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Motivation: hydrogen hyperfine splitting

@ Hydrogen ground-state HFS is one of the most precisely measured atomic
transitions

Eqi? =1420405.751768(1) kHz  [Essen et al. 1971, 1973]

@ The proton size is 5 orders of magnitude smaller than the atom, yet it produces
~ —33 ppm shift in the HFS

@ Standing puzzle: since the 1988 calculation of Bodwin & Yennie,
theory—experiment disagreement has persisted at the several-o level

@ Our goal: recalculate the (Z «)2 m/M EF recoil correction using newly introduced
HPQED theory and compare with Bodwin & Yennie result

@ Outcome: disagreement with Bodwin & Yennie — discrepancy reduced to ~ 2 o

@ What this ~ 2 0 may come from ?
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Why is the recoil so hard?

Reduced mass accounts for finite nuclear mass in the Schrédinger equation
— not the case for the Dirac equation

One must use the full QED theory of a two-body bound state

NRQED (Caswell-Lepage 1986): effective Lagrangian + dim. reg. — very fruitful

@ Shabaev (1985-86): exact nonperturbative formula for the point nucleus leading
m/M correction

Recent development:

o finite nuclear size [Pachucki & Yerokhin, PRL 130, 053002 (2023)]
@ hyperfine splitting [Pachucki, PRA 109, 052822 (2024)]
o higher powers in m/M — HPQED

[Pachucki & Yerokhin, PRA 110, 032804 (2024)]
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Leading order hyperfine splitting

For a static point nuclear magnetic moment f,
Vies(r) = — [L- @ x Pk

For S-states (Fermi energy):

@ _ 8 (Za)* 4° g
Furs = EFig n Mm2<l 8

with reduced mass p, nuclear g-factor ji = (g/2M)gl,and g = —Ze.

The next-to-leading hyperfine correction splits into
E®G) = E®) 4 Er(ec) + E(ol)

hfs fns
o E(ns): finite nuclear size — Zemach correction
Er(cc) recoil from forward two-photon-exchange Born amplitude

o £5: nuclear polarizability (inelastic, not discussed here)

pol *
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Zemach correction and two-photon exchange

Finite-size part involves both electric and magnetic form factors:

£6) ZZam d3k Ge(K?) Gu(k?)
fns - 14k

—1|EF=-2Zamrz Er
with the Zemach radius

ry = / Brdr pe(r) pu(n) I — Bl rz(p) ~ 1.054(3) fm

Er(esc) comes from the two-photon exchange forward amplitude in the temporal gauge

; 3
E®) = é %/%m(gik k'KX ><5/I Kk ),ﬂ T 42(0)
Two ingredients:
@ lepton tensor t (point spin-1/2, computed analytically)
@ nuclear Compton tensor T¥ — expressed in Gg, Gy in elastic approximation

Choosing the lepton mass m (not p) in Ef(m) makes the remainder E,(esc)
free of Zemach-like terms.
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Leading recoil 5.(650): dipole parametrization

Using a dipole parametrization p(Q?) = A*/(A? + Q?)? and leading order in m/A:

Zam 2[g® 25 9
EQ = ———EF—[Q———Q——

Agrees with previous calculation, but

@ no m/A term = no rz in the expansion (consistent with using min E(S))

fns
@ presence of In A indicates a large momentum contribution
@ for hydrogen, A ~ 840 MeV is not much smaller than My

= in hydrogen, Er(esc) should be computed without large-M expansion
(Antognini, Lin, MeiBner, PLB 835, 137575 (2022))

For the next order, Er(fc) ~ (Z a)?m/M Er, the dominant momentum is ~ m
= point-nucleus expansion is justified.



HPQED: definitions

Let us introduce the following notation:

@ Dirac-Coulomb Green function
G(E) = [E — Hp] ™"

@ Photon propagator in the temporal gauge

,/ w0, 7) = / Bk TP k2—w2) 5ij_k"k/ .
(27r)3 — k2 w?

@ Di(w) = —4nZad! Gi{-(w, r),

@ Frequency dependent hyperfine interaction
Vats(w, F) = @i - @ x VD(w,r),
such that Vi(0, r) = Vas(r),

@ scalar propagator

Z‘l
\l

a3k ok p(k2 — w?)
D(w,r):/(27r)3 w —k2
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HPQED master formula

The exact HPQED formula for the relativistic recoil correction to the HFS in hydrogenic
ions [K. Pachucki, PRA 109, 052822 (2024)]:

‘ Enfsrec = Exin + Eso + Esec

ESE!C -

2
(3522 0) d i [ 52 1 it x 9) D) GlED +) (@ % 9V () 6),

&_—@#ﬂﬂﬂ/“ (61D} () G(Ep + ) DA()]¢)

dw 1 i i j
Eiin = — 6nis M —w —5 (¢l [P (Vs (@) — wD(@)]G(Ep + w)[P/ (Vass (w)) + wDlp(w)] )
They come from:
9 7B 9 g )T ExA_fixE
Hnuc—2M 2Mng 4M2(g 1) /- [ExN—T1x E]
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(Z a)® m relativistic recoil correction

