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Energy levels of multiscale bound states from QED energy-momentum trace
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Energy levels of quantum electrodynamics (QED) bound states, which depend on a number of
independent mass parameters, can be calculated as matrix elements of the QED energy-momentum tensor
trace. As an example of such system we consider muonic hydrogen. The leading one-loop corrections to its
energy levels depend on the electron and muon masses. These corrections are calculated as matrix elements
of the energy-momentum tensor trace. Respective one-loop trace diagrams are different from the standard
Lamb shift diagrams. We explain analytically and diagrammatically why two different sets of diagrams lead

to the same results. Similar relationships should also hold beyond the one-loop approximation.
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I. INTRODUCTION

Energy-momentum tensor (EMT) T#, its form factors
and anomalous trace became an active field of experimental
and theoretical research in the mid-1990s [1-6]. EMT form
factors describe mechanical properties of hadrons [7] and
their gravitational interactions [8,9]. Both experimental and
theoretical research is concentrated on the properties of
hadron EMT, described by the low-energy quantum
chromodynamics (QCD). Low-energy effective theories,
nonperturbative methods and models are used in theoretical
research on hadron EMT, see, e.g., [10-20] and references
therein.

Quantum electrodynamics (QED) EMT is similar to the
QCD EMT, but unlike QCD, QED admits low-energy
perturbative calculations. Due to availability of perturbative
calculations research on QED EMT can provide a new
perspective on the properties of EMT in gauge theories.
Perturbative QED calculations of free particle EMT were
initiated a long time ago in [21-24] and were further
developed in recent papers [25-40], where a number of
one-loop corrections to form factors, matrix elements, and
EMT trace for a free and bound electron were calculated.

Hadrons are QCD bound states, so from the perspective of
hadron physics, perturbative QED calculations of bound
electron EMT are of special interest [18,29,30,32,33,36-39].
The one-loop Lamb shift in hydrogen was calculated in
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[38,39] using the well-known (see, e.g., [30,41] and refer-
ences therein) relationship between the EMT trace and mass
(energy levels) of a particle (fundamental or a bound state)
with zero momentum (p = 0)

ol ())0)
=T e M

This universal formula is valid in any quantum field theory
both perturbatively and nonperturbatively. We will use it in
perturbation theory with nonrelativistic normalization.

The set of Feynman diagrams which contribute to the
matrix element in Eq. (1) in ordinary hydrogen does not
coincide with set of the textbook diagrams for the Lamb
shift. It was explained analytically and diagrammatically in
[38,39] why two different sets of Feynman diagrams lead to
one and the same result. The calculations and interpretation
of the results in [38,39] were significantly simplified by the
presence of only one mass scale, namely, the electron mass
(only nonrecoil corrections were considered in [38,39]).

In the case of bound state energy levels which depend
not on one, but on a number of independent mass
parameters, the argumentation presented in [38] is insuffi-
cient. Our goal below is to generalize considerations in [38]
to the case of a few independent mass parameters. We show
that the diagrams for the EMT trace arise as logarithmic
mass derivatives with respect to all independent mass
parameters of the usual diagrams for the energy levels.
It is explained why this means that the EMT trace matrix
element can be used for calculations of energy levels. We
illustrate these conclusions by explicit one-loop calcula-
tions for muonic hydrogen. Unlike the ordinary hydrogen
energy levels in muonic hydrogen even in the nonrecoil
approximation depend on two scales, the electron and
muon masses, and from a diagrammatic point of view it is
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FIG. 1. Self-energy type trace Lamb shift diagrams.

not immediately clear why the trace diagrams generate
correct results for the muonic hydrogen energy levels. We
calculate the trace diagrams for muonic hydrogen in the
one-loop approximation, show that they reproduce well
known one-loop results for muonic hydrogen energy levels,
and explain why this happens.

II. ONE-LOOP EMT TRACE DIAGRAMS

In QED with two massive fermion flavors (electron and
muon) the trace of EMT has the form

TGﬂ = [Tﬂu]R = (1 + yfn)[l/_/emel//e]R

FO+Ammpd+ B2 R, @)

where the one-loop f-function, f(e) = °(e) + p*(e), is a
sum of the electron and muon contributions f¢(e)/2e =
p#(e)/2e = a/(6x), mass anomalous dimensions y¢, =
ym = 3a/(2x), M,y is the mass of the respective fermion,
not the mass of a particle or bound state under consid-
eration. The conserved EMT operator is not renormalized,
SO Tg” in terms of bare fields (from which the bare (total)
Lagrangian is constructed) coincides with the renormalized
EMT [T*],,' which generates renormalized (UV finite)
Green functions with renormalized fields y. Notice, that
due to the scale anomaly the EMT trace is nonzero even in
QED and QCD with massless leptons (quarks).

We calculate the matrix element of the EMT trace in
Eq. (2) in the Furry picture [42-44], where the role of the
free muon propagator plays the Dirac-Coulomb Green’s
function

i i
po—a-p—p(m, —ie) =V

V = —Za/r is the Coulomb potential and i in the numer-
ator is included for consistency with the free Feynman
propagator.

