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BE CAREFUL

A new relativistic theory must satisfies few requirements from a phenomenological point of view:

To recover Newtonian dynamics in weak-field, slow motion limit

To pass Classical Solar System tests

To address Large-Scale Structure problem

To reproduce in a self-consistent way the main cosmological parameters
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NOETHER SYMMETRY APPROACH -

NOETHER’S FIRST THEOREM

To every differentiable symmetry generated by local actions, there corresponds a conserved current (Noether current)

« EXTEND/MODIFY GRAVITY > HIGHLY COMPLEX FIELD EQUATIONS

NOETHER SYMMETRY APPROACH > SYMMETRIES > CONSERVED QUANTITIES



ATTENTIONI

NOT EVERY MODEL IDENTIFIED BY THE NOETHER SYMMETRY APPROACH WILL BE NECESSARILY VIABLE!

THEORETICAL LIMITATIONS

e RULED OUT BY EXPERIMENTAL EVIDENCE



NOETHER SYMMETRY APPROACH (-

CANONICAL CASE

(L(x%, ¢%,0,0°) » L(Z, ¢, 0,4Y)

X% = x% + 6x4

<$i=¢i+5¢i

0aPt = 0,¢' + [0,(8¢Y) — 8up',(8xP)]

\
THE FIRST PROLONGATION OF NOETHER VECTOR

x1l = §xai + 5¢ii + 5((3 ¢1) _
dx4 ok 7 0(0,9Y)

THE NOETHER IDENTITY

_______________



NOETHER SYMMETRY APPROACH ™

NON-CANONICAL CASE

(L(x%, ¢, 0,0, 0,0,0") > L(X%, ¢,0,¢%,0,0,8")

X =x*+ 6x°

< ¢'Ei — ¢i + 5¢l

0a Pt =0, ¢+ [04(80") — 059 0, (5xP)]

abaaggi= abaa(pi + [abaa(6¢i) — aaqbiabac((f)\xc) — Zabaa¢iac(5xc)]

\
THE SECOND PROLONGATION OF NOETHER VECTOR

0 + 6(9,0Y) + 6(0,0,9")

[2] — J
X 0x4 Jox

9,
a(abaa¢i)

0(6a¢ )

THE NOETHER IDENTITY



NOETHER SYMMETRY APPROACH (-

WHAT ABOUT CONSERVED QUANTITIES?

CANONICAL CASE

L(xa, gbi, aa¢i) - L(fa; CBi; aa(ﬁi)

9 .0
] [WW HOP gt ]L + 00 (6x)L = 59"
PROPERLY REWRITING q (1:5 0L o sisxes—25 sq a) 0
S - x% — - X _ =
dx A(@peph) 0(0,9") ’
- : —5x“[ oL dp @ _L]_ o 5¢* + :
J 0(0,pt) ° 0(0,9") 7



NOETHER SYMMETRY APPROACH

WHAT ABOUT CONSERVED QUANTITIES?

NON-CANONICAL CASE

L(x%, ¢, 0,0, 0,0,9") » L(%%, ¢, 0,3, 0,0,3")

5@6 ala 5(0,0, ¢p° o L+3,(6x)L =03,q9%
_ lx axa-l_ ¢a¢l + (ba¢)0(8b8a¢i) + a(x) =0q9
PROPERLY ar | p | p
REWRITING a 5x [abcp a(abqbi)_a“‘p 04 (a(ab a¢.)>+a Oy TR a¢.)—L]+ :
e +[a< e )— 0L ] 5t~ [00(567) — 8u(6x00] e+ g7 |
N\ 0,0,01) ~ 3(0,0Y) ¥ 9(0,0,0)
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WHAT ARE WE GOING TO DO? .

