduce a subset of the 2γ -exchange contribution, containing the Zemach radius and
polarizability corrections:

EZ+pol
1S-HFS(H) = EF(H)

[
b1S(H)"Z(H) + c1S(H)"pol(H)

]
= −54.900(71) kHz, 43.

where b1S(H) " 1 + 2 × 10−5 + 0.01846 − 5α/4π and c1S(H) " 1 + 2 × 10−5 are the radiative
correction factors shown explicitly in Equation 41. The correction factors correspond to, respec-
tively, the one-loop eVP correction to the wave function (see Equation 20) and the one-loop eVP
insertion in the elastic 2γ -exchange diagram (see equation 43a of the Supplemental Text), as
well as self-energy and muon anomalous magnetic moment corrections to the Zemach radius
contribution (see equation 45 of the Supplemental Text). We choose not to lump in here the
recoil corrections because they are known rather precisely. We use "recoil(H) = 5.33(5) ppm and
"recoil(µH) = 846(6) ppm (81, 103).

To go from H to µH, we assume that only the radiative factors scale nontrivially with the
reduced mass, and that "Z and "pol scale linearly:

"i(H)
mr (H)

= "i(µH)
mr (µH)

, i = Z, pol. 44.

This scaling is obvious for the Zemach contribution (cf. Equation 15), whereas for the polarizabil-
ity contribution this has been veri!ed numerically to better than 2% (103). Therefore, the sum of
Zemach radius and polarizability corrections in µH, EZ+pol

nS-HFS(µH), can be expressed via the one in
the H 1SHFS, EZ+pol

1S-HFS(H), as follows:

EZ+pol
nS-HFS(µH)= EF(µH)mr (µH) bnS(µH)

n3EF(H)mr (H) b1S(H)
EZ+pol
1S-HFS(H)

− EF(µH)
n3

"pol(µH)
[
c1S(H)

bnS(µH)
b1S(H)

− cnS(µH)
]

︸ ︷︷ ︸
=−6×10−5 for n=1
=−5×10−5 for n=2

45.

where b1S(µH) " 1 + 0.00402 + 0.01846 − 5α/4π , b2S(µH) " 1 + 0.00326 + 0.01846 − 5α/4π ,
c1S(µH) " 1 + 0.00402, and c2S(µH) " 1 + 0.00326 are the radiative correction factors shown
explicitly in Equation 40. The second term in Equation 45 is negligible because the coef!cient
given by the square brackets is very small. We thus evaluate only the !rst term and obtain the
following:

EZ+pol
1S-HFS(µH) = −1.318(2)meV, EZ+pol

2S-HFS(µH) = −0.1646(2)meV. 46.

The main source of uncertainty here is the 2γ -recoil contribution"recoil(H). Adding the 2γ -recoil
contribution "recoil(µH) to Equation 46, we obtain a prediction for the full 2γ -exchange and hVP
contributions to the HFS in µH:

E〈2γ〉
1S-HFS(µH) = −1.161(2)meV, E〈2γ〉

2S-HFS(µH) = −0.1450(2)meV. 47.
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1. Scaling (universal for short-range effects)

EZ+pol
nS−hfs(μH) =

EF(μH) mr(μH) bnS(μH)
n3EF(H) mr(H) b1S(H)

EZ+pol
1S−hfs(H) −

EF(μH)
n3

Δpol(μH) × [c1S(H)
bnS(μH)
b1S(H)

− cnS(μH)]
= − 6 × 10−5 for n = 1 = − 5 × 10−5 for n = 2

Obtain the effect in :μH



UNCERTAINTY DUE TO ZEMACH AND 
POLARISABILITY —  ELIMINATED!

EZ+pol
nS−hfs(μH) ≅

EF(μH) mr(μH) bnS(μH)
n3EF(H) mr(H) b1S(H)

EZ+pol
1S−hfs(H)
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The corresponding theory prediction is compiled in Equation 41.Compared with a previous com-
pilation by Volotka et al. (93), we have recalculated the µVP correction, which agrees with Refer-
ence 117. We have also updated the hVP, rescaling the recent result obtained for muonium (66).
These µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)
than quoted in Reference 93.

InReferences 114 and 118, this high-precisionHFSmeasurement was already exploited to con-
strain the 2γ -exchange contribution and its effect in theHFS ofµH.Here we shall use a somewhat
different procedure, where all the uncertainty of rescaling from H to µH is limited to radiative
corrections. Combining the empirical and theoretical values for the 1S HFS in H (Equations 41
and 42), we deduce a subset of the 2γ -exchange contribution, containing the Zemach radius and
polarizability corrections:

EZ+pol
1S-HFS(H) = EF(H)

[
b1S(H)"Z(H) + c1S(H)"pol(H)

]
= −54.900(71) kHz, 43.

where b1S(H) " 1 + 2 × 10−5 + 0.01846 − 5α/4π and c1S(H) " 1 + 2 × 10−5 are the radiative
correction factors shown explicitly in Equation 41. The correction factors correspond to, respec-
tively, the one-loop eVP correction to the wave function (see Equation 20) and the one-loop eVP
insertion in the elastic 2γ -exchange diagram (see equation 43a of the Supplemental Text), as
well as self-energy and muon anomalous magnetic moment corrections to the Zemach radius
contribution (see equation 45 of the Supplemental Text). We choose not to lump in here the
recoil corrections because they are known rather precisely. We use "recoil(H) = 5.33(5) ppm and
"recoil(µH) = 846(6) ppm (81, 103).

