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Energy levels of quantum electrodynamics (QED) bound states, which depend on a number of
independent mass parameters, can be calculated as matrix elements of the QED energy-momentum tensor
trace. As an example of such system we consider muonic hydrogen. The leading one-loop corrections to its
energy levels depend on the electron and muon masses. These corrections are calculated as matrix elements
of the energy-momentum tensor trace. Respective one-loop trace diagrams are different from the standard
Lamb shift diagrams. We explain analytically and diagrammatically why two different sets of diagrams lead
to the same results. Similar relationships should also hold beyond the one-loop approximation.
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I. INTRODUCTION

Energy-momentum tensor (EMT) Tμν, its form factors
and anomalous trace became an active field of experimental
and theoretical research in the mid-1990s [1–6]. EMT form
factors describe mechanical properties of hadrons [7] and
their gravitational interactions [8,9]. Both experimental and
theoretical research is concentrated on the properties of
hadron EMT, described by the low-energy quantum
chromodynamics (QCD). Low-energy effective theories,
nonperturbative methods and models are used in theoretical
research on hadron EMT, see, e.g., [10–20] and references
therein.
Quantum electrodynamics (QED) EMT is similar to the

QCD EMT, but unlike QCD, QED admits low-energy
perturbative calculations. Due to availability of perturbative
calculations research on QED EMT can provide a new
perspective on the properties of EMT in gauge theories.
Perturbative QED calculations of free particle EMT were
initiated a long time ago in [21–24] and were further
developed in recent papers [25–40], where a number of
one-loop corrections to form factors, matrix elements, and
EMT trace for a free and bound electron were calculated.
Hadrons are QCD bound states, so from the perspective of

hadron physics, perturbative QED calculations of bound
electron EMTare of special interest [18,29,30,32,33,36–39].
The one-loop Lamb shift in hydrogen was calculated in

[38,39] using the well-known (see, e.g., [30,41] and refer-
ences therein) relationship between the EMT trace and mass
(energy levels) of a particle (fundamental or a bound state)
with zero momentum ( p ¼ 0)

E ¼
R
d3xh0jTμ

μðxÞj0i
h0j0i : ð1Þ

This universal formula is valid in any quantum field theory
both perturbatively and nonperturbatively. We will use it in
perturbation theory with nonrelativistic normalization.
The set of Feynman diagrams which contribute to the

matrix element in Eq. (1) in ordinary hydrogen does not
coincide with set of the textbook diagrams for the Lamb
shift. It was explained analytically and diagrammatically in
[38,39] why two different sets of Feynman diagrams lead to
one and the same result. The calculations and interpretation
of the results in [38,39] were significantly simplified by the
presence of only one mass scale, namely, the electron mass
(only nonrecoil corrections were considered in [38,39]).
In the case of bound state energy levels which depend

not on one, but on a number of independent mass
parameters, the argumentation presented in [38] is insuffi-
cient. Our goal below is to generalize considerations in [38]
to the case of a few independent mass parameters. We show
that the diagrams for the EMT trace arise as logarithmic
mass derivatives with respect to all independent mass
parameters of the usual diagrams for the energy levels.
It is explained why this means that the EMT trace matrix
element can be used for calculations of energy levels. We
illustrate these conclusions by explicit one-loop calcula-
tions for muonic hydrogen. Unlike the ordinary hydrogen
energy levels in muonic hydrogen even in the nonrecoil
approximation depend on two scales, the electron and
muon masses, and from a diagrammatic point of view it is
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not immediately clear why the trace diagrams generate
correct results for the muonic hydrogen energy levels. We
calculate the trace diagrams for muonic hydrogen in the
one-loop approximation, show that they reproduce well
known one-loop results for muonic hydrogen energy levels,
and explain why this happens.