1 L
‘We use mass-shell renormalization scheme.

In terms of eigenfunctions the propagator has the form
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where summation goes over all states of discrete and

continuous spectrum, 1//5[” (r) and yfg,_)(r) are eigenfunc-

tions of the Dirac Hamiltonian in the external Coulomb
field with positive and negative energies, respectively.
These eigenfunctions are normalized to one with the
integration measure | d’r.

The one-loop muonic hydrogen matrix element in Eq. (1)
in the Furry picture in terms of the renormalized fields has
the form (see Appendix A for notation)

T~ / d3r<,u|[me - 6mg + men(e) + meézZE]lpe(r)l//e(r)

+/}€2¥F2(r) + [m, — 6m, 4+ myn(e)
FmsZ ), r) + 0 ), )

where |u) is the muon bound state in the external
Coulomb field.

There are two sets of the tree and one-loop diagrams for
the matrix element in Eq. (5): self-energy type diagrams in
Fig. 1 and vacuum polarization type diagrams in Fig. 2 and
in Fig. 3. The trace diagrams in Figs. 1 and 2 differ from the
respective diagrams in electronic hydrogen only be the
substitution m, — m,,. In that case the sum of diagrams in
Figs. 1 and 2 reproduces the Dirac energy and one-loop
Lamb shift contributions to the energy levels [38]. This is
not the case for muonic hydrogen. The new element in
muonic hydrogen is connected with the electron polariza-
tion contributions in Fig. 3. They do not coincide with the
well known muonic hydrogen electron vacuum polarization
diagrams in Fig. 4. According to Eq. (1) and the trace
theorem both sets of diagrams lead to the same results, and
we would like to understand what properties of diagrams
are responsible for this coincidence. We considered similar
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FIG. 3.

FIG. 4. Classical electron polarization Lamb shift diagrams in
muonic hydrogen.

diagrams for electronic hydrogen in [38] and demonstrated
that the trace diagrams arise as logarithmic mass derivatives
of the diagrams in Fig. 4. The only subtlety was that one
needs to remember to differentiate the state vectors in the
matrix elements. The energy levels in the electronic hydro-
gen are linear in the electron mass and therefore logarithmic
mass derivative of an energy level (matrix element of the
sum of the trace diagrams) coincides with the energy level
itself. We also proved this by directly calculating the sum of
the EMT trace diagrams.

Due to presence of two different mass scales (m, and m,,)
the logic based on linearity is not directly applicable for
muonic hydrogen. Below we generalize the linearity argu-
ment for equality of the standard Lamb shift diagrams in
muonic hydrogen and trace diagrams in Figs. 1-3. We also
directly calculate contribution of the diagrams in Fig. 3 to
the one-loop Lamb shift.

III. MULTISCALE PROBLEMS

The equality of an energy level and its logarithmic mass
derivative does not hold beyond the nonrecoil approxima-
tion even in electronic hydrogen and in the bound state
problems with multiple mass scales, like muonic hydrogen.
Then arises a natural question how the matrix element of
the EMT trace in Eq. (1) reproduces the bound state energy

Electron vacuum polarization type trace Lamb shift diagrams.

levels in the problem with multiple scales. We address this
problem in the case of muonic hydrogen, which is one of
the simplest bound states with two mass scales. Below we
explicitly calculate the contribution of the diagrams in
Fig. 3 and show that it coincides with the contribution of
the diagrams in Fig. 4. Combined with the results for the
diagrams in Figs. 1 and 2 in [38] (after the natural
substitution m, — m,, there), this proves that the matrix
element in Eq. (1) and Eq. (5) generates a correct one-loop
contribution to the energy levels in muonic hydrogen.

Now we would like to address a more general case of
energy levels of a bound state with a few independent mass
parameters m;, i = 1,2, ..., k. Energy of any state charac-
terized by a multi-index n has dimension of mass, so even
in a multiscale problem E,(m,m,,...,my) is a homo-
geneous function of the first degree, i.e., satisfies the
condition

E,(amy,am,, ...,am;) = aE,(m;,my, ...,my), (6)
where « is an arbitrary parameter.
Then
%En(aml,amz, cevamy) = E,(my,my, ...,my).  (7)
On the other hand,
%En(aml,amz, e omy,)
i—k
oF , R
_ Z W(amy, am, anmy) m, (8)
— d(am;)

and at @ = 1 we obtain the Euler’s homogeneous function
theorem
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FIG. 5. Classical one-loop Lamb shift diagrams in electronic hydrogen.
ZKOE, (my,m,, ....my) constant and generates two last diagrams in Fig. 3. Due to the
E,,(ml,mz,...,mk) = m;. (9)

P om;

We see that the sum of the logarithmic mass partial
derivatives of an energy level in a multiscale problem
coincides with the energy level itself. Diagrammatically
this means that the sum of diagrams for an energy level
coincides with the sum of another set of diagrams obtained
from the first set by logarithmic differentiation with respect
to all mass parameters. On the basis of our experience with
the free electron [35] and ordinary hydrogen [38] we expect
that logarithmic mass differentiation of the standard Lamb
shift diagrams generates diagrams for the trace.

