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Introduction

Experimental progress in MHI spectroscopy
cf. talks S. Schiller, F. Schmid, M. Bohman

* Ro-vibrational spectroscopy (~ 1071%)

Determination of fundamental constants - Energy level theory
Constraints on SI new physics

* RF spectroscopy of the spin structure

- Hyperfine structure (~ 1078 — 1079)

Extraction of spin-averaged RV frequencies HFS theory
Constraints on SD new physics
- g-factor (~ 1071°) - g-factor theory

Test of molecular QED



Theoretical approaches to MHIs

e
//.\\\rz
* Weakly relativistic (Z; = Z, = 1) three-body system r}/ //'(/'»z 2,
= Non Relativistic QED (NRQED) approach Y ‘//Z/ R
1'*1

- NRQED Lagrangian of interaction between a particle (electron or nucleon) and the
electromagnetic field.
obtained via Foldy-Wouthuysen transformation [see e.g. K. Pachucki, PRA 71,012503 (2005)]
or ab initio construction and matching with QED [see e.g. G. Paz, arXiv:1503.07216]

- Non relativistic perturbation theory
Zero-order: numerical solution of three-body Schrédinger equation

- Corrections expanded in powers of a, Za, m/M

* High-order corrections evaluated in the Adiabatic Approximation (AA)

Yad(r, R) = ¢e1(r; R) xaq(R)
Zy Zp

1-body problem: bound electron in a two-center potential V = -
1 2
—> Nonrelativistic or relativistic QED calculations 2

Numerical solution of electronic Schrodinger or Dirac equation




The bound-electron g factor

Recently measured for HD*(v = 0,L = 0) with ~ 2 x 1071° accuracy
single-ion Penning-trap experiment: ALPHATRAP (MPIK Heidelberg)
cf. talk M. Bohman

Previous theoretical calculations: ~ 10~7 accuracy

leading-order [(Za)?] relativistic corrections
- nonrecoil, adiabatic approximation R.A. Hegstrom, PRA 19, 17 (1979)
- with recoil, exact three-body approach J.-Ph. Karr, PRA 104, 032822 (2021)

Possibility to test g-factor QED theory with high precision in a molecule



QED corrections to the g factor

NRQED expansion: g =2 + % +Ag®D + Ag® + Ag® + Ag® + ..

for each Ag(™ : expansion in m/M

v'a? order: leading relativistic corrections «—— With recoil, three-body

—_

e a3 order: form factor correction (anomalous magnetic moment)

« a* order: next-to-leading order relativistic correction :

Nonrecoil,
Dirac g-factor g™ -
rel(4+) rel (2)—adiab adiabatic

— Ag =Ag "~ —Ag

* a® order: one-loop self-energy and vacuum polarization




Molecular g-factor anisotropy

In molecular systems: anisotropy — g tensor

e o
Hefr = Z_nzez 9ijSeB’
i

Adiabatic approximation 3-body description
§/v » =
T' // i\\ 7/'2 E) -
/// ri \\\ / (L' ML)
ey __» 7 -
Zy R Z, o
9l = 9zz:91L = Gxx = Gyy € > g =0s T Gt
gs = 2g. +g)/3 , scalar rank 2

- L(L+ 1)
9= |GL=D@EL+3) (9L —agn)

3M{ —L(L+1)
L(L+ 1)L - 1)(2L + 3)

g(v, L! ML) = gs(v, L) + gt(v; L)



Dirac g-factor calculation

Hip = —ga (r x B)

Electronic ground state (1s0): two degenerate m = (J,) = +1/2 states

R ] (=TT
Y e ~ Vi
V,) = v )y =TV, = _
W) s W) W) s i
iy e ] | i3 i

0) _ (lIJ‘F‘Hil]tle—k) (L[-’+|Hjnt|l[-’_)
T (W Hi W) (W [Hig W)

4= 87 ¢ (V1P| ¥a)raa — (V2101 ¥3)raa)
Srfl= d ¢ ((Yr1|plVa)ad + (V2103 raa + 2{¥1 12| V3) raa)

* Numerical calculation for a range of internuclear distances

using min-max finite-element method
0. Kullie and S. Schiller, PRA 105, 052801 (2022) ; O. Kullie, PRA 110, 052808 (2024).