II. ONE-LOOP EMT TRACE DIAGRAMS

In QED with two massive fermion flavors (electron and
muon) the trace of EMT has the form

Tμ
0 μ ¼ ½Tμ

μ�R ¼ ð1þ γemÞ½ψ̄emeψe�R
þ ð1þ γμmÞ½ψ̄μmμψμ�R þ βðeÞ

2e
½F2�R; ð2Þ

where the one-loop β-function, βðeÞ ¼ βeðeÞ þ βμðeÞ, is a
sum of the electron and muon contributions βeðeÞ=2e ¼
βμðeÞ=2e ¼ α=ð6πÞ, mass anomalous dimensions γem ¼
γμm ¼ 3α=ð2πÞ, meðμÞ is the mass of the respective fermion,
not the mass of a particle or bound state under consid-
eration. The conserved EMT operator is not renormalized,
so Tμν

0 in terms of bare fields (from which the bare (total)
Lagrangian is constructed) coincides with the renormalized
EMT ½Tμν�R,1 which generates renormalized (UV finite)
Green functions with renormalized fields ψ . Notice, that
due to the scale anomaly the EMT trace is nonzero even in
QED and QCD with massless leptons (quarks).
We calculate the matrix element of the EMT trace in

Eq. (2) in the Furry picture [42–44], where the role of the
free muon propagator plays the Dirac-Coulomb Green’s
function

G ¼ i
p0 − α · p − βðmμ − iϵÞ − V

γ0 ≡ i
E −H

γ0; ð3Þ

V ¼ −Zα=r is the Coulomb potential and i in the numer-
ator is included for consistency with the free Feynman
propagator.

In terms of eigenfunctions the propagator has the form

GðE; r; r0Þ ¼
�
r

���� i
E−H

γ0

����r0
�

¼ i

�X
n

ψ ðþÞ
n ðrÞψ̄ ðþÞ

n ðr0Þ
E−En þ iϵ

þ
X
n

ψ ð−Þ
n ðrÞψ̄ ð−Þ

n ðr0Þ
EþEn − iϵ

�
;

ð4Þ

where summation goes over all states of discrete and

continuous spectrum, ψ ðþÞ
n ðrÞ and ψ ð−Þ

n ðrÞ are eigenfunc-
tions of the Dirac Hamiltonian in the external Coulomb
field with positive and negative energies, respectively.
These eigenfunctions are normalized to one with the
integration measure

R
d3r.

The one-loop muonic hydrogen matrix element in Eq. (1)
in the Furry picture in terms of the renormalized fields has
the form (see Appendix A for notation)

T ≈
Z

d3rhμj½me − δme þmγemðeÞ þmeδZ2e�ψ̄eðrÞψeðrÞ

þ βeðeÞ
2e

F2ðrÞ þ ½mμ − δmμ þmγμmðeÞ

þmμδZ2μ�ψ̄μðrÞψμðrÞ þ
βμðeÞ
2e

F2ðrÞjμi; ð5Þ

where jμi is the muon bound state in the external
Coulomb field.
There are two sets of the tree and one-loop diagrams for

the matrix element in Eq. (5): self-energy type diagrams in
Fig. 1 and vacuum polarization type diagrams in Fig. 2 and
in Fig. 3. The trace diagrams in Figs. 1 and 2 differ from the
respective diagrams in electronic hydrogen only be the
substitution me → mμ. In that case the sum of diagrams in
Figs. 1 and 2 reproduces the Dirac energy and one-loop
Lamb shift contributions to the energy levels [38]. This is
not the case for muonic hydrogen. The new element in
muonic hydrogen is connected with the electron polariza-
tion contributions in Fig. 3. They do not coincide with the
well known muonic hydrogen electron vacuum polarization
diagrams in Fig. 4. According to Eq. (1) and the trace
theorem both sets of diagrams lead to the same results, and
we would like to understand what properties of diagrams
are responsible for this coincidence. We considered similar

FIG. 1. Self-energy type trace Lamb shift diagrams.

1We use mass-shell renormalization scheme.
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diagrams for electronic hydrogen in [38] and demonstrated
that the trace diagrams arise as logarithmic mass derivatives
of the diagrams in Fig. 4. The only subtlety was that one
needs to remember to differentiate the state vectors in the
matrix elements. The energy levels in the electronic hydro-
gen are linear in the electron mass and therefore logarithmic
mass derivative of an energy level (matrix element of the
sum of the trace diagrams) coincides with the energy level
itself. We also proved this by directly calculating the sum of
the EMT trace diagrams.
Due to presence of two different mass scales (me andmμ)

the logic based on linearity is not directly applicable for
muonic hydrogen. Below we generalize the linearity argu-
ment for equality of the standard Lamb shift diagrams in
muonic hydrogen and trace diagrams in Figs. 1–3. We also
directly calculate contribution of the diagrams in Fig. 3 to
the one-loop Lamb shift.

