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Taub-NUT Metric

* It is a vacuum soln. of GR with two parameters, m and n.
ds? = —f(dt + (2ncos @ + C)dp )? + f~Ldr? + (r? + n?)(dO? + sin 0% d¢?),

r2—n?2-2mr

r24n?

where, [ = ,and C is some parameter.

* As n=2 0, we get Schwarzschild Soln.

» As m-> 0, we do not get Minkowski space! cm1 c-0 P
Location of Misner String*

 From 60’s that it was known as a gravitational dyon. Misner showed that it has a
string-like singularity similar to Dirac’ String (i.e., it is a gauge artifact!), which can be

removed upon imposing = 8rn.
*R. Durka, Int. J. Mod. Phys. D 31 (2022) 04, 2250021



Taub-NUT Charges

* The electric and magnetic charges of a soln. are given by

1 1
Qeza SZ*F sz_afng

* Also, one can calculate the total mass of a soln. using Kumar' integral

== Jga* dy (where, y is a time-like Killing1-form).
* [t isintriguing to know that the nut parameter is
1
=— | d

* The nut parameter is seen as a magnetic-type mass!



TN unconstrained Thermodynamics:

* The price for removing Misner string is to impose the relation

B(r,)=8xn.

(since f =

4 - .
2 this Impose a relation betn. n and r)

f(To) '

* This leads to M=3n/4, and S #A, /4!
* Temperature, limit,, , T #T,, (diverges in this limit!)

* Notice that for Anti-de-Sitter cases with flat and hyperbolic horizon, TN
solutions have no Misner strings and we don’t have to impose this condition!

* If n and r, are not related, we must have a pair of thermodynamic quantities;

(X,Y) such that

B, =8mn

dU =TdS + ---+ XdY

T.dS

S S

or

PndN

$edQ= eod NV = pdo.

Number of
N=n, Particles




Path Integral & Regularity Conditions

* BH thermodynamics is defined through Euclidean Path Integral,
Z = fD[g,A]e_I(g:A)N e_lon — e_ﬁF’
* Here we fix the values of the fields at the boundary, i.e., g, and A,,

* Also, g and A must be regular.

* For example, Regularity of the metric, g, at the horizon
leads to

4
B = fro)’



Path Integral & Regularity Conditions

In short:
gbr Ab

* For fixed charges we have
Zeon = €xp(-1,,) = exp(-PF), (Can. Ens.), F = U-TS (Helmholtz pot.), @
* For fixed chem. Pot. We have

Zyrna = €xp(-1,,) = exp(-pG), (Grand Can.), G = U-TS- uN (Gibbs pot.).

* But we could have more than one solution with the same boundary values, in this case

Z=exp(-1;) + exp(-1,) = = exp(-pF,) + exp(-pF,)
* In these cases, one soln. might dominate in certain range of temperature, then the other

could dominate in another range. If this happens, we have phase transition at which F,=
F, at certain transition temperature!

* In this work we adopt, the standard definition of internal energy and entropy;
U=-ﬁﬁInZ, S=ﬁ0”ﬁI—I.



TN-AdS Dyons™

* Metric: )

. . dr . . .
ds* = —f(r) (dt—2n(cos O+k) do )* + ) + (r*+n?) (df*+sin* 0 do?)
P+ qi+qi,—n®*—2mr r* +6n?r? —3n?
fr) = r2 + n? ™ (r2 +mn2) L2
nNgm — qeT ! 2nger + gm (Tz o n’g) |
A= ( R + @E> dt + ([ 7+ ?) costl + C' | do
* Regularity of the 1-form leads to: Charges:
Cr = F(gm + 2n0), Q> = q
1o _ (@ +2n9.)(cos0 F 1) |
AL = — .
(r2 + n?)sin®f ho )
0 — nGm + ¢e(n® + 1) m = (m + 2noe).

L]

* Phys. Rev. D 108 (2023), 064022.



