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The geometric arena for symmetric teleparallel gravity
We consider a spacetime manifold equipped with two geometric, independent entities, the metric
𝑔𝜇𝜈 and an affine connection Γλμν. In a general metric-affine framework, we

the curvature tensor 𝑅 𝛽𝜇𝜈
𝛼 = 𝜕𝜇Γ 𝛽𝜈

𝛼 − 𝜕𝜈Γ 𝛽𝜇
𝛼 + Γ 𝜎𝜇

𝛼 Γ𝛽𝜈
𝜎 − Γ 𝜎𝜈

𝛼 Γ 𝛽𝜇
𝜎 ;

the torsion tensor 𝑇𝜇𝜈
𝛼 = Γ 𝜈𝜇

𝛼 − Γ 𝜇𝜈
𝛼 ;

the nonmetricity tensor 𝑄𝛼𝜇𝜈 = ∇𝛼𝑔𝜇𝜈 = 𝜕𝛼𝑔𝜇𝜈 −Γ μα
𝜎 𝑔𝜎ν − Γ 𝜈α

𝜎 𝑔𝜇𝜎 .
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The geometric arena for symmetric teleparallel gravity
If 𝑇𝜇𝜈

𝛼 = 0, the independent connection is symmetric, and if additionally 𝑅 𝛽𝜇𝜈
𝛼 = 0, it is determined as

Γ𝜇𝜈
𝜌

=
𝜕𝑥𝜌

𝜕𝜉𝑎

𝜕2𝜉𝑎

𝜕𝑥𝜇𝜕𝑥𝜈, with 
𝜕𝜉𝑎

𝜕𝑥𝜇 the (invertible) coordinate transformation matrix. At lowest order in derivatives, and 

restricting to parity-even terms, the most general gravitational action built from all quadratic scalars in the 
nonmetricity tensor is: 

𝑆 𝑔𝜇𝜈 , 𝜉𝑎 = න𝑑4𝑥 ℒ =
1

2
න𝑑4𝑥 −𝑔ℚ

=
1

2
න𝑑4𝑥 −𝑔 𝑐1𝑄𝜌𝜇𝜈𝑄𝜌𝜇𝜈 + 𝑐2𝑄𝜈𝜇𝜌𝑄𝜌𝜇𝜈 + 𝑐3𝑄𝜇𝑄𝜇 + 𝑐4

෪𝑄𝜇 ෪𝑄𝜇 + 𝑐5𝑄𝜇 ෪𝑄𝜇 ,

where the nonmetricity scalar ℚ is implicitly defined, and the coefficients 𝑐𝑖  control the five independent 
quadratic nonmetricity invariants. This theory is called Newer GR . The Symmetric Teleparallel Equivalent of 
General Relativity (STEGR) is recovered when 𝑐1 = −1/4, 𝑐2 = 1/2, 𝑐3 = 1/4, 𝑐4 = 0, 𝑐5 = −1/2.
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The geometric arena for symmetric teleparallel gravity
For the nonmetricity scalar it is commonly used in the literature in the form ℚ = 𝒫𝜌𝜇𝜈𝑄𝜌𝜇𝜈, where the 
nonmetricity conjugate or superpotential

 𝒫𝜌𝜇𝜈 = 𝑐1𝑄𝜌𝜇𝜈 + 𝑐2𝑄 𝜈𝜇 𝜌 + 𝑐3𝑄𝜌𝑔𝜇𝜈 + 𝑐4𝑔𝜌(𝜈 ෨𝑄
𝜇)

+
𝑐5

2
𝑔𝜌(𝜈𝑄

𝜇)
+ ෪Q𝜌𝑔𝜇𝜈 . 

Then we collect the quadratic nonmetricity terms into ℚ = ෫𝑃𝛼𝛽𝛾𝜌𝜇𝜈𝑄𝛼𝛽𝛾𝑄𝜌𝜇𝜈,  so that
෫𝑃𝛼𝛽𝛾𝜌𝜇𝜈 = 𝑐1𝑔𝛼𝜌𝑔𝛽𝜇𝑔𝛾𝜈 + 𝑐2𝑔𝛼𝜈𝑔𝛽𝜇𝑔𝛾𝜌 + 𝑐3𝑔𝛼𝜌𝑔𝛽𝛾𝑔𝜇𝜈 + 𝑐4𝑔𝛼𝛾𝑔𝛽𝜇𝑔𝜌𝜈 + 𝑐5𝑔𝛼𝜇𝑔𝛽𝛾𝑔𝜌𝜈.