III. MULTISCALE PROBLEMS

The equality of an energy level and its logarithmic mass
derivative does not hold beyond the nonrecoil approxima-
tion even in electronic hydrogen and in the bound state
problems with multiple mass scales, like muonic hydrogen.
Then arises a natural question how the matrix element of
the EMT trace in Eq. (1) reproduces the bound state energy

levels in the problem with multiple scales. We address this
problem in the case of muonic hydrogen, which is one of
the simplest bound states with two mass scales. Below we
explicitly calculate the contribution of the diagrams in
Fig. 3 and show that it coincides with the contribution of
the diagrams in Fig. 4. Combined with the results for the
diagrams in Figs. 1 and 2 in [38] (after the natural
substitution me → mμ there), this proves that the matrix
element in Eq. (1) and Eq. (5) generates a correct one-loop
contribution to the energy levels in muonic hydrogen.
Now we would like to address a more general case of

energy levels of a bound state with a few independent mass
parameters mi, i ¼ 1; 2;…; k. Energy of any state charac-
terized by a multi-index n has dimension of mass, so even
in a multiscale problem Enðm1; m2;…; mkÞ is a homo-
geneous function of the first degree, i.e., satisfies the
condition

Enðαm1; αm2;…; αmkÞ ¼ αEnðm1; m2;…; mkÞ; ð6Þ

where α is an arbitrary parameter.
Then

d
dα

Enðαm1; αm2;…; αmkÞ ¼ Enðm1; m2;…; mkÞ: ð7Þ

On the other hand,

d
dα

Enðαm1;αm2;…; αmkÞ

¼
Xi¼k

i¼1

∂Enðαm1; αm2;…; αmkÞ
∂ðαmiÞ

mi; ð8Þ

and at α ¼ 1 we obtain the Euler’s homogeneous function
theorem

FIG. 2. Muon vacuum polarization type trace Lamb shift diagrams.

FIG. 3. Electron vacuum polarization type trace Lamb shift diagrams.

FIG. 4. Classical electron polarization Lamb shift diagrams in
muonic hydrogen.
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Enðm1; m2;…; mkÞ ¼
Xi¼k

i¼1

∂Enðm1; m2;…; mkÞ
∂mi

mi: ð9Þ

We see that the sum of the logarithmic mass partial
derivatives of an energy level in a multiscale problem
coincides with the energy level itself. Diagrammatically
this means that the sum of diagrams for an energy level
coincides with the sum of another set of diagrams obtained
from the first set by logarithmic differentiation with respect
to all mass parameters. On the basis of our experience with
the free electron [35] and ordinary hydrogen [38] we expect
that logarithmic mass differentiation of the standard Lamb
shift diagrams generates diagrams for the trace.
Let us consider muonic hydrogen as a simple case of a

multiscale problem. The classical one-loop Lamb shift
diagrams in muonic hydrogen are in Figs. 4 and 5, where
in the last figure all fermion lines are muonic. In electronic
hydrogen only the diagrams in Fig. 5 contribute to the one-
loop Lamb shift. We have demonstrated in [38] that after
logarithmic mass differentiation these diagrams generate
diagrams inFigs. 1 and 2with all electronic fermion lines.We
have also calculated the sum of the diagrams in Figs. 1 and 2
for the electronic hydrogen and checked that it reproduces the
one-loop Lamb shift. After rescalingme → mμ these results
hold for muonic hydrogen, in other words the one-loop
contribution of the diagrams in Fig. 5 with all muon lines
coincides with the sum of the diagrams in Figs. 1 and 2.
The leading classical one-loop contribution to the Lamb

shift in muonic hydrogen is due to the diagrams in Fig. 4. By
the same mechanism as considered in [38] the logarithmic
muon mass derivative of the state vectors not shown
explicitly in the diagrams generates the first four diagrams
in Fig. 3 with themuonmass insertions in themuon line. The
logarithmic electron mass derivative differentiates the elec-
tron loop and the electron contribution to the renormalization

constant and generates two last diagrams in Fig. 3. Due to the
general relationship in Eq. (9) the contributions of the
diagrams in Figs. 4 and 3 should coincide. We check this
general prediction by direct calculations in the next section.

