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Black holes
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Extra dimensions

Kaluza—Klein theory
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Vacuum solution
ansatz with n extra dimensions (A = ¢!, ..., ("

ds? = —f(r)%dt? + f(r)?dr? + r2dQ%2) + f(r)"6ap d¢?d¢B
———
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Peter Mészaros 4/30



Vacuum solution
ansatz with n extra dimensions (A = ¢!, ..., ("
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Ricci tensor Ry,
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Vacuum solution

Fs =1—f" 1+%(a—5+m)r? =0
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Vacuum solution

/

Fs :1—fﬂ31+%(a—5+nwr% =0

I

_ 258
= 1—|—aq 1/p -
(1+arf) 9= hm
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Vacuum solution

_ 1 f
Fs =1—f" 1—|—§(oz—/3+nw)r? =0

4
F=QQ+ar") Y| q=

_ 2
a— B+ ny
exception: & — 8+ ny =0 = f = 1 = Minkowski spacetime
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Vacuum solution

_ 1 '
B =1—f" 1+§(a—ﬁ+nw)r? =0

4
_ 2
f:(l—l—arq) 16 q:7a75ﬂ+nfy

exception: & — 8+ ny =0 = f = 1 = Minkowski spacetime

the rest is then

Fr=Go F =(G + G ar?)® where:

1 ard™2

C(a=B+m)" (1+ar9)’

G =—a—-F—ny

G =28+ (a+m) - (a+m)
G =28 - -’ - (a+m)’
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Vacuum solution(s)
algebraic equations
G =—a—B—ny
G =28+ (a+m) - (a+m)?
G =282-a®—m?—(a+m)
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Vacuum solution(s)
algebraic equations
G =—a—pB—ny
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can besolvedby a = - —ny= G =0,G=0=

G = —ny 2B+ (n+1)9]
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Vacuum solution(s)
algebraic equations
G =—a—pF—ny
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Vacuum solution(s)
algebraic equations
G =—a—pF—ny
G =28"+p(a+m)—(a+m)
G =282-a®—m?—(a+m)
can besolvedby a = - —ny= G =0,G=0=
G = —ny 28+ (n+1)7]

possible solutions are:
ov=0—2a=-0

fr=14+2 fF=(1+2)"

1

=1

trivial extension of the Schwarzschild spacetime
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Vacuum solution(s)
algebraic equations
G =—a—pB—ny
G =28"+p(a+m)—(a+m)
G =282-a®—m?—(a+m)
can besolvedby a = - —ny= G =0,G=0=
G = —ny 2B+ (n+1)7]

possible solutions are:
ov=0—a=-p

fr=1+2 fF=(1+2)"

1

fr=1
trivial extension of the Schwarzschild spacetime
28+ (n+1)7=0- a/f = (n—1)/(n+1),7/8 = —2/(n+1):

n—1

TR e B (R e R R T

nontrivial extension
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Vacuum solutions

trivial extension
2 a 2 AN 2
ds? = — (1+2)at +(1+7) dr® + Pdy +
r r
+  dap dCAdCB
nontrivial extension

ds® = — (1+§)_"“ dt? +(1+§)_ dr? + r2dQ%, +

+ (1+3) T 5 ag dCACE
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Generalized Weyl solutions

ansatz
D-2
ds? — —€2U1(r’z)dt2 + Z €2U‘9(r’z)d¢§ + e2u(r,z)(dr2 + dz2)’
a=2

vacuum solutions satisfy

2 10 0° =2
<8r2+r8r+622)u‘?:O’ ZUQZIHI’,

a=1

D—-2
ov 1 r
o~ 2t X

a=

oU,\* _ (9U:\?|  ov _ = 0U, 9
or 0z "0z < Or 0z~

a=
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Generalized Weyl solutions

ansatz
D-2
ds? — —€2U1(r’z)dt2 + Z €2U‘9(r’z)d¢§ + e2u(r,z)(dr2 + dz2)’
a=2

vacuum solutions satisfy

2 10 0 =
<8I’2+I’8I‘+82)U_0 ZUQZIHI’,
a=1

= Laplace’s equation with rod source — "rod diagrams”
oU,\* _ (9U:\?|  ov _ = 0U, 9
or 0z "0z £ Or 0z )
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Generalized Weyl solutions

