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Motivation

The physical content of teleparallel theories

3+1 decompo-
sition and

Hamiltonian
analyses in
symmetric

o — The coincident gauge is used in four-dimensional descriptions to get the
theories purely dynamical part of the field equations

Dario Sauro

fisties wion Is this gauge choice really necessary when we employ a 3 + 1
decomposition?

If the answer is no, then we need to be able to covariantly "kill" some
extrinsic and intrinsic parts of non-metricity, so that the theory
automatically belongs to the teleparallel submanifold

How does the Hamiltonian depend on extrinsic tensors?
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3 + 1 decomposition of a non-metric theory

3+1 decompo-

sition and A 3 +1 decomposition is identified by an orthonormal vector 7, and by
s introducing coordinates y* on the hypersurface ¥ we have that the basis
analyses in a ax

symmetric vectors e"
teleparallel
theories

Dario Sauro uv = €NyNy + EVaEVbhab , 1/1”1’1’4 =€ €=4=1,

gyr are such that

etany =0,
where h,, is the intrinsic metric

non-metricity dxH ax¥

ds? ——d dyb = hydy"dy
5% = 8wy e oy Y'dy” = hady'dy’.
Then, if A is orthogonal to n# we can single out the three-connection as

DA, = e"‘ueﬁbVﬁAa
= vﬁ (Elqu,x) E’Bb — eﬁbA,xVﬁe"‘a
=0pAs — T A .
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Intrinsic and extrinsic connection

3+1 decompo-
sition and

Hamiltonian The three-connection can be decomposed in the usual manner
analyses in
symmetric c o (3) c ‘B e v ¢
teleparallel T ab = T ab +L ab = € hep V‘Be{?ﬂ + pre ae”bep .

theories

Dario Sauro The intrinsic non-metricity and extrinsic curvature are defined as

3 — v —
- . Q( )cab =ef'cel'qe vQouv = Dechgp ,
ypersurface o
geomet? y il Kub Eeyuevbvvn’l = Kah — L)\’“ﬂ’l/\eﬂaevb .
non-me /

Then, the Gauss-Weingarten relation
e' Vet = et T, — e Ky,n'
can be used to derive

Kop = = (Luguv) et'ae’y — L)‘yvnAeVaeVb.

N[ —
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The new extrinsic tensors

3+1 decompo-

sition and We can define the extrinsic tensors by enlisting all non-trivial

Hamiltonian

three-dimensional expressions involving e,*, 1, hy, and their first

teleparallel derivatives:
theories

Dario Sauro

Rank—2 : y = e””npvpeyb , B = nphgchdepth

b _ _ —-
@a n”eP“Vpe,, ’ Aab = eVanPVpeyb, b = A(ab) — ‘Y(ab) .

Rank—1 : kg = el qnfVony,, AT =nPrt Ve, 6, = 2n"ef ;V pn1y, .
Rank—0: a=n"n"Vyny,.

This yields the completeness relation of non-metricity

QMY = 2e anPnin’ + 2nPnHeV)? (kg + Aa) + nt'n"e0,

+e [2€Pae(vbnll) (Kgp + Dgp) + nfele’? ( b+ 2F (ab))] 4 Pl d)
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Gauss-Codazzi 1

3+1 decompo-
sition and
Hamiltonian

al By contracting the Riemann tensor with n# and h*, and by repeatedly

fe‘{epm.anei using integration by parts we derive the Gauss-Codazzi relations.
theories
Dario Sauro Generalized Ricci relations:
" A e HY 2 = H_
R )\pvn Ylyh al’l B —ZKy[“q)ﬂ] D[“f)ﬁ] P

Rﬂaﬁvh“/\n,,nﬁhvp =Dpk) — €xpky + €Ky, — Kop®p¥ — LnKj,,
RF g™ nPh,h"y = — DpA” + € A7 (1 — 0,) + e ad,”
— @, D Ty Ly D
Rank-one relation

RVAPVn)‘n”nPh“,X =Dya+en (%9“ - K,x) +xl Dy — A Ky — %ﬁnﬂ,x.
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Gauss-Codazzi 2

3+1 decompo-
sition and
Hamiltonian
e s i First and second generalized Codazzi relations:
Symtnetrlc
teleparallel

theories R]l/\pynyh/\txhpﬁhvﬂ :ZD[UKﬁ]a + 59['BK‘7

Dario Sauro

Jous
R”Apun/\hwhpahvﬁ = — ZD[aCDﬁ]U +e€ 9[/5(1)“]0 .