IV. DIAGRAMS WITH ELECTRON
POLARIZATION

A. One-loop electron polarization loop
contribution to the Lamb shift

The classical electron polarization loop contribution to
the Lamb shift in muonic hydrogen is given by the
diagrams in Fig. 4. The leading one-loop contribution of
these diagrams is of order αðZαÞ2mr (see below), and,
hence, it is sufficient to use the free electron propagator in
the polarization loop, account for the binding effects in this
loop generates contributions of higher orders in Zα. Unlike
ordinary hydrogen in muonic hydrogen contribution of P-
level is not parametrically suppressed in comparison with
the contributions of S levels, so we need to calculate both to
obtain the Lamb shift.
The field Hamiltonian He

int¼
R
d3xHe

int¼ e
R
d3xψ̄μγ0×

ψμA0
extðxÞ describes interaction of the static external

Coulomb field with the muon. One-loop corrected static
Coulomb field in Fig. 4 has the form (see, e.g., [45])

A0
ext;e loopðrÞ ¼ −

Ze
4πr

2α

3π

Z
∞

1

dζe−2ρβζ
�
1þ 1

2ζ2

� ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p
ζ2

;

ð10Þ

where ρ ¼ mrZαr, mr ¼ mμmp=ðmμ þmpÞ is the reduced
muon-proton mass and β ¼ me=ðmrZαÞ.
The respective leading nonrelativistic contribution to the

Lamb shift is

ΔEe
VPðn;lÞ ¼ hnljHe

intjnli ¼ e
Z

d3rhnljψ̄μðrÞγ0ψμðrÞA0
ext;e loopðrÞjnli

¼ −
2ðZαÞα
3π

Z
d3r
r

ψ†
nlðrÞψnlðrÞ

Z
∞

1

dζe−2ρβζ
�
1þ 1

2ζ2

� ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p
ζ2

¼ −
8αðZαÞ2mr

3πn3

Z
∞

0

ρdρf2nlðρnÞ
Z

∞

1

dζe−2ρβζ
�
1þ 1

2ζ2

� ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p
ζ2

; ð11Þ

where fnlðρnÞ is defined in Appendix B.

FIG. 5. Classical one-loop Lamb shift diagrams in electronic hydrogen.
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Numerically for n ¼ 2 we obtain

ΔEe
VPðn ¼ 2;l ¼ 0Þ ¼ −219.5839…meV; ΔEe

VPðn ¼ 2;l ¼ 1Þ ¼ −14.5765…meV;

ΔEe
VPðn ¼ 2;l ¼ 0Þ − ΔEe

VPðn ¼ 2;l ¼ 1Þ ¼ −205.0073…meV: ð12Þ

B. Calculations of the trace diagrams in Fig. 3

In the case of electronic hydrogen calculations of the
diagrams in Fig. 3 were simplified by the fact that the
characteristic scale of exchanged momenta meZα is much
smaller than momenta of order me in the polarization loop.
Due to this observation it was sufficient to account only for
the leading term in the small momenta expansion of the
polarization loop what allowed us to conclude before
calculations that the sum of the last two diagrams in
Fig. 3 is equal −2Ee

VP [38], where Ee
VP is the contribution

of the diagrams in Fig. 4. Moreover, we also concluded
before calculation that the contributions of the first four
sidewise diagrams in Fig. 3 is equal 3Ee

VP, and therefore sum
of all diagrams in Fig. 2 reproduces the standard contribution
of the diagrams in Fig. 4 in electronic hydrogen. All these
conclusions were confirmed in [38] by direct calculations.
The exchanged momenta in muonic hydrogen are of

order mμZα and the electron polarization loop momenta of
order me have comparable magnitude and we cannot use
low momenta expansion of the electronic loop. Hence, the
diagrams with the electronic loops in Fig. 3 in muonic
hydrogen should be calculated from scratch. Like in
ordinary hydrogen we expect that diagram (c) in Fig. 3
with the scalar vertex insertion in the electron loop, which
is equal the logarithmic derivative of the unrenormalized
diagram with the electron loop, will generate a term which
will cancel contribution of diagram (d) with the βe-function
in Fig. 3, which arises from the logarithmic derivative of the
contribution to δZ3e of the electron loop.