D = 4 Minkowski spacetime

t .. U

¢2 U2
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Generalized Weyl solutions

D = 4 Schwarzschild spacetime

.U
¢2 U2
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Generalized Weyl solutions

D =5 Schwarzschild—Tangherlini spacetime

t. U
¢2 U2
¢3 U3
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Generalized Weyl solutions

D =5 black string

t. U
¢2 U2
¢3 U3
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Generalized Weyl solutions

D = 5 Kaluza—Klein bubble

t .. U
¢2 U2
¢3 U3
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Weyl form of the nontrivial extension

ds® = —e*dt? + 2P dp? + e2“oapd(AdCP + €2 (dp® + d2?)
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Weyl form of the nontrivial extension

ds® = —e*dt? + 2P dp? + e2“oapd(AdCP + €2 (dp® + d2?)

11-n Q+a 1 Q+a
21+n"Q—a NPT

1 Q+a D—l (L — a)?

In

T 1+n Q-2 _§|n4Q+Q_7
Q=0 +Q
2
(20
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Weyl form of the nontrivial extension

ds® = —e*dt? + 2P dp? + e2“oapd(AdCP + €2 (dp? + d2?)
11—-n, Q+a 1 Q+a
A=~ | B=1Inp— -1
21+n " Q-a S o
1 | Q+a 1In(L—a)2
= n = — _—
1+n Q-—a’ 2 4Q.Q 7
Q=0Q++ Q-

a\2
— S
(2 2) TP
z:r(l+ cos19 p=ry/l ‘:smﬁ

o’ =—(1+2) ™ i de’+(1+2) " d + (1+ ?)% Sapd¢hdc®
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Weyl form of the nontrivial extension

1n-—1
t ... A Snr1
1
. B —
v 2
1
1
¢ C n+1
1
n
¢ C n+1

N L
N L
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Two types of solutions

trivial extension
a a\ !
ds>= — [ 1+ )d?+ (142 dr’® + r?dQ%, +
r r (2)
+ Sapd(PdCB

nontrivial extension

n—1

- -1
n+1
ds® = — <1+a> ' dt2+(1—|—a> dr® + r’dQpy) +
r r

2
n+1
+ <1+f> " 5agdCAdCE
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Two types of solutions

trivial extension
a a\ !
ds>= — (142 Jd?+ ([ 1+ 2 dr’® + r?dQ%, +
r r @
+ Sapd(PdCB

nontrivial extension

_n=1 —1
n+1
ds? = — <1+a> ' dt2+(1+a> dr® + r’dQpy) +
r r
2

+ < 1+ ? ) " 5 asdCAdCE

existence of horizon for a < 0 at r = |a| !!!
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Kretschmann scalar

trivial extension

—1
ds? = — (1 4 ;) di® + (1 n ?) dr? + r2dQ%) + Sasd( dCE

nontrivial extension

_n—1 1 2
o5 = — (14 2) "+ (14 2) PP dQb)+ (14 2) " dasdhdc?
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Kretschmann scalar

trivial extension

—1
ds? = — (1 4 ;) di® + (1 n ?) dr? + r2dQ%) + Sasd( dCE

K = R™P Ryypo

nontrivial extension
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Kretschmann scalar

trivial extension

—1
ds? = — (1 4 ;) di® + (1 n ?) dr? + r2dQ%) + Sasd( dCE

1222

K =R"P Ruype = 6 the same as original Schwarzschild

nontrivial extension

_n—1 1 2
o5 = — (14 2) "+ (14 2) PP dQb)+ (14 2) " dasdhdc?
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Kretschmann scalar

trivial extension

—1
ds? = — (1 4 ;) di® + (1 n ?) dr? + r2dQ%) + Sasd( dCE

1242

K =R"P Ruype = 6 the same as original Schwarzschild

nontrivial extension
n—1
1

ds* =~ (1+2) " a4 (14 ;)‘1 dr* -+ Q)+ (1 + §)% Sapd(dc®

<=5 [ 5 () (grearoen])]
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Kretschmann scalar

a

e {1 - %H (1+5)_2 <%n+1+(n+1)§>]
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Maximal extension