Let us consider muonic hydrogen as a simple case of a
multiscale problem. The classical one-loop Lamb shift
diagrams in muonic hydrogen are in Figs. 4 and 5, where
in the last figure all fermion lines are muonic. In electronic
hydrogen only the diagrams in Fig. 5 contribute to the one-
loop Lamb shift. We have demonstrated in [38] that after
logarithmic mass differentiation these diagrams generate
diagrams in Figs. 1 and 2 with all electronic fermion lines. We
have also calculated the sum of the diagrams in Figs. 1 and 2
for the electronic hydrogen and checked that it reproduces the
one-loop Lamb shift. After rescaling m, — m,, these results
hold for muonic hydrogen, in other words the one-loop
contribution of the diagrams in Fig. 5 with all muon lines
coincides with the sum of the diagrams in Figs. 1 and 2.

The leading classical one-loop contribution to the Lamb
shift in muonic hydrogen is due to the diagrams in Fig. 4. By
the same mechanism as considered in [38] the logarithmic
muon mass derivative of the state vectors not shown
explicitly in the diagrams generates the first four diagrams
in Fig. 3 with the muon mass insertions in the muon line. The
logarithmic electron mass derivative differentiates the elec-

tron loop and the electron contribution to the renormalization|

general relationship in Eq. (9) the contributions of the
diagrams in Figs. 4 and 3 should coincide. We check this
general prediction by direct calculations in the next section.

IV. DIAGRAMS WITH ELECTRON
POLARIZATION

A. One-loop electron polarization loop
contribution to the Lamb shift

The classical electron polarization loop contribution to
the Lamb shift in muonic hydrogen is given by the
diagrams in Fig. 4. The leading one-loop contribution of
these diagrams is of order a(Za)*m, (see below), and,
hence, it is sufficient to use the free electron propagator in
the polarization loop, account for the binding effects in this
loop generates contributions of higher orders in Za. Unlike
ordinary hydrogen in muonic hydrogen contribution of P-
level is not parametrically suppressed in comparison with
the contributions of S levels, so we need to calculate both to
obtain the Lamb shift.

The field Hamiltonian H, = [d*xHE, = e [d*xp,rox
w, A% (x) describes interaction of the static external
Coulomb field with the muon. One-loop corrected static
Coulomb field in Fig. 4 has the form (see, e.g., [45])

VB

<
(10)

Ze2a [ 1
0 - _ —2pp¢ I
Aext,eloop (r) - Anr3n . dCe op <1 + 2§2>

where p = m,Zar, m, = m,m,/(m, + m,) is the reduced
muon-proton mass and f = m,/(m,Za).

The respective leading nonrelativistic contribution to the
Lamb shift is

AE@P(”’ f) = <nbﬂ|Hient|”f> =e / d3r<”f|’/_/ﬂ(r)YOWM(r)Agxt,eloop(r)|"£>

2°Z d3 0 1 2 1
=2 [t [ e (14 ) YT
S8alZ 2 . 00 00 1 2 _ 1
R " vdosicon) | dée-zﬂﬂé“(l +2—§2) —ng (1)

where f,.(p,) is defined in Appendix B.
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Numerically for n = 2 we obtain

AES,(n=2,¢ =0) = —219.5839...meV,

AES (n =2, =0) = AESp(n = 2,£ = 1) = —205.0073...meV.

B. Calculations of the trace diagrams in Fig. 3

In the case of electronic hydrogen calculations of the
diagrams in Fig. 3 were simplified by the fact that the
characteristic scale of exchanged momenta m,Za is much
smaller than momenta of order m, in the polarization loop.
Due to this observation it was sufficient to account only for
the leading term in the small momenta expansion of the
polarization loop what allowed us to conclude before
calculations that the sum of the last two diagrams in
Fig. 3 is equal —2EY,, [38], where EY,, is the contribution
of the diagrams in Fig. 4. Moreover, we also concluded
before calculation that the contributions of the first four
sidewise diagrams in Fig. 3 is equal 3EY,, and therefore sum
of all diagrams in Fig. 2 reproduces the standard contribution
of the diagrams in Fig. 4 in electronic hydrogen. All these
conclusions were confirmed in [38] by direct calculations.

The exchanged momenta in muonic hydrogen are of
order m,Za and the electron polarization loop momenta of
order m, have comparable magnitude and we cannot use
low momenta expansion of the electronic loop. Hence, the
diagrams with the electronic loops in Fig. 3 in muonic
hydrogen should be calculated from scratch. Like in
ordinary hydrogen we expect that diagram (c) in Fig. 3
with the scalar vertex insertion in the electron loop, which
is equal the logarithmic derivative of the unrenormalized
diagram with the electron loop, will generate a term which
will cancel contribution of diagram (d) with the f,-function
in Fig. 3, which arises from the logarithmic derivative of the
contribution to 6Z3, of the electron loop.