S Third generalized Codazzi relation

non-metrlclt‘y

1 =
Rpgyyhpuchaﬁh"/\nv = [E (Da +e€ (K[x - %9,,0) (':‘5)‘ -‘1-2‘}’(/5)\) — 2@(‘5/\))
1 =
— (< B)] — 3 (D)\ —€ (K/\ - %9/\)) (daﬁ +2T(aﬁ) - 2@[0“3])

e (1p®ra = AaKog ) + LOP g pu = L 0 B — Wk gl ) Ll .
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The teleparallel limit - 1

3+1 decompo-
sition an

ic In the teleparallel limit the right-hand sides of the Gauss-Codazzi
relations must vanish identically

arallel
theories

Distinction between D, and L:
m We solve for LF

Dario Sauro

m We treat DF as an expression homogeneous in F.

Using these prescriptions we find that the teleparallel condition is met in
Teleparallel the first and second Codazzi and Ricci relations provided that

limit
Kw=0, @u=0, =0 A,=0,

Furthermore, the rank-one relation is satisfied if

€
Ln0y = Dya + Eaey.
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The teleparallel limit - 2

3+1 decompo-
sition and

Let us define

Sap + Ay = 1", Qouv = Kop + Py, Ly = nPet "y Qopv = Egp + 2% (),

Dario Sauro

where S| = 0and Ay, = 0. Then, the third Codazzi relations implies

1 € €
3 —
W '3 LuL® puyy = 5 (Do = 260 ) Zpr = (D(p = 50(5) Zja -
Eﬁfmuﬂ Thus, the teleparallel expression of the completeness relation of

non-metricity turns out to be

Qpuv = 2€ anynynp + nunyBp + € NSy + Q(S)p‘uv )
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Variational problem in symmetric teleparallel

theories

3+1 decompo- The Lagrange multiplier enters the Lagrangian in the following
sition and . . . . . .
i . geometric expression, which does not require the existence of a metric

analyses in structure
symmetric
teleparallel

theories ELM = Rp)\ A KP)L = Rp/\[w/] KP/\[lxﬁ] dxt A dx? A dx® A dX‘B .
e The Lagrange multiplier enjoys a gauge-like symmetry transformation
5LMKPDc = (SLMKP,X’deP ANdx" = V)\PA .

The teleparallel action is

Slg, T, «] =/v [d4x\/jg (@Jrﬁy (QP’*Q’*)) +RPA/\KPA] .

By varying the first term we find

Variational
principle

_ _ 1 _
5/-¢Q=\/-¢ {qw — ngQ} 0gM + \/—gYP i Vp0gh" + /=g X, 6T (1)
_ 1 — 1
=v-g {%w — 58wQ = VoY — EQPWJVV} 081" + \/—gXo!" T (1),
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Field equations

3+1 decompo-

giiontl) The variation of the boundary term yields

el 5/1/ vV *gﬁy (Qﬂ - Qy) = /BV €4/ Ihln"h”‘au«ng,

ara
theories

Dario Sauro which requires introducing the counter-term

1
AT fév V 1l en? Y (Vugpy = Vogyw) -
Finally the resulting field equations are
_ 1 = 0 1 "
T — EgﬂvQ = VoY — EQPY w =0,

Xp(’\m =g dix + dx# A pr)‘) =0,
RPA[VV]dXHdXV =0.