D. Finkelstein: Past-Future Asymmetry of the Gravitational Field of a Point

Particle, Phys. Rev. 110, 965-967 (1958).

M. D. Kruskal: Maximal extension of Schwarzschild metric, Phys. Rev. 119,

1743-1745 (1960).
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Kaluza—Klein bubble - "bubble of nothing”
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Kaluza—Klein bubble - "bubble of nothing”

Weyl formalism:

H. Weyl: "Zur gravitationstheorie”, Ann. Phys. 54, 117 (1917),
[ The theory of gravitation, DOI: 10.1007/s10714-011-1310-7].

R. Emparan, H. S. Reall: Generalized Weyl Solutions, Phys. Rev.
D 65, 084025 (2002), [arXiv:hep-th/0110258].

Bubbles of nothing in Weyl formalism:
H. Elvang, T. Harmark, N. A. Obers: Sequences of Bubbles and

Holes: New Phases of Kaluza-Klein Black Holes, JHEP 01, 003
(2005), [arXiv:hep-th/0407050].
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Instability

E. Witten: Instability of the Kaluza-Klein vacuum, Nuclear Physics
B 195 (3), 481-492 (1982).

R. Gregory, R. Laflamme: Black Strings and p-Branes are
Unstable, Phys. Rev. Lett. 70, 2837-2840 (1993).

R. Gregory, R. Laflamme: The Instability of Charged Black
Strings and p-Branes, Nucl. Phys. B 428, 399-434 (1994).

G. W. Gibbons, S. A. Hartnoll, A. Ishibashi: On the stability of
naked singularities, Prog. Theor. Phys. 113, 963-978 (2005).

V. Cardoso, M. Cavaglia: Stability of naked singularities and
algebraically special modes, Phys. Rev. D 74, 024027 (2006).
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Two types of solutions

trivial extension
-1
ds? = — (14 2)d2+ (14+2)  dr?+ r2da, +
r r
+  dag dCPdCB

nontrivial extension
_n=1 —1
ds? = — (1 + f) " dt? 4 (1 + ;) dr® + r?dQt, +
r
2
- (1 + ;) " g d¢AdCP

existence of horizon for a < 0 at r = |a| !!!
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Two types of solutions

trivial extension
-1
ds? = — (14 2)d2+ (14+2)  dr?+ r2da, +
r r
+ dag dCPdcB

nontrivial extension
_n=1 —1
ds? = — (1 + f) " dt? 4 (1 + ;) dr® + r?dQt, +
r
2
a\ n+1
- <1 + ;) " dap d¢*dCP

existence of horizon for a < 0 at r = |a| !!!

Peter Mészaros 19/30



Size of extra dimensions

trivial extension

8AB = 0AB

nontrivial extension

2

a\ n+1
8AB = <1+;) oA
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Size of extra dimensions
1

[1+3)"
r

5

_______
________
- -

n=1: (1+r‘1)1/(1+1)

_____ n=1: (1_r—1 )1/(1+1)

n=2: (1+r~1)1/(2+1)

_____ n=2: (1_r—1 )1/(2+1)

n=5: (1+r—1 )1/(5+1)