Since the nonmetricity tensor is symmetric in the last two indices we also define a fully symmetrized object:

𝑃𝛼 𝛽𝛾 𝜌 𝜇𝜈

=
𝑐1

2
𝑔𝛼𝜌 𝑔𝛽𝜇𝑔𝛾𝜈 + 𝑔𝛽𝜈𝑔𝛾𝜇 +

𝑐2

4
𝑔𝛼𝜈𝑔𝛽𝜇𝑔𝛾𝜌 + 𝑔𝛼𝜈𝑔𝛾𝜇𝑔𝛽𝜌 + 𝑔𝛼𝜇𝑔𝛽𝜈𝑔𝛾𝜌 + 𝑔𝛼𝜇𝑔𝛾𝜈𝑔𝛽𝜌

+ 𝑐3𝑔𝛼𝜌𝑔𝛽𝛾𝑔𝜇𝜈 +
𝑐4

4
𝑔𝛼𝛾𝑔𝛽𝜇𝑔𝜌𝜈 + 𝑔𝛼𝛽𝑔𝛾𝜇𝑔𝜌𝜈 + 𝑔𝛼𝛾𝑔𝛽𝜈𝑔𝜌𝜇 + 𝑔𝛼𝛽𝑔𝛾𝜈𝑔𝜌𝜇

+
𝑐5

2
𝑔𝛽𝛾 𝑔𝛼𝜇𝑔𝜌𝜈 + 𝑔𝛼𝜈𝑔𝜌𝜇 .

GEOMGRAVX 5



30/06/2026

The geometric arena for symmetric teleparallel gravity
The metric equations of motion of Newer GR are

2

−𝑔
∇𝜌 −𝑔𝒫𝜌𝜇𝜈 + 𝒫𝜇𝜌𝜆𝑄𝜌𝜆

𝜈 + 2𝒫𝜌𝜆𝜇𝑄𝜌𝜆
𝜈 − ℚ𝑔𝜇𝜈 = 0

while the connection field equations:

∇𝜌∇𝜇 −𝑔𝒫𝜈
𝜌𝜇

= 0,

the metric equations are 3rd order in derivatives in 𝜉𝑎, while in the connection equations they 
appear with derivatives of 4th order, while being up to derivatives of 3rd order in the metric 
tensor.

GEOMGRAVX 6



30/06/2026

Irreducible decomposition formulation and ADM variables
We present an alternative formulation to the spectral analysis, using an irreducible decomposition of the most 

general kernel element.
We compute expressions for the canonical momenta separating explicitly the velocity components on the metric 
from the nondynamical parts. For this, we write the general expression for the Hessian of Newer GR defined as 

𝐾𝛼𝛽𝜇𝜈 = 𝑃0 𝛼𝛽 0 𝜇𝜈 + 𝑃0 𝜇𝜈 0 𝛼𝛽 , in terms of metric components 

𝐾𝛼𝛽𝜇𝜈

= 𝑐1𝑔00 𝑔𝛼𝜇𝑔𝛽𝜈 + 𝑔𝛼𝜈𝑔𝛽𝜇 + 2𝑐3𝑔00𝑔𝛼𝛽𝑔𝜇𝜈

+
𝑐2 + 𝑐4

2
𝑔0𝛽𝑔0𝜈𝑔𝛼𝜇 + 𝑔0𝛼𝑔0𝜈𝑔𝛽𝜇 + 𝑔0𝛽𝑔0𝜇𝑔𝛼𝜈 + 𝑔0𝛼𝑔0𝜇𝑔𝛽𝜈 + 𝑐5𝑔𝛼𝛽𝑔0𝜇
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Thus, canonical momenta are defined as

𝜋𝛼𝛽 =
1

2
−𝑔 𝐾𝛼𝛽𝜇𝜈𝑄0𝜇𝜈 + 𝐵𝛼𝛽

where 

𝐵𝛼𝛽 = 𝑃0 𝛼𝛽 𝑖 𝜇𝜈 + 𝑃𝑖 𝜇𝜈 0 𝛼𝛽 𝑄𝑖𝜇𝜈

encode terms independent of the velocities.
After the 3+1 split of the the spacetime components, 𝜇 = 0, 𝑖, of the Hessian, the canonical momenta are