1. Matrix element of mμψ̄μψμ with sidewise insertion of
the polarization loop

The first four external field diagrams in Fig. 3 arise as the
one-loop perturbation theory corrections to the matrix
element of the scalar vertex mμψ̄μψμ in Eq. (2). The
electron loops in these diagrams are renormalized by the
two diagrams with δZ3e, which are due to the Lagrangian
counterterm. We use the standard one-loop expression for
the renormalized electron polarization loop for their cal-
culation. The contributions to the energy shift of the
diagrams (a1) and (b1) in Fig. 3 with the renormalized
electron one-loop insertion in the Coulomb photon are
equal and can be written in the form

ΔEa ¼ ΔEb ¼ e
Z

d3rd3r0ψnðrÞA0
ext;e loopðrÞ

× ½−iGrðr; r0; EnÞ�mγ0ψnðr0Þ; ð13Þ

where A0
ext;e loopðrÞ is defined in Eq. (10), ψnðrÞ is the Dirac-

Coulomb bound state wave function and GrðE; r; r0Þ is the
reduced Dirac-Coulomb Green’s function [compare
Eq. (4)]

GrðE; r; r0Þ ¼
�
r

����
�

i
E−H

�0
γ0

����r0
�
¼
�
r

����X
k≠n

ijkihkj
E−Ek

γ0

����r0
�
:

ð14Þ

We define a perturbed wave function ψ̃n as

ψ̃nðrÞ ¼
Z

d3r0½−iGrðr; r0; EnÞ�mγ0ψnðr0Þ ð15Þ

Then Eq. (13) acquires the form

ΔEa ¼ ΔEb ¼ e
Z

d3rψnðrÞA0
ext;e loopðrÞψ̃nðrÞ: ð16Þ

The perturbed wave function ψ̃nðrÞ can be calculated
analytically in a closed form with the help of the virial
relationships derived in [46,47]. The explicit relativistic
formulas for the four-component Dirac wave functions
were reported2 in Appendix C of Ref. [38]. In the present
work we perform calculations only in the lowest order in
the parameter Zα. It is thus sufficient to use the non-
relativistic limit of the perturbed wave function, which has
the simple form

ψ̃nlðrÞ ¼
�
3

2
þ r

d
dr

�
ψnlðrÞ; ð17Þ

and respectively

f̃nlðρnÞ ¼
�
3

2
þ r

d
dr

�
fnlðρnÞ: ð18Þ

Then the contribution to the energy shift in Eq. (16) can
be written in the form similar to Eq. (11)

2We use the opportunity to correct two misprints in Ref. [38].
First, in the second line in Eq. (C5) the third term should beG, not
F. Second, the term Zα in the second line of Eq. (C21) should
have an opposite sign, as immediately follows from Eq. (C20).

ENERGY LEVELS OF MULTISCALE BOUND STATES FROM QED … PHYS. REV. D 113, 056012 (2026)

056012-5



ΔEa;bðn;lÞ ¼ −
2ðZαÞα
3π

Z
d3r
r

ψ†
nlðrÞψ̃nlðrÞ

Z
∞

1

dζe−2ρβζ
�
1þ 1

2ζ2

� ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p
ζ2

¼ −
8αðZαÞ2mr

3πn3

Z
∞

0

ρdρfnlðρnÞf̃nlðρnÞ
Z

∞

1

dζe−2ρβζ
�
1þ 1

2ζ2

� ffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 − 1

p
ζ2

: ð19Þ

Numerically for n ¼ 2 we obtain

ΔEa;bðn ¼ 2;l ¼ 0Þ ¼ −235.5288…meV; ΔEa;bðn ¼ 2;l ¼ 1Þ ¼ −27.2887…meV;

ΔEa;bðn ¼ 2;l ¼ 0Þ − ΔEa;bðn ¼ 2;l ¼ 1Þ ¼ −208.2401…meV: ð20Þ

2. Matrix element of the scalar vertex meψ̄eψe insertion in the polarization loop

Two identical diagrams (c) in Fig. 3 with insertion of the scalar vertex meψ̄eψe in the electron polarization loop arise as
one-loop radiative corrections to the electron mass term in the EMT trace, see Eq. (2). Contribution to the energy shift from
the sum of these identical diagrams has the form

ΔEcðn;lÞ ¼ 2e
Z

d3rhnljmeψ̄eðrÞψeðrÞjnli ¼ 2e
Z

d3rψ†
nlðrÞψnlðrÞA0

mðrÞ; ð21Þ

where A0
mðrÞ is the radiative correction to the Coulomb potential due to one of the two diagrams (c) in Fig. 3.