Extended Thermodynamics™ p =

* Temperature: 7T — (1= 62) 15 — (am +nde)” N 3 ?‘.3 ( + ?‘n)
471y L2 rd

* | is calculated using counter-terms: I (3, n, Q.,,, do, P) = [G (Gis grand Pot,))

[0e (N +12) + nGm)’ ro +3nt  (n* —1r3) (202 — 1) + 3¢%, + 4ngp de

G = 4rg 4127, T 4r,
dG = —5d1" + On dn + fjj:rn. d@m — QE. dp. + V diD
where,
(£ — s ( oc = bn.
T ) Qe P O ) T.Qum e, P
(s
OF ) rno. .o ' OQm ) rms..p

_ — Q.
* (dGE T,ﬂ..@m,_P
Phys. Rev. D 109 (2024), 084026.



Extended Thermodynamics

e 15t Law is satisfied: {d( = TdS + ¢,dn + ¢,,d0Q,, + ¢.dQ. — PdV.

With, U=M — né,— PV S= w(rg+n*) M=- /E (xdS +2A®) = m
-
0

P = 3 ‘ v — d7r | 3n?
8mL2: 3 + —Tﬂ
] n(Qm—nde) +r2(B3nd2—n—20Qmde)  3n (r2 —n?)
G = ; . 2
?D 2 o L
Ge = Lefoo = Peln, Om = Punlos — Pl = G =1 0)
ro

 Smarr and Gibbs-Duhem relations are satisfied.

{G —M — TS — ndn — Q.0 }

{j\f =215+ 2n (pn T QE QE'}E. T Q-m- Q%’-m- — 2PV }




TN-Phases-Spherical Solution™

* Temperature:
3(:‘?‘; +n?)? =P (p*+ 4> — k(r;‘; +n?))

T =
Adrry,l? (ﬁ% +n?)

e Pr re: _ 3
essure P = 7,

* Rewrite the above eqgn. as P=P(v), and search for critical points;

oP ) 2P B

— =10. _ = ().
Ov Ov?

* Phys. Rev. D 109 (2024), 084026; Phys. Rev. D 108 (2023), 064022.



TN-Phases-Spherical Solution

* Critical Points (Canon. Case ¢.=0, and q,, and n are fixed):

plL % (Gqfn 4 V3 (3 - nﬂ)) | P =— (Gq;zn -0’ = 2/3v ¢ (3 ﬂz))
o I , 32 _a, 1 ‘ 3/2
T =2 1 (3@; V3V Bk - -n.ﬂ)) Y =t [10’ (3@i +V3V e (3 - ﬂ?))
ol .
(- 96¢) y %t~ VBV B - ‘ , (3= 962) 4 VBV B~ ] |

N 3.4 .
49— g VBV 0 =5\ + VVEE ().




TN-Phases-Spherical Solution

* We have two C. P.'s (Canon. Case):
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N-Phases-Spherical Solution

* Behavior of Free Energy. (Canon. Case):

03r

1st point 2nd point



TN-Phases-Spherical Solution

* P-T diagram (Canon. Case): -

Small BH

Large BH

|||||||||||||||||||||||
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TN-Phases-Spherical Solution

* Critical Points (mixed Case, q,,=0):

c 1

n 2

0F — 1 0 -1 n

#-1 -1

- 3/2
1 : 3 /nd (46t — o2 2.9\

Eﬂﬂ:(L”ﬁ)(m%g+%@VﬁHﬁ—03)0—4%3_

T — &2 2,42
+n* (8- 104¢7) \/ - V3t 44:— ) _ 3%

92 -1 o -1

A (A — ) In2d
T{m):i\/_\f\/ﬂ (o —02)  3n;

" -1 21

P (1 - ¢3) (snﬂof Wy - oz)) (-8

n? 02 -1 0 -1 n?