* Averaging over relativistically corrected vibrational wavefunctions



Radiative corrections

> a3 order: form factor correction (anomalous magnetic moment)

2
3 a
AgSY = e

2
a
Agy) = - (ge - 2)(p2 — pZ,)

Estimated uncertainty ~ 2 (m,/m,) Ag®"

(ge — 2)(p? + ;)
R.A. Hegstrom, PRA 19, 17 (1979)

> a order: one-loop self-energy and vacuum polarization

From H atom theory:

32
Mgy =5 a®In(@ ) (Z18(ry) + Z5(r)
Agé? ~ a,40(18)a®(Z;6(r)) + Z,5 (1)) K. Pachucki et al., PRL 93, 150401 (2004)
with a,o(1S) = -10.236 524 318(1)

Estimated uncertainty ~ 100% of Agg?

16
AgS) = — I a>(Z18(ry) + Z,6(r2)) S.G. Karshenboim, Phys. Lett. A 266, 380 (2000)



Results for HD*

Order Type of contrib. glv=0,L=0) gs(v=0,L=1) g:(v=0L=1)
1 Free —-2.002 319 304 36 -2.002 319 304 36
(Za)z(m/M)" Relativistic + rec. 0.000 040 812 41 0.000 040 783 24 0.000 001 064 00
a(Za)? One-loop radiative  —0.000 000 049 05(5)  -0.000 000 049 02(5)  0.000 000 004 66
(Za)*+h.o.  Relativistic (*) 0.000 000 000 52 0.000 000 000 51 0.000 000 000 01
a(Za)* One-loop SE ~0.000 000 000 20(9)  —0.000 000 000 20(9)  0.000 000 000 00
Total [1] —-2.002 278 540 70(10) -2.002 278 569 83(10) 0.000 001 068 66(1)
Previous [2] -2.002 278 5(2)
Experiment [3] -2.002 278 540 96(40)

v Accuracy improved from 107 to 5.0 x 10~ 11
v' Good agreement with experimental value
[1] O. Kullie, H.D. Nogueira, J.-Ph. Karr, PRA 112, 052813 (2025)

[2] R.E. Hegstrom, PRA 19, 17 (1979)
[3] C. K&nig et al., PRL 136, 143002 (2026)



: D. Bakalov
Hyperfine structure effects o

* Higher-order terms involving hyperfine interactions need to be considered

hpert hZ + hSpln + hD

[hz = —ig(geB S + gpB - I, + g4B - 15) ] / hSPIn = pF 4 pSO 4 pT) \
~ 112 GHz 8m
hF = ?ﬂ%(gpgeS(rpe)(lr) *Se) ~ 1 GHz
th — hP0 4 pD2 = 10 kHz ) +9d9e6 (rge) 1y - Se))
e? ged
hPO = T2m, B°r} ht = _“123< ;35 = (3(1pe  56) (Tpe  1p) — 13 (Se - 1)
pe
02
D2 _ _ -B)2 — B2r2 g 9
\h 24me (3(l‘e B) B I‘e)/ = d(3(rde se)(rde Id) rc%e(se ) Id)))
k rde /

 Largest term: 3"-order hyperfine-dependent correction to g-factor, few 10711

ATED By, o (B) = (ESY) — )™ 3 (00, n|hT102,0/)(02, 0/ [RZ]02, ") (02, n” |hT |00, n)

! H
n’,n

— (00, n[A*100.m) {00, n|A " 02.0")* (Egy) — Egy)) ™

nf

* Much larger corrections w.r.t. atoms, due to small (ro-vibr.) energy denominators