 
2𝜋00

−𝑔
= 𝐾0000 ሶ𝑔00 + 2𝐾000𝑖 ሶ𝑔0𝑖 + 𝐾00𝑖𝑗 ሶ𝑔𝑖𝑗 + 𝐶00,   𝑔00 = −𝛼2 + 𝛽𝑖𝛽𝑖 , 𝑔0𝑖 = 𝛽𝑖 , 𝑔𝑖𝑗 = 𝛾𝑖𝑗 ,      

 
2𝜋0𝑖

−𝑔
= 𝐾0𝑖00 ሶ𝑔00 + 2𝐾0𝑖0𝑗 ሶ𝑔0𝑗 + 𝐾0𝑖𝑘𝑙 ሶ𝑔𝑘𝑙 + 𝐶0𝑖 ,   𝑛𝜇 = −𝛼, 0 , 𝑛𝜇 = (1/𝛼, −𝛽𝑖/𝛼)

 
2𝜋ij

−𝑔
= 𝐾𝑖𝑗00 ሶ𝑔00 + 2𝐾𝑖𝑗0𝑘 ሶ𝑔0𝑘 + 𝐾𝑖𝑗𝑘𝑙 ሶ𝑔𝑘𝑙 + 𝐶𝑖𝑗, ሶ𝑔00 = −2𝛼 ሶ𝛼 + 2𝛽𝑖 ሶ𝛽𝑖 − 𝛽𝑖𝛽𝑗 ሶ𝛾𝑖𝑗, ሶ𝑔0𝑖 = ሶ𝛽𝑖 , ሶ𝑔𝑖𝑗 = ሶ𝛾𝑖𝑗 .

          𝐶𝛼𝛽 = 𝐵𝛼𝛽 − 𝐾𝛼𝛽𝜇𝜈𝑞0𝜇𝜈.

Canonical momenta
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𝜋𝛼 = − 𝛾
4 Ƹ𝑐

𝛼3 ሶ𝛼 +
𝑐35

𝛼2 𝛾𝑖𝑗 −
2 Ƹ𝑐

𝛼4 𝛽𝑖𝛽𝑗 ሶ𝛾𝑖𝑗 + 𝛼2𝐶00

𝜋𝛽k = 𝛾
2𝑐124

𝛼3 𝛾𝑖𝑗 ሶ𝛽𝑗 −
𝑐124

𝛼3 𝛽𝑗𝛾𝑖𝑘 + 𝛽𝑘𝛾𝑖𝑗 +
2 Ƹ𝑐

𝛼5 𝛽𝑖𝛽𝑗𝛽𝑘 ሶ𝛾𝑖𝑗 + 𝛼 𝛽𝑖𝐶00 + 𝐶0𝑖

𝜋𝛾ij

= 𝛾 ቈ

቉

−
𝑐35

𝛼2 𝛾𝑖𝑗 ሶ𝛼 −
𝑐124

𝛼3 𝛽𝑖𝛾𝑗𝑘 + 𝛽𝑗𝛾𝑖𝑘 ሶ𝛽𝑘

+
Ƹ𝑐

𝛼5 𝛽𝑖𝛽𝑗𝛽𝑘𝛽𝑙 +
𝑐124

2𝛼3 𝛾𝑖𝑘𝛽𝑗𝛽𝑙 + 𝛾𝑖𝑙𝛽𝑗𝛽𝑘 + 𝛾𝑗𝑘𝛽𝑖𝛽𝑙 + 𝛾𝑗𝑙𝛽𝑖𝛽𝑘 −
𝑐1

2𝛼
𝛾𝑖𝑘𝛾𝑗𝑙 + 𝛾𝑖𝑙𝛾𝑗𝑘 −

𝑐3

𝛼
𝛾𝑖𝑗𝛾𝑘𝑙 ሶ𝛾𝑘𝑙

+
𝛼

2
𝐶𝑖𝑗 − 𝛽𝑖𝛽𝑗𝐶00 .