_____ n=5: (1_,-—1 )1/(5+1)
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Size of extra dimensions

size at Planck length from a naked singularity

1
n+1

wiN

pphys.(rphys. = /Pl) ~l192. 1038 n+ 1 Myew.
pphys.(rphys. — 0 n—1 Mg,
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Size of extra dimensions

size at Planck length from a naked singularity

1
n+1

wiN

pphys.(rphys. = /Pl) ~l192. 1038 n+ 1 Myew.
pphys.(rphys. — 0 n—1 Mg,

for only two extra dimension and supermassive black hole mass

=/
n=2 & Myey. = 10"My = Pohys. (fphys. = Ip1)
pphys.(rphys. — OO)

~6-10°
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Size of extra dimensions

size at Planck length from a naked singularity

1
n+1

wiN

pphys.(rphys. = /Pl) ~l192. 1038 n+ 1 Myew.
pphys.(rphys. — 0 n—1 Mg,

for only two extra dimension and supermassive black hole mass

=/
n=2 & Myey. = 10"My = Pohys. (fphys. = Ip1)

~6-10°
Pphys.(rphys. — OO)

smaller for smaller mass and larger number of extra dimensions
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Newtonian limit

ds® ~ —(1 +2¢)dt? + (1 — 21b)d;dx’ dx/

goo ~ —(1+ 29)

Peter Mészaros
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Newtonian limit

ds® ~ —(1 +2¢)dt? + (1 — 21b)d;dx’ dx/

KMpNeow.
goo~ —(1+20) |6=——
trivial extension
a 1la a
- _(1 7) = 22 o My, = —
800 <+r = ¢ 57 = | Mnew. P
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Newtonian limit

ds® ~ —(1 +2¢)dt? + (1 — 21b)d;dx’ dx/

goo~ —(1+2¢) |¢=

trivial extension

g00:—<1+*)=>¢:**:> Mxew. = — 5=
2r 2K

nontrivial extension

n—1
a\ it n—1al n—1 a
= (1 7) o= 120 o Myew, = 2
£oo ( +r ¢ n+12r New n+12k
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Invariants

Komar mass

definition:
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Invariants

Komar mass

definition:

Killing one-form o = gpodt
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Invariants

Komar mass

definition:

Killing one-form o = gpodt
domain 9Q = S?(R) x SY(L) x ... x SY(L) — 47wR2L"
dual of two-form xdo = gog ,d¥ A dp A dCt A ... A dC"
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Invariants

Komar mass

definition:
1
Mxom. = —5— | xdo
81k

o

Killing one-form o = gpodt
domain 9Q = S?(R) x SY(L) x ... x SY(L) — 47wR2L"
dual of two-form xdo = gog ,d¥ A dp A dCt A ... A dC"

result;
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Invariants
Einstein and Landau-Lifshitz
Einstein mass
Mg, = / E° dS:
Fio)

v 1 Buo vo _pA o V)\):|
p_ I3 _ pA _ _p
£ = 167K /—g [( g) (g £ £ & A

Landau-Lifshitz mass
M. L. :/Lomdsi

o0

o (087 85|

PP —
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Invariants
Einstein and Landau-Lifshitz
Einstein mass
Mg, = / E° dS:
Fio)

v 1 Buo vo _pA o 1/>\>:|
p_ I3 _ pA _ _p
£ = 167K /—g [( g) (g £ £ & A

Landau-Lifshitz mass
M. L. :/Lomdsi

oQ
1
urp _ _ wv _po _ _pp Vo
L _167r/£[( g)(g £ £ )],g
results:
1 a
Mg, = M, =|— —L"
Ein. L.,L. n+ 12k
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Invariants
ADM

ADM mass

~ 167k f Vol o (Vuaw — Vuw,a) dSi
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Invariants

ADM
ADM mass
~ 167k f Vol o (Vuaw — Vuw,a) dSi
result;
Mapm = lim (E(R) — Eo(R))
R—o0
_ 2n+1a ,
N n+1 2k

Peter Mészaros
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Invariants

Summary
trivial extension

—1
ds? = — (1 T f) di? + (1 n ?) dr* + rPdQ, + Sapd( dc?