10
C. Konig et al., PRL 2026, Supplemental Material



Perspectives

e Hyperfine effects complicate theoretical calculations
..but absent in para-H3 /D3 /TS

e Next terms to consider
radiative-recoil correction of order a(Za)?(m/M)
one-loop self-energy correction of order a(Za)*

* Experimental possibilities: g-factor differences [1]

SM test: comparison He*/HJ or HY (v, L)/HF (v', L")
Compare e*/e” g-factors with e*/He* ... or e*/HJ (LSYM project, MPIK Heidelberg)

[1] T. Sailer et al., Nature 606, 479 (2022) 11



Status of theory — Example: HD*, (v,L) = (0,3) - (9,3)

Nonrelativistic transition frequency (3-body Schrédinger eq.):

09 = 415260910 671.9 kHz

Type of correction Framework Evaluated orders Afoe (kHZ)
Relativistic 3-body m(Za)* (with recoil) 5667 052.3
AA—3-body m(Za)® 129.6(0.1)
Relativistic-recoil 3-body m(Za)>(m/M) -320.8
3-body m(Za)®(m/M) (partial 1.2(0.1)
1-loop self-energy 3-body ma(Za)*, ma(Za)> -1 695 245.8(0.1)

Talk D. Ferenc
Poster M. Panet

AA ma(Za)®

651.1(0.3)

AA ma(Za)? (partial) -6.3(2.6)

1-loop vacuum polarization 3-body ma(Za)*, ma(Za)>® 43 650.3

AA ma(Za)®, ma(Za)’ 15.8

muonic VP 3-body Leading order 1.0

hadronic VP 3-body Leading order 0.7

2-loop radiative 3-body ma?(Za)*, ma?(Za)® -272.4
AA ma?(Za)® (partial) + estimated HO 0.9(1.8)

3-loop radiative 3-body ma3(Za)* -0.4

Nuclear finite size and 3-body m(Za)* ,; for deuteron only : -830.6

polarizability (+ rad. corr.)  3-body m(Za)>, m(Za)®(partial) 1.8

Radiative-recoil 3-body ma(Za)®(m/M) 2.1

Total transition frequency: fog = 415 264 925 502.7(3.2) kHz

V.I. Korobov and J.-Ph. Karr, PRA 104, 032806 (2021)

u, = 7.8x 10712



ma® relativistic and recoil corrections: 3-body calculation

e ma®-order NRQED Hamiltonian

6
: De 3 5 5 1
. H(6) — _ Z,AV 4,V _ ZV 2 _EZ
Nonrecoil Toms ~ eams Pe AV + gz lve Vi — gz (0eved) + 5
0

AE2"-order — (1.0 (Ey — Ho)"*QHp) + (Hyo Q(Eo — Ho) " QH,,)

Recoil, low-energy part :
31Z% 1 +Z§ 1

1

4 Z3 1 Z3 1 ZiZ,(rqr2)  Z1Z5 (rir3)
4

Myrp Myr} M; rPr} M, rPr}?

1
Hr('gg: = _Z{pg»Hret} +

L1
4

7z 1 N 7z 1

nd_ —
AEﬁec order — (HBQ(EO - HO) 1QHret>

V.1. Korobov, J.-Ph. Karr, M. Haidar, and Z.-X Zhong, PRA 102, 022804 (2020)
Z.-X. Zhong, W.-P. Zhou, and X.-S. Mei, PRA 98, 032502 (2018)
V. Patkds, V.A. Yerokhin, and K. Pachucki, PRA 94, 052508 (2016) (helium)
e Singularities in first- and second-order contributions require regularization

v" Nonrecoil part, adiabatic approximation: V.I. Korobov, J. Phys. B 40, 2661 (2007) 13



Separation of divergences

Example: (p¢)
4 % it

2 _ —
Pio = —2Wbo t e, Vu S Hi M W= oo
= “regularized” pez operator : p; = pg + 2V,

pZ, is a regular function.