In comparison to the ADM formulation of GR, the momenta conjugate to the lapse and shift do not vanish 
identically. All dependence on nondynamical pieces of the connection is contained in the velocity-independent 
terms 𝐶𝜇𝜈, which shift the canonical momenta but do not change the rank of the Hessian.

Canonical momenta
The conjugate to the ADM variables
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Kernel elements
In order to obtain the primary constraints for Newer GR, we must obtain the kernel 𝑋𝛼𝛽 = 𝑋𝛽𝛼 of the Hessian 𝐾𝛼𝛽𝜇𝜈:

 𝐾𝛼𝛽𝜇𝜈𝑋𝜇𝜈 = 0, ∀μ,𝜈.

If 𝑋𝛼𝛽 is an element of the kernel, then multiplying it by the left of 2𝜋𝛼𝛽

−𝑔
− 𝐶𝛼𝛽 = K𝛼𝛽𝜇𝜈 ሶ𝑔𝜇𝜈, we obtain the primary 

constraints  𝑋𝛼𝛽
2𝜋𝛼𝛽

−𝑔
− 𝐶𝛼𝛽 = 𝑋𝛼𝛽𝐾𝛼𝛽𝜇𝜈 ሶ𝑔𝜇𝜈 = 0.

Thus, the Hessian does not have a kernel for arbitrary values of the 𝑐𝑖, and different cases will give a different kernel 
and consequently different number of primary constraints.
Any arbitrary component of the kernel can be decomposed as

 𝑋𝜇𝜈 = 𝑎𝑛𝜇𝑛𝜈 + 𝑏𝛾𝜇𝜈 + 2𝑛(𝜇V𝜈) + 𝑆𝜇𝜈 ,
V𝜇  a purely spatial vector: 𝑛𝜇𝑉𝜇 = 0;
𝑆𝜇𝜈  a symmetric trace-free tensor: 𝑛𝜇𝑆𝜇𝜈 = 0, 𝑔𝜇𝜈𝑆𝜇𝜈 = 𝛾𝜇𝜈𝑆𝜇𝜈 = 0.
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Kernel elements
The action of the generic kernel element 𝑋𝛼𝛽 in the Hessian in three components is

𝐾𝛼𝛽𝜇𝜈𝑋𝜇𝜈 = 𝐾𝑠𝑐𝑎𝑙𝑎𝑟
𝛼𝛽

+ 𝐾𝑣𝑒𝑐𝑡𝑜𝑟
𝛼𝛽

+ 𝐾𝑡𝑒𝑛𝑠𝑜𝑟
𝛼𝛽

.

𝐾𝑠𝑐𝑎𝑙𝑎𝑟
𝛼𝛽

=  𝑀 =
2𝑔00 𝑐1 + 𝑐2 + 𝑐3 + 𝑐4 + 𝑐5 −3𝑔00 2𝑐3 + 𝑐5

−𝑔00 2𝑐3 + 𝑐5 2𝑔00 𝑐1 + 3𝑐3

a

b
,

𝐾𝑣𝑒𝑐𝑡𝑜𝑟
𝛼𝛽

= 2𝑐1 + 𝑐2 + 𝑐4 𝑔00 𝑉𝛼𝑛𝛽 + 𝑉𝛽𝑛𝛼

𝐾𝑡𝑒𝑛𝑠𝑜𝑟
𝛼𝛽

= 2𝑐1𝑔00𝑆𝛼𝛽.

Moreover, the three degeneracy conditions 

𝑐1
2 + 𝑐1 𝑐2 + 4𝑐3 + 𝑐4 + 𝑐5 + 3𝑐3 𝑐2 + 𝑐4 −

3

4
𝑐5

2 = 0 

2𝑐1 + 𝑐2 + 𝑐4 = 0, 

𝑐1 = 0 represents the factorization of the Hessian determinant into the three kind of modes. The results of this method 
fully coincide with the spectral analysis
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Primary constraints

• The tensor sector is controlled by the degeneracy condition 𝑐1 = 0. If this condition is achieved, then 
every spatial symmetric trace-free tensor 𝑆𝜇𝜈 belongs to the kernel of the Hessian. In three spatial 
dimensions, 𝑆𝜇𝜈 has 5 independent components, hence there are 5 primary constraints.