To go from H to µH, we assume that only the radiative factors scale nontrivially with the
reduced mass, and that "Z and "pol scale linearly:

"i(H)
mr (H)

= "i(µH)
mr (µH)

, i = Z, pol. 44.

This scaling is obvious for the Zemach contribution (cf. Equation 15), whereas for the polarizabil-
ity contribution this has been veri!ed numerically to better than 2% (103). Therefore, the sum of
Zemach radius and polarizability corrections in µH, EZ+pol

nS-HFS(µH), can be expressed via the one in
the H 1SHFS, EZ+pol

1S-HFS(H), as follows:

EZ+pol
nS-HFS(µH)= EF(µH)mr (µH) bnS(µH)

n3EF(H)mr (H) b1S(H)
EZ+pol
1S-HFS(H)

− EF(µH)
n3

"pol(µH)
[
c1S(H)

bnS(µH)
b1S(H)

− cnS(µH)
]

︸ ︷︷ ︸
=−6×10−5 for n=1
=−5×10−5 for n=2

45.

where b1S(µH) " 1 + 0.00402 + 0.01846 − 5α/4π , b2S(µH) " 1 + 0.00326 + 0.01846 − 5α/4π ,
c1S(µH) " 1 + 0.00402, and c2S(µH) " 1 + 0.00326 are the radiative correction factors shown
explicitly in Equation 40. The second term in Equation 45 is negligible because the coef!cient
given by the square brackets is very small. We thus evaluate only the !rst term and obtain the
following:

EZ+pol
1S-HFS(µH) = −1.318(2)meV, EZ+pol

2S-HFS(µH) = −0.1646(2)meV. 46.

The main source of uncertainty here is the 2γ -recoil contribution"recoil(H). Adding the 2γ -recoil
contribution "recoil(µH) to Equation 46, we obtain a prediction for the full 2γ -exchange and hVP
contributions to the HFS in µH:

E〈2γ〉
1S-HFS(µH) = −1.161(2)meV, E〈2γ〉

2S-HFS(µH) = −0.1450(2)meV. 47.
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The corresponding theory prediction is compiled in Equation 41.Compared with a previous com-
pilation by Volotka et al. (93), we have recalculated the µVP correction, which agrees with Refer-
ence 117. We have also updated the hVP, rescaling the recent result obtained for muonium (66).
These µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)
than quoted in Reference 93.

InReferences 114 and 118, this high-precisionHFSmeasurement was already exploited to con-
strain the 2γ -exchange contribution and its effect in theHFS ofµH.Here we shall use a somewhat
different procedure, where all the uncertainty of rescaling from H to µH is limited to radiative
corrections. Combining the empirical and theoretical values for the 1S HFS in H (Equations 41
and 42), we deduce a subset of the 2γ -exchange contribution, containing the Zemach radius and
polarizability corrections:

EZ+pol
1S-HFS(H) = EF(H)

[
b1S(H)"Z(H) + c1S(H)"pol(H)

]
= −54.900(71) kHz, 43.

where b1S(H) " 1 + 2 × 10−5 + 0.01846 − 5α/4π and c1S(H) " 1 + 2 × 10−5 are the radiative
correction factors shown explicitly in Equation 41. The correction factors correspond to, respec-
tively, the one-loop eVP correction to the wave function (see Equation 20) and the one-loop eVP
insertion in the elastic 2γ -exchange diagram (see equation 43a of the Supplemental Text), as
well as self-energy and muon anomalous magnetic moment corrections to the Zemach radius
contribution (see equation 45 of the Supplemental Text). We choose not to lump in here the
recoil corrections because they are known rather precisely. We use "recoil(H) = 5.33(5) ppm and
"recoil(µH) = 846(6) ppm (81, 103).

To go from H to µH, we assume that only the radiative factors scale nontrivially with the
reduced mass, and that "Z and "pol scale linearly:

"i(H)
mr (H)

= "i(µH)
mr (µH)

, i = Z, pol. 44.

This scaling is obvious for the Zemach contribution (cf. Equation 15), whereas for the polarizabil-
ity contribution this has been veri!ed numerically to better than 2% (103). Therefore, the sum of
Zemach radius and polarizability corrections in µH, EZ+pol

nS-HFS(µH), can be expressed via the one in
the H 1SHFS, EZ+pol

1S-HFS(H), as follows:

EZ+pol
nS-HFS(µH)= EF(µH)mr (µH) bnS(µH)

n3EF(H)mr (H) b1S(H)
EZ+pol
1S-HFS(H)

− EF(µH)
n3

"pol(µH)
[
c1S(H)

bnS(µH)
b1S(H)

− cnS(µH)
]

︸ ︷︷ ︸
=−6×10−5 for n=1
=−5×10−5 for n=2

45.

where b1S(µH) " 1 + 0.00402 + 0.01846 − 5α/4π , b2S(µH) " 1 + 0.00326 + 0.01846 − 5α/4π ,
c1S(µH) " 1 + 0.00402, and c2S(µH) " 1 + 0.00326 are the radiative correction factors shown
explicitly in Equation 40. The second term in Equation 45 is negligible because the coef!cient
given by the square brackets is very small. We thus evaluate only the !rst term and obtain the
following:

EZ+pol
1S-HFS(µH) = −1.318(2)meV, EZ+pol

2S-HFS(µH) = −0.1646(2)meV. 46.

