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Vacuum solution
ansatz with n extra dimensions ζA = ζ1, ..., ζn:

ds2 = −f (r)αdt2 + f (r)βdr2 + r2dΩ2
(2) + f (r)γδAB dζAdζB︸ ︷︷ ︸

extra

Ricci tensor Rµν :

R00 = αf α−β F1 Rrr = F2 Rϑϑ = F3

Rφφ = F3 sin2 ϑ RAB = −γf γ−β F1 δAB
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2
(α+ nγ)
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f

F3 = 1− f −β

[
1+
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2
(α− β + nγ) r
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Vacuum solution

F3 = 1− f −β

[
1+

1

2
(α− β + nγ) r

f ′

f

]
= 0

⇓

f = (1+ arq)−1/β q =
2β

α− β + nγ

exception: α− β + nγ = 0 ⇒ f = 1 ⇒ Minkowski spacetime

the rest is then

F1 = C1 Φ F2 = ( C2 + C3 arq)Φ where:

Φ =
1

(α− β + nγ)2
arq−2

(1+ arq)2

C1 = −α− β − nγ

C2 = 2β2 + β (α+ nγ)− (α+ nγ)2

C3 = 2β2 − α2 − nγ2 − (α+ nγ)2
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Vacuum solution(s)
algebraic equations

C1 = −α− β − nγ

C2 = 2β2 + β (α+ nγ)− (α+ nγ)2

C3 = 2β2 − α2 − nγ2 − (α+ nγ)2

can be solved by α = −β − nγ ⇒ C1 = 0,C2 = 0 ⇒

C3 = −nγ [2β + (n + 1) γ]

possible solutions are:
• γ = 0 → α = −β:

f α = 1+ a
r

f β =
(
1+ a

r

)−1

f γ = 1

trivial extension of the Schwarzschild spacetime

• 2β + (n + 1) γ = 0 → α/β = (n − 1)/(n + 1), γ/β = −2/(n + 1):

f α = (1+ a
r
)−

n−1

n+1 f β =
(
1+ a

r

)−1

f γ = (1+ a
r
)

2

n+1

nontrivial extension
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Vacuum solutions

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1
dr2 + r2dΩ2

(2) +

+ δAB dζAdζB

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2 +

(
1+

a

r

)−1
dr2 + r2dΩ2

(2) +

+
(
1+

a

r

) 2

n+1
δAB dζAdζB

existence of horizon for a < 0 at r = |a| !!!
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Generalized Weyl solutions

ansatz

ds2 = −e2U1(r ,z)dt2 +
D−2∑
a=2

e2Ua(r ,z)dϕ2a + e2ν(r ,z)(dr2 + dz2),

vacuum solutions satisfy(
∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2

)
Ua = 0,

D−2∑
a=1

Ua = lnr ,

⇒ Laplace's equation with rod source −→ �rod diagrams�

∂ν

∂r
= − 1

2r
+
r

2

D−2∑
a=1

[(
∂Ua

∂r

)2

−
(
∂Ua

∂z

)2
]
,

∂ν

∂z
= r

D−2∑
a=1

∂Ua

∂r

∂Ua

∂z
.
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Generalized Weyl solutions

D = 4 Minkowski spacetime
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Generalized Weyl solutions

D = 4 Schwarzschild spacetime
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Generalized Weyl solutions

D = 5 Schwarzschild�Tangherlini spacetime

Peter Mészáros 9/30



Generalized Weyl solutions

D = 5 black string
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Generalized Weyl solutions

D = 5 Kaluza�Klein bubble
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Weyl form of the nontrivial extension

ds2 = −e2Adt2 + e2Bdφ2 + e2CδABdζ
AdζB + e2D

(
dρ2 + dz2

)
A =

1

2

1− n

1+ n
ln

Q + a

Q − a
, B = ln ρ− 1

2
ln

Q + a

Q − a
,

C =
1

1+ n
ln

Q + a

Q − a
, D =

1

2
ln

(L− a)2

4Q+Q−
,

Q = Q+ + Q−

Q± =

√(
z ± a

2

)2
+ ρ2

z = r
(
1+

a

2r

)
cosϑ, ρ = r

√
1+

a

r
sinϑ

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2+

(
1+

a

r

)−1

dr2+r2dΩ2

(2)+
(
1+

a

r

) 2

n+1
δABdζ

AdζB
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Weyl form of the nontrivial extension
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Two types of solutions

