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Motivation

Typically, in metric-affine gravity, autoparallels are not variational (!)

Finsler metrizability < parametrization-invariant Lagrangian for autoparallels.

General Relativity

Metric-affine gravity

Finsler gravity

ds® = a(dx, dx),

V - Levi-Civita

ds® = a(dx, dx)

V — arbitrary, linear

ds® = L(x, dx) - more general

V — canonical (usually nonlinear)
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Vectorial nonmetricity

The inverse problem of calculus of variations

Statement of the problem
Given a system of second order ordinary differential equations
() = f1 (% (1), % (1)), with 1<i,j<n
that holds at times 0 < ¢ < T, does there exist a Lagrangian L : R" x R" — R, such that

the system (3) coincides with the Euler-Lagrange equations of L?

Varational functions
A system of functions
e={&} 1, g :R"XR"xR" - R,
is called variational if there exists a sufficiently smooth function
L:R"xXR" >R,
such that .
ﬁ(%x)
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Vectorial nonmetricity

Characterization of variational systems

Helmholtz conditions
For a system of functions

e={&},, & R'XR"xR" >R

the following conditions are equivalent:
(i) The system ¢ = {g;}_, is variational.
(ii) The functions {e;}!", satisfy
de;  Og

axl ~ ox

deg; dg d [(dg;  Og ~0
axt " oxi)

oxl T ox  dr Erd
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Vectorial nonmetricity

Variational multipliers and the inverse problem

Variational multipliers

Let us assume that there exists a collection of functions g;x = g;x (xj (1), %7 (t)), such that det g;x # 0, so that we can write

gik (¥ (0,37 0) (# (1) = £ (x (). 2 (1)) = 0.
Introducing the variational multipliers
& (xf(z),xf(z),jc'f(t)) =gk (xf(t),xf(r)) (xi(z) - f (xf(z),xf(z))),

the inverse problem of calculus of variations is equivalent to the following question

Is the system &; variational?

The case of geodesics

. .o .
If ' is given by f* := F}k)'c‘fck, then the equation in question is the geodesic equation
Si i ik _
Y -Ty'yt =0,
1
which is variational, and can be obtained from the metric Lagrangian L = / Va (y(t),y(t))dt.
0
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Vectorial nonmetricity

Riemannian and non-Riemannian geometry

Levi-Civita connection

On a Lorentzian manifold (M, a) there exists a unique connection V, which satisfies
Va=0, and VxY¥ - VyX - [X,Y] =0 forall X,Y e [(TM).

Nonmetricity
There do, however, exist affine linear connections V, for which

(Vxa)(Y,Z) := —Q(X,Y,Z) #0, VX,Y,Z e T(TM).

||Uq||2 ”UP”2 Qauu U” v

1] )
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Vectorial nonmetricity

Vectorial nonmetricity: local description

Nonmetricity tensor

For a connection with vectorial nonmetricity, Q,,,, takes the form

Ouvp = C1byay, + 2 (bpa,”, + bvap#) +c3bubyb,.
Why this form of nonmetricity?
@ In cosmology, the most general nonmetricity (losifidis 2003.07384) is obtained if
we allow c1, ¢3, ¢3 to depend on time.
@ ’Natural’ extension (all allowed terms without contractions b,,b*).

@ Phenomenological reasons: the new c¢; term plays a key role in describing dark
energy in cosmology.

cp=c3=0

‘Weyl geometry ]

Qup = cibuay,
Vectorial nonmetricity

c1+2c2=c3=0 Schrodinger geometry

= c1bya,, + ca(bpap, + byay,) + c3bubyb,
Qwo 19uGvp 2( v v up) 3% Quup — 62(_2bp,aup+bpapu+buay_p)

Completely symmetric geometry
Quup = c2(bpavp + bpauy + byay,) + csbubyb,
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Vectorial nonmetricity

Autoparallel equation

Levi-Civita autoparallels

o o 1

VxX =0 & ") +T*,,7"(1)y’ (1) =0 — extremals of L =/ Vla (y(2), y(0)|)dt.
0

@ Levi-Civita autoparallels are the extremals of the Riemannian length functional.