n a n
Mnew.L" = Mkom. = MEin. = ML, 1. = Mapm = *ﬂL
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Invariants

Summary
trivial extension

—1
ckzz._(1+»§)dﬁ-+(1+-§) dr* + rPdQ, + Sapd( dc?

n a n
Mnew.L" = Mkom. = MEin. = ML, 1. = Mapm = *?L

nontrivial extension

¢2:7(1+3)ﬁ%
r

2 a7l o 2,2 aniﬁ A B
dt+(1+;) dr+rde+(1+;) SasdChdC

n n—1 a
MNew.L *MKom.*n_"_lﬂ
1 a
Mgin. = My L. = — —
B L.L n+12k
2n+1 a
M = — ="
ADM n+1 2k

n

n
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Invariants

Summary
trivial extension

-1
ckzz._(1+»§)dﬁ-+(1+-§) dr* + Pd) + asdCdC®

n a
Mnew.L” = Mkom. = MEin. = ML.,L. = Mapm = —

2K

n

nontrivial extension

¢2:7(1+3)ﬁ%
r

2 a7l o 2,2 a\ w1 A, B
dt+(1+;) dr+rde+(1+;) SasdChdC

n n—1 a
MNew.L *MKom.* n+1ﬂ
1 a
Min.:M. o = = a
B teodt n+12k
2n+1 a
M = — —L"
ADM n+1 2k

n

n
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Physical properties

horizons SingUIaritieS MNew.;Kom. MEin.;L.,L.;ADM
1. Mink. (a = 0) none none 0 0
2. trivial (a > 0) none r=20 - —
3. trivial (a < 0) r=—a r=0 + +
4. nontriv. (a > 0) | none r=0 + -
5. nontriv. (a<0) | r=—a r={0,—a} — +

2 3. 4 5.
AN N VR S
<« o > > e e > o <« <= -
v v N\ A A N A A AN ¥V v N\
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Work in progress
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Work in progress

e more than 1 4 3 standard dimensions (straightforward)

n—1
e .
) dt2 + (1 + 771)

2
+r2dQ2,) + (1 n rq%l) " S apdCAdCE

1
dr’+

a
1

2—_
ds? = <1+rq7
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Work in progress

e more than 1 4 3 standard dimensions (straightforward)

n—1
e .
) dt2 + (1 + 771)

2
a =
+r2dQ2,) + (1 n r?l) T 5 agdCAdCE

1
dr’+

a
1

2—_
ds? = <1+rq7

e nonzero cosmological constant (complicated)

2N

mguu

pv =

1—fF 1+1( —B—i—n)rf—/ sin2d = 2N Pein2y
o\ Rl n+q ——

8op=899 Si n2 ¢

Rpo=Ryp sin? 9
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Summary
e Eur. Phys. J. Plus 141 (2026) 1, 40, [arXiv:2409.14349]

ild- a ay—1
e Schwarzschild: ds? = — (1 + 2) de? + (1 + 2) 7" dr? + r2dQ3),

e nontrivial vacuum solution with n extra dimensions:

ds? — — (1 + é)f% dt? + (1 + ?)71 dr? + erQ(zz) + (1 + ?) G 5adCAd¢E

PNV Ve xta

<—-—>90e—>-<—<—©—>

R 7N 70N R

e peculiar properties
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Summary

e Eur. Phys. J. Plus 141 (2026) 1, 40, [arXiv:2409.14349]

o Schwarzschild: ds? = — (1+ 2) de? + (1 + 2) 7" dr? + r2dQ2,
e nontrivial vacuum solution with n extra dimensions:

ds? — — (1 + é)f% dt? + (1 + ?)71 dr? + erQ(zz) + (1 + ?) G 5adCAd¢E

N NG N R N

<—-—>90e—>-e<—®—>

/\l/\ ﬁ,t\\ %4\\ /\l,\
e peculiar properties

Thank You for listening!
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