• In the vector sector, every spatial vector V𝜇 belongs to the kernel if the condition 2𝑐1 + 𝑐2 + 𝑐4 = 0 is 
satisfied. The three independent components of this arbitrary spatial vector give rise to 3 primary 
constraints

• The scalar sector is two-dimensional, spanned by 𝑛𝜇𝑛𝜈 and 𝛾𝜇𝜈, becoming degenerate when 

𝑐1
2 + 𝑐1 𝑐2 + 4𝑐3 + 𝑐4 + 𝑐5 + 3𝑐3 𝑐2 + 𝑐4 −

3

4
𝑐5

2 = 0 

 If the scalar block has rank 1, then the kernel is one-dimensional, and there is exactly 1 scalar primary 
constraint. 
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If 𝑎, 𝑏 ≠ 0,0  is a kernel vector of the scalar matrix

Then, the scalar primary constraint is 𝑎𝑛𝜇𝑛𝜈𝑌𝜇𝜈 + 𝑏𝛾𝜇𝜈𝑌𝜇𝜈 ≈ 0. It could be chosen a 
convenient generic kernel vector such as 𝑎 = 2 𝑐1 + 3𝑐3 , 𝑏 = 2𝑐3 + 𝑐5.

The scalar sector gives two constraints only if the full 2 × 2 scalar block vanishes. 
Thus, simultaneously, 2𝑐3 + 𝑐5 = 0,  𝑐1 + 3𝑐3 = 0, 𝑐1 + 𝑐2 + 𝑐3 + 𝑐4 + 𝑐5  = 0. In this 
case, both scalar directions belong to the kernel and the two scalar primary constraints 
are 𝑛𝜇𝑛𝜈𝑌𝜇𝜈 ≈ 0, 𝛾𝜇𝜈𝑌𝜇𝜈 ≈ 0, which in components, are written as 

2𝜋00

−𝑔
 − 𝐶00 ≈ 0

 𝛾𝑖𝑗
2𝜋𝑖𝑗

−𝑔
− 𝐶𝑖𝑗 + 2𝛽𝑖

2𝜋0𝑖

−𝑔
− 𝐶0𝑖 + 𝛽𝑖𝛽𝑖 2𝜋00

−𝑔
− 𝐶00 ≈ 0

Primary constraints

2 𝑐1 + 𝑐2 + 𝑐3 + 𝑐4 + 𝑐5 −3 2𝑐3 + 𝑐5

− 2𝑐3 + 𝑐5 2 𝑐1 + 3𝑐3

a

b
,
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Review of the possible models 
The Hessian of Newer GR decomposes into irreducible tensor, vector and scalar blocks of dimensions 5, 
3 and 2, respectively. The corresponding primary constraints are therefore naturally classified according 
to the degeneracies of these three sectors.

Possible combinations of primary constraints from the tensor, vector and scalar sectors of the Hessian. NPC denotes number of primary 
constraints. The equivalence is not full.
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Covariant primary constraints

One may try to define canonical momenta directly for the scalar fields 𝜉𝑎 determining the symmetric 
teleparallel connection. Since the connection depends on second derivatives of 𝜉𝑎, this would require an 
Ostrogradsky procedure. Introducing the auxiliary variable Ξ = ሶ𝜉𝑎, one would define two momenta

Π𝑎 =
𝜕ℒ

𝜕 ሶ𝜉𝑎
− 𝜕𝑡

𝜕ℒ

𝜕 ሷ𝜉𝑎
=

𝜕ℒ

𝜕Ξ𝑎 − 𝜕𝑡

𝜕ℒ

𝜕 ሶΞ𝑎
,

𝑃𝑎 =
𝜕ℒ

𝜕 ሷ𝜉𝑎
=

𝜕ℒ

𝜕 ሶΞ𝑎
.

Problems: 
• 𝜉𝑎 play the role of coordinate fields as well as dynamical variables. 
• the Ostrogradsky construction in suggests that the momenta will appear linearly in the Hamiltonian, which 

as a result will give a Hamiltonian unbounded from below and be prone to ghosts.
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Covariant primary constraints
To reduce the order of the derivatives in the connection, a tetrad-like approach to the symmetric 
teleparallel connection was proposed, by defining

𝑒𝜇
𝑎 =

𝜕𝜉𝑎

𝜕𝑥𝜇

Let 𝐸𝑎
𝜇

 denote the inverse matrix. The symmetric teleparallel connection is then written as

Γ𝜇𝜈
𝜌

= 𝐸𝑎
𝜌

𝜕𝜈𝑒𝜇
𝑎.