Nonmetric autoparallels

2C2 —C1
2

(1) + (fﬂw +blay, ( ) + C—Zlaf;bp + Cz—lafp‘bv + %b"bybp) 703 =0. (1)

Main question

Does there exist a reparametrization-invariant Lagrangian, whose extremals coincide
with (1)?
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Finsler geometry

Finsler metrics

Conic subbundle

Let M be a smooth manifold, and denote with (T M, =, M) its tangent bundle. We have
naturally induced coordinates (x,x) = (x“,x“). A conic subbundle of TM is an open
subset A c TM \ {0}, such that:

Q@ (x,¥) e A = (x,ax) € A, Va >0 (conic property);
Q Allfibers A, := A NT,M are non-empty.

Pseudo-Finsler space

A pseudo-Finsler space is a pair (M, L), where M is a smooth manifold, and L is a
smooth map
L:A->R, (x,%)— L(x,%),
which satisfies:
@ L(x,a%) =a’L(x,%), VYa > 0 (positive 2-homogeneity);
1 9°L
Q guv(xsx) = =

T2 9xHxY

(x,x) is nondegenerate V(x, x) € A.
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Finsler geometry

Finslerian arc length

Finslerian arc length

Let (M, L) be a pseudo-Finsler space. An admissible curve is a smooth mapping
v : [0,1] — M, such that (the image of) its natural extension to TM

y:[0.1] = TM, 7 (y(1),7(1))

lies in A. For an admissible curve, its Finslerian arc length is defined as

1
Iyl = /0 VILG @7 (ld-.

Finsler geometry — most general notion of
parametrization-independent arc length.
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Finsler geometry

Finsler geodesics and nonlinear connections

Finsler geodesics
The geodesics of a pseudo-Finsler space (M, L) are defined as critical curves of the
Finslerian arc length /[y]. In arc length parametrization they are given by
d’L oL
0XY 0xX oxY

1
(1) +2GH(x(1),x(¢)) =0, where GH(x,x) = Zg“"
are called the spray coefficients, which give rise to a canonical nonlinear connection.

Nonlinear connection
A nonlinear connection N on A € TM \ {0} is a smooth assignment
N:A->TA, (x,%) = Hx i) A C T 5)A,

where H(, ;) A is an n-dimensional horizontal subspace complementary to the vertical
subspace
0
V(x’x)ﬂ = kerdﬂ'(x’x) = Span {W} °
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Finsler geometry

Nonlinear connections

A nonlinear connection gives a local adapted basis of TA

L0 0 0
{6# =0y —G",,(x,x)ﬁ; W}’ HA = Span {6,4}, VA :Span{ﬁ} .

The spray coefficients G induce canonically a nonlinear connection via

_0G”(x,%)

G i (x, %) Er

If (M, L) is pseudo-Riemannian, that is, L = a,, (x)x*x” is quadratic in X, then

G (. 5) = T (1)
is linear in x. Though, typically, G” . (x, %) are not linear, but just 1-homogeneous in .

6L =0.
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Finsler geometry

Berwald spaces and metrizability

Berwald space
A pseudo-Finsler space (M, L) is called Berwald iff its spray coefficients are quadratic
in x

2G* (x,x) =TH, , (x)X" 5.

Metrizability
A symmetric affine connection V € Conn(M) on M is

@ Finsler metrizable if there exists a Finsler function L : A — R, such that the
autoparallel curves of V coincide with the Finsler geodesics of L, that is, locally,

¥ +TH,,(x)x"%? =0 = Finsler geodesics of L.

