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Abstract

We present the Hamiltonian formulation of the Telepar-

allel Gravity in the language of differential forms. Using

a (3+1) decomposition, we identify the dynamical vari-

ables and their canonically conjugate momenta. The

Hamiltonian is shown to be a linear combination of

the Hamiltonian and diffeomorphism constraints aris-

ing from the teleparallel field equations. Adding the

Nieh-Yan boundary term naturally leads to a formula-

tion closely related to Ashtekar variables.

1. Constrained Hamiltonian systems

Constrained Hamiltonian systems contain restrictions of

the form C = 0, which must be satisfied on phase space

to isolate the true degrees of freedom of the theory.

Constraints arise because the Hessian of the Lagrangian

with respect to the velocities is singular, making the

Legendre transformation

H(p, q) = pq̇ −L,

non-invertible. Usually, this occurs when the velocities

q̇ cannot be expressed in terms of the momenta p.

2. ADM formalism

The ADM formalism is the standard Hamiltonian formu-

lation of General Relativity.

The time evolution vector tµ is decomposed as

tµ = Nnµ +Nµ,

where N and Nµ are the lapse and shift. The induced

metric on Σ is

qµν = gµν + nµnν,

leading to the ADM decomposition

ds2 = −N 2dt2 + qab (dy
a +Nadt) (dyb +N bdt) .

Substituting this decomposition into the Einstein-Hilbert

action and performing the Legendre transformation

yields the Hamiltonian density

H = NC +NaCa,

where C and Ca are the Hamiltonian and diffeomorphism

constraints.

The non-polynomial form of C creates significant obsta-

cles for canonical quantization.

3. Tetrad formalism in General
Relativity

In General Relativity, we can work with the co-tetrad hA

instead of the metric, related by

gµν = ηABh
A
µh

B
ν.

The Levi-Civita connection
○
ωA

B is a metric connection,
○
ωAB = −

○
ωBA,

with vanishing torsion

0 =
○

DhA = dhA +
○
ωA

B ∧ h
B,

and non-vanishing curvature
○

R
A
B = d

○
ωA

B +
○
ωA

C ∧
○
ωC

B.

The Einstein-Hilbert action is

SEH = −∫
M

○

RAB ∧ ⋆(h
A ∧ hB).

4. Teleparallel formulation of General
Relativity

In teleparallel geometry, we use a connection with van-

ishing curvature RA
B = 0, but non-vanishing torsion

TA =DhA = dhA + hB ∧ ωA
B.

The solution of these conditions is the teleparallel

connection

ωA
B = Λ

A
Cd(Λ

−1)CB,

which is related to the Levi-Civita connection by

ωA
B =

○
ωA

B +K
A
B,

where KA
B is the contortion tensor.

Using these relations, the Einstein-Hilbert Lagrangian

can be rewritten as

−RAB ∧ ⋆(h
A ∧ hB) = TA ∧HA − 2d(h

A ∧ ⋆TA),

where HA is the excitation 2-form defined by

TA∧HA = h(
1

4
TA

µνT
µν

A +
1

2
TA

µνT
νµ

A − T
ρµ

ρT
σ
µσ)d

4x.

The action of the Teleparallel Equivalent of Gen-

eral Relativity is then

STG = ∫
M
TA ∧HA.

The field equations obtained from the teleparallel action

are

DHA +EA = 0,

where EA is the gravitational energy–momentum cur-

rent.

5. 3 + 1 Decomposition of
Differential Forms

Given a timelike observer vector field v satisfying

g(v, v) = −1, we define ṽ ∶= g(v, ⋅). Any differential

form α can then be decomposed with respect to v as

α = (α)
∥
+ ṽ ∧ (α)⊥ ,

where

(α)
∥
= iv (ṽ ∧ α) , (α)⊥ = ivα.

6. Hamiltonian formalism in the
language of differential forms

The dynamical variable in TEGR is the tetrad hA. But

ince derivatives of hA enter the Lagrangian only through

the torsion TA, it can be shown that only the time

derivative of the parallel part of the tetrad,
˙

(hA)
∥
, ap-

pears in the Lagrangian, while ˙(hA)⊥ does not. The

momenta are therefore given by

PA =
∂(ivL)

∂
˙

(hA)
∥
.

where
˙

(hA)
∥
= Lv (hA)

∥
.

The Hamiltonian 3-form is then

H = PA ∧
˙

(hA)
∥
− ivL,

which can be rewritten as

H = (
∂L

∂TA
∧ ḣA − ivL)

∥

.

This form of the Hamiltonian allows it to be related di-

rectly to the equations of motion,

H = −vA (dHA +EA)
∥
+ (d (vBHB))

∥
.

The components vA are straightforward generalizations

of the lapse function and shift vector,

vA↔
⎛

⎝

N

N I

⎞

⎠
,

and act as Lagrange multipliers of the secondary con-

straints.

Up to a total derivative term, the Hamiltonian is given

by the Hamiltonian constraint

C = (DH0 +E0)
∥
,

and the diffeomorphism constraint

CI = (DHI +EI)
∥
.

7. Addition of Nieh-Yan term

The TEGR action can be supplemented by the boundary

Nieh-Yan term

N = TA ∧ TA = d (hA ∧ T
A) ,

multiplied by an arbitrary parameter γ.

The momenta then become

PA =HA + γTA.

Using the identity

HA ∧HA = −T
A ∧ TA,

and choosing γ = ±i, the equations of motion can be

written in terms of a newly defined exterior covariant

derivative acting on the momenta,

D̃PA ∶=DPA +
1

2i
[(ihA

(HB − iTB)) ∧ PB] = 0.

The corresponding constraints are

(D̃PA)
∥
= 0.

Another interesting feature is that, although the canon-

ical momenta are (PA)
∥, the perpendicular part (PA)⊥

is analogue of the Ashtekar variables,

1

2
(PA)⊥ = AAIh

I ≡ AA.

Conclusions and Outlook

•A 3+ 1 decomposition identifies the dynamical vari-

ables and their canonically conjugate momenta.

•The Hamiltonian is a linear combination of the

Hamiltonian and diffeomorphism constraints arising

from the teleparallel field equations.

•The inclusion of the Nieh-Yan boundary term leads

to a formulation closely related to Ashtekar vari-

ables.
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