The main source of uncertainty here is the 2γ -recoil contribution"recoil(H). Adding the 2γ -recoil
contribution "recoil(µH) to Equation 46, we obtain a prediction for the full 2γ -exchange and hVP
contributions to the HFS in µH:

E〈2γ〉
1S-HFS(µH) = −1.161(2)meV, E〈2γ〉

2S-HFS(µH) = −0.1450(2)meV. 47.
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Hellwig et al. 1970
Experiment

CREMA 2013
Experiment

This work
H rescaling This work

H rescaling

Carlson et al. 2008
Dispersion relation Tomalak 2019

Dispersion relation Tomalak 2019
Carlson et al. 2011

Dispersion relation

Hagelstein et al. 2016
BχPT

Hagelstein et al. 2016
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EHFS (2S, μH) (meV)

22.8122.80 22.82

Figure 8
Experimental values and theoretical predictions for the 1S and 2SHFS in H and µH (2, 62, 81, 91, 103, 114, 115). Abbreviations:
BχPT, baryon chiral perturbation theory; HFS, hyper!ne splitting.

With this, we arrive at a complete prediction of the HFS in µH:

E1S-HFS(µH) = 182.636(8)meV, E2S-HFS(µH) = 22.8134(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of "pol at the level
of 2% [assuming a very generous size for this contribution, "pol(µH) = 400 ppm]. Our result
is shown inFigure 8 together with the existingµH2SHFSmeasurement.The theory predictions
based on the empirical HFS in H (Equation 48) are up to a factor 5 better than results that do not
use the H HFS.

Note that all theory predictions shown in Figure 8 are in agreement, even though the data-
driven dispersive evaluations and the BχPT prediction disagree in the polarizability contribution
(cf. Figure 6, Table 3). This is because most works use the experimental H HFS to re!ne their
prediction for the total 2γ -exchange effect. Hence, the discrepancy in polarizability is compen-
sated by slightly different Zemach radii.

In the future, reversing the above procedure to obtain a prediction of the 2γ -exchange contri-
bution to the 1SHFS inH from ameasurement of the 1SHFS inµHmight allow for a benchmark
test of the H HFS theory. This, however, would also require further improvements for the recoil
corrections from 2γ exchange, as well as for the uncertainty from missing contributions in the
µH theory. Note that a slightly better benchmark test (δ ∼ 2 × 10−9) of bound-state QED for hy-
per!ne transitions can be achieved for the muoniumHFS, which theMuSEUM experiment (119)
aims to measure with δ ∼ 2 × 10−9 relative accuracy. To test the muonium HFS on this level, the
MuMass experiment (120, 121) has to determine themµ/me ratio to better than δ ∼ 1× 10−9 from
the 1S-2S transition in muonium.

5. BOUND-STATE QED TESTS OF SIMPLE ATOMIC
AND MOLECULAR SYSTEMS
The simplicity of two- and three-body atomic-molecular systems combined with the precision of
laser spectroscopy permits unique confrontations between theory and experiments.The predictive
power of bound-state QED, however, depends on the knowledge of fundamental constants such
as the masses of the involved particles, α, R∞, and nuclear properties such as the nuclear charge
radii or magnetic moments.

While the µH and µDmeasurements have been taken into account in the CODATA 2018 ad-
justment of the fundamental constants yielding rp = 0.8414(19) fm (13), its uncertainty is !ve times
larger than the uncertainty from the muonic measurement alone (2) (cf. Equation 39). Hence,

www.annualreviews.org • Nucleon Structure in and out of Muonic Hydrogen 409
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With this, we arrive at a complete prediction of the HFS in µH:

E1S-HFS(µH) = 182.636(8)meV, E2S-HFS(µH) = 22.8134(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of "pol at the level
of 2% [assuming a very generous size for this contribution, "pol(µH) = 400 ppm]. Our result
is shown inFigure 8 together with the existingµH2SHFSmeasurement.The theory predictions
based on the empirical HFS in H (Equation 48) are up to a factor 5 better than results that do not
use the H HFS.

Note that all theory predictions shown in Figure 8 are in agreement, even though the data-
driven dispersive evaluations and the BχPT prediction disagree in the polarizability contribution
(cf. Figure 6, Table 3). This is because most works use the experimental H HFS to re!ne their
prediction for the total 2γ -exchange effect. Hence, the discrepancy in polarizability is compen-
sated by slightly different Zemach radii.

In the future, reversing the above procedure to obtain a prediction of the 2γ -exchange contri-
bution to the 1SHFS inH from ameasurement of the 1SHFS inµHmight allow for a benchmark
test of the H HFS theory. This, however, would also require further improvements for the recoil
corrections from 2γ exchange, as well as for the uncertainty from missing contributions in the
µH theory. Note that a slightly better benchmark test (δ ∼ 2 × 10−9) of bound-state QED for hy-
per!ne transitions can be achieved for the muoniumHFS, which theMuSEUM experiment (119)
aims to measure with δ ∼ 2 × 10−9 relative accuracy. To test the muonium HFS on this level, the
MuMass experiment (120, 121) has to determine themµ/me ratio to better than δ ∼ 1× 10−9 from
the 1S-2S transition in muonium.