@ Pseudo-Riemann-metrizable if there exists a pseudo-Riemannian metric a such
that V coincides with the Levi-Civita connection of a, that is, locally,

r“,, =T*,,la].
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Finsler geometry

Finsler metrizability

Bucataru-Dahl theorem
The Helmholtz conditions for an affine connection <= for each local chart domain,
Jgap = gap(x,%) sSymmetric and non-degenerate such that

Vgab =0, gacRc;j = gchCa-

Local Finsler metrizability

A symmetric affine connection V on a manifold M is locally Finsler metrizable if and
only if, corresponding to each local chart, there exists a symmetric matrix
gab = &ab (x, x) With positively 0-homogeneous in & components such that

Vgar =0, gacRCd = gchCa-

Main conclusion
Let V be a torsion-free affine connection on M. Then, the following are equivalent:

@ The autoparallel equations are variational, with positively 0-homogeneosu in x
variational multipliers.

@ V is Finsler metrizable.

Lehel Csillag Finsler metrizability 14/24



Finsler geometry

Finsler metrizability of vectorial nonmetricity

Input data

A connection with vectorial nonmetricity, specified by
@ A pseudo-Riemannian metric «, locally given by its components a,,,, .
@ A one-form b, locally given by its components b, .
@ Three real coefficients cy, ¢, c3.

The input data induces a connection on TM with horizontal basis vectors

2¢o — ¢y . 0 cy . .
b -5 (Butsy, + by

0 o

O = 0 = o 2

. 0
bﬂbpprvﬁ.

Main question
Find a Finsler Lagrangian L, and conditions on the input data (b, ¢1, c2, ¢3), such that

6,L=0

can be solved.
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Finsler geometry

Finsler metrizability of vectorial nonmetricity

(a, B)-metric
Let b = b, (x)dx" be a nonvanishing one-form with contraction
B = b, x*.

An (e, B)-metric is a Finsler structure on M whose fundamental function is given by
BZ
L(x,%) = A®(s), s:= o with A = a,, (x)dxHdx”,
where @ is a nontrivial smooth function.

Generalized (a, B)-metric

For the most general algebraic dependence of the Finsler Lagrangian L on the metric

ayuy and the one-form b,,, we consider L = A® (|b], p), where
2
b1 = VKb, Bl by = bluy, U = upit, p = —,

_ H
E—MMM 5

Lehel Csillag Finsler metrizability 16/24



Finsler geometry

Finsler metrizability of vectorial nonmetricity

Disformation tensor

For a symmetric affine connection V € Conn(M), the disformation tensor is locally
given by

1
D”Vp = z (va” + Qp”v - Q”Vp) .

Characterization of Finsler metrizability by («, 8)-metrics
The Finsler (a, 8)-metric L = A® metrizes the symmetric affine connection
I'=T+ D € Conn(M) if and only if ® and B solve the system

®'B(A6,B - ADVHbV + BD"”J’cV = (I)ADVH)'CV, Vu=0,.,3.
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Finsler geometry

Finsler metrizability of vectorial nonmetricity

Main theorem for (a, B) -metrics
A connection with vectorial nonmetricity

2¢y — ¢y
2

3
2

TH,, =TH,, +ba,, ( ) + %15*;% + C—zlagbv + Zbibyb,

with ¢y, ¢z, c3 not all zero is Finsler metrizable by a Berwald-type («, 8)-metric
L = A®(s) if and only if one of the following happens:

@ c; = c3 =0 and there exists a constant A # 0, such that

o I
Vb, = % (—(b, bya,, + (/—1 + 1) b,,b,,) .

Q@ ¢, =0,c3 # 0 and there exists 7 € R such that

Vb, = %3 (—i—;(b,b)aw + (i—; +7+ (b, b)) bﬂbv) .
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Finsler geometry

Finsler metrizability of vectorial nonmetricity

The (a, B)-metrics
Under these conditions, the function L belongs to one of the following four families:

@ Power law forc, =c3 =0
L = kAs?, Kk eR".