Similarly: Pﬁ = pe — 2(47T,0u); Pu = U1Z16(ry) + ppZ,6(rz)
pipo~1/rf atr; - 0.

(pe) =|=4(Vu(4mpp))|+ 2{pi(4mp,)) + (Pipi) — 2(Vu(pZpR)) + H{peViZPe)
Singular part

Regular expectation values:
* Expansion and “direct” calculation, or

* “product” calculation, e.g. (lpo|pﬁpﬁ|lpo) = Zn(¢0|Pﬁ|¢n)<¢n|Pﬁ|‘/)0>

V.1. Korobov, PRA 112, 022808 and 022813 (2025)
First numerical evaluation: Z.-X. Zhong et al., arXiv:2603.07858 14



Numerical results: nonrecoil part

Unit: kHz
L = 0 states H; HD*

v=20 v=1 v=0-1 v=_0 v=1 v=0-1

AA[1] 4569.22 4448.40  -120.82 | 4578.10 4472.44  -105.66

(H'®) | Z26[2] 442715  -129.50
TW 4543.13

Ep(AA) [1] | -5637.67 -5498.52 139.16 | -5648.01 -5526.05 121.96

© Ep(3-b) [3] | -5595.92 -5431.84 164.08 | -5614.86 -5470.54 144.32

E2na ELAA)[1] | -159.46  -148.37 11.09 | -160.27 -150.58 9.68

E{3-b)[3] | -159.36  -148.29 11.08 | -160.19  -150.52 9.68

AA[1] -1227.91 -1198.49 29.42 | -1230.18 -1204.19 25.99

Total | Z26 [2] -1193.91 24.50
TW -1212.15

[1] V.I. Korobov, J.-Ph. Karr, PRA 104, 032806 (2021)
[2] Z.-X. Zhong et al., arXiv:2603.07858

[3] V.I. Korobov, J.-Ph. Karr, Z.-X. Zhong, Mol. Phys. e2563023 (2025)




Numerical results: recoil part (PRELIMINARY!)

Unit: kHz
L = 0 states H; HD™*
v=20 v=1 v=0-1 v=20 v=1 v=0-1
226 [2] 24.23 23.57 -0.66
rec

T™W 7.74 5.83
E,Eg)Can 3-b [3] -29.51 -28.63 0.88 -22.19 -21.60 0.59
Est. [1] -10.43 -10.15 0.27 -7.84 -7.66 0.18
Total | 226 [2] 2.04 1.96 -0.08

T™W -21.77 -16.36

[1] V.I. Korobov, J.-Ph. Karr, PRA 104, 032806 (2021)
[2] Z.-X. Zhong et al., arXiv:2603.07858 16
[3] V.I. Korobov, J.-Ph. Karr, Z.-X. Zhong, Mol. Phys. e2563023 (2025)



ma®-order corrections: conclusions

» Nonrecoil part
- good agreement with Zhong’s results
- unexpectedly large deviation (~1%) between adiabatic and 3-body results

» Recoil part

- work in progress |

17
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Corrections to the g-factor : expanded version

Contribution Order HD" (v =0,N =0) H-like atom (1s) (Z = 1)

free electron: ge —2.002 319 304 36

relativistic (Za)? 0.000 040 776 46 0.000 035 500 90
(Za)* 0.000 000 000 52 0.000 000 000 47

one-loop QED a(Za)? —0.000 000 028 07 —0.000 000 020 62
a(Za)t —0.000 000 000 20(9) —0.000 000 000 16

two-loop QED o (Za)? 0.000 000 000 04 0.000 000 000 03

recoil (Za)*(m/M)" 0.000 000 014 90 —0.000 000 021 77

radiative-recoil o Za)? (m/M)" 0.000 000 000 01(5) 0.000 000 000 02

SUM: Ge bound —2.002 278 540 70(10) —2.002 283 845 48
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