Field A0
mðrÞ is determined by the electron polarization loop iπμν1 ðqÞ with the mass insertionme in Fig. 6, which is defined

by the Feynman integral

iπμν1 ðqÞ ¼ ð−ieÞ2ð−1Þme

Z
d4k
ð2πÞ4 Tr

�
γμ
�

i
k −me þ iϵ

�
2

γν
i

k − =q −me þ iϵ

�
: ð22Þ

Naively this integral is linearly divergent, but due to gauge invariance iπμν1 ðqÞ ¼ iðgμνq2 − qμqνÞπ1ðq2Þ and the
remaining integral is convergent and does not require any new counterterm. This is unlike the case of the standard
polarization loop, where even after account for gauge invariance the logarithmic divergence survives and requires a
counterterm. Calculating π1ðq2Þ we obtain (see Eq. (26) in [38])

π1ðq2Þ ¼
e2m2

ei
π2

1 −
4m2

etanh−1

� ffiffiffiffiffiffiffiffiffi
−q2

4m2
e−q

2

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−q2ð4m2

e−q2Þ
p
−2q2 jq2¼−q2;q2=m2

e→0

→
2αi
π

�
1

6
−

q2

30m2
e
þ q4

140m4
e
þ…

�
: ð23Þ

FIG. 6. Polarization loop with the scalar vertex insertion me.
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Next we separate the leading term in the small momentum expansion

π1ðq2Þ ¼
α

3π
iþ i

e2

π2

2
6666664
m2

e

1 −
4m2

etanh−1

� ffiffiffiffiffiffiffiffiffi
q2

4m2
eþq2

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2ð4m2

eþq2Þ
p
2q2

−
1

12

3
7777775
¼ α

3π
iþ i

e2

π2
π̃1ð−q2Þ: ð24Þ

We separated the first term because, as we will see below, it will exactly cancel with the contribution of the anomalous
EMT trace term β=ð2eÞF2 in the diagram (d) in Fig. 3.
In terms of π̃1ð−q2Þ the radiatively corrected Coulomb field A0

mðrÞ has the form

A0
mðrÞ ¼ −Ze

Z
d3q
ð2πÞ3 e

iq·r 1

q2

�
α

3π
þ e2

π2
π̃1ð−q2Þ

�
¼ −

Zeα
12π2r

−
Ze3

π2

Z
d3q
ð2πÞ3 e

iq·r π̃1ð−q2Þ
q2

: ð25Þ

Next we plug this expression in Eq. (21), and arrive at the contribution to the energy level

ΔEcðn;lÞ ¼ 2e
Z

d3rψ†
nlψnlðrÞA0

mðrÞ

¼ −
2αðZαÞ
3π

Z
d3rψ†

nl
1

r
ψnlðrÞ − 32αðZαÞ

Z
d3rψ†

nlψnlðrÞ
Z

d3q
ð2πÞ3 e

iq·r π̃1ð−q2Þ
q2

≡ ΔEc1 þ ΔEc2: ð26Þ

We will discuss ΔEc1 below together with the contribution of the diagram (d) in Fig. 3. To calculate ΔEc2 we plug the
explicit expression for π̃1ð−q2Þ from Eq. (24) in the integral in Eq. (26) and rescale the integration variable q ¼ mrZαq̃.
Then we obtain ΔEc2ðnlÞ in the form

ΔEc2ðnlÞ ¼ −
64αðZαÞ2mr

π2n3

Z
dρρf2nlðρnÞ

Z
∞

0

dq̃
sinðq̃ρÞ

q̃

2
666664β

2

1 −
4β2tanh−1

� ffiffiffiffiffiffiffiffiffi
q̃2

4β2þq̃2

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q̃2ð4β2þq̃2Þ

p
2q̃2

−
1

12

3
777775 ð27Þ

Numerically for n ¼ 2 we obtain

ΔEc2ðn ¼ 2;l ¼ 0Þ ¼ 251.4737…meV; ΔEc2ðn ¼ 2;l ¼ 1Þ ¼ 40.0008…meV;

ΔEc2ðn ¼ 2;l ¼ 0Þ − ΔEe
c2ðn ¼ 2;l ¼ 1Þ ¼ 211.4729…meV: ð28Þ

Notice that as in electronic hydrogen this contribution
has an opposite sign to the vacuum polarization result in
Eq. (12) (in that case it was −2ΔEe

VP, but now we do not
expect to get the same factor 2).