1. CHOOSE A MODIFIED THEORY;

2. ESTABLISH A METRIC;

3. WRITE THE GRAVITATIONAL ACTION;

4. FIND CANONICAL AND NON-CANONICAL LAGRANGIAN;

5. SELECT VIABLE MODELS APPLYING THE NOETHER SYMMETRY APPROACH,;

6. COMPARE THE TWO CASES.



f(R) COSMOLOGY

* FOUR DIMENSIONS;
* NO KINETIC AND POTENTIAL TERMS;
* NO MATTER TERM,;

* SPATIALLY FLAT FRIEDMAN-LEMAITRE-ROBERTSON-WALKER (FLRW) METRIC
ds* = dt* — a®(t)6;;dx"dx’

f(R) GRAVITY S = j\/—g f(R) d*x
THE RICCI SCALAR IN SPATIALLY i a?
FLAT FLRW METRIC R = -6 s + 22

INTEGRATING OVER THE THREE-
DIMENSIONAL HYPERSURFACE J\/—g d*x - fa3dt

S = j a3f(R)dt



f(R) COSMOLOGY

CANONICAL POINT-LIKE LAGRANGIAN

- A
S = fa3 {f(R) ) [R +6 (g Zz)l}dt
LAGRANGIAN S L B3f —2=0-2=df
MULTIPLIERS OR ¢ } .ZR
METHOD S = Jas {f(R) — fr [R +6 (g Zz)]}dt

f[ 3f —a3frR — 6fra” Q—6fRaa ]dt

—6ija2 ;t) dt = —6fza’a + 6f[fRRaRa2 + 2fraa?|dt

= J[a3(f — frR) + 6fgraRa? + 6frad?|dt

. |
| > L =a3(f — faR) + 6fnpaRa? + 6fzad?
|

INTEGRATING BY
PARTS



f(R) COSMOLOGY

NON CANONICAL POINT-LIKE LAGRANGIAN

o= e frcm s o[22
a a
LAGRANGIAN S L B3f —2=0-2=df
MULTIPLIERS SR : o
SR [l S

5 = j [3(f — foR) — 6fra’d — 6fpad?]dt



NOETHER SYMMETRY APPROACH

MINISUPERSPACE:
§ ={a(®),R()} =¢q'

APPLICATION

SET OF INFINITESIMAL TRANSFORMATIONS:

— ( qi,q-i) N L(’f, qi’éi)
=t+e§+ 0(62)

@AN@NH@AL @ASE 1§t =gl +ent + 0(?)

G =¢ +entt =4t + et - ¢

.QzQz it l\,

NOETHER IDENTITY: xWeyér=g
where

FIRST PROLONGATION OF IR fat+n et (@
NOETHER VECTOR

6q
0 . . o 0
—€a+a£+,86—R+(a—af)£+ (B —RE) 5=
GENERATORS OF INFINITESIMAL |
TRANSFORMATIONS n' ={at,a,R),B(t,a,R)}



NOETHER SYMMETRY APPROACH

MINISUPERSPACE:
§ ={a(®),R()} =¢q'

APPLICATION

SET OF INFINITESIMAL TRANSFORMATIONS:

—

NON-CANONICAL | feava.d) - L(E4.4.4)

CASE 1 @ =d+en+o
q' =q¢' +en'tl = ¢' + e(n' — ¢'¢)
@' =q"+en® =gt +e(ii' - $4' - 284")
NOETHER IDENTITY: xPlevér=g

where

FIRST PROLONGATION OF [P fat+n +(n - 4') 5

-+ (it — €gt - 2€G" )
NOETHER VECTOR

—g‘ +a—+ﬁ +(oc—a€) +(ﬁ Rf) +(a fa—Zfa) - +

+( — &R - 25R)—
GENERATORS OF INFINITESIMAL R

I —
TRANSFORMATIONS n" ={alt,a,R),p(t aR)}



NOETHER SYSTEMS

CANONICAL CASE

(6 =¢(t), a=a(t,a,R), B=0(ta,R)

@a+ég)w Rfn) — aRfpnf = 0

0
0 0
afp+afrrf+ QGfR— +a fRRa—ﬁ — fR §
O
< 20 frr + BafrRrR + a—fRR - QfRﬁ —afrRr—
a8

