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Mathematical issues in perturbation theory: gravitational waves

One usually imposes the weak-�eld approximation:

gµν = ηµν + hµν , |hµν | ≪ 1

Here we have two problems:

1 In order to prove that |hµν | ≪ 1, one should compute it

pointwise and the result would depend on the coordinate

system;

2 Metrics do not have a vector or a�ne structure, thus linear

combinations are not well de�ned.

Moreover, since GR is not a linear theory, solutions of linearised

equations are not exact solutions of Einstein equations.

Chia�redo (thesis, 2020); Chia�redo, Fatibene et al. (2024)
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Linearised equations

Given a Lagrangian L, one can compute its �rst variation LJ = δL.

This can be seen as an auxiliary Lagrangian, the Jacobi Lagrangian.

It is not a Lagrangian on B anymore, but on V (B).

Then, one can consider its �eld equations. One obtains:{
E(L) = 0

j2kX(Ei(L)) = 0

The second equations are called linearised equations.

They are equations for vertical vector �elds X.

Solutions of linearised equations are called Jacobi �elds.

Chia�redo (thesis, 2020); Chia�redo, Fatibene et al. (2024)
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Linearised Equations

Let us see the explicit computation in the simple case of a �rst-order

Lagrangian L = L(xµ, yi, yiµ). The �rst variation δL is

δL = piδy
i + pµi dµ(δy

i).

We de�ne the Jacobi Lagrangian to be

LJ = piX
i + pµi dµX

i.

Linearised equations can be computed to be

(∂ipk − dµ(∂
µ
i pk))X

k+

+ (∂ip
ν
k − ∂ν

i pk − dµ(∂
µ
i p

ν
k)) dνX

k+

− ∂µ
i p

ν
kdµνX

k = 0

Chia�redo (thesis, 2020); Chia�redo, Fatibene et al. (2024)
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Linearised Equations

They can be recast as

Xk∂k(pi − dαp
α
i ) + dνX

k∂ν
k (pi − dαp

α
i ) + dµνX

k∂µν
k (pi − dαp

α
i ) = 0,

which in turn can be written more compactly as j2X(Ei(L)) = 0.

In particular, the second-order jet prolongation of Jacobi �elds is

tangent to the submanifold representing �eld equations of L.

Chia�redo (thesis, 2020); Chia�redo, Fatibene et al. (2024)
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Advantages of this framework

1 It can be applied to any classical �eld theory (generality);

2 It does not involve any approximation in the computations

(exactness);

3 Most importantly, it allows to study linearisation around all

solutions of the theory at the same time (globality).

4 Moreover, this approach overcomes the issue with GW:

in that context, one sums ηµν and hµν , while
here the perturbation is not a metric, but a vector �eld which

drags metrics along the space of solutions of �eld equations.

5 Eventually, one can recover the usual results by �xing a

speci�c background.

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 10 / 21
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Summarising diagram
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Why standard GR

As a �rst example, we choose standard GR, because:

• It is the best known and most studied gravitational theory;

• Our original motivation came from GW in standard GR.

We will also include cosmological constant, for the sake of

generality.

Let us stress that this can be applied to any gravitational theory,

as long as it comes from a variational principle.

Chia�redo (thesis, 2020); Chia�redo, Fatibene et al. (2024); Isaia (thesis, 2024)
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Linearised Einstein Equations

Let us consider Hilbert-Einstein Lagrangian with cosmological

constant:

L =
√
g (R− 2Λ) dσ.

Field equations are the well-known Einstein equations (with

cosmological constant)

Rµν −
1

2
Rgµν = −Λgµν .

The Jacobi Lagrangian is

LJ =
√
g

(
Rµν − 1

2
Rgµν + Λgµν

)
Xµν+

√
g (−∇ε∇µX

εµ + gµν□Xµν) .

Chia�redo (thesis, 2020); Isaia (thesis, 2024)
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Linearised Einstein Equations

Linearised Einstein Equations (LEE) are

− 1

2
gµνRαβX

αβ +
1

4
gµνRX − 1

2
gµνΛX+

−∇λ∇(νX
λ
µ) +

1

2
∇µνX +

1

2
□Xµν −

1

2
gµν□X+

− 1

2
RµνX +

1

2
XµνR− ΛXµν +

1

2
gµν∇α∇βX

αβ = 0

These equations are rather complicated, but they can be

signi�cantly simpli�ed.

First, one can cancel the terms corresponding to Einstein

Equations.

Chia�redo (thesis, 2020); Isaia (thesis, 2024)

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 15 / 21
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Linearised Einstein Equations

Second, one can rewrite the equations for

X̄µν = Xµν − 1

2
Xgµν ,

and one can impose the De Donder gauge:

∇µX
µν =

1

2
gµν∇µX ⇔ ∇µX̄

µν = 0.

