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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Introduction

Idea: known special solution ⇒ classify more general local
branches

static, spherically symmetric ansatz

ds2 = −f(r) dt2 + dr2

f(r) h(r) + r2dΩ2,

h = 1 ⇐⇒ gtt grr = −1.

Does the known h = 1 solution exhaust the static spherical sector?
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Modified gravity

•Lovelock: no extra fields and second-order field equations

SLovelock =
∫

dDx
√

−g
∑

k

αkR(k),

•Gauss-Bonnet: first non-trivial higher-curvature correction
in D > 4

G = RµνρσRµνρσ − 4RµνRµν + R2,

D = 4 : G topological.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

4DEsGB theory

Motivated by the formal D → 4 EGB prescription with
α → α

D−4 (Glavan-Lin ’20),

Regularisation via conformal subtraction
(Hennigar-Kubiznak-Mann-Pollack ’20)

S = 1
2κ

∫
d4x

√
−g

(
R − 2Λ + αLGB

)
,
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D = 4 dynamical GB ⇒ scalar-tensor theory.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Known h = 1 black hole
•Already known closed-form solution for h = 1

ds2 = −f dt2 + dr2

f
+ r2dΩ2,

one finds

f±(r) = 1 + r2

2α

1 ±

√
1 + 4

3αΛ + 8Mα

r3

 .

•Factorisation

Ef =
[

− 1 + f(−1 + rϕ′)2] (
ϕ′2 + ϕ′′).

•General h ̸= 1 solutions studied mainly numerically, and for
Λ = 0 (Lu-Pang ’20).
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Dynamics

Field equations:
1 Vary the fully covariant action w.r.t. to the dynamical

fields (gµν , ϕ).

2 Insert the ansatz first and derive the symmetry-reduced
effective equations

Seff[f, h, ϕ] =
∫

drLeff(f, h, ϕ; f ′, h′, ϕ′), =⇒ δSeff
δf

= Ef , ...

reduce then vary ⇐⇒ vary then reduce

checked by matching Ef ,Eh,Eϕ to covariant combinations.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Frobenius-like approach
Frobenius analysis provides a systematic local classification

asymptotics : X(r) = rs
∞∑

n=0
an r−n,

near-horizon : X(∆) = ∆s
∞∑

n=0
an ∆n, ∆ := r − rh.

0 = E =
∑

k

Ak rk =⇒ Ak = 0 order by order

h = 1 : (s, u) ∼ (f, ϕ) ,

h ̸= 1 : (s, t, u) ∼ (F, H, ϕ) .
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Asymptotic lesson from h = 1

Assume a logarithmic scalar seed

ϕ(r) = λ ln r + ru ∑
cnr−n,

−→ (0, 0)λ=0,2 : f ∼ 1, Λ = 0,

−→ (2, 0)λ=1 : f ∼ r2, ϕ ∼ ln r, Λ ̸= 0,

Takeaway: For Λ ̸= 0 branches, the logarithmic scalar seed is
selected asymptotically.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Near-horizon lesson from h = 1

Assume half-integer scalar power-series

ϕ(∆) = ∆u ∑
cn∆n/2,

−→ (1, 0)1/2 : f ∼ ∆, ϕ = c0 + c1∆1/2 + ..., Λ ̸= 0,

Takeaway: ϕ is finite at the horizon, but not necessarily
analytic in ∆ = r − rh.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Generic h ̸= 1 gauge

Adopt a slightly modified, symmetric ansatz

ds2 = −F dt2 + dr2

H
+ r2dΩ2,

h ̸= 1 : F = f, H = fh,

r −→ ∞ : (2, 2, 0)λ=1, F ∼ r2, H ∼ r2, ϕ ∼ ln r,

r −→ rh : (1, 1, 0)1/2, F ∼ ∆, H ∼ ∆, ϕ ∼ c0.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Finite order local candidates in h ̸= 1

Region Seed Candidate Interpretation
r → ∞ λ ln r (2, 2, 0)λ=1 non-AF, Λ ̸= 0
r → ∞ λ = 0, 2 (0, 0, 0)λ=0,2 only Λ = 0
r → rh half-integer (1, 1, 0)1/2 non-extremal horizon
r → rh analytic (1, 1, 0)1 c2k+1 = 0 sub-branch

Table: Candidate local families classified by (s, t, u) ∼ (F, H, ϕ) at a
finite order truncation in the generic gauge.
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Why 4DEsGB?
How do we search for solutions?

What did we learn?

Conclusions and Outlook

h = 1 does not settle the full sector.

r −→ ∞ : (2, 2, 0)λ=1 log scal, Λ ̸= 0.

r −→ rh : (1, 1, 0)1/2 half-integer scal.

Do the local branches connect to a full BH solution?

•derive full recursion relations and convergence radius,
•distinguish gauge data from physical data,

•investigate physical properties once a global branch is under
control.
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control.
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