12fR— -|-6(1fRR 8t = O

3}
6/rr 8? 0

0
fRRaz 0

+a-=frRr =

NON-CANONICAL CASE

(¢ =¢(t), a=a(ta), 8=275(taR)

913 Do
(3& + (L—) (f RfR) —aRfrrfB —6fr—% o2 =0

82
<@fR+afRRﬁ+2afR—+asz_Q_ fB 5 =0
35
2@fB+)8fRBa+afR7_ fR =0
da 0%¢

\

Note: We assume g = g,




NOETHER SYSTEMS

CANONICAL CASE
(e=cr), 5= B(t,0, R)

(3()& + (l%) (f RfR) — GLRfRR[)) =0

0
Ja 0 0
afp+afrrB+2afp— 4 a*frRr— b fR f
Oa da,
O
QCYfRR-I-BafRRR-I-a—fRR +2fRﬁ —afrr— +a==frrR =
a8
12fR— +6afrr— T =0
O
6frr—— 5 =0
0
fRE== )

oR

NON-CANONICAL CASE
= f(t), 5= Blt,a, R

(SCE—I—aa—) (f RfR) —aRfrrB\—6fr—% o =0

afR+afRR5+2afR%_ fB 5
¢ da

0
2afr + Bfrra + GfRf — fR 5 =0
da 0%¢ B
25 — CL@ = O
COMPLETELY
DIFFERENT



SELECTED MODELS
CANONICAL CASE NON-CANOMICAL CASE

£(t) a(a) B f(R) £(t) ala)  Bla,R) f(R)
&1 0 Bla, 1, 1) foR+ A & 0 B(a, R, t) foR+ A
ot + &1 %—“a + % Bla, R,) foR Eot + & %Oa Bla, R,t) foR
& 0 0 foR2+ fiR+ fo &1 0 0 foR*+ fiR+ [
aof + &.1 anga —QCL()R f0R2 &ot + 61 xoa —2&0R f0R2
&1 0 0 foRP + A where p # {0,1,2} &1 0 0 foRP + A where p # {0, 1}
1 3
ot + & apa —26R foRP where p = % + % Sot + &1 apa —260R foR? where p = 5 + %

é—l GDCL_I —QGDG_QR ng% 51 aoa_l —2(10(1_2R foR%




SELECTED MODELS
CANONICAL CASE NON-CANOMICAL CASE

£(t) a(a) ] [(R) £(t) a(a) Bla, R) f(R)
&1 0 Bla, 1, 1) foR+ A & 0 B(a, R, t) foR+ A
Sot + &1 63_0@ Bla, R, 1) JoR ot + & %) Bla, R,t) foR
& 0 0 foR2+ fiR+ fo &1 0 0 foR*+ fiR+ [
aof + &.1 anga —QCL()R f0R2 &ot + 61 xoa —2&0R f0R2
&1 0 0 foRP + A where p # {0,1,2} &1 0 0 foRP + A where p # {0, 1}
1 3
ot + & apa —26R foRP where p = % + % Sot + &1 apa —260R foR? where p = 5 + %

é—l GDCL_I —QGDG_QR ng% 51 aoa_l —2(10(1_2R foR%




CONSERVED QUANTITIES

CANONICAL CASE

NON-CANONICAL CASE

f(R)

j [1]

j [i]

foR-l—A

foR

[6foaa® — Aa®] & + go

6fo(éot + &1)aa® — 4 foboa’a — 12 foarav/a + go

[Gfoad2 - Aa3] &+ g0

6fo(Sot + &1)aa® — 4 fooaa + go

foR?>+ iR+ fo

foR?