1. Matrix element of m,y,y, with sidewise insertion of
the polarization loop

The first four external field diagrams in Fig. 3 arise as the
one-loop perturbation theory corrections to the matrix
element of the scalar vertex m,p,y, in Eq. (2). The
electron loops in these diagrams are renormalized by the
two diagrams with 6Zs,, which are due to the Lagrangian
counterterm. We use the standard one-loop expression for
the renormalized electron polarization loop for their cal-
culation. The contributions to the energy shift of the
diagrams (a;) and (b,) in Fig. 3 with the renormalized
electron one-loop insertion in the Coulomb photon are
equal and can be written in the form

AE, = AEb =e / d3"d3’Jl//n(r)A(e)xt,eloop(r)

X [_iGr(rv r, En)}mi/ol//n(/)» (13)

AES,(n=2.¢ = 1) = —14.5765...meV,
(12)

where A, , loop (I") 18 defined in Eq. (10), y,, (r) is the Dirac-

Coulomb bound state wave function and G,(E,r,r’) is the
reduced Dirac-Coulomb Green’s function [compare

Eq. (4)]
PV LN ,
g-u) )=\ ")

(14)
We define a perturbed wave function ,, as

i|k)(k
s,

k#n

G, (E.r.r) = <r

Wlr) = [ PG B ) (19
Then Eq. (13) acquires the form

AE, = 8B, = [ @y (A0 (16)

The perturbed wave function v, (r) can be calculated
analytically in a closed form with the help of the virial
relationships derived in [46,47]. The explicit relativistic
formulas for the four-component Dirac wave functions
were repor’[ed2 in Appendix C of Ref. [38]. In the present
work we perform calculations only in the lowest order in
the parameter Za. It is thus sufficient to use the non-
relativistic limit of the perturbed wave function, which has
the simple form

3 d
woet) = (5475 w0 ()
and respectively
- 3 d
fnf(pn) = <E+r5>fnf(pn)' (18)

Then the contribution to the energy shift in Eq. (16) can
be written in the form similar to Eq. (11)

*We use the opportunity to correct two misprints in Ref. [38].
First, in the second line in Eq. (C5) the third term should be G, not
F. Second, the term Za in the second line of Eq. (C21) should
have an opposite sign, as immediately follows from Eq. (C20).
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3 0 2 _
AE,4(n.0) = 2500 [ vty [T dges (1 +L>E

3z 282 &
SalZ 2 0 - co 1 \ 2—1
= _%l pdpfnf(pn)fnf(pn) [ dé’e—Z/)ﬁi (1 + 2_§2> 2—2 (19)

Numerically for n = 2 we obtain

AE,,(n=2.£ =0) = -2355288..meV,  AE,,(n=2./=1)=-27.2887...meV,
AE,,(n =2, =0)—AE, ,(n =2,£ = 1) = —208.2401...meV. (20)

2. Matrix element of the scalar vertex m,y,y, insertion in the polarization loop

Two identical diagrams (c) in Fig. 3 with insertion of the scalar vertex m iy, in the electron polarization loop arise as
one-loop radiative corrections to the electron mass term in the EMT trace, see Eq. (2). Contribution to the energy shift from
the sum of these identical diagrams has the form

AE (n.¢) = 26’/d3r<nf|melﬁe(r)we(r)|nf> = Ze/d3rl/’l:f(r)l//nf(r)’431(r)v (21)

where A% (r) is the radiative correction to the Coulomb potential due to one of the two diagrams (c) in Fig. 3.
Field A9, (r) is determined by the electron polarization loop iz/*(g) with the mass insertion m, in Fig. 6, which is defined
by the Feynman integral

i (a) = ier-im, [ Al () i (22)

(27)* k—m, +ie) | K—f—m,+ic|

Naively this integral is linearly divergent, but due to gauge invariance iz|"(q) = i(¢"'q* — ¢"q")n1(¢*) and the
remaining integral is convergent and does not require any new counterterm. This is unlike the case of the standard
polarization loop, where even after account for gauge invariance the logarithmic divergence survives and requires a
counterterm. Calculating f:l(qz) we obtain (see Eq. (26) in [38])

4m2tanh™! (1 /2"22>
4ms—q
_emki ! T ) il ¢ g
o -24* gt gm0 T \6 30m2  140mi )"

(23)

=il (¢*)

me

FIG. 6. Polarization loop with the scalar vertex insertion m,.
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Next we separate the leading term in the small momentum expansion

2
2eanh—1 q
4mtanh < 4m§+q2>
1-

a . . 7 (4m+q’) 1 a . et
ﬂl(qz)zgl‘Fl; mg \/2q2 _ﬁ :§l+l;ﬂ'](—q2). (24)

We separated the first term because, as we will see below, it will exactly cancel with the contribution of the anomalous
EMT trace term f3/(2¢)F? in the diagram (d) in Fig. 3.
In terms of 7,(—¢g*) the radiatively corrected Coulomb field A9 (r) has the form

g . 1 (a e Zea Zed [ dq . 7(—q%)
AV (r) = -2Z iqr —_ | Z 1+~ 7. (=g?) )| = ———_ " iqr . 25
m(r) e/ (27[)3 e qz ( + ”2 ”1( q )) 12”2r 7[2 / (277:)3 e q2 ( )

Next we plug this expression in Eq. (21), and arrive at the contribution to the energy level

AE.(n.£) = 2e / &y’ 1, (1) A ()

20(Za) + 1 + T A G
=== / d3rwnf;l//nf(r) - 32a(Za) / dEry e (r) / (2”)36" p

= AEcl + AEcz. (26)

We will discuss AE,.; below together with the contribution of the diagram (d) in Fig. 3. To calculate AE ., we plug the
explicit expression for #;(—¢?) from Eq. (24) in the integral in Eq. (26) and rescale the integration variable g = m,Zag.

