Energy levels of multiscale bound
states from QED
energy-momentum trace

Michael Eides

Department of Physics and Astronomy
University of Kentucky, USA

PSAS 2026, May 18 - 22, 2026
Marietta Blau Institute for Particle Physics, Vienna, Austria

ME, Vladimir Yerokhin PRD 113, 056012 (2026)

Eides, Vienna, May 19, 2026 Multiscale EMT trace 1/27



Outline

© Energy-momentum tensor in QFT
© Multiscale problems

© Explicit calculations

@ Classic Lamb shift calculation

© Trace diagrams calculations

© Summary

Eides, Vienna, May 19, 2026 Multiscale EMT trace

2/27



Mass (energy levels) and energy-momentum tensor T/”(x)

Hamiltonian & EMT trace

@ |p) — state (fundamental or bound) with momentum p

o H= [d*xT%(x) - Hamiltonian
= [ &*x(p|T®(x)|p) = Ex(plp)

= (pITO)p) = B5F

Covariant normalization: (p|p) = 2E,V

— (p| T%(0)|p) = 2E;

Lorentz invariance: (p|T#(0)|p) = 2p*p”,
[ d3(p| T#,(x)|p) = 2m2V
e Rest frame [ d®x(0|T*,(x)|0) = m(0|0)

Translational invariance: (p|T"(x)|p) = (p| T**(0)|p)

(p|T#,.(0)|p) = 2m?

Eides, Vienna, May 19, 2026 Multiscale EMT trace



Mass (energy levels) and energy-momentum tensor T/”(x)

Hamiltonian & EMT trace

@ Rest frame & normalization independent expression

[P0 T 0) _ [0 TOR)0)
E= oo E= 0[0)

@ We will use nonrelativistic normalization in calculations

e Mass (energy levels) of fundamental bound states can be
calculated as matrix elements of QFT EMT trace!

@ These relationships hold both perturbatively and
nonperutrbatively
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Energy-momentum tensor

QED with two fermion flavors (electron and muon)

@ Renormalized perturbation theory, dimensional regularization
(d =4 —2¢)

Lo=L+L=—1FouFo + Loe + Loy
Loe = eo (i) — meo)tben — 0o Agtlen
Loy = Yuo(id — muo)buo — eotbpuoAotuo
e Symmetric EMT tensor (D, = 04 + iegAoa, B‘a = ga — iegAoq)
Ty = ﬁ%zeO’Y{”ﬁ}lﬁeo + ﬁlﬁuov{“ﬁ}wuo — Py FY ., + g FE

e Conserved EMT tensor is not renormalized T)" = [T"]g
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QED with two fermion flavors (electron and muon)

e EMT trace in gauge theories (QED, QCD, etc.) is anomalous

T8, = [Trur = (1 + 1) [Pemetielr + (1 + Vi) [Bumutiulr + 52[F2r

e Anomalous terms: %[Fz]R and & [emethe]r and yi[th,m, R

e QED:

3a

One-loop mass anomalous dimension: 7y, = vk = 52

@ Aim: calculate one-loop Lamb shift in muonic hydrogen as
matrix element of QED EMT trace
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Muonic hydrogen

@ One-loop EMT trace muonic hydrogen matrix element
T = (ul [ xTH,(x)|w)

~ [ d¥r(ullme — Sme + mg(e) + med Zaoelbe(r)e(r) + 25 F2(r)

Hmy — 5my + myh(e) + mub ZopJBu(r)ibu(r) + 2L F2(r) )

@ Tree and one-loop diagrams EMT trace diagrams

» + o - 1 — = + —x——

my Yy omy, my0 2,
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Figure: Self-energy type trace Lamb shift diagrams.
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Tree and one-loop diagrams EMT trace diagrams
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Figure: Muon vacuum polarization type trace Lamb shift diagrams.
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Figure: Electron vacuum polarization type trace Lamb shift diagrams.
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Classic one-loop Lamb shift diagrams
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Figure: Classic one-loop Lamb shift diagrams in electronic and muonic hydrogen.
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Figure: Classic electron polarization Lamb shift diagrams in muonic hydrogen.

Muonic hydrogen — classic
o Diagrams with electron loop polarization dominate:
AE ~ 220" m . 205 meV

o All other contributions are suppressed by o or Za, start with 3
AE ~1—2 meV
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Muonic hydrogen goals

o Calculate sum of trace diagrams

e Find connection between two sets of diagrams

o Explain why sums of two different sets of diagrams coincide
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One-loop EMT trace in electronic hydrogen (ME, 2024)
@ One-loop matrix element
T = [ d3r{nf| T,(r)|nt)
~ [ d3r(nf|[m — 5m + mym(e) + m6 Z]d(r)ib(r) + 2 F2(r)|ne)
@ One-loop perturbation theory diagrams for EMT trace

Tree and self-energy type diagrams:

+ e =
m m om moZy
+ ,_&4_' + e (\N\A + 1\{\/\/7 o
m m m
Vacuum polarization type diagrams:
- + - + -+
m m m m
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One-loop EMT trace in electronic hydrogen (ME, 2024)

o Diagrams for trace are different from the textbook Lamb shift
diagrams

o Two questions:

@ How these diagrams reproduce Lamb shift?