- "
i D (4t — 62) 2t )\
T{ai} ) :lzi y (1 ) {DE) (ﬁ\/ﬂ ("1@5 we) _ n OE)

A1 gl

(4H — A2 212
-WQ-M@Jﬂw”% %) _ 3n'

g -1 3 -1

B4 _ o \/ V3t (do! - 02)  3n%¢?

: -1 -1



TN-Phases-Spherical Solution

* We have similar results to the Canon. Case for mixed Case (q,,=0, 1/2 < ¢.<1):

* But for the mixed Case (q,,=0, ¢,=>1) we have one crit. point:

— Tl

200 -

I Small BH
00 -

i Large BH
400 -

I Critical Point
200

D ||||||||||||||||||||




N-Phases-Topological Solution*®

* Metric: ) ‘ x2 2
ds” = —f(r) (dr +2n(—= —I—Cg)n’qfl) -

1 2 2 2 2 2 342
—dr-+ (r°+n° (d.r +x°d ¢ )
G |

2
ds*> = —f(r) (dr +2n(coshn + C_,).:‘.f'gb) + f(l,*)

 Thermodynamics are consistent, i.e., 15t law, Gibbs-Duhem and Smarr.

dr* + (r* +n?) (dnz - Sff'.’.’ll'znd@z)

* We get critical points:

P )2 P
C —0 C o

— =10. : = ().
Ov Ov?

* In these cases, we obtain only one critical point.

* Phys. Rev. D 109 (2024), 084026
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Figure 6: Pressure as a function of rp as T changes
around the critical point. T goes from 1.17: to T: to
0.97-. The critical radius occurs at r- = 0.496. The
thermodynamic parameters take the following wvalues:
P, =1.1,0" =132, n =1, T- =0.251, and k = 0.

N-Phases-Topological Solution (k=0)

Figure 7: Gibbs energy vs pressure for r = [0.01,0.3],
where ®, =2.00, @, =230.n=1.1. k=0, T- = 0.244.



N-Phases-Topological Solution (k=0)

* P-T diagram:
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Figure 8: P-T phase diagram for @, = 0.10, Qf'ﬂ — Figure 9: P-T phase diagram for ®, =0, Q% =1.30,n=

230,n=1.1.k=0,T. =6.49, P. = 1.56. 1.50, k=0, T; =0.902, F. =0.159.



Conclusion

« We have introduced a consistent thermodynamics for the Taub NUT which satisfy, 15
law, Smarr 5 and Gibbs-Duhem relations without imposing = 8z n!

* Upon removing the above constraint, it is evident that the nut parameter n and its
chemical potential ¢, plays an important role in fixing TN thermodynamics leading
to an area law for entropy and a sensible limit for the temperature as n-=> 0.

* In this thermodynamics we have small and large black hole phases as in charged
AdS black holes but with additional critical point associated with n.

* For the flat dyonic case we obtain a first order phase transition for large enough
temperatures and pressures ending at one critical point that depend on n.

* It would be interesting to understand what these phase-transition correspond to in
the boundry field theory.



Thank You



Euclidean Path Integral & Thermal Field Theory

q9,(¢)

 In QM Pl is defined as 711 There
(Optd diti) = ID[Q] e Hlal/h = (g e THAt|g;) % "
q.\f
q(tl) - qi & q(tf) — qf' Here :
* In QFT Pl is given by ' S

Z= (ot duts) = DI6] & 181 =g e 115t o,

o) = ¢ & ¢ (t) = ¢
« QFT at finite temp., ;= ¢; and taking At = -Ij3.

/= Z(b {(ble PP |dp) =Tr e -PH  (in FT without gravity p is arbitrary!)



Euclidean Path Integral & Regularity Conditions

Z=2 @ (9.0 e Pg,¢) =Tre P (with gravity B is not arbitrary!)
* g and ¢ must be regular!

BH boundaries

2-dim conical space
(R,0) coordinates

* Expand Eucl. metric (t2iz) around r=r,
e ds?=f(r) d2+1/f(r) dro+...