3. Matrix element of the anomalous term ðβe=2eÞF2

insertion in the Coulomb photon

Diagram (d) in Fig. 3 arises as matrix element of the
electron loop contribution to the anomalous EMT term

ðβeðeÞ=2eÞF2 in Eq. (2). This diagram is similar to
diagram (c) in Fig. 3, the only difference is that instead
of insertion of the term iπμν1 in the external Coulomb
propagator as in Eq. (25), we now insert the two-prong
vertex ðβe=2eÞF2. In momentum space it has the form
4ðβe=ð2eÞÞðgμνq2 − qμqνÞ, which reduces to insertion of
4ðβe=ð2eÞÞ in the Coulomb line. We use 4βeðeÞ=2e ¼
2α=3π and obtain the leading nonrelativistic contribution
of the diagram (d) in Fig. 3
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ΔEd ¼
2αðZαÞ

3

Z
d3rψ†

nlðrÞψnlðrÞ: ð29Þ

This contribution has the same magnitude, but an
opposite sign as the contribution ΔEc1 in Eq. (26)

ΔEd ¼ −ΔEc1: ð30Þ

Cancellation between the contribution of the anomalous
EMT trace term in Fig. 3(d) and the term ΔEc1 from
diagram (c) in Fig. 3 happens not by an accident. Recall that
the diagram (c) arises as a logarithmic electron mass
derivative of the unrenormalized electron loop in Fig. 4.
This diagram implicitly contains a logarithmically diver-
gent term δZ3e which becomes a finite constant contribu-
tion to the electron loop in Fig. 3 after differentiation and
the leading term in the low-momentum expansion in
Eq. (23). But

m
dδZ3

dm
¼ −μ

dδZ3

dμ
¼ 2βðeÞ

e
≈
2α

3π
: ð31Þ

The first equality on the right-hand side (rhs) holds
because the counterterm δZ3 ¼ Πð2Þ

regð0Þ is linear in
lnðμ=mÞ, see Eq. (A5). We see that cancellation of the
anomalous contribution of the diagram (d) in Fig. 3 is due
to the definition of the β-function.
Let us mention that the cancellation is due exclusively to

the definition of the β-function and holds also beyond the
nonrelativistic approximation for the wave functions.

V. SUMMARY

We derived explicit formulas [see Eqs. (11), (19), and
(27)] for the one-loop nonrelativistic contributions to the
Lamb shift in muonic hydrogen from the polarization type
EMT trace diagrams with the electron loop. We used these
formulas to calculate numerically Lamb shift contributions
of the trace diagrams for n ¼ 2. To obtain the total
contribution of the electron polarization type diagrams in
Fig. 3 for n ¼ 2 we sum contribution is Eqs. (20) and (28)

ΔEðn ¼ 2;l ¼ 0Þ ¼ 2ΔEa;bðn ¼ 2;l ¼ 0Þ þ ΔEc2ðn ¼ 2;l ¼ 0Þ ¼ −219.5839…meV;

ΔEðn ¼ 2;l ¼ 1Þ ¼ 2ΔEa;bðn ¼ 2;l1Þ þ ΔEe
c2ðn ¼ 2;l ¼ 1Þ ¼ −14.5765…meV;

ΔEðn ¼ 2;l ¼ 0Þ − ΔEðn ¼ 2;l ¼ 1Þ ¼ −205.0073…meV: ð32Þ

These results are in full agreement with the standard
electron loop polarization contribution in Eq. (12) from the
diagrams in Fig. 4. Hence, the sum of all one-loop EMT
trace diagrams Figs. 1–3 reproduces one-loop contribution
to the Lamb shift in muonic hydrogen, as it should in
accordance with the gauge and renormalization scheme
independent Eqs. (1) and (5).
Technically, at the one-loop level, this happens due two

observations. First, the energy of an energy level of a bound
state is a homogeneous function of all independent mass
parameters of the first degree. Then, due to the Euler’s
theorem, the sum of logarithmic mass derivatives with
respect to all independent mass parameters coincides with
the energy level itself. Second, logarithmic mass derivatives
of the standard diagrams for an energy level generate the
EMT trace diagrams. We demonstrated this last property
considering one-loop corrections to energy levels in
muonic hydrogen, but we expect this relationship between
the diagrams to hold beyond the leading order as well.
Taken together these two observation would provide an
independent diagrammatic proof of Eq. (1) for bound state
with a few independent mass parameters.
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APPENDIX A: ONE-LOOP RENORMALIZATION
CONSTANTS