Variational
principle

The metric field equations are insensitive to the presence of the Lagrange
multiplier.
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Metric velocity: Palatini vs teleparallel

3+1 decompo- In the presence of non-metricity the Lie derivative of the metric along
sition and H = Nnh + NH reads

Hamiltonian

analyses in « o "
symmetric £tg’,{]/ =t Vag,“, +8yavvt +gvavyt
teleparallel

theories =N (Vyny + Vyny) + VyNy + VVN]A + nyVVN + nVVVN
Dario Sauro + NTZ‘X (Qa‘m/ o 2Q(’“/)‘X) + le (lew/ _ ZQ(’“/)“) )
By projecting onto the three-dimensional we find
hay = N (Eub +2% () — 2¢(ab)) +2D(;Np) + N° (Q(S)cub —20Q¥ (ab)c) :
Using the new variables in the Palatini case we obtain

iy =2 [Nfgb + DNy + NCL(3)Cab]

Hamiltonian

formalism =2 (Nf(ab + f)(aN b)) .

However, taking the teleparallel limit we have
hab = NZ,Z;, —+ Zb(uNb) .
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STEGR Hamiltonian

3+1 decompo-

sition and Using the teleparallel completeness relation we obtain the

Hamiltonian 3 + 1-decomposed STEGR action
Svm‘n;eiric
teleparallel 1 /tz / 3 3) 1 ab 1 2
heories S = dt Nvhd - Yt — =X
b STEGR =767 |, { . Vhdy | -Q®) + 12ab i

Dario Sauro

4 (L0 -10,) ]}
The momentum reads

T 32n

pab _ \m (Zab _habz) }

yielding the following expression of the Hamiltonian density

Hamiltpnian _ 16T N ab 1 o) ab
formalism HST 77 ( ab — ﬁp + Zp D(IZNb)
VAN 10) L) e
+W[Q + (Lo —Lo) 6] .
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Constraints and d.o.f. count - 1

3+1 decompo- Lo . . .
sition and The variation of the Hamiltonian yields
Hamiltonian
analyses in b b b
ymmerric [T / By (P” Sy + Hap0p™ + CON — 2C,0N" + €60, + A" (SLCab) .
teleparallel pN
theories

Dario Sauro The deviation of the first four tensor densities from the Riemannian
result is parametrized by tensors quadratic in L, and 6,

o Vh _
C—é+mc(L,9), Co=0Ca,

o h o
pab — pab 4 MLHY“Z’(L,G), Hap = Hap

Hgsr = H +f(©%, A, N, h).

Hamiltonian

ol Since ¢, Y% and f are of second degree in 6,, L, any arbitrary function of
the canonical variables () satisfies

{H,Q}~ {H,0}, {P?Q}~{P? 0}, {C,0O}~{CnO}.
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Constraints and d.o.f. count - 2

3+1 decompo-
sition and
Hamiltonian
Eles in The new primary constraints satisfy
Synunetrlc
teleparallel
theories

oH

TH}=—— =~
Dario Sauro {7-(9 ! } 89,1 0,
oH
ab
H} = — =
{7TLC 7 } aLcab

This means that they are first-class, therefore, they do not give rise to
further secondary constraints. Since the number of new canonical
variables is twice as that of new first-class constraints and

#(dof.) = w —#(fec),

the number of propagating degrees of freedom equals the Riemannian
one.

Hamiltonian
formalism
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Conclusions and outlooks

3+1 decompo-
sition and

teleparallel m This formalism can be applied to any symmetric

teleparallel theory, and it allows to carry out
Hamiltonian analyses without ever relying on the
coincident gauge

Dario Sauro

m The problematic absence of a boundary term (energy of
a Black-Hole at infinity)

m New possible applications: teleparallel equivalent of
Starobinsky and Stelle actions

Conclusions
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The end

3+1 decompo-
sition and
Hamiltonian
analyses in
symmetric
teleparallel
theories

Dario Sauro

Thank you for your attention!

Questions are welcome

Conclusions
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