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Motivation
The physical content of teleparallel theories

The coincident gauge is used in four-dimensional descriptions to get the
purely dynamical part of the field equations

Is this gauge choice really necessary when we employ a 3 + 1
decomposition?

If the answer is no, then we need to be able to covariantly "kill" some
extrinsic and intrinsic parts of non-metricity, so that the theory
automatically belongs to the teleparallel submanifold

How does the Hamiltonian depend on extrinsic tensors?
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3 + 1 decomposition of a non-metric theory

A 3 + 1 decomposition is identified by an orthonormal vector nµ, and by
introducing coordinates ya on the hypersurface Σ we have that the basis
vectors eµ

a ≡ ∂xµ

∂ya are such that

gµν = ϵ nµnν + eµ
aeν

bhab , nµnµ = ϵ ϵ = ±1 ,

eµ
anµ = 0 ,

where hab is the intrinsic metric

ds2
Σ = gµν

∂xµ

∂ya
∂xν

∂yb dyadyb ≡ habdyadyb .

Then, if Aµ is orthogonal to nµ we can single out the three-connection as

DaAb ≡ eα
aeβ

b∇βAα

=∇β (eα
aAα) eβ

b − eβ
bAα∇βeα

a

= ∂bAa − Γc
abAc .
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Intrinsic and extrinsic connection

The three-connection can be decomposed in the usual manner

Γc
ab = Γ̊c

ab + L(3)c
ab = eβ

beρc∇̊βeρa + Lρ
νµeν

aeµ
beρ

c .

The intrinsic non-metricity and extrinsic curvature are defined as

Q(3)
cab ≡eρ

ceµ
aeν

bQρµν = Dchab ,

Kab ≡eµ
aeν

b∇νnµ = K̊ab − Lλ
µνnλeµ

aeν
b .

Then, the Gauss-Weingarten relation

eν
a∇νeµ

b = eµ
cΓc

ba − ϵ Kbanµ

can be used to derive

Kab =
1
2
(
Lngµν

)
eµ

aeν
b − Lλ

µνnλeµ
aeν

b .
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The new extrinsic tensors

We can define the extrinsic tensors by enlisting all non-trivial
three-dimensional expressions involving eµ

a, nµ, hab and their first
derivatives:

Rank−2 : Ψab ≡ eµanρ∇ρeµ
b , Ξab ≡ nρha

chb
d∂ρhcd

Φab ≡ nµeρa∇ρeµ
b , Λab ≡ eµ

anρ∇ρeµb , Ξab = Λ(ab) − Ψ(ab) .

Rank−1 : κa ≡ eµ
anρ∇ρnµ , λa ≡ nρnµ∇ρeµ

a , θa ≡ 2nµeρ
a∇ρnµ .

Rank−0 : α ≡ nνnν∇νnµ .

This yields the completeness relation of non-metricity

Qρµν = 2ϵ αnρnµnν + 2nρn(µeν)a (κa + λa) + nµnνeρaθa

+ ϵ
[
2eρae(νbnµ) (Kab + Φab) + nρeµaeνb

(
Ξab + 2Ψ(ab)

)]
+ eρceµaeνbQ(3)

cab .
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Gauss-Codazzi 1

By contracting the Riemann tensor with nµ and hµ
α and by repeatedly

using integration by parts we derive the Gauss-Codazzi relations.

Generalized Ricci relations:

Rµ
λρνnλnµhρ

αhν
β =2Kµ[αΦβ]

µ − D[αθβ] ,

Rµ
αβνhα

λnµnβhν
ρ =Dρκλ − ϵ κρκλ + ϵ αKλρ − KρµΦλ

µ −LnKλρ ,

Rµ
ανβnαnβhσ

µhν
ρ =− Dρλσ + ϵ λσ

(
κρ − θρ

)
+ ϵ αΦρ

σ

− Φµ
σΦρ

µ + hσ
µLnΦρ

µ .