We use dimensional regularization (d ¼ 4 − 2ϵ) and
mass-shell renormalization scheme. QED Lagrangian in
this scheme is

L0 ¼ Lþ δL ¼ −
1

4
F2
0 þ ψ̄0ði∂ −m0Þψ0 − e0ψ̄0=A0ψ0;

ðA1Þ

where

L ¼ −
1

4
F2 þ ψ̄ði∂ −mÞψ − μϵeψ̄=Aψ ;

δL ¼ −
1

4
δZ3F2 þ ψ̄ðiδZ2∂ − δmÞψ − μϵeδZ1ψ̄=Aψ : ðA2Þ
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The renormalization constants are defined as

Z1 ¼ 1þ δZ1; Z2 ¼ 1þ δZ2; Z3 ¼ 1þ δZ3; e0 ¼ μϵZ
−1
2

3 e;

m0 ¼ mZmZ−1
2 ; mZm ¼ mð1þ δZmÞ ¼ mþ δm; δm ¼ m −m0 ¼ m −mZmZ−1

2 : ðA3Þ

In the one-loop approximation3

Πregðq2Þ ¼ −
2α

π

Z
1

0

dxxð1 − xÞ
�
1

ϵ̃
þ ln

μ2

−xð1 − xÞq2 þm2

�
;

ΣregðpÞ ¼
α

2π

Z
1

0

dx



ð2m − x=pÞ

�
1

ϵ̃
þ ln

μ2

−xð1 − xÞp2 þ xλ2 þ ð1 − xÞm2

�
− ðm − x=pÞ

�
; ðA4Þ

where μ is the auxiliary dimensional regularization mass, λ is the IR photon mass, and 1=ϵ̃ ¼ 1=ϵ − γ þ lnð4πÞ.
The one-loop counterterms in the mass shell renormalization scheme are

δZ3 ¼ Πregð0Þ ¼ −
α

3π

�
1

ϵ̃
þ ln

μ2

m2

�
;

mδZ2 − δm ¼ ΣregðmÞ ¼ 3α

4π
m
�
1

ϵ̃
þ ln

μ2

m2
þ 4

3

�
≡ δm;

δZ2 ¼ Σ0
regð=p ¼ mÞ ¼ −

α

4π

�
1

ϵ̃
þ ln

μ2

m2
þ 2 ln

λ2

m2
þ 4

�
;

δZ1 ¼ −Λregð0Þ ¼ −
α

4π

�
1

ϵ̃
þ ln

μ2

m2
þ 2 ln

λ2

m2
þ 4

�
;

δm ≡ δZmm ¼ mδZ2 − ΣregðmÞ ¼ α

4π
m

�
−
4

ϵ̃
− 2 ln

�
λ2

m2

�
− 4 ln

�
μ2

m2

�
− 8

�
: ðA5Þ

APPENDIX B: SCHRÖDINGER-COULOMB BOUND STATE WAVE FUNCTIONS

To specify notation and for completeness we collect below the Schrödinger-Coulomb wave functions for a particle with
mass mr in the Coulomb potential ð−Zα=rÞ, see, e.g., [48]. The normalized bound state wave function has the form4

ψnlmðrÞ ¼ Ylmðθ;ϕÞRnlðrÞ; ðB1Þ

where (ρn ¼ mrZαr=n)

RnlðrÞ ¼ 2

�
mrZα
n

�3
2

fnlðρnÞ; ðB2Þ

and

fnlðρnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − l − 1Þ!
nðnþ lÞ!

s
e−ρnð2ρnÞlL2lþ1

n−l−1ð2ρnÞ: ðB3Þ

3We use the Feynman gauge for calculations.
4Unlike [48], we use Laguerre polynomials as defined in Mathematica.
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