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1. Mathematical preliminaries: Clifford algebras
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Real Clifford algebras

¢ Ingredients:

1. Real vector space V = R" of dimension n = p + q.
2. Symmetric bilinear form n : V x V — R of signature (p, q).
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Real Clifford algebras

¢ Ingredients:

1. Real vector space V = R" of dimension n=p + q.
2. Symmetric bilinear form n : V x V — R of signature (p, q).

e Construction:
1. Free associative tensor algebra generated by V:

TV =PV =RaVaVeVa.. (1)
k=0

2. ldeal I(V,n) generated by elements
w+wvu—-2nu,v)L, uveV. (2)

3. Clifford algebra:
Clp,g = CI(V,n) = T(V)/I(V,n). @)
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Real Clifford algebras

¢ Ingredients:

1. Real vector space V = R" of dimension n=p + q.
2. Symmetric bilinear form n : V x V — R of signature (p, q).

e Construction:
1. Free associative tensor algebra generated by V:

TV =PV =RaVaVeVa.. (1)
k=0

2. ldeal I(V,n) generated by elements

w+wvu—-2nu,v)L, uveV. (2)
3. Clifford algebra:

Clp,g = CI(V,n) = T(V)/I(V,n). @)

— Real, associative algebra of dimension 2°P+9.
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Real Clifford algebras

¢ Ingredients:

1. Real vector space V = R" of dimension n=p + q.
2. Symmetric bilinear form n : V x V — R of signature (p, q).

e Construction:
1. Free associative tensor algebra generated by V:

oo

TV)=Vv=RavVaVaVe... (1)
k=0

2. ldeal I(V,n) generated by elements
w+wvu—-2nu,v)L, uveV. (2)

3. Clifford algebra:
Clp,g = CI(V,n) = T(V)/I(V,n). @)

— Real, associative algebra of dimension 2°P+9.
~~ Here: consider in particular (p,q) = (4,1) and (p, q) = (2, 3).
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Properties of Cl, 4

e Decomposition into subspaces:

p+q
Clpg=EPClpg, Clsg=AV. (4)
k=0
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Properties of Cl, 4

e Decomposition into subspaces:

p+q
Clpg=EPClpg, Clsg=AV. (4)
k=0

» Volume element Q € Cly &7 unique up to sign such that
Q2 = (—1)Pta)pta-1)/2+ay (5)
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Properties of Cl, 4

e Decomposition into subspaces:

p+q
Clpg=EPClpg, Clsg=AV. (4)
k=0

» Volume element Q € Cly &7 unique up to sign such that
Q2 = (—1)Pta)pta-1)/2+ay (5)

o Trace Tr: Clp g — R such that
Tr(1) =1, Tr|C|lk7q =0fork>1. (6)
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Properties of Cl, 4

e Decomposition into subspaces:
p+q

o k k ~ pk
Clpg=EDClsg, Clsg=AV. (4)
k=0

» Volume element Q € Cly &7 unique up to sign such that
02 = (—1)Pta(pta-1)/2+qy (5)
o Trace Tr: Clp g — R such that
Tr(1) =1, Tr|C|lk7,q 0 for k > 1 (6)

~ Possible to choose orthonormal basis (e4,0 < A < p+ q) of V such that:
o Bilinear form:

n(ea,es) =nag, eaep+epea=nasl. (7)
o Subspaces:
Clg,q:span{em~~eAk|O§A1 <...<Ac<p+aq}. (8)
o Volume element:
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Symmetry reduction

« Consider Y € V with n(Y,Y) =1, so that Y? = 1.
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Symmetry reduction

o Consider Y € V with (Y, Y) =1, so that Y? = 1.
= Decomposition of V into orthogonal subspaces:
o Subspace spanned by Y with bilinear form ny of signature (1,0):

Vy =span(Y). (10)
o Orthogonal complement with bilinear form 7, of signature (p — 1, q):

Vi ={veV,vY+ Yv=0}. (11)
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Symmetry reduction

o Consider Y € V with (Y, Y) =1, so that Y? = 1.
= Decomposition of V into orthogonal subspaces:
o Subspace spanned by Y with bilinear form ny of signature (1,0):

Vy =span(Y). (10)
o Orthogonal complement with bilinear form 7, of signature (p — 1, q):

Vi ={veV,vY+ Yv=0}. (11)