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2
(2) +

+ δABdζ
AdζB

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1

dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2
(2) +

+

(
1+

a

r

) 2

n+1

δABdζ
AdζB

existence of horizon for a < 0 at r = |a| !!!
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Kretschmann scalar

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2

(2) + δABdζ
AdζB

K = RµνρσRµνρσ =
12a2

r6
the same as original Schwarzschild

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2+

(
1+

a

r

)−1

dr2+r2dΩ2

(2)+
(
1+

a

r

) 2

n+1
δABdζ

AdζB

K =
12a2

r6

[
1− 1

3

n(n − 1)

(n + 1)3

(
1+

r

a

)−2
(
3

4
n + 1+ (n + 1)

r

a

)]
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nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2+

(
1+

a

r

)−1

dr2+r2dΩ2

(2)+
(
1+

a

r

) 2

n+1
δABdζ

AdζB

K =
12a2

r6

[
1− 1

3

n(n − 1)

(n + 1)3

(
1+

r

a

)−2
(
3

4
n + 1+ (n + 1)

r

a

)]
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Maximal extension

D. Finkelstein: Past-Future Asymmetry of the Gravitational Field of a Point

Particle, Phys. Rev. 110, 965-967 (1958).

M. D. Kruskal: Maximal extension of Schwarzschild metric, Phys. Rev. 119,

1743-1745 (1960).
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Kaluza�Klein bubble - �bubble of nothing�
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Kaluza�Klein bubble - �bubble of nothing�

Weyl formalism:

H. Weyl: �Zur gravitationstheorie� , Ann. Phys. 54, 117 (1917),
[The theory of gravitation, DOI: 10.1007/s10714-011-1310-7].

R. Emparan, H. S. Reall: Generalized Weyl Solutions, Phys. Rev.
D 65, 084025 (2002), [arXiv:hep-th/0110258].

Bubbles of nothing in Weyl formalism:

H. Elvang, T. Harmark, N. A. Obers: Sequences of Bubbles and
Holes: New Phases of Kaluza-Klein Black Holes, JHEP 01, 003
(2005), [arXiv:hep-th/0407050].
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Instability

E. Witten: Instability of the Kaluza-Klein vacuum, Nuclear Physics
B 195 (3), 481-492 (1982).

R. Gregory, R. La�amme: Black Strings and p-Branes are

Unstable, Phys. Rev. Lett. 70, 2837-2840 (1993).

R. Gregory, R. La�amme: The Instability of Charged Black

Strings and p-Branes, Nucl. Phys. B 428, 399-434 (1994).

G. W. Gibbons, S. A. Hartnoll, A. Ishibashi: On the stability of

naked singularities, Prog. Theor. Phys. 113, 963-978 (2005).

V. Cardoso, M. Cavaglia: Stability of naked singularities and

algebraically special modes, Phys. Rev. D 74, 024027 (2006).
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Two types of solutions

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1
dr2 + r2dΩ2

(2) +

+ δAB dζAdζB

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2 +

(
1+

a

r

)−1
dr2 + r2dΩ2

(2) +

+
(
1+

a

r

) 2

n+1
δAB dζAdζB

existence of horizon for a < 0 at r = |a| !!!
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Size of extra dimensions

trivial extension

gAB = δAB

nontrivial extension

gAB =
(
1+

a

r

) 2

n+1
δAB
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Size of extra dimensions

n=1: (1+r-1)1/(1+1)

n=1: (1-r-1)1/(1+1)

n=2: (1+r-1)1/(2+1)

n=2: (1-r-1)1/(2+1)

n=5: (1+r-1)1/(5+1)

n=5: (1-r-1)1/(5+1)

0 1 2 3 4 5
r

1

2

3

4

5

1±
1

r

1
n+1
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Size of extra dimensions

size at Planck length from a naked singularity

pphys.(rphys. = lPl)

pphys.(rphys. → ∞)
≈

[
1.22 · 1038 n + 1

n − 1

MNew.

Msol.