Where, f= f+f (r-ry)+...

ds?=f" (r-ry) d2+1/(f’ (r-r,)) dre+...

dR=(f’ (r-rg)) V2 dr > R=2 [ (r-ro)/f’ /2

ds? = R2 d(f’#/2)? +dR+...

* Compare with 2-dim conical space

ds? = R? d& +dR?, 2 p=[7]|=2[0 ]If'= 4 lf’



Euclidean Path Integral & Regularity Conditions

. Gauge pot. regularity conditions;
=(-g/r+c) dt, asr =2 Iy, | A,c |2 =(-q/r+c)? /f (reg. only if ) = ¢ =q/r,.

A, ..=(-q/r+c) dt,asr = o, A, ..=c dt = c =, is fixed! (grand. Canon.
Ens.) since I=1(g,, ¢).

=(p cos(0)+c’) dd, as r = 1, is regular.
=(p cos(0)+c’) dd , asr = oo, pis fixed! (canon. Ens.). I=1(g,,p).

2¢ =(P cos(6)+c )do,at,0=0, 7, | A___|?=(p cos(0)+c’)? /sin(D)?, (reg.
onlylf)é ¢’ =+p.

* Work term in 15t law, ¢ dQ = ¢ d(eN) = ndN

elec

elec

mag

mag

mag



Euclidean Path Integral & Phase-Transitions

* Our approach requires that we specify the boundary
values of g, and A, to construct thermodynamics.

I=I(gb,Ab)=|(|3;p;(|))

* But what if we have more than one solution that
have the same boundary values.

Z= exp(-1;) + exp(-1,) = = exp(-BF,) + exp(-BF,)

* We might have certain range of temp. in which F;<
F,, then this could be reversed in another range, F,<
F,. In this case we have phase transition!

* The temp. at which F,= F,, is the transition temp.!
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Behavior around Critical Points:

* Critical behavior is characterized by power law behavior for certain
quantities (critical exponents):

Specific heat, " % e, V=0
 Ordered parameter, _
1) = Vg — U] X 2P . B=1/2.
« Compressibility, |
o = 1 {” x [t|~7. v=1.
vOPIT |

* Pressureat T=T,

P—P.|x|v—uvl. 6=3.



Critical Behavior of Ch-AdS:

dS

C, =1—
’ dT

x |t

(4

1= Vg — U] X t|”

P—P.lo|v—uv.l°.
|

a = 0.

1.5

\
rlI
1—"=l=h=“_‘r‘:._‘n‘: .-'__i_ .'.'w.x
: " . PeRe
| b i
\
15 \P=Re
PePe |
T I T I II T
0 a0 | D04 |\ 008
| i |

0.08



Gibbs Energy:

 Gibbs energy Is
G=mN; + 1N, dN;=-dN,

dG= (1 —u,) dN;
At transition:
T,=T, P,=P, and G,=G,

U1 = Uy

* For VdW fluids we get
swallowtail behaviors

Gibbs free energy
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A Brief History of Taub-NUT

* Taub discovered it in 1950’s, then Newman, Unti, and Tamburinoin
60’s wrote it in its present form.

* It was known in the 60’s that it’s a gravitational dyon. This lead
Misner to treat its string-like singularity similar to Dirac’ String(i.e., it
is a gauge artifact!), imposing =87 n.

* Bonner in late 60’s thought of the string as a source for angular
momentum and didn’t impose =8 n.

* With f=8xn Lorentzian TN contains closed-time like curves.



Taub-NUT Metric

We have following perturbations away from 1, give;
Zm

hoo = — = —20¢y hop = 2ncos 6 = Ay (monopole-like poten.).
Test mass eqns. give
dz L N — -
m; dt’; = —m; [aiqu + v X (\7 X A)]
The action of this test particle reads

1 S
Sp~fdt (Emtvz —miPy +mtA-1?>.

“aw__J)

This is analogous to the action of a test charge “q” under the Lorentz force or a dyon!