5. BOUND-STATE QED TESTS OF SIMPLE ATOMIC
AND MOLECULAR SYSTEMS
The simplicity of two- and three-body atomic-molecular systems combined with the precision of
laser spectroscopy permits unique confrontations between theory and experiments.The predictive
power of bound-state QED, however, depends on the knowledge of fundamental constants such
as the masses of the involved particles, α, R∞, and nuclear properties such as the nuclear charge
radii or magnetic moments.

While the µH and µDmeasurements have been taken into account in the CODATA 2018 ad-
justment of the fundamental constants yielding rp = 0.8414(19) fm (13), its uncertainty is !ve times
larger than the uncertainty from the muonic measurement alone (2) (cf. Equation 39). Hence,
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Recoil corrections to µH hyperfine splitting

Andrzej Maroń, Mateusz Pańtak, and Krzysztof Pachucki
Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warsaw, Poland

(Dated: April 9, 2026)

This work attempts to present a complete theory of the µH hyperfine splitting, including all contributions
above 1 ppm. Quantum electrodynamic and recoil corrections are calculated directly, while the proton structure
correction is obtained with the help of the H hyperfine splitting. The resulting theoretical prediction for the
ground state of µH is Ehfs = 182 626(5) µeV.

I. INTRODUCTION

The ground state hyperfine splitting (HFS) in regular hy-
drogen has long served as a low-energy test of the Standard
Model of fundamental interactions [1–3]. Despite the appar-
ent simplicity of the hydrogen atom, the high precision cal-
culation of two-body effects and estimation of proton struc-
ture corrections remain a challenge. In fact, we observe a
2ω discrepancy between the most recent theoretical predic-
tions [4] and extremely accurate HFS measurements [5, 6].
This recent work [4] improved theoretical predictions by re-
calculation of the leading relativistic recoil correction, and the
not well known proton structure is most probably the source
of this remaining 2ω discrepancy. At present, there is no
straightforward way to improve the theoretical estimates for
the Zemach radius and the proton polarizability. Lattice QCD
is not yet able to predict proton properties at the 1% level.
The only viable approach to improving the hydrogen test of
the Standard Model is through the measurement of HFS in
another hydrogenic system, namely in µH, where the electron
is replaced by a muon [7, 8].

In this work, we study QED contributions to the µH HFS,
with emphasis on nuclear recoil corrections. These correc-
tions become highly significant here due to the muon-proton
mass ratio being approximately 0.1, which is much larger
than the 0.0005 ratio in regular hydrogen. We aim to identify
all contributions larger than 1ppm. Most of them are subse-
quently calculated, while a few remaining ones are only esti-
mated and left for future investigation. Our work is probably
the first attempt of a comprehensive calculation of µH HFS.

II. LEADING ORDER HFS

Let us introduce the notation before proceeding to the cal-
culations. The spin averaged expectation value of an operator
Q will be denoted by →Q↑. The expectation value involving the
nuclear spin εI depends on the total angular momentum F , so
we denote it by →Q↑F . Finally, →Q↑hfs denotes the difference

→Q↑hfs = →Q↑J+1/2 ↓ →Q↑J→1/2 . (1)

If Q does not involve the nuclear spin, then →Q↑hfs = 0.
Therefore, we will consistently drop the subscript “hfs” in
→Q↑hfs for operators Q that involve the nuclear spin.

The nuclear magnetic moment

εµI =
q

2M
g εI , (2)

where q = ↓Z e and e is the electron charge, can be expressed
in terms of the nuclear g-factor and the magnetic moment
anomaly ϑ with g = 2 (1 + ϑ). In a nonrelativistic frame-
work, the interaction between the point-like nuclear magnetic
moment and that of the muon leads to a hyperfine splitting of
the atomic energy levels given by the expectation value of the
magnetic interaction

Vhfs = ↓
2

3
εµI · εµµ ϖ

3
(r)

=
8

3

Z ϱ

mµ M
(1 + ϑ) (1 + aµ) εI · εsς ϖ3(r) , (3)

evaluated with the nonrelativistic wave function φ

Ehfs = →φ|Vhfs|φ↑

=
8

3

(Z ϱ)4

n3

µ3

mµ M
(1 + ϑ) (1 + aµ) →εI · εs↑

↔ EF (1 + aµ) , (4)

where µ is the reduced mass

1

µ
=

1

mµ
+

1

M
. (5)

Below we investigate all corrections to HFS and express them
in terms of ϖ defined by Ehfs = EF (1 + ϖ).

III. EVP IN µH FOR A POINT NUCLEUS

For a point-like proton, the largest QED correction arises
from electron vacuum polarization (EVP). This is because the
spatial size of EVP is on the order of the (muonic) Bohr radius.
In general, vacuum polarization modifies the photon propaga-
tor as follows [9]

1

k2
↗

1

k2
(
1 + ↼̄(k2/m2

e)
) ↘ ↓

↼̄(k2/m2
e)

k2
, (6)

where k2 = ↼2
↓ εk 2. The Coulomb interaction is modified

accordingly [10]
[
1

r

]

vp

=

∫
d3k

(2ς)3
4ς
εk 2

[↓↼̄(↓εk 2/m2
e)] e

iωk·ωr . (7)

Using the integral form

↼̄(k2) =
ϱ

ς
k2

∫ ↑

4
d(q2)

1

q2 (q2 ↓ k2)
u(q2) , (8)
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The muon g → 2 versus the electron as a natural window quantity
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(Dated: May 21, 2026)

We propose the linear combination of the anomalous magnetic moments of the muon and electron,

aµ→e → aµ↑ (mµ/me)
2ae, as a natural low-energy window quantity with enhanced sensitivity to the

current discrepancy amongst the data-driven and lattice QCD evaluations of hadronic contributions.