Rank-one relation

Rµ
λρνnλnµnρhν

α = Dαα + ϵ α
(

1
2 θα − κα

)
+ κµΦαµ − λµKαµ − 1

2Lnθα .
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Gauss-Codazzi 2

First and second generalized Codazzi relations:

Rµ
λρνnµhλ

αhρ
βhν

σ =2D[σKβ]α + ϵ θ[βKσ]α ,

Rµ
λρνnλhµσhρ

αhν
β =− 2D[αΦβ]

σ + ϵ θ[βΦα]
σ .

Third generalized Codazzi relation

Rρ
σµνhραhσ

βhµ
λnν =

[
1
2

(
Dα + ϵ

(
κα − 1

2 θα

)) (
Ξβλ + 2Ψ(βλ) − 2Φ(βλ)

)
− (α ↔ β)] − 1

2

(
Dλ − ϵ

(
κλ − 1

2 θλ

)) (
Ξαβ + 2Ψ(αβ) − 2Φ[αβ]

)
+ ϵ

(
κβΦλα − λαKλβ

)
+ L(3)ρ

βλΦρα − L(3)αλρΦβ
ρ − hρ

αhν
βhµ

λLnL(3)ρνµ .
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The teleparallel limit - 1

In the teleparallel limit the right-hand sides of the Gauss-Codazzi
relations must vanish identically

Distinction between Dα and L:

We solve for LF

We treat DF as an expression homogeneous in F.

Using these prescriptions we find that the teleparallel condition is met in
the first and second Codazzi and Ricci relations provided that

Kµν = 0 , Φµν = 0 , κµ = 0 , λµ = 0 ,

Furthermore, the rank-one relation is satisfied if

Lnθµ = Dµα +
ϵ

2
α θµ .
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The teleparallel limit - 2

Let us define

Sab +Aab ≡ nνeρ
aeµ

bQρµν = Kab +Φab , Σab ≡ nρeµ
aeν

bQρµν = Ξab + 2Ψ(ab) ,

where S[ab] = 0 and A(ab) = 0. Then, the third Codazzi relations implies

hρ
αhν

βhµ
λLnL(3)ρνµ =

1
2

(
Dα −

ϵ

2
θα

)
Σβλ −

(
D(β −

ϵ

2
θ(β

)
Σλ)α .

Thus, the teleparallel expression of the completeness relation of
non-metricity turns out to be

Qρµν = 2ϵ αnµnνnρ + nµnνθρ + ϵ nρΣµν + Q(3)
ρµν .
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Variational problem in symmetric teleparallel
theories

The Lagrange multiplier enters the Lagrangian in the following
geometric expression, which does not require the existence of a metric
structure

LLM = Rρ
λ ∧ κρ

λ = Rρ
λ[µν]κρ

λ
[αβ] dxµ ∧ dxν ∧ dxα ∧ dxβ .

The Lagrange multiplier enjoys a gauge-like symmetry transformation

δLMκρ
α ≡ δLMκρ

αµνdxµ ∧ dxν = ∇λρ
λ .

The teleparallel action is

S[g, Γ, κ] =
∫
V

[
d4x

√
−g

(
Q + ∇̊µ

(
Qµ − Q̃µ

))
+ Rρ

λ ∧ κρ
λ
]

.

By varying the first term we find

δ
√
−g Q ≡

√
−g

[
qµν −

1
2

gµνQ

]
δgµν +

√
−gYρ

µν∇ρδgµν +
√
−gXρ

µνδΓρ
(µν)

=
√
−g

[
qµν −

1
2

gµνQ −∇ρYρ
µν −

1
2

QρYρ
µν

]
δgµν +

√
−gXρ

µνδΓρ
(µν) ,
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Field equations

The variation of the boundary term yields

δ
∫
V

√
−g∇̊µ

(
Qµ − Q̃µ

)
=

∫
∂V

ϵ
√
|h|nµhνλ∂µδgνλ ,

which requires introducing the counter-term

SB = − 1
16 π

∮
∂V

√
|h| ϵ nρhµν

(
∇µgρν −∇ρgµν

)
.