@ Why two different sets of diagrams produce the same result?

Classic Lamb shift calculation
@ Furry picture: QED in external Coulomb field

@ Two sets of one-loop diagrams: self-energy and polarization
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One-loop EMT trace in electronic hydrogen (ME, 2024)

@ Answers to questions above

© Trace diagrams arise as logarithmic mass derivatives of the
classic diagrams

@ Subtlety: one needs to remember to differentiate the state
vectors in the matrix elements!

© Energy levels in the electronic hydrogen are linear in the electron
mass —> logarithmic mass derivative of an energy level (matrix
element of the sum of the trace diagrams) coincides with the
energy level itself!

Back to muonic hydrogen
o Classic self-energy diagrams coincide with the sum self-energy
type trace diagrams
@ Classic muon loop diagrams coincide with the sum of muon
loop trace type diagrams
@ Nothing new in comparison with electronic hydrogen

@ These diagrams in muonic hydrogen are strongly suppressed in F

comparison with the diagrams with the electron loops!
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Muonic hydrogen diagrams with electron loops
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Figure: Classic electron polarization Lamb shift diagrams in muonic hydrogen.

@ Why and how sums of these diagrams coincide? £
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Generic multiscale problem

e E,(my, my, ..., my) — energy level of a bound state with a few
independent mass parameters m;, i =1,2,...k

e E,(m1, my,..., my) — homogeneous function of the first degree
(a - arbitrary parameter)
En(amy,amy,...,amy) = aE,(my, ma, ..., my)
d
SSEn(amy,amy, ... amy) = E,(my, ma, ..., my)
d o i=k OE,(amy,ams,...,amy
&EEn(amL amy,...,amg) = Zi:l ( d(am;) )mi

i=k OEn,(my,my,....m
— En(mla mp,..., mk) - Zi:l n(la—ink)mi

o This is Euler’s homogeneous function theorem
@ — in muonic hydrogen electron vacuum polarization type

trace Lamb shift diagrams are logarithmic derivatives of classic
electron polarization Lamb shift diagrams

o But: now we need to differentiate with respect both to the
electron and muon masses! 9
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Classic electron loop Lamb shift (muonic hydrogen)

Q ,

® ®
o HE, = [ d3xHS, = e [ d®*xh,010, A%, (x) — field Hamiltonian
@ One-loop corrected static Coulomb field:
Ot oaplr) = —Z2 22 1% dge25 (14 ) Yo
) = (A7, (il = i) iy = e (6 = e A

@ Schrodinger-Coulomb bound state wave functions:

Dntm(F) = Yem(8, O)Rut(r)s Rog(r) = 2 (1227 ()

fe(pn) = (Z(_nl+_ll)?! e’ (2/)")/ Liljll—l (2pn),  pn=meZar/n ]
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Classic electron loop Lamb shift (muonic hydrogen)
AESp(n, 0) = (nl|H; | nt)

= % Jo pdpfi(pn) [7° dCe=20% (1 + ng) %
o Numerically (n = 2)
AESp(n=2,0=0)=—219.5839... meV
AESp(n=2,0=1)=—14.5765... meV
AES (n=2,0=0)— AESp(n=2,{ =1) = —205.0073... meV

Trace diagrams
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Figure: Electron vacuum polarization type trace Lamb shift diagrams.
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Trace diagrams calculations

Scalar vertex m,1),1, and sidewise polarization loop

° o
- +
my : my 1 : my 1 my
|

Q( (Ibo'zﬁ Q( (f)(iz;l

®
ay ay b by

AE,=AEp=¢f d:';rd3r'w,,(r)Agxt7e loop(F)[=1G(r, r' s Ep)myo0tpn(r’)

@ Reduced Dirac-Coulomb Green’s function
Y/ )
6AErr) = (r|(25) 0| ) = (¢ [Srsn B

@ Perturbed wave function 1’/;,,
Jﬂ(r) = f d3r’[—iGr(r, r', Ep)lmyotn(r')

- AEa - AEb - ef d3m/)n(r)A2xt,e loop(r)'lzn(r)

™ =

)
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Scalar vertex m,ﬂzuwu and sidewise polarization loop
o Leading nonrelativistic approximation
Gne(r) = (3 + ) Yne(r)