1 ,
Sq~fdt (Emvz —q¢. + qA, -17).

=0/ P cos® é(b
e=/r



Misner String

* TN metric has a string-like singularity along z-axis. To see that when C=0,

let us consider the norm vector V,t,
, (2ncos 8 + C)*? 1
Vt|* =

(12 +n?) (sin 6)2 - f(r)
* This shows singular behaviors at f{(r)=0 (horizon), and at 6=0, and =, which can not
be both removed by choosing C.

 Ifwe try to remove divergence at 6=0, by setting C=-2n,

dsz(+) = —f(dtt +2n(cos8 — 1) dp)? + f~tdr* + (r* + n?)(dOB? + sin 0% d¢?)
* Also, for doing the same at 0=r
ds® =—f(dt™+2n(cos8 +1)dp)? + f~tdr* + (r* + n?)(dB? + sin 0% d¢?)

(=)
» These two patches can cover the manifold smoothly only if

Att=4nA ¢ => [=8rn



Path Integral & Regularity Conditions™

* For elec. solution, fixing A at boundary, - o, fixes ¢, (electric pot.)

Agle = (—% + C’) dt | =C'dt, or C'is fixed. This is a grand Canonical Ensemble.

2
BN Gl N
- f(T) r=r0 _q 0~ Ve

e In this case, 1,,,= G, where G is the Gibbs potential.

* Reg. of A at the horizon 2 |A

ele

o__J)) r

* For magnetic solution, fixing, Apmqq = (p cos6+C")d ¢ as v —oq fixes, “p”le, thisisa
Canonical Ensemble.

o Also,

Amayg |2 has to be regular at ry, this leads to

2 (pcos+C")* )

* In this case, 1,,=f E where F is Helmholtz free energy.

* Phys. Rev. D 109 (2024), 084026; Phys. Rev. D 108 (2023), 064022.



Van der Waals Fluids in a Nutshell

» Equation of State of real gas: 2] e mn
a = ’!
(P + {—2) (v —0) = kI . o
» Critical points are solutions of / T
P PP
v Ov? . i
— one critical point; N
1 Ty
0.03 ] e
8a a
KT, = — =3b, P.= y
cTogp T T T o




Charged-AdS solution®

: . . -2 I i 2M (- r
¢ SOlUtIOﬂ' |:'i_'i;iE p— —1-r,!',irr‘:l + fij—r 1 r—dl_;:lz . 1. f— _1_ — "'j :

b

F=dA, _4=—2n’t-

« On-shell gravitational action:

g (. . 31202
Ien = ) (Fa-_ —r 4 3G )

412 +

* In the original work of Chamblin-Emparan-Johnson-Myers, they found an
analogue betn. Charge AdS BH and Van der Waals fluid, where,

Temperature R — Q
Pressure —— B
volume m— r,



Charged-AdS solution

* In extended thermodynamics:

U= QI?;M, .

001 , i i
1
| 1
i =] | 1
| | |
| NiR
H ot -
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il 1™ e
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(1 D.03 u e
I . M o .
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Charged-AdS solution

p
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Surfaces and Fluxes™

* We calculate charges fluxes for C=0.

1 1 an? , .
M=—— SZ*dX:_Ef( "] cos@dr Ade + f (r2+n2)51n9d9Ad¢)

r24n?
* Mass: M*=m, M*= M=-n¢,, M"'=m -2n¢,. ¢, = —1/2r,
 Nut Charge: N°=n, N*= N'=n/2, N"=0. ’

* Ang. Mom.: J*=0, J*=nm, ] =-nm, J"=0.

* Elec. Charge: Q,”=q, Q,'= Q,=-n¢,, Q)=q-2ng,,.

* Magn. Charge: Qmoozpl Qm+: Qe- =-n¢el th =p+2n¢e'

* There are mass and charge distributions along Misner String!

* Phys. Rev. D 109 (2024), 084026; Phys. Rev. D 108 (2023), 064022.