The rescaling is chosen such that to exactly cancel the short-range e!ects, thus bypassing a number of

issues, including lattice-discretization and isospin-breaking e!ects. Moreover, the hadronic vacuum

polarization e!ects in aHVP

µ→e are reduced compared to aHVP

µ by ↓ 85%, which is promising for tests

of New Physics, conditional to significant improvements in experimental measurements of ae and

ω. One can foresee the improvements in tests of New Physics with some degree of flavour non-

universality, as well as for the flavour-universal sub-GeV states.
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I. MOTIVATION

The anomalous magnetic moments of the electron and
muon, ae and aµ, are some of the best-measured quan-
tities in physics [1, 2]. They also come out as a ba-
sic prediction of the Standard Model (SM), thus allow-
ing for its stringent precision test and New-Physics con-
straints [3–5]. The dominant theoretical uncertainty in
aµ originates from the leading-order (LO) hadronic vac-
uum polarization (HVP) contribution, for which lattice
QCD and data-driven determinations exhibit a persistent

tension (as per 2025 White Paper of the ‘g → 2 Theory
Initiative’ [6]).

Moreover, the datasets used in the data-driven evalua-
tions are not entirely consistent with one another, which
has led to the omission of this approach from the current
SM value altogether. While lattice-QCD calculations ap-
pear to be more robust, further improvements are still
needed in the evaluation of isospin-breaking e”ects and
systematic uncertainties, such as discretization errors.

In this paper, we propose to address these issues in
a combination of aµ and ae in which many systematic
e”ects cancel out. For an earlier discussion of using ae to
elucidate the hadronic contributions, see, e.g., Ref. [7].

It is clear the the hadronic contribution to ae and
aµ are strongly correlated, but not exactly on the same
footing, since me is negligible with respect to hadronic
scales (e.g., #QCD), while aµ is not. In other words, the
hadronic contributions to ae are purely short-range and
scale as m2

e
/#2

QCD
, whereas the scaling for aµ is more

complicated. If ae is to be utilized for constraining the
hadronic sector, we are inevitably led to consider the

To appear:

2

(rescaled) di!erence:1

aµ→e → aµ ↑
m2

µ

m2
e

ae. (1)

The mass-ratio rescaling ensures that the high-energy ef-
fects are canceling out.

In future, given the appropriately improved knowledge
of ae, and the fine-structure constant ω (to sever the QED
contribution), the quantity aµ→e is all that will be left to
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in Ref. [3]). However, it cancels out from aµ→e, thus al-
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obtain the one for the ϖ0ϱ contribution, which has been
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treatment of the strong interactions is, then it is likely
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than that of aµ and ae separately, precisely due to strong
cancellations of the hadronic e!ects in aµ→e and reduced
error on calculation of this quantity. We show that in
this, distant future perspective, certain classed of be-
yond the SM (BSM) scenarios can be constrained. In
particular, we argue that aµ→e may provide a deeper
reach into the parameter space of sub-GeV New Physics
than aµ or ae considered separately. We illustrate this
in Sec. V using the Dark Photon contribution. More
broadly, any flavour non-universal BSM, that deviates
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with r = mµ/mω0 .
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of its imaginary part [10–13]:
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with the kernel function given by
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1ˆ
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x2(1→ x)

1→ x+ x2(m2

ω
/s)

. (3)

The integral over x can easily be done (see Appendix A),
but is usually retained for compactness of the expres-
sions.

In case of HVP, the lowest energy s0 is associated with
a pion-production threshold. Hence, for the electron, we
may — to an excellent approximation — take the limit
m2

e
/s ↑ 0 and obtain:

aHVP

e
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ωm2

e

3ε
!↑(0) ↔ ω

3ε2
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e
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ds
Im!(s)
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. (4)

This expression makes explicit that the high-energy con-
tributions scale with the square of the lepton mass.
Therefore, they are expected to cancel in aµ↓e, intro-
duced in Eq. (1). Indeed, this quantity obeys an analo-
gous representation, but with the kernel

Kµ↓e(s) = Kµ(s)→
m2

µ

m2
e

Ke(s)

↓= → 1

s2

1ˆ
0

dx
m4

µ
x4

1→ x+ x2(m2
µ
/s)

, (5)

which contains an additional power of 1/s, thereby sup-
pressing the high-energy region. In Fig. 2. we plot the
ratio of µ→ e over µ kernels, which illustrates this point.

The dispersive representation is, of course, mainly rel-
evant to the data-driven approach, but analogous argu-
ments can be made for representations employed in lat-
tice QCD. For example, in the time-momentum represen-
tation of Bernecker and Meyer [14], the short-time contri-
butions are suppressed; the leading t4 behavior, at small
t, is canceled and the expansion begins with t6 log t. This,
in principle, makes the calculation of aµ↓e less prone to
systematics (e.g., discritization errors) than that of aµ
and ae separately. It will be interesting to see this real-
ized in practice.

FIG. 2: The absolute value of kernel ratio
Kµ↓e(s)/Kµ(s).