Then we obtain AE,(n) in the form
4fPtanh™! <1 /ﬁ)

. 1 -
64a(Za)*m, w _sin(gp) 7 (4p*+3°) 1
AE(nt) = =T [ dppristpn) [T a0 | 27)

Numerically for n = 2 we obtain

AE,(n=2.¢=0)=2514737..meV,  AE,(n=2,¢=1)=40.0008...meV,
AE,(n=2.¢=0)—AE(n=2.¢=1) =211.4729...meV. (28)

Notice that as in electronic hydrogen this contribution  (5,(e)/2¢)F? in Eq. (2). This diagram is similar to
has an opposite sign to the vacuum polarization result in  diagram (c) in Fig. 3, the only difference is that instead
Eq. (12) (in that case it was —2AEY,,, but now we do not  of insertion of the term iz}” in the external Coulomb
expect to get the same factor 2). propagator as in Eq. (25), we now insert the two-prong

vertex (f3,/2e¢)F?. In momentum space it has the form

3. Matrix .eleme.nt O_f the anomalous term (f,/2e)F? 4(p./(2¢))(9u9* — 9,4,), Which reduces to insertion of

insertion in the Coulomb photon 4(p,/(2¢)) in the Coulomb line. We use 4f,(e)/2e =

Diagram (d) in Fig. 3 arises as matrix element of the = 2a/3x and obtain the leading nonrelativistic contribution
electron loop contribution to the anomalous EMT term  of the diagram (d) in Fig. 3
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28, =250 [ Pryletr). (9)

This contribution has the same magnitude, but an
opposite sign as the contribution AE,; in Eq. (26)

AEd - _AECI' (30)

Cancellation between the contribution of the anomalous
EMT trace term in Fig. 3(d) and the term AFE,; from
diagram (c) in Fig. 3 happens not by an accident. Recall that
the diagram (c) arises as a logarithmic electron mass
derivative of the unrenormalized electron loop in Fig. 4.
This diagram implicitly contains a logarithmically diver-
gent term 0Z3, which becomes a finite constant contribu-
tion to the electron loop in Fig. 3 after differentiation and
the leading term in the low-momentum expansion in
Eq. (23). But

|

457, déZy 2ple) 2a

31
dm du e (31)

The first equality on the right-hand side (rhs) holds
because the counterterm 6Z; = H@(O) is linear in
In(u/m), see Eq. (A5). We see that cancellation of the
anomalous contribution of the diagram (d) in Fig. 3 is due
to the definition of the g-function.

Let us mention that the cancellation is due exclusively to
the definition of the f-function and holds also beyond the
nonrelativistic approximation for the wave functions.

V. SUMMARY

We derived explicit formulas [see Eqgs. (11), (19), and
(27)] for the one-loop nonrelativistic contributions to the
Lamb shift in muonic hydrogen from the polarization type
EMT trace diagrams with the electron loop. We used these
formulas to calculate numerically Lamb shift contributions
of the trace diagrams for n = 2. To obtain the total
contribution of the electron polarization type diagrams in
Fig. 3 for n = 2 we sum contribution is Egs. (20) and (28)

=0) =2AE,,(n =2.£ =0) 4+ AE(n = 2,£ = 0) = —219.5839...meV,

¢
AE(n=2,£=1)=2AE,,(n =2,£1) + AE(n = 2,£ = 1) = —14.5765...meV,
¢

These results are in full agreement with the standard
electron loop polarization contribution in Eq. (12) from the
diagrams in Fig. 4. Hence, the sum of all one-loop EMT
trace diagrams Figs. 1-3 reproduces one-loop contribution
to the Lamb shift in muonic hydrogen, as it should in
accordance with the gauge and renormalization scheme
independent Eqgs. (1) and (5).

Technically, at the one-loop level, this happens due two
observations. First, the energy of an energy level of a bound
state is a homogeneous function of all independent mass
parameters of the first degree. Then, due to the Euler’s
theorem, the sum of logarithmic mass derivatives with
respect to all independent mass parameters coincides with
the energy level itself. Second, logarithmic mass derivatives
of the standard diagrams for an energy level generate the
EMT trace diagrams. We demonstrated this last property
considering one-loop corrections to energy levels in
muonic hydrogen, but we expect this relationship between
the diagrams to hold beyond the leading order as well.
Taken together these two observation would provide an
independent diagrammatic proof of Eq. (1) for bound state
with a few independent mass parameters.
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APPENDIX A: ONE-LOOP RENORMALIZATION
CONSTANTS

We use dimensional regularization (d =4 —2¢) and
mass-shell renormalization scheme. QED Lagrangian in
this scheme is