@ Generalized m-kropina for ¢; # 0,7 # 0

Cl C]
— l_—
L=xAs™3 (s+71) 73, keR".

© Riemannianforc; =0,7 #0
L:K(TA+B2), Kk €R".

© Exponential type for ¢c; # 0,7 =0

iGN
L = kB%e 35 .
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Finsler geometry

Finsler metrizability of vectorial nonmetricity

Excluding the (a, B)-cases
It either (b, b) is constant or @, vanishes identically, the generalized (a, ) metric

reduces to the standard (e, 8) case. To avoid this degeneracy, we shall assume

throughout that
(b, b) + const,

and, apart from possible isolated points,

@[, #0.

Characterization of generalized («, 8)-metrizability
A symmetric connection V on M is metrizable by a generalized («, 8)-metric if and only
if its distortion D satisfies, in any local chart, the condition

1 o
§A2q>;b|au b + @, U (A5,U — A (D uuy) + U (DY ux,) | = A (DY k) @ Yu=0,....3.
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Finsler geometry

Finsler metrizability of vectorial nonmetricity

Lemma
The contraction of the Levi-Civita covariant derivative of U along u* vanishes

M”SHU=O.

Moreover, u*'d,|b| only depends on |b| and not on the individual components of b,,.

Lemma
If a connection with vectorial nonmetricity is metrizable by a generalized («, 8)-metric,
then there exists a function A = A(|b|), such that

Oulb| = Auy,.

Lemma

If a connection with vectorial nonmetricity is metrizable by a generalized («, 8)-metric,
then the one-form u must satisfy

o
Vuu, =71 (ayy - eu”uv) .
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Finsler geometry

Finsler metrizability of vectorial nonmetricity

Main theorem for generalized («, 8)-metrics

A connection V = % + D with nonzero vectorial nonmetricity is
pseudo-Finsler-metrizable by a generalized (a, 8)-metric L = A®(|b|, p) if and only if
the following conditions are simultaneously satisfied:

o c3=0,0rc; =cp, =0.
© There hold the equalities

dlb| = Au, Vu=71a-euu,

where A = A(|b]) is an arbitrary, nowhere zero smooth function and r = 7 (|b]) is
defined in terms of 2 as

_ c1lb| : _ 5]
TS Cieeran(n _ge Wit p(lbD) '/ ) 417!

and C; € R is an arbitrary constant satisfying ¢,(c; — 2¢3)Cy = 0.
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Finsler geometry

Finsler metrizability of vectorial nonmetricity
The generalized («, B)-metrics
o If c3 #0,c; = ¢ =0, then

b3
_C3ef 6D dlbl(E _ p)
PE

bl
(b

@ (bl p) = Zexp (636/ d|b|)
e If c; =c3=0,c; £0, then

o(1b], p) —exp((— - %ecl")

C, - 2c1p
Cl€p+—C1€C1p—2c—€1 o

Q Ifc3=0,¢2#0,¢1 = 2c5 #0, then

@(|b], p) = eﬁ(“l"”’ crtpe(cr- 202)+C3)
© Ifes =0 # 0,1 —2¢3 = 0, then

O(|b], p) = el FFC1026¥2)p242c20-3C).

In cases 2 — 4, Cy, C,, C3, C4 are real constants, and p is defined as

1|
o= [ bl
(b))
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Finsler geometry

Summary, main achievements

Main results

@ Physical: Weyl, Schrodinger and completely symmetric autoparallels are Finsler

geodesics "in disguise".

@ Mathematical: Classification of Berwald (@, 8) and generalized («, ) metrics.

Connection (a, B)-metrizable | Generalized («, 8)-metrizable
Weyl v v
Schrédinger X v/
Completely symmetric v v/

Future directions

@ Classify all Berwald Finsler metrics, which are not pseudo-Riemann metrizable.

@ Check whether the found metrics solve the field equations of Finsler gravity in

vacuum.
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