III. AN ILLUSTRATION FOR ω+ω→ CHANNEL

The largest part of the HVP contribution in the data-
drive approach comes from the ε+ε↓ channel. It is also
one of the most controversial, where several e+e↓ ↑
ε+ε↓ datasets have substantial disagreements [6].
On the theory side, this contribution can roughly be

understood using vector-meson-dominance (VMD) type
of model, where the photon couples to the pion via the ϑ-
meson. The corresponding HVP contribution is depicted
in Fig. 3, leading to the well-known generic expression
for the spectral function:

Im!εε(s) =
ω

12

(
1→ 4m2

ε

s

) 3
2

|Fε(s)|2ϖ(s→ 4m2

ε
),(6)

which is the one-loop scalar-QED expression (cf., [15],
multiplied (two times) with the pion electromagnetic
form factor, Fε(q2). In the VMD picture, the latter e”ect
is essentially described the ϑ-meson exchange, as seen in
Fig. 3.

= + + · · ·

FIG. 3: In two-pion contribution to HVP. The blobs
represent the VMD form factor of the pion, and dashed
lines are pion propagators. The double line represents

ϑ-meson propagator.

Using the specific model of Ref. [16], we obtain the
results listed in Table II, where they can be compared
to a state-of-art data-driven evaluation [9]. Figure 7)
shows the corresponding integrands, illustrating the large
cancellation between the muon and rescaled electron g→
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1ˆ
0

dx
m2

ω
x2(1→ x)

1→ x+ x2(m2

ω
/s)

. (3)

The integral over x can easily be done (see Appendix A),
but is usually retained for compactness of the expres-
sions.

In case of HVP, the lowest energy s0 is associated with
a pion-production threshold. Hence, for the electron, we
may — to an excellent approximation — take the limit
m2

e
/s ↑ 0 and obtain:

aHVP

e
↓=

ωm2

e

3ε
!↑(0) ↔ ω

3ε2
m2

e

→̂

s0

ds
Im!(s)

s2
. (4)

This expression makes explicit that the high-energy con-
tributions scale with the square of the lepton mass.
Therefore, they are expected to cancel in aµ↓e, intro-
duced in Eq. (1). Indeed, this quantity obeys an analo-
gous representation, but with the kernel

Kµ↓e(s) = Kµ(s)→
m2

µ

m2
e

Ke(s)

↓= → 1

s2

1ˆ
0

dx
m4

µ
x4

1→ x+ x2(m2
µ
/s)

, (5)

which contains an additional power of 1/s, thereby sup-
pressing the high-energy region. In Fig. 2. we plot the
ratio of µ→ e over µ kernels, which illustrates this point.

The dispersive representation is, of course, mainly rel-
evant to the data-driven approach, but analogous argu-
ments can be made for representations employed in lat-
tice QCD. For example, in the time-momentum represen-
tation of Bernecker and Meyer [14], the short-time contri-
butions are suppressed; the leading t4 behavior, at small
t, is canceled and the expansion begins with t6 log t. This,
in principle, makes the calculation of aµ↓e less prone to
systematics (e.g., discritization errors) than that of aµ
and ae separately. It will be interesting to see this real-
ized in practice.

FIG. 2: The absolute value of kernel ratio
Kµ↓e(s)/Kµ(s).

III. AN ILLUSTRATION FOR ω+ω→ CHANNEL

The largest part of the HVP contribution in the data-
drive approach comes from the ε+ε↓ channel. It is also
one of the most controversial, where several e+e↓ ↑
ε+ε↓ datasets have substantial disagreements [6].
On the theory side, this contribution can roughly be

understood using vector-meson-dominance (VMD) type
of model, where the photon couples to the pion via the ϑ-
meson. The corresponding HVP contribution is depicted
in Fig. 3, leading to the well-known generic expression
for the spectral function:

Im!εε(s) =
ω

12

(
1→ 4m2

ε

s

) 3
2

|Fε(s)|2ϖ(s→ 4m2

ε
),(6)

which is the one-loop scalar-QED expression (cf., [15],
multiplied (two times) with the pion electromagnetic
form factor, Fε(q2). In the VMD picture, the latter e”ect
is essentially described the ϑ-meson exchange, as seen in
Fig. 3.

= + + · · ·

FIG. 3: In two-pion contribution to HVP. The blobs
represent the VMD form factor of the pion, and dashed
lines are pion propagators. The double line represents

ϑ-meson propagator.

Using the specific model of Ref. [16], we obtain the
results listed in Table II, where they can be compared
to a state-of-art data-driven evaluation [9]. Figure 7)
shows the corresponding integrands, illustrating the large
cancellation between the muon and rescaled electron g→

4

FIG. 4: The integrand of aω at ω+ω→ channel for muon,
rescaled electron and their di!erence µ→ e as a function

of energy scale s.

FIG. 5: Integrands of aHVP

ω
with respect to s for ω0ε

channel, while (µ→ e) is plotted with and without TFF.

2.

The Table shows the reasonable agreement between
the model and the data-driven evaluation. The agree-
ment appears to be better for aµ→e than for aµ and ae
individually. This may be due to a partial cancellation of
some of the isospin-breaking corrections, which are thus-
far absent in the model calculation. It would indeed be
advantageous, if the isospin-breaking corrections played
a lesser role in aµ→e. Next we consider one of such cor-
rection – the ω0ε contribution.