1 o _
Lo=L+6L= —ZF(% + o (i0 — mo)wo — egWohowos
(A1)

where

1
L= =2 F +plid—my - wephy,

1
oL = —Z(SZ3F2 + p(iZ,0 — 8,y — uedZ hy. (A2)
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The renormalization constants are defined as

1
Zl :l+5Z1, Z2: 1+5Z2, Z3:1+(SZ3, 60:ﬂ€Z32€,
my = mZ,Z5", mZ,, = m(l +6Z,) = m+6,, om=m-—my=m-mZ,7Z5". (A3)

In the one-loop approximation3

Mo () = —2—;%1 dxx(1 - ) E—Hn i _i‘)zqz +m2]’
salp) = [ s om e [ ) (A4

where u is the auxiliary dimensional regularization mass, A is the IR photon mass, and 1/&é = 1/e —y + In(4x).
The one-loop counterterms in the mass shell renormalization scheme are

a [1 u?
523 = Hrcg(O) = _g |:g+ lnﬁ] s

3 1 2 4
MZy = by = Lyeg (M) zﬁm[:—kln%—‘—ﬂ = ém,
/ I S e
0Z) = iey(p = m) = e {é+lnm2+2lnm2+4 .
1 2 /12
52, :—Areg(O):—%{——H —+21n——|—4]
v
a 4 2 u?
5m E(Sme = m5Z2—Zrcg(m) —Em{—g—21n<m ) 41 (W) —8:| (AS)

APPENDIX B: SCHRODINGER-COULOMB BOUND STATE WAVE FUNCTIONS

To specify notation and for completeness we collect below the Schrodinger-Coulomb wave functions for a particle with
mass m, in the Coulomb potential (—Za/r), see, e.g., [48]. The normalized bound state wave function has the form*

l//nfm(r) = Yfm(e’ ¢)Rnf(r)v (Bl)
where (p, = m,Zar/n)
Rar) =2(" 22 ), (82
and
o) = ([ e o) L (). (B3)

We use the Feynman gauge for calculations.
*Unlike [48], we use Laguerre polynomials as defined in Mathematica.

056012-9



MICHAEL I. EIDES and VLADIMIR A. YEROKHIN

PHYS. REV. D 113, 056012 (2026)

[1] X.D. Ji, Gauge-invariant decomposition of nucleon spin,
Phys. Rev. Lett. 78, 610 (1997).

[2] X.D. Ji, Deeply virtual Compton scattering, Phys. Rev. D
55, 7114 (1997).

[3] A. V. Radyushkin, Asymmetric gluon distributions and hard
diffractive electroproduction, Phys. Lett. B 385, 333 (1996).

[4] J. C. Collins, L. Frankfurt, and M. Strikman, Factorization
for hard exclusive electroproduction of mesons in QCD,
Phys. Rev. D 56, 2982 (1997).

[5] D. Kharzeev, H. Satz, A. Syamtomov, and G. Zinovjev, J /y
photoproduction and the gluon structure of the nucleon, Eur.
Phys. J. C 9, 459 (1999).

[6] E.R. Berger, M. Diehl, and B. Pire, Time-like Compton
scattering: Exclusive photoproduction of lepton pairs, Eur.
Phys. J. C 23, 675 (2002).

[7] M. V. Polyakov, Generalized parton distributions and strong
forces inside nucleons and nuclei, Phys. Lett. B 555, 57
(2003).

[8] I Y. Kobzarev and L. B. Okun, Gravitational interaction of
fermions, Zh. Eksp. Teor. Fiz. 43, 1904 (1962), https://jetp
.ras.ru/cgi-bin/e/index/e/16/5/p13437a=list.

[9] H. Pagels, Energy-momentum structure form factors of
particles, Phys. Rev. 144, 1250 (1966).

[10] X.D. Ji, A QCD analysis of the mass structure of the
nucleon, Phys. Rev. Lett. 74, 1071 (1995).

[11] X.D. Ji, Breakup of hadron masses and energy—momentum
tensor of QCD, Phys. Rev. D 52, 271 (1995).

[12] J. Hudson and P. Schweitzer, D term and the structure of
pointlike and composed spin-0 particles, Phys. Rev. D 96,
114013 (2017).

[13] M. V. Polyakov and P. Schweitzer, Forces inside hadrons:
Pressure, surface tension, mechanical radius, and all that,
Int. J. Mod. Phys. A 33, 1830025 (2018).

[14] D.E. Kharzeev, Mass radius of the proton, Phys. Rev. D
104, 054015 (2021).

[15] K. F. Liu, Proton mass decomposition and hadron cosmo-
logical constant, Phys. Rev. D 104, 076010 (2021).

[16] C. Lorcé, A. Metz, B. Pasquini, and S. Rodini, Energy-
momentum tensor in QCD: Nucleon mass decomposition and
mechanical equilibrium, J. High Energy Phys. 11 (2021) 121.

[17] X. Ji, Y. Liu, and 1. Zahed, Mass structure of hadrons and
light-front sum rules in the /# Hooft model, Phys. Rev. D
103, 074002 (2021).

[18] X. Ji and Y. Liu, Quantum anomalous energy effects on the
nucleon mass, Sci. China Phys. Mech. Astron. 64, 281012
(2021).