Finally the resulting field equations are

qµν −
1
2

gµνQ −∇ρYρ
µν −

1
2

QρYρ
µν = 0 ,

Xρ
(λµ)

√
−g d4x + dx(µ ∧∇κρ

λ) = 0 ,

Rρ
λ[µν]dxµdxν = 0 .

The metric field equations are insensitive to the presence of the Lagrange
multiplier.
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Metric velocity: Palatini vs teleparallel

In the presence of non-metricity the Lie derivative of the metric along
tµ = Nnµ + Nµ reads

Ltgµν = tα∇αgµν + gµα∇νtα + gνα∇µtα

=N
(
∇µnν +∇νnµ

)
+∇µNν +∇νNµ + nµ∇νN + nν∇µN

+ Nnα
(

Qαµν − 2Q(µν)α

)
+ Nα

(
Qαµν − 2Q(µν)α

)
.

By projecting onto the three-dimensional we find

ḣab = N
(

Ξab + 2Ψ(ab) − 2Φ(ab)

)
+ 2D(aNb) + Nc

(
Q(3)

cab − 2Q(3)
(ab)c

)
.

Using the new variables in the Palatini case we obtain

ḣab = 2
[
NK̊ab + D(aNb) + NcL(3)c

ab

]
= 2

(
NK̊ab + D̊(aNb)

)
.

However, taking the teleparallel limit we have

ḣab = NΣab + 2D̊(aNb) .
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STEGR Hamiltonian

Using the teleparallel completeness relation we obtain the
3 + 1-decomposed STEGR action

SSTEGR =
1

16π

∫ t2

t1

dt
{∫

Σt

N
√

h d3y
[
−Q(3) +

1
4

ΣabΣab − 1
4

Σ2

+
(

L̃(3)a − L(3)a

)
θa
]}

.

The momentum reads

pab =

√
h

32π

(
Σab − habΣ

)
,

yielding the following expression of the Hamiltonian density

HST =
16π N√

h

(
pabpab −

1
d − 2

P2
)
+ 2pabD̊(aNb)

+

√
h N

16π

[
Q(3) +

(
La − L̃a

)
θa
]

.
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Constraints and d.o.f. count - 1

The variation of the Hamiltonian yields

δHP =
∫

Σt

d3y
(
Pabδhab +Habδpab + CδN − 2CaδNa + Θaδθa + Λc

abδLc
ab

)
.

The deviation of the first four tensor densities from the Riemannian
result is parametrized by tensors quadratic in Lc

ab and θa

C = C̊ +

√
h

16π
c(L, θ) , Ca = C̊a ,

Pab = P̊ab +

√
h

16π
Υab(L, θ) , Hab = H̊ab ,

HST = H̊ + f (Θa, Λc
ab, N, h) .

Since c, Yab and f are of second degree in θa, Lc
ab any arbitrary function of

the canonical variables Ω satisfies

{H, Ω} ≈ {H̊, Ω} , {Pab, Ω} ≈ {P̊ab, Ω} , {C, Ω} ≈ {C̊, Ω} .
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Constraints and d.o.f. count - 2

The new primary constraints satisfy

{πθ
a, H} = − ∂H

∂θa
≈ 0 ,

{πLc
ab, H} = − ∂H

∂Lc
ab

≈ 0 .

This means that they are first-class, therefore, they do not give rise to
further secondary constraints. Since the number of new canonical
variables is twice as that of new first-class constraints and

#(d.o.f .) =
#(c.v.) − #(s.c.c.)

2
− #(f .c.c.) ,

the number of propagating degrees of freedom equals the Riemannian
one.
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Conclusions and outlooks

This formalism can be applied to any symmetric
teleparallel theory, and it allows to carry out
Hamiltonian analyses without ever relying on the
coincident gauge

The problematic absence of a boundary term (energy of
a Black-Hole at infinity)

New possible applications: teleparallel equivalent of
Starobinsky and Stelle actions
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The end

Thank you for your attention!

Questions are welcome
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