EQ = (2ol I T8 & [1n2+ 5+ (& — e — 1)
—I(y+¥(n) —Inn+ In(Za))]

6 3 7
Es(o):(Za)G%(g—Ul- 3n3[23|”2 15+(% 11 53)

48n2 48
+ (v +¥(n) —Inn+1In(Za))]
ES) =(Za )6 gl-s ﬂ%[ 142+ B4 (-1+ L1

6
—2(vy+W¥(n) —Inn+In(Za) ]

For the hydrogen 1S ground state, in terms of xk = g/2 — 1:

EQ(18) =[5 + B+ Un? — (B+2n— 1n?)In2

- (242 + %n ) In(Za)] (Z )? o 1’5;
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Comparison with Bodwin & Yennie (1988)

Our new result for 1S

EQ(18) = [+ 12 k4 3 rP— (B+2 — 1r?) In2—(2+20+k?) In(Z )| (Z0)? 1 5

Bodwin & Yennie [Phys. Rev. D 37, 498 (1988)]:

ER(18) = [$5+ 8 r+ 3 r2— (8+5k + 114%) In2— (2+2n+ ]1?) In(Z )] (Z @) §f £

@ Differences are only in the x and 2 coefficients

@ For g =2 (k = 0) the two formulas agree — as required by independent checks
for muonium

@ Numerically for the proton (x ~ 1.793):

(new) = 0.575 ppm  vs. 52

rel,rec

(BY) = 0.464 ppm

rel rec

@ Could not identify the error in Bodwin & Yennie, but E. verified by direct
numerical evaluation of the HPQED formula [Hevler, in preparation]



Updated theory of h

Engs = EF(1 +6),

Hydrogen HFS
[ Je]

ogen ground-state HFS

ErF = 1418840.091 kHz,

Ert? = 1420405.751 766(3) kHz

Term Value Ref. & comments

2% 0.001 159652  CODATA22
5@ —0.000016340  Eides
54 —0.000007099  Eides, Patkos et al.
54 —0.000000121  Eides, Yerokhin
s —0.000039835(113)  Zemach, Lin et al. 2022
6@ 0.000005291(17) Antognini, Lin, MeiBner 2022
s 0.000001090(310)  Ruth et al. 2024

S —0.000000029  this work

) —0.000000609  Karshenboim 1997
5@ 0.000000575  this work (vs BY: 0.464 ppm)
5@ 0.000000072  Marofi, Pachucki (2026)
5@, 0.000000072  Karshenboim 1997
5{53 0.000000061  Hagelstein et al. (2026)
Sueak 0.000000058  Eides 1996
Siheo 0.001102838(330) this work
Sexp 0.001 103 480

0.000 000 642(330)

2 o discrepancy
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20 discrepancy: pointing at the proton structure

@ Sum of all QED and recoil contributions:
dmeo = 0.001 102 838(330)
vs experiment dexp = 0.001 103 480 — 2 & difference
@ The discrepancy is dominated by uncertainty in nuclear-structure part
58 = o) + 6l +8L3):

51 (theory) = —33.45(33) ppm, 41 (exp.) = —32.81 ppm

. - ahility s
= likely originates from the proton polarizability Spol

@ Pure-QED side now appears under control at the required level



Dy
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State dependence: specific difference D, introduced by SGK

Doy = 8 Epgs(2S) — Engs(1S) — proton structure largely cancels.
Our result:

—1
§Dy1 (new) = (Z )2 EF[2|n2 — B (—Ime+ Bt 4 (fin2- %)g]
differs from previous result [Karshenboim, Ivanov, PLB 524, 259 (2002)] by

Agi = (Za)? T Er (g —2|n2) o2

Dy [Hz] H He*
De (old) 48954.1(2.3) —1190068.(64)
Do -36 60.
Dihe 48950.5(2.3) —1190008.(64)
pg® 48959.2(6.8) —1189979.(71)
DEP — pie 8.7(7.2) 29.(96)

He™: excellent agreement — a sensitive test of long-range spin-dependent interactions.
H: improved Ey(2S) measurement would be welcome.
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Summary and conclusions

@ Recalculated (Z o)? m/M Ek relativistic recoil correction to HFS in hydrogenic
systems using HPQED theory

@ Result for 1S disagrees with Bodwin & Yennie (1988) in the «, x? coefficients of
In 2 and the constant piece; agrees in the limit g = 2

@ E,.. and E, verified numerically from the exact HPQED formula

@ Hydrogen ground-state HFS: theory—experiment discrepancy reduced to ~ 2 o,

likely from 5}5‘1)1) (proton polarizability)

@ Specific difference D,q: excellent agreement for He™; for H, a new measurement
of Epg(2S) would be valuable

@ Upcoming pH HFS measurements (CREMA, FAMU) + the H/uH A test will
sharpen the test of fundamental interactions

@ Next step: direct numerical evaluation of full HPQED recoil HFS to all orders in
Z a, including finite nuclear size — in progress [Hevler, in preparation]

Thank you for your attention!
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