[19] X. Ji, Proton mass decomposition: Naturalness and inter-
pretations, Front. Phys. (Beijing) 16, 64601 (2021).

[20] A. Metz, B. Pasquini, and S. Rodini, Revisiting the proton
mass decomposition, Phys. Rev. D 102, 114042 (2020).

[21] K. A. Milton, Quantum corrections to stress tensors and
conformal invariance, Phys. Rev. D 4, 3579 (1971).

[22] K. A. Milton, Scale invariance and spectral forms for
conformal stress tensors. (Erratum), Phys. Rev. D 7, 1120
(1973); 7, 3821(E) (1973).

[23] F. A. Berends and R. Gastmans, Quantum electrodynamical
corrections to graviton-matter vertices, Ann. Phys. (N.Y.)
98, 225 (1976).

[24] K. A. Milton, Quantum electrodynamic corrections to the
gravitational interaction of the electron, Phys. Rev. D 15,
538 (1977).

[25] X.D. Ji and W. Lu, A modern anatomy of electron mass,
arXiv:hep-ph/9802437.

[26] B. Kubis and U. G. Meissner, Virtual photons in the pion
form-factors and the energy momentum tensor, Nucl. Phys.
A671, 332 (2000); A692, 647(E) (2001).

[27] J.F. Donoghue, B.R. Holstein, B. Garbrecht, and T.
Konstandin, Quantum corrections to the Reissner-
Nordstrom and Kerr-Newman metrics, Phys. Lett. B 529,
132 (2002); 612, 311(E) (2005).

[28] S. Rodini, A. Metz, and B. Pasquini, Mass sum rules of the
electron in quantum electrodynamics, J. High Energy Phys.
09 (2020) 067.

[29] B.d. Sun, Z. h. Sun, and J. Zhou, Trace anomaly contribu-
tion to hydrogen atom mass, Phys. Rev. D 104, 056008
(2021).

[30] X. Ji, Y. Liu, and A. Schifer, Scale symmetry breaking,
quantum anomalous energy and proton mass decomposi-
tion, Nucl. Phys. B971, 115537 (2021).

[31] A. Metz, B. Pasquini, and S. Rodini, The gravitational form
factor D(t) of the electron, Phys. Lett. B 820, 136501 (2021).

[32] X. Ji and Y. Liu, Momentum-current gravitational multi-
poles of hadrons, Phys. Rev. D 106, 034028 (2022).

[33] X. Ji and Y. Liu, Gravitational tensor-monopole moment of
hydrogen atom to order O(a), Phys. Rev. D 110, 114045
(2024).

[34] A. Freese, A. Metz, B. Pasquini, and S. Rodini, The
gravitational form factors of the electron in quantum
electrodynamics, Phys. Lett. B 839, 137768 (2023).

[35] M.1. Eides, One-loop electron mass and QED trace
anomaly, Eur. Phys. J. C 83, 356 (2023).

[36] A. Czarnecki, Y. Liu, and S.N. Reza, Energy-momentum
tensor of a hydrogen atom: Stability, D-term, and the Lamb
shift, Acta Phys. Pol. B Proc. Suppl. 16, 7 (2023).

[37] A. Czarnecki, Radiative corrections to mechanical proper-
ties of bound states, Proc. Sci. Radcor2023 (2024) 094.

[38] M. 1. Eides, Hydrogen energy levels from the anomalous
energy-momentum QED trace, Phys. Rev. D 110, 076020
(2024).

[39] M. L. Eides, My friends and hadron physics, Acta Phys. Pol.
B 56, 3 (2025).

[40] L. Chen, Z. Li, and M. Niggetiedt, On-shell matrix elements
of the EMT trace in gauge theories and heavy quark masses,
Phys. Lett. B 871, 139935 (2025).

[41] E. A. Dudas and D. Pirjol, A virial theorem in quantum field
theory, Phys. Lett. B 260, 186 (1991).

[42] W.H. Furry, On bound states and scattering in positron
theory, Phys. Rev. 81, 115 (1951).

[43] J.R. Sapirstein and D.R. Yennie, Theory of hydrogenic
bound states, Adv. Ser. Dir. High Energy Phys. 7, 560 (1990).

[44] S. Weinberg, The Quantum Theory of Fields. Vol. 1: Foun-
dations (Cambridge University Press, Cambridge, England,
2005), ISBN 978-0-521-67053-1, 978-0-511-25204-4.

[45] V.B. Berestetskii, E.M. Lifshitz, and L.P. Pitaevskii,
Quantum Electrodynamics (Pergamon Press, New York,
1982), ISBN 978-0-7506-3371-0.