— ﬁm(ﬂn) = (% 4 r%) fné(pn
o Energy shift

le% a2m, (o) 1
AE, p(n, £) = 8oL 199 it ofos(pn) Fre(pn)
o) o 2_
x [ dce=20B¢ (1+2—22) vet

<2

@ Numerically (n = 2)
AE,,(n=2,0=0)=—2355288... meV
AE,p(n=20=1)=—27.2887... meV

AE,p(n=2,0=0)— AE,p(n =2, =1) = —208.2401. ..

meV
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Scalar vertex mgt)e1)e insertion in electron polarization loop

AEc(n,j,m) = 2e [ d3rip] ; o (F)dnjm(F)A(F)
o First we calculate polarization loop with scalar vertex insertion:
im”(q) = i(g"q* - 9"q")m(q%)
k—q

=ini"(¢?)
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Scalar vertex mg1).1)e insertion in electron polarization loop

e Polarization loop

m(q%) =

2
4mg tanh—1 g 5
Amg+q

L=

a . g2 2 \/42(4mg+q2)
3l Tz

mg T

L e~
=i —|—I%7T1(—q2)

o Radiatively corrected Coulomb field

A (r)=Ze [ S (r )3e"’""7”(_2q2)

q

— Zef (d q e:2r <3ﬂ %%1(_(12))

_ Zea 7[( lq-r%l(*;f)

1272r q

= Aml(r) + Am2(r)

_ 1
12
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Scalar vertex me1).1). insertion in electron polarization loop

o Energy shift

AEc =2e [ d3rip) (1) ng.m(r) AL (r) + 2 [ BPropt,(r)ine(r)
=AE 1 + AEo

e Consider first (g = m,Zaq)

. % _ 2
AEcz(nf) = *320&(20{)fd3r11[):r7£q][)n€(r)f (gi;l3elq~r 1( 2q )

A?nz(")

q
2. —1( /_q2
- 43< tanh < 4Bg+52 )
_ _64a(Za)’m, Fsin(ap) | 52 Va2 (482+3?) 1
= 2ns f dp,O 2(Pn fo dq 1 B 2q2 ~— 1
.
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Scalar vertex me1.1). insertion in electron polarization loop
@ Numerically (n = 2)

AEo(n=2,0=0)=251.4737... meV
AE(n=2,0=1)=40.0008... meV
AEs(n=2,0=0)— AES(n=2,(=1) =211.4729... meV

Anomalous term *682—(:)F2 in the Coulomb line

——r—————

|

|

¢ oo
|

|
®
d

° —ﬂez(:) F? = two-prong vertex 4%(gpuq2 — guqy) in momentum

space — insertion 45—2 = %—i in the Coulomb line

i =T
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Be(e) 2 i the Coulomb line

Anomalous term o

= AEg =2 (nZa) [ Pryl, (N imm()r

20(Z
= 202 [ d3ry] (1) Fbnjm(r)
@ Recall AE.; — matrix element of the leading term in
low-momentum expansion of 71(g?)

AEC - _2a Za) f darwnjm(r)%wnjm(r)

= -2 (nZa) [ Bryl, (1) ipm(r)
— AEy = —AE,

Anomalous term cancels exactly!

e Cancellation is not by chance: §Z3 = I'I%z,(O) and 71(q°) —

logarithmic mass derivative of nSe;( 2). But
dézs _ _, dézs _ 28(e) . 2a

m = =/ =S
dm dp e 3w 4
— cancellation of anomalous contribution AE,
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Sum of trace type diagrams
AE(n=2,0=0)=2AE, 5(n=2,{=0)+ AEp(n=2,{=0)
= —219.56839... meV

AE(n=2,0=1)=2AE,,(n=2,01) + AES(n=2,=1)
= —14.5765... meV

AE(n=2,0=0)—AE(n=2,{=1) = —205.0073... meV
@ Coincides with the classic result

AESH(n=2,0=0) — AESH(n = 2,{ = 1) = —205.0073... meV
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Summary

Multiscale bound state energy levels can be calculated as a
matrix element of the EMT trace

Perturbation theory diagrams for the trace do not coincide with
the classic perturbation theory diagrams

Equality of contributions of two type of diagrams was expected
from the trace anomaly and Lorentz invariance

Trace diagrams arise as logarithmic mass derivatives (with
respect to all masses in the problem) of the classic perturbation
theory diagrams

Technically equality of contributions of two different sets of
diagrams arises because energy levels are homogeneous
functions of the first degree in masses
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Thank youl!

Eides, Vienna, May 19, 2026 Multiscale EMT trace 27 /27



	Energy-momentum tensor in QFT 
	Multiscale problems
	Explicit calculations
	Classic Lamb shift calculation
	Trace diagrams calculations
	Summary