Then, one obtains

1

2
□X̄µν −RµαλνX̄

λα +
2Λ

m− 2

(
X̄µν − gε(µ gν)αX̄

αε
)
= 0.

In particular, if Λ = 0,

1

2
□X̄µν −RµαλνX̄

λα = 0,

which is analogous to the GW equations around a general background.

Wald (1984)

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 16 / 21
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Solutions of LEE

A few solutions have been found, but they were non-physical:

• Through Utiyama-like theorems, solutions were found, which

happened to be globally well-de�ned and non-trivial vector

�elds reducing to the null �eld on-shell;

• It was proven that, if Xµν is a solution, then so is

Xµν − 2∇αξ
(ν g µ)α, which is a gauge transformation.

Isaia (thesis, 2024)

We are currently looking for physical solutions, which would

represent gravitational waves around any possible background.

We are doing this using techniques from canonical analysis.
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Other results

• The framework had been proven to work for theories up to

second order. Recently, it has been proven to be applicable to

Lagrangian of any �nite order k.

• A theory is linear if its bundle is a vector or an a�ne bundle,

and the space of solutions is a vector space.

It has been proven that, at least in a few crucial cases, if a

theory is linear then its linearised equations are two copies of

�eld equations.

• A �rst step towards a theory of conservation laws in this

context has been made. In a natural theory, a vector �eld on

B induces naturally a vector �eld Ξ̂ on V (B). It has been
proven that, if Ξ is a Lagrangian symmetry for L, then Ξ̂ is a

Lagrangian symmetry for LJ .
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Conclusion

• We have presented a framework to study linearisation and

perturbation theory which is variational.

• The main advantage is globality: in terms of GW, this means

studying GW around any possible background at the same

time.

• We are currently studying methods to solve LEE or, at least,

�nd some properties of solutions.

• The framework is more general: it could be applied also to

extended theories of gravitation or to cosmological

perturbation theory.
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A similar situation from Di�erential Geometry

When approximating a curve γ on a manifold M ,

one could perturb it around a �xed point x0,

obtaining a line (�rst order), a parabola (second order), ...,

which approximate γ the better, the higher the order grows:

S

γ

γ1

x0

Pros: locality

Cons: the approximating curves do not lie on M at any order

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 21 / 21



Introduction and motivations Linearised Theories Advantages Example: GR Further results and perspectives Extra slides

A similar situation from Di�erential Geometry

When approximating a curve γ on a manifold M ,

one could perturb it around a �xed point x0,

obtaining a line (�rst order), a parabola (second order), ...,

which approximate γ the better, the higher the order grows:

S

γ

γ1

x0

Pros: locality

Cons: the approximating curves do not lie on M at any order

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 21 / 21



Introduction and motivations Linearised Theories Advantages Example: GR Further results and perspectives Extra slides

A similar situation from Di�erential Geometry

When approximating a curve γ on a manifold M ,

one could perturb it around a �xed point x0,

obtaining a line (�rst order), a parabola (second order), ...,

which approximate γ the better, the higher the order grows:

S

γ

γ1

x0

Pros:

locality

Cons: the approximating curves do not lie on M at any order

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 21 / 21



Introduction and motivations Linearised Theories Advantages Example: GR Further results and perspectives Extra slides

A similar situation from Di�erential Geometry

When approximating a curve γ on a manifold M ,

one could perturb it around a �xed point x0,

obtaining a line (�rst order), a parabola (second order), ...,

which approximate γ the better, the higher the order grows:

S

γ

γ1

x0

Pros: locality

Cons: the approximating curves do not lie on M at any order

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 21 / 21



Introduction and motivations Linearised Theories Advantages Example: GR Further results and perspectives Extra slides

A similar situation from Di�erential Geometry

When approximating a curve γ on a manifold M ,

one could perturb it around a �xed point x0,

obtaining a line (�rst order), a parabola (second order), ...,

which approximate γ the better, the higher the order grows:

S

γ

γ1

x0

Pros: locality

Cons:

the approximating curves do not lie on M at any order

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 21 / 21



Introduction and motivations Linearised Theories Advantages Example: GR Further results and perspectives Extra slides

A similar situation from Di�erential Geometry

When approximating a curve γ on a manifold M ,

one could perturb it around a �xed point x0,

obtaining a line (�rst order), a parabola (second order), ...,

which approximate γ the better, the higher the order grows:

S

γ

γ1

x0

Pros: locality

Cons: the approximating curves do not lie on M at any order

Pietro Isaia, University of Turin A Variational Framework for Linearised Theories 21 / 21



Introduction and motivations Linearised Theories Advantages Example: GR Further results and perspectives Extra slides

A similar situation from Di�erential Geometry

On the other hand, one can consider the �ow of a vector �eld X,

such that γ is an integral curve of X:

S

γ

X

x0

Pros: the manifold is never left, exactness

Cons: non-locality, harder computations
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