IV. ω0ε CONTRIBUTION IN ϑPT

A key advantage of aµ→e over aµ is that the fast con-
vergence of the s-integral is insensitive to the choice of
form factor model. To illustrate, we set the pion tran-

FIG. 6: aε
0
ϑ calculated to energy scale cut-o! at s = ϑ2

with form factor |F |2 ↑ 1. Both muon and rescaled
electron (g → 2) shows divergence as (µ→ e)
demonstrates saturation around ϑ2 = 1GeV2.

sition form factor (TFF) |F |2 ↑ 1 when computing the
two anomalous magnetic momenta. For ω0ε HVP con-
tribution, we find

aε
0
ϑ

µ→e

∣∣
|F |2↑1

= →0.344↓ 10→12, (7)

showing agreement with the TFF result within numeri-
cal uncertainties, thereby demonstrating the model inde-

pendence of aHVP

µ→e
. This convergence of a(ε

0
ϑ)

µ→e
(s) is also

shown in Fig. 5 for its integrand distribution over en-
ergy, as well as Fig. 6 with s = ϑ2 being the energy scale
cut-o! for the integration. The analytical expression of

model-independent a(ε
0
ϑ)

µ→e

∣∣
|F |2↑1

can be found in (B3).
With the independence of form factor, one can now access
aHVP

µ→e
, and eventually aHVP

µ
, using EFT. This provides

the possibility of evaluating and comparing aHVP

µ→e
pre-

diction from various formulations including EFT, data-
driven and lattice QCD.

EFT is also used to compute the hadronic light-by-
light (LbL) contribution at next-to-leading order (NLO).
A form-factor–independent method is especially benefi-
cial for aHad,LbL

µ→e
, as the LbL amplitude involves a four-

point function that is currently model-dependent for both
the muon and the electron. Importantly, aHad,LbL

ω
is con-

trolled by the same established kernels for ϖ = e, µ (see,
e.g., Ref. [4]), enabling a unified treatment of HVP and
LbL. The current theoretical predictions for aHad,LbL

ω
are

listed in Table III.

By rescaling the aω LbL contributions by a factor of
m2

ω
, we discover the aHad,LbL

ω
/m2

ω
is significantly less cor-

related between the muon and electron than in the HVP
case. This leads to a suppression of about 71% relative
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but with the mass scale much below the weak scale. As
an example, we take the so-called dark photon that cor-
rects aµ(e) at one loop [23–25]. The model is very simple
and UV-complete. Its low-energy limit contains only two
extra parameters:

Ld. ph. = →1

4
(Fµω)

2 → 1

4
(F →

µω
)2 +

1

2
m→2

A
A2

µ

+
∑

i

ω̄iεµ(iϑµ → eAµ → eϖA→
µ
)ωe. (11)

Corrections to the leptonic aµ(e) can be written as [24]

aA
→

ε
=

ϱ

2ς
↑ ϖ2

ˆ
1

0

dx
2m2

ε
x2(1→ x)

m2

ε
x2 +m2

A→(1→ x)
. (12)

We note in passing that it is of course equivalent to using
a new delta-functional contribution in the polarization
operator, Im!(s) ↓ ϖ2φ(s → m2

A→), inside the dispersive
formula.

In the limit of mA→ ↔ mµ, Eq. (12) leads to the uni-
versal pattern of anomalous magnetic moments, al ↓
m2

l
m↑2

A→ , to which aµ↑e is insensitive. However, the most
interesting part of the mass range corresponds to a sub-
GeV dark photons [23, 24], where the g→2 measurements
can be competitive with direct searches.

In order to demonstrate the ultimate constraining
power of aµ↑e we are going to assume the following hy-
pothetical (i.e. distant future) scenario: i. Experiments
measuring aµ, ae, and ϱ become so precise that the ex-
perimental errors are negligible, ii. Likewise, non-QCD
errors (QED, EW contributions) are calculated to su”-
ciently high order not to matter either, iii. Constraining
power of the g → 2 experiments is still limited by the
hadronic contributions, and HVP specifically. In other
words, we are assuming that the error is entirely con-
trolled by φaHVP

µ
and φaHVP

e
↗ (me/mµ)2φaHVP

µ
. These

errors are, of course, highly correlated, and it is reason-
able to posit that the hadronic error for aµ↑e is one or-
der of magnitude smaller, φaHVP

µ↑e
↗ 0.1φaHVP

µ
due to the

cancellations discussed in our paper. In that hypotheti-
cal regime, the constraints (or more precisely, sensitivity
limits) on the mixing angle of the dark photon can be
presented as in Fig. 8.

This figure shows that the sub-GeV dark photons could
be better probed by aµ↑econditional on experimental
improvement of ae and ϱ (as well as some theoretical
improvement of the high-order QED contributions) [26].
For mA→ > 1GeV, the flavor universal contribution to aa

→

l

dominates, aA
→

l
↓ m2

l
m↑2

A→ , and aµ↑e is not adding sen-
sitivity. An equivalent re-statement of possible improve-
ments using aµ↑e can be formulated like this: one could

10 50 100 500 1000
10-9
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10-6
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10-4

0.001

FIG. 8: For this plot, it is assumed that the only
limitation comes from the hadronic HPV error, and it is
taken to be φaHVP

µ
= 1.↑ 10↑9 and aHVP

µ↑e
= 1.↑ 10↑10

for illustration. Above colored lines the parameter space
would be excluded. It is easy to see that aµ↑e would
provide a deeper reach into ϖ2 for all mA→ < 1GeV.

extract the main part of the hadronic corrections from
the measurement of aµ, and carry it over into the predic-
tion of ae, with small theoretical corrections calculated
explicitly (mainly related to aHPV

µ↑e
). Then the comparison

of experimental results for ae and ϱ with “aµ-informed”
theoretical value of ae would provide a stringent test of
the Standard Model.