12fo€1a2aR + 6 f1&1aa® + 12fo€1a2aR — & f2a3 + & foa®R? + g

(aot + &) [12f0a(z2R + 12f0a2¢'1R + f0a3R2] — 12fga0a3R + g0

12foé102aR + 6 f1&1aa® + 12 fo&1a*aR — & foa® + &1 foa® R? + go

(aot = 61) [12f0ad2R + 12f0a2(zR + f0a3R2] = 12f0a0a3R + 9o

foRP + A where p # {0,1,2}

1 3
JoRP where p = 5-}-%

6 fol1p aa®RP~1 + 6 fo&1p(p — 1)a2aRRP~2 + fo&1(p — 1)a®RP — A& a3 + go

(§ot +&1) [ﬁfop aa®RP~* + 6 fop(p — 1)a*aRRP~2 + fo(p — 1)G3RP] +
—6fop(p — 1)aga® RRP~2 — 12 foplag — (p — 1)€,]Ja?aRP~! + go

1 - 1 1 3 1 . 1
9foiad? R + 3 fora®aRRE + 3 foaa RE — 9foaoiR% — 2 foaoRR™ + go

6fo&1pad®RP~1 + 6 folip(p — 1)a?aRRP~2 + fo&i(p — 1)a®RP — A&1a® + go

(6ot + 1) [6fopad®Rr—" + 6fop(p — a*aRR 2 + fo(p — 1)a’R? | +
—6 fop(p — 1)aga® RRP~2 + 6 fofop(ao — &o)a?aRP~ + g

. 1 .
9f0§1a(z2R% + gfoﬁlazdRR_% + §f0§1a3R% = 9f0aodR% - gfoaoRR_% + 90



CONSERVED QUANTITIES

CANONICAL CASE

NON-CANONICAL CASE

f(R)

j [1]

j [i]

foR+ A

foR

6 fo(&ot + &1)aa® — 4f0§0f12d 90

foR?>+ iR+ fo

foR?

12fo€1a2aR + 6 f1&1aa® + 12fo€1a2aR — & f2a3 + & foa®R? + g

(aot + &) [12f0a(z2R + 12f0a2¢'1R + f0a3R2] — 12fga0a3R + g0

12foé102aR + 6 f1&1aa® + 12 fo&1a*aR — & foa® + &1 foa® R? + go

(aot = 61) [12f0ad2R + 12f0a2(zR + f0a3R2] = 12f0a0a3R + 9o

foRP + A where p # {0,1,2}

1 3
foRP where p = 3 + %

6 fol1p aa®RP~1 + 6 fo&1p(p — 1)a®aRRP~2 + fo&1(p — 1)a®RP — A& a® + go

(§ot +&1) [ﬁfop aa®RP~* + 6 fop(p — 1)a*aRRP~2 + fo(p — 1)G3RP] +
—6fop(p — 1)aga® RRP~2 — 12 foplag — (p — 1)€,]Ja?aRP~! + go

1 = 1 1 3 1 Z i
nk1aatB3 + gf0§1a2dRR_§ e §f0§1613R§ —9foapaRz — gfoaol‘?R“§ + 90

6 fol1paa®RP~ + 6 fol1p(p — 1)a2aRRP~2 + fof1(p — 1)a®RP — A&1a® + go

(6ot + 1) [6fopad®Rr—" + 6fop(p — a*aRR 2 + fo(p — 1)a’R? | +
—6 fop(p — 1)aga® RRP~2 + 6 fofop(ao — &o)a?aRP~ + g

9f0§la(.l2R% + gfoﬁlazdRR_% + §f0§1a3R% - 9foaodR% _ ngGORR_% + 9o



WHAT IF WE CONSIDER A MATTER TERM?
CANONICAL CASE

NON-CANONICAL CASE

L =a3(f — frR) — 6fra’%d — 6fpaa? + pya=3¢

ré - f(t), = a(t,a,R), JB - 6(t7a'3 R) EXTRA TERMS rf - f(t), o= (I(t, (l), B = ﬁ(f,Q,R) EXTRA TERMS
(3a+a—) (f — Rfr) — aRfrrB|— 3wpoaa =3 + py ?}f T2 = (daJra—)(f Rfr) — aRfrrfb — 6fp 52 —3wp0aa Jw=3 +p0%a =2 =
9a | 42 % ~ Oa 0¢
afR+afm[a’+2afR +a fr R f.l? <afR+afRRﬁ+2afR—+a2fR——afR =0
2o f 8_ - _ g _ﬁ f
) RR+5GfRRR+G fRR+ fR(?R fRR(?t +a fm? 2afR+,6’fRRa+afR—— f]? =0
da ap 3 9%¢
12f1? ‘|— G(IfRR Ot =0 20_(; _ G‘W =0
6f1-m% =0
frn o =0 CANONICAL CASE
\ L =a3(f — frR) + 6frraRa’® + 6frad® + pya=3?
NON-CANONICAL CASE