056012-10


https://doi.org/10.1103/PhysRevLett.78.610
https://doi.org/10.1103/PhysRevD.55.7114
https://doi.org/10.1103/PhysRevD.55.7114
https://doi.org/10.1016/0370-2693(96)00844-1
https://doi.org/10.1103/PhysRevD.56.2982
https://doi.org/10.1007/s100520050039
https://doi.org/10.1007/s100520050039
https://doi.org/10.1007/s100520200917
https://doi.org/10.1007/s100520200917
https://doi.org/10.1016/S0370-2693(03)00036-4
https://doi.org/10.1016/S0370-2693(03)00036-4
https://jetp.ras.ru/cgi-bin/e/index/e/16/5/p1343?a=list
https://jetp.ras.ru/cgi-bin/e/index/e/16/5/p1343?a=list
https://jetp.ras.ru/cgi-bin/e/index/e/16/5/p1343?a=list
https://doi.org/10.1103/PhysRev.144.1250
https://doi.org/10.1103/PhysRevLett.74.1071
https://doi.org/10.1103/PhysRevD.52.271
https://doi.org/10.1103/PhysRevD.96.114013
https://doi.org/10.1103/PhysRevD.96.114013
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1103/PhysRevD.104.054015
https://doi.org/10.1103/PhysRevD.104.054015
https://doi.org/10.1103/PhysRevD.104.076010
https://doi.org/10.1007/JHEP11(2021)121
https://doi.org/10.1103/PhysRevD.103.074002
https://doi.org/10.1103/PhysRevD.103.074002
https://doi.org/10.1007/s11433-021-1723-2
https://doi.org/10.1007/s11433-021-1723-2
https://doi.org/10.1007/s11467-021-1065-x
https://doi.org/10.1103/PhysRevD.102.114042
https://doi.org/10.1103/PhysRevD.4.3579
https://doi.org/10.1103/PhysRevD.7.1120
https://doi.org/10.1103/PhysRevD.7.1120
https://doi.org/10.1103/PhysRevD.7.3821
https://doi.org/10.1016/0003-4916(76)90245-1
https://doi.org/10.1016/0003-4916(76)90245-1
https://doi.org/10.1103/PhysRevD.15.538
https://doi.org/10.1103/PhysRevD.15.538
https://arXiv.org/abs/hep-ph/9802437
https://doi.org/10.1016/S0375-9474(99)00823-4
https://doi.org/10.1016/S0375-9474(99)00823-4
https://doi.org/10.1016/S0375-9474(01)01148-4
https://doi.org/10.1016/S0370-2693(02)01246-7
https://doi.org/10.1016/S0370-2693(02)01246-7
https://doi.org/10.1016/j.physletb.2005.03.018
https://doi.org/10.1007/JHEP09(2020)067
https://doi.org/10.1007/JHEP09(2020)067
https://doi.org/10.1103/PhysRevD.104.056008
https://doi.org/10.1103/PhysRevD.104.056008
https://doi.org/10.1016/j.nuclphysb.2021.115537
https://doi.org/10.1016/j.physletb.2021.136501
https://doi.org/10.1103/PhysRevD.106.034028
https://doi.org/10.1103/PhysRevD.110.114045
https://doi.org/10.1103/PhysRevD.110.114045
https://doi.org/10.1016/j.physletb.2023.137768
https://doi.org/10.1140/epjc/s10052-023-11535-6
https://doi.org/10.5506/APhysPolBSupp.16.7-A19
https://doi.org/10.22323/1.432.0094
https://doi.org/10.1103/PhysRevD.110.076020
https://doi.org/10.1103/PhysRevD.110.076020
https://doi.org/10.5506/APhysPolB.56.3-A2
https://doi.org/10.5506/APhysPolB.56.3-A2
https://doi.org/10.1016/j.physletb.2025.139935
https://doi.org/10.1016/0370-2693(91)90989-4
https://doi.org/10.1103/PhysRev.81.115
https://doi.org/10.1142/ASDHEP

ENERGY LEVELS OF MULTISCALE BOUND STATES FROM QED ... PHYS. REV. D 113, 056012 (2026)

[46] V.M. Shabaev, Generalizations of the virial relations for the Precision Physics of Simple Atomic Systems, edited by S. G.
Dirac equation in a central field and their applications to the Karshenboim and V. B. Smirnov (Springer, Berlin, 2003) p. 97.
Coulomb field, J. Phys. B 24, 4479 (1991). [48] L.D. Landau and E.M. Lifshits, Quantum Mechanics:

[47] V.M. Shabaeyv, Virial relations for the Dirac equation and their Non-Relativistic Theory (Butterworth-Heinemann, Oxford,
applications to calculations of hydrogen-like atoms, in Boston, Johannesburg, 1991), ISBN 978-0-7506-3539-4.

056012-11


https://doi.org/10.1088/0953-4075/24/21/004

	Energy levels of multiscale bound states from QED energy-momentum trace
	I. INTRODUCTION
	II. ONE-LOOP EMT TRACE DIAGRAMS
	III. MULTISCALE PROBLEMS
	IV. DIAGRAMS WITH ELECTRON POLARIZATION
	A. One-loop electron polarization loop contribution to the Lamb shift
	B. Calculations of the trace diagrams in Fig. 3
	1. Matrix element of m&mu;&psi;&macr;&mu;&psi;&mu; with sidewise insertion of the polarization loop
	2. Matrix element of the scalar vertex me&psi;&macr;e&psi;e insertion in the polarization loop
	3. Matrix element of the anomalous term (&beta;e/2e)F2 insertion in the Coulomb photon


	V. SUMMARY
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: ONE-LOOP RENORMALIZATION CONSTANTS
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