The integrability condition 𝜕𝜇𝑒𝜈
𝑎 − 𝜕𝜈𝑒𝜇

𝑎 = 0 ensures that 𝑒𝜇
𝑎 is locally of the form 𝜕𝜇𝜉𝑎, and 

also enforces the torsionless condition for the connection above. 
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Covariant primary constraints
The symmetric teleparallel connection can be written as Γ𝜌𝜇𝜈 = 𝑔𝜌𝜎

𝜕𝑥𝜎

𝜕𝜉𝑎

𝜕2𝜉𝑎

𝜕𝑥𝜇𝜕𝑥𝜈 = 𝐸𝑎𝜌𝜕𝜈𝑒𝜇
𝑎 . As a consequence, the 

nonmetricity tensor can be written as
𝑄𝜌𝜇𝜈 = 𝜕𝜌𝑔𝜇𝜈 − 𝐸𝑎𝜈𝜕𝜌𝑒𝜇

𝑎 − 𝐸𝑎𝜇𝜕𝜌𝑒𝜈
𝑎 .

and the momenta conjugate

𝑃𝑎𝜎 =
𝜕ℒ

𝜕𝜕0𝑒𝜎
𝑎 =

𝜕ℒ

𝜕𝑄𝜌𝜇𝜈

𝜕𝑄𝜌𝜇𝜈

𝜕 𝜕0𝑒𝜎
𝑎

We have that 𝜕ℒ

𝜕𝑄𝜌𝜇𝜈
= −𝑔𝒫𝜌𝜇𝜈, and the variation of the nonmetricity tensor in terms of the tetrads gives the 

following 
𝜕𝑄𝜌𝜇𝜈

𝜕 𝜕0𝑒𝜎
𝑎 = −𝛿𝜌

0 𝐸𝑎𝜈𝛿𝜇
𝜎 + 𝐸𝑎𝜇𝛿𝜈

𝜎

The new momenta are then
𝑃𝑎

𝜎 = −2𝐸𝑎𝜈𝜋𝜎𝜈 + 𝜆𝑎
0𝜎 − 𝜆𝑎

𝜎0 → 𝜒𝑎
𝜎 = 𝑃𝑎

𝜎 + 2𝐸𝑎𝜈𝜋𝜎𝜈 − 2𝜆𝑎
0𝜎 ≈ 0.
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Conclusions & Perspective
• Using the irreducible decomposition, we found tensor, vector, and scalar sectors, each with its 

own degeneracy condition and corresponding primary constraints;
• The tensor sector contributes five primary constraints;
• The vector sector contributes three primary constraints;
• The most general condition for constraints in the scalar sector, in any spacetime dimension, is 

vanishing of matrix determinant 2 × 2 scalar block;
• Two independent scalar primary constraints;
• The introduction of first-order variables 𝑒𝜇

𝑎 = 𝜕𝜇𝜉𝑎 avoids Ostrogradsky instabilities caused 
by the  second derivatives of the 𝜉𝑎;

• In this approach, we were able to find the primary constraints from the covariant formulation. 
These constraints provide the natural starting point for a fully covariant Hamiltonian analysis 
of symmetric teleparallel theories beyond the coincident gauge;
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Conclusions & Perspective
• They express the fact that, once the connection is written in first-order pure-gauge form, the 

momenta conjugate to the connection variables are not independent from the metric momenta;
• This primary-constraint analysis depends only on the kinetic Hessian of the quadratic 

nonmetricity action. In this sense, this methods can also be read as a classification of the 
degeneracies of a globally Lorentz-covariant quadratic kinetic structure for a symmetric rank-
two tensor;

• This work does not yet determine the final number of propagating degrees of freedom. For 
that, one must continue the Dirac-Bergmann algorithm: construct the primary Hamiltonian, 
impose time preservation of primary constraints, determine the secondary constraints, and 
classify the full constraint set into first- and second-class;

• In future work, we would like to determine the Hamiltonian and prove that these constraints 
commute with the remaining primary and secondary constraints;

• Determine the Hamiltonian for Metric-Affine gravity for a theory with general Ricci scalar 
and quadratic nonmetricity.
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