SELECTED MODELS
CANONICAL CASE NON-CANOMICAL CASE

£(t) a(a) 8 f(R) Lo £(t) a(a) B f(R) Lo,
&1 0 B(a, R, t) foR+ A poa 3 & 0 Bla, R, t) foR+ A poa
agt + & aoa Bla, R,t) foR+ A —Aa® ; w=—-1:py=—A
&1 0 0 foR* + iR + [ poa 3¢ S 0 0 foB? + LB+ fo poa”
ot + &1 0 50R+§nszl foR*+ fiR + fa poa® s w=—1
0
apt + & apa —2agR foR? poat s w= -
apt + &1 aga —2a9R foR?+ fa —f20® s w=—1: po=—fa
& 0 0 foRP + A where p #£ {0,1} poa
& 0 0 foR? + A where p # {0,1,2} poa 3¢
*%ﬁ +& —%at Bo It foR? poa s w=;
1
Swagpt + &1 apa —bagwR foR? wp= & pna_g“’

2w




SELECTED MODELS
CANONICAL CASE NON-CANOMICAL CASE

£(t) a(a) B f(R) Lm &(t) a(a) e f(R)
£ 0 B(a, R, t) foR+ A poa 3¢ & 0 Bla, R, 1) foR+A poa”
agt + & aoa Bla, R,t) foR+ A —Aa® ; w=—-1:py=—A
r & 0 0 JoR2+ iR+ [, poa 3% & 0 0 foB* + hR+ fo poa
/
"\ Bi

L

Sot + &1 0 §0R+§Dg foR?+ fiR + fa poa® s w=—1
0
apt + &1 apa —2aoR @ poa b w= 3
aot + &1 apa —2a0R foR? @ R

& 0 0 foR? + A where p # {0,1} poat”
& 0 0 foRP + A where p #4{0,1,2} poa 3¢
*%ﬁ +& *%at Boltt foR? poa? ;
1
Swapt + &1 apa —6agwR foR? wp= wil P00

2w




WHAT'S NEXT?

F(R) COSMOLOGY

CALCULATE THE CONSERVED QUANTITIES FOR THE CASES WITH MATTER,;
DEVELOP THE HAMILTONIAN DESCRIPTION;

SOLVE THE WHEELER-DE WITT EQUATION USING THE CONSERVED
QUANTITIES;

CHANGE THE METRIC.

#(G) COSMOLOGY

APPLY THE NOETHER SYMMETRY APPROACH AND THEN, FIND SOLUTIONS
W/O AND WITH MATTER IN BOTH CANONICAL AND NON CANONICAL
CASE;

DEVELOP THE HAMILTONIAN DESCRIPTION;

SOLVE THE WHEELER-DE WITT EQUATION USING THE CONSERVED
QUANTITIES;

CHANGE METRIC;

CONSIDER d —DIMENSIONAL CASE.



CONCLUSIONS

Despite its successes, General Relativity is not the final theory of gravity.
There is no a priori reason to consider a gravitational action linear in the Ricci scalar.

The basic idea of modified theories of gravity is changing the gravitational side of the Einstein’s field equations rather
than the energy-matter content.

Too many models can fit observations and experiments because of the large number of free functions and
parameters that they contain, so a physical criterion to select viable models is necessary.

Any relativistic theory of gravity must satisfy certain minimal requirements from phenomenologal point of view.

Currently, there is no a modified theory able to adress all the shortcomings and, at the same time, to recover the
already valid results we know. We can think of them like toy models. Maybe the solution is a combination of them.
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