VI. CONCLUSION AND OUTLOOK

In this letter we introduce aµ↑e which is constructed by
exploiting the strong correlation of hadronic vacuum po-
larization contributions to anomalous magnetic momenta
of muon aµ and electron ae, in particular at high ener-
gies. With the ongoing tension between theoretical deter-
minations of HVP contribution to aµ between the data-
driven dispersive approach and lattice QCD, the largely
reduced sensitivity of aHVP

µ↑e
to uncertainties in this re-

gion presents a clear advantage. This is especially rele-
vant now, given the recent high-precision measurements
of the fine-structure constant ϱ, which directly impact
the prediction of ae, allowing one to probe aµ without
relying on the relatively poorly constrained high-energy
domain [1, 27–29].

Since both observables probe the same hadronic vac-
uum polarization, di#ering only by the lepton mass scale,
their HVP contributions are expected to be strongly cor-
related. This situation closely parallels the scaling be-
havior observed in hydrogen-like atomic systems. For ex-
ample, in ordinary and muonic hydrogen, short-distance



 EFFECTIVE-FIELD-THEORY (EFT) PREDICTIONS 
FOR aμ−e

•  contributions via light-by-light 

•   contr. (isospin breaking) 

• ALP contributions (Barr-Zee, etc.)

π0, η, η′￼

π0γ

5

Source aω
+
ω
→

µ
(10→10) aω

+
ω
→

e
(10→14) aω

+
ω
→

µ→e
(10→10)

VMD model [16] 508.6 140.0 →90.0

KNT eval. [9] 503.46(1.91) 138.59(54) →89.1(4)a

a
Obtained from previous two columns assuming 100%

correlation.

TABLE II: The ω+ω→-channel contribution in a VMD model compared with a state-of-art data-driven evaluation.

aHad,LbL

µ

(
↑10→10

)
aHad,LbL

e

(
↑10→14

)
aHad,LbL

µ→e

(
↑10→10

)

10.2(8) [17, 18] 3.51(23) [19] →4.82(19)

TABLE III: LbL contributions to the muon and
electron anomalous magnetic moment and the derived

(µ→ e) using (1).

ω0

ω0

FIG. 7: ω0 contribution to light-by-light (left) and
isospin-breaking HVP (right).

to eletron, and an even weaker suppression when com-
pared to muon. The low-energy enchancement is not as
prominent as HVP but still strong.

An alternative approach to calculating the anoma-
lous magnetic moment is using Schwinger’s sum rule
(SSR) [20–22]:

aε =
m2

ε

ω2ε

↑̂

ϑ0

dϑ

(
ϖl

LT
(ϑ, Q2)

Q

)

Q2=0

, (8)

where ϖLT(ϑ, Q2) denotes the longitudinal-transverse to-
tal polarized photon–absorption cross section, corre-
sponding to a virtual photon of energy ϑ scattering o!
a target lepton l with space-like momentum transfer Q2

and aε. The numerical results of SSR method agrees with
that of the conventional dispersive method.

V. ULTIMATE SENSITIVITY TO NEW

PHYSICS

One of the reasons the g → 2 of the muon attracted
so much attention is its potential sensitivity to the BSM
e!ects from e.g. , loop diagrams with exchange of new
particles. Clearly, any test of New Physics is limited
by the experimental accuracy of measurements and by
aHVP

µ
. In this subsection we argue that aµ→e provide

a deeper reach into a parameter space of new physics
compared to aµ or ae separately. It is clear, however,
that such test has additional limitation. In particular,
flavour universal new physics, parametrized by a contact
dimension 5 operator,

Luniversal =
1

”2

∑

l=e,µ

mlϱ̄lϖµϑFµϑϱl, (9)

gives corrections to al proportional to the square of the
mass, #al ↓ m2

l
”→2, and cancels out of the aµ→e.

Flavour universality, however, does not have to hold
exactly. In supersymmetric models, for example, the
masses of first and second generations of sleptons (su-
perpartners of electrons and muons) do not have to be
equal, resulting in a di!erent value of loop integrals,
which translates to two di!erent e!ective values of ” for
the muon and electron. In this case, the New Physics
correction to aµ→e can be written as

aBSM

µ→e
= m2

µ

(
1

”2
µ

→ 1

”2
e

)
. (10)

A new gauge symmetry based on anomaly-free combina-
tions of the Standard Model charges, such as di!erence
between specific flavours, e.g. Lµ → Lϖ , will also pro-
vide non-universal contributions to al. It is clear from
the preceding discussion that the ultimate sensitivity to
”→2

µ
→”→2

e
in Eq. (10) can be better than to ”→2

µ
and ”→2

e

separately.

Next we address the universally coupled New Physics,



CONCLUSION

•  quantities are useful for  HFS search 

• sorting out   

• and New Physics searches… — stay tuned!

μ − e μH

(g − 2)μ