] 2

3

1

n+1

for only two extra dimension and supermassive black hole mass

n = 2 & MNew. = 1010Msol. =⇒
pphys.(rphys. = lPl)

pphys.(rphys. → ∞)
≈ 6 · 106

smaller for smaller mass and larger number of extra dimensions
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Newtonian limit

ds2 ≈ −(1+ 2ϕ)dt2 + (1− 2ψ)δijdx
idx j

g00 ≈ −(1+ 2ϕ) ϕ = −κMNew.

r

trivial extension

g00 = −
(
1+

a

r

)
⇒ ϕ =

1

2

a

r
⇒ MNew. = − a

2κ

nontrivial extension

g00 = −
(
1+

a

r

)− n−1

n+1 ⇒ ϕ = −n − 1

n + 1

a

2

1

r
⇒ MNew. =

n − 1

n + 1

a

2κ
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Invariants
Komar mass

de�nition:

MKom. = − 1

8πκ

∫
∂Ω

⋆dσ

Killing one-form σ = g00dt
domain ∂Ω = S2(R)× S1(L)× ...× S1(L) −→ 4πR2Ln

dual of two-form ⋆dσ = g00,rdϑ ∧ dφ ∧ dζ1 ∧ ... ∧ dζn

result:

MKom.(R) = − 1

2κ
R2g00,r (R)L

n

R→∞−→ MNew.L
n
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Invariants
Einstein and Landau�Lifshitz

Einstein mass

MEin. =

∫
∂Ω

E 0i
0 dSi

E νρ
µ =

1

16πκ

gµσ√
−g

[
(−g)

(
gνσgρλ − gρσgνλ

)]
,λ

Landau�Lifshitz mass

ML.,L. =

∫
∂Ω

L00idSi

Lµνρ =
1

16πκ

[
(−g)

(
gµνgρσ − gµρgνσ

)]
,σ

results:

MEin. = ML.,L. = − 1

n + 1

a

2κ
Ln
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Invariants
ADM

ADM mass

E =
1

16πκ

∮
∂Ω

√
γγµνγαi (γµα,ν − γµν,α) dSi

result:

MADM = lim
R→∞

(E (R)− E0(R))

= −2n + 1

n + 1

a

2κ
Ln
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Invariants
Summary

trivial extension

ds2 = −
(
1+

a

r

)
dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2

(2) + δABdζ
AdζB

MNew.L
n = MKom. = MEin. = ML.,L. = MADM = − a

2κ
Ln

nontrivial extension

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2+

(
1+

a

r

)−1

dr2+r2dΩ2

(2)+
(
1+

a

r

) 2

n+1
δABdζ

AdζB

MNew.L
n = MKom. =

n − 1

n + 1

a

2κ
Ln

MEin. = ML.,L. = − 1

n + 1

a

2κ
Ln

MADM = −2n + 1

n + 1

a

2κ
Ln
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Physical properties

horizons singularities MNew.;Kom. MEin.;L.,L.;ADM

1. Mink. (a = 0) none none 0 0
2. trivial (a > 0) none r = 0 − −
3. trivial (a < 0) r = −a r = 0 + +
4. nontriv. (a > 0) none r = 0 + −
5. nontriv. (a < 0) r = −a r = {0,−a} − +
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Work in progress

• more than 1+ 3 standard dimensions (straightforward)

ds2 = −
(
1+

a

rq−1

)− n−1

n+1
dt2 +

(
1+

a

rq−1

)−1
dr2+

+r2dΩ(q)
2 +

(
1+

a

rq−1

) 2

n+1
δABdζ

AdζB

• nonzero cosmological constant (complicated)

Rµν =
2Λ

n + q
gµν

{
1− f −β

[
1+

1

2
(α− β + nγ) r

f ′

f

]}
sin2 ϑ︸ ︷︷ ︸

Rφφ=Rϑϑ sin2 ϑ

=
2Λ

n + q
r2 sin2 ϑ︸ ︷︷ ︸

gφφ=gϑϑ sin2 ϑ
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Summary

• Eur. Phys. J. Plus 141 (2026) 1, 40, [arXiv:2409.14349]

• Schwarzschild: ds2 = −
(
1+ a

r

)
dt2 +

(
1+ a

r

)−1
dr2 + r2dΩ2

(2)

• nontrivial vacuum solution with n extra dimensions:

ds2 = −
(
1+

a

r

)− n−1

n+1
dt2 +

(
1+

a

r

)−1

dr2 + r2dΩ2

(2) +
(
1+

a

r

) 2

n+1
δABdζ

AdζB

• peculiar properties

Thank You for listening!
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