= Clifford algebra Cl,_1, 4 generated by (V, 7, ):
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Symmetry reduction

o Consider Y € V with (Y, Y) =1, so that Y? = 1.
= Decomposition of V into orthogonal subspaces:
o Subspace spanned by Y with bilinear form ny of signature (1,0):

Vy =span(Y). (10)
o Orthogonal complement with bilinear form 7, of signature (p — 1, q):

Vi ={veV,vY+ Yv=0}. (11)

= Clifford algebra Cl,_1, 4 generated by (V, 7, ):

C|p7q — Clp_‘],q @ Clp_1’q ® VY . (12)
= Volume element of Cl,_1 4:
Qy=QyeCPr{ ! 0f =(-1)Pta-Nera-2)/2tay (13)
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
e Y2 = 1 = both actions have eigenvalues +1.
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
» Y2 =1 = both actions have eigenvalues +1.
e Projectors onto left and right eigenspaces:

Pi:¥. (14)
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
» Y2 =1 = both actions have eigenvalues +1.
e Projectors onto left and right eigenspaces:

Pi:¥. (14)

e P, does not preserve grading = Clg,q not closed.
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
» Y2 =1 = both actions have eigenvalues +1.
Projectors onto left and right eigenspaces:

p. = 1Y (14)
2
P. does not preserve grading = Clg,q not closed.

Subspaces which can be decomposed into left and right eigenspaces:

Cly 1 4®Cl5 1 5® Vy. (15)
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
» Y2 =1 = both actions have eigenvalues +1.
Projectors onto left and right eigenspaces:

p. = 1Y (14)
2
P. does not preserve grading = Clg,q not closed.

Subspaces which can be decomposed into left and right eigenspaces:

Cly 1 4®Cl5 1 5® Vy. (15)
~ Helpful rule for v € Cl_ ;@ Cl5_ , ® Vy:

vY = (—1)kyv. (16)
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Projectors and endomorphisms

e Y acts on Clp 4 by left and right multiplication.
» Y2 =1 = both actions have eigenvalues +1.
Projectors onto left and right eigenspaces:

p. = 1Y (14)
2
P. does not preserve grading = Clg,q not closed.

Subspaces which can be decomposed into left and right eigenspaces:

Cly 1 4®Cl5 1 5® Vy. (15)
~ Helpful rule for v € Cl_ ;@ Cl5_ , ® Vy:
vY = (—1)kyv. (16)

= Relation for left and right eigenspaces depends on k.
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Spin algebras & decomposition

e Spin algebra identified with second subspace:

spin(p, q) 2 CI5,, spin(p—1,9) = CE_,,. (17)
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Spin algebras & decomposition

e Spin algebra identified with second subspace:

spin(p,q) = CB,, spin(p—1,q) =CB_4,. (17)
e Decomposition of spin algebra induced by Y:

spin(p, q) = spin(p—1,9)d V, @ Vy . (18)
:g — =
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Spin algebras & decomposition

e Spin algebra identified with second subspace:

spin(p,q) = CB,, spin(p—1,q) =CB_4,. (17)
e Decomposition of spin algebra induced by Y:

spin(p, q) = spin(p—1,9)d V, @ Vy . (18)
:g — =

e Characterization of subspaces:

h={veglvy—-Yv=0}, (19a)
3={veglvY+ Yv=0}. (19b)
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Spin algebras & decomposition

e Spin algebra identified with second subspace:
spin(p,q) = Cl2 5, spin(p—1,9) = Cl5_y ;. (17)
e Decomposition of spin algebra induced by Y:

spin(p, q) = spin(p—1,9)d V, @ Vy . (18)
:g — =

e Characterization of subspaces:
h={veglvy—-Yv=0}, (19a)
3={veglvY+ Yv=0}. (19b)
o Explicit form of projectors for v € g:
v+ YvY

PivP.+P v =T ey, (20a)
P,VP_ +P_vP, — #/ €3 (20b)
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2. Formulations of general relativity
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Stelle-West action

e Dynamical fields:
1. Spin(p, q) connection:

AcQL(P,g). (1)
2. Symmetry breaking vector field:
ye QP V), ny,y)=1. (22)
3. Lagrange multiplier:
e QP). (23)
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Stelle-West action

e Dynamical fields:
1. Spin(p, q) connection:

AcQL(P,g). (1)
2. Symmetry breaking vector field:
ye QP V), ny,y)=1. (22)
3. Lagrange multiplier:
e QP). (23)
= Curvature: ]
F=dA+3IANA e Q®(P,qg). (24)
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Stelle-West action

e Dynamical fields:
1. Spin(p, q) connection:

AcQL(P,g). (1)
2. Symmetry breaking vector field:
ye QP V), ny,y)=1. (22)
3. Lagrange multiplier:
e QP). (23)
= Curvature: ]
F=dA+3IANA e Q®(P,qg). (24)

= Stabilizer of y defines Lorentz subalgebra b C g.
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Stelle-West action

e Dynamical fields:
1. Spin(p, q) connection:

AcQL(P,g). (1)
2. Symmetry breaking vector field:
ye QP V), ny,y)=1. (22)
3. Lagrange multiplier:
e QP). (23)
= Curvature: ]
F=dA+3IANA e Q®(P,qg). (24)

= Stabilizer of y defines Lorentz subalgebra b C g.
=y defines bilinear form «;, which is non-degenerate on b.
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Stelle-West action

e Dynamical fields:
1. Spin(p, q) connection:

AcQL(P,g). (1)
2. Symmetry breaking vector field:
ye QP V), ny,y)=1. (22)
3. Lagrange multiplier:
e QP). (23)
= Curvature: ]
F=dA+3IANA e Q®(P,qg). (24)

= Stabilizer of y defines Lorentz subalgebra b C g.
=y defines bilinear form «;, which is non-degenerate on b.
~ Stelle-West action:

SIA.y. N = /M iy (FAF) + Ay, ) — 1) (25)
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MacDowell-Mansouri action

e Dynamical fields:
o Cartan connection:

Ac Ql(P,g). (26)
= Algebra decomposition g = h @ ; allows split A=w + e:
weQ(P.h), ecQl(P.;). (27)
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MacDowell-Mansouri action

e Dynamical fields:
o Cartan connection:

AcQl(P,g). (26)
= Algebra decomposition g = h @ 3 allows split A= w + e:
we QL(P,b), ecQl(Py). (27)
= Curvature:

o Curvature of a Cartan connection:

F:dA+%[A/\A] € Q%(P,g). (28)
o Decomposition into subspaces:

Fb:dw+%[w/\w]+%[e/\e]:R~|—%[e/\e]eQz(P,h), (29a)
F,=de+[whnel=TeQ*P,;). (29b)
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MacDowell-Mansouri action

e Dynamical fields:
o Cartan connection:

AcQlL(P,g). (26)
= Algebra decomposition g = h @ 3 allows split A= w + e:
w € QL(P,h), ecQl(P,3). (27)
= Curvature:
o Curvature of a Cartan connection:
F:dA+%[A/\A] € Q%(P,g). (28)
o Decomposition into subspaces:
Fb:dw+%[w/\w]+%[e/\e]:R~|—%[e/\e]eQz(P,h), (29a)
F,=de+[whnel=TeQ*P,;). (29b)
~» MacDowell-Mansouri action:
S[A] = /M r(Fy A <Fy). (30)

Manuel Hohmann (University of Tartu) Gravity, symmetry breaking & Clifford algebras GeomGrav 2026 - 30. June 2026 11/22



Palatini action

e Dynamical fields:
o Spin connection:
w € Q4(P,b). (31)

o Tetrad:
ecQL(P,3). (32)
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Palatini action

e Dynamical fields:
o Spin connection:

w e QL(P,b). (31)
o Tetrad:
ecQL(P,3). (32)
= Curvature: ]
R=dvtzlwnd] e Q%(P,1). (33)
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Palatini action

e Dynamical fields:
o Spin connection:

w e QL(P,b). (31)
o Tetrad:
ecQL(P.3). (32)
= Curvature: 1
R=dw+t 5lwAu] e Q?(P,1). (33)
= Torsion:
T=de+[wAe]e?P,;). (34)
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Palatini action

e Dynamical fields:
o Spin connection:

w e QL(P,b). (31)
o Tetrad:
ecQL(P,3). (32)
= Curvature: ]
R=dvtzlwnd] e Q%(P,1). (33)
= Torsion:
T=de+[wAe]e?P,;). (34)
~ Palatini action:
S[w,e]:/ ir (H/\*[e/\ e]+%[eA €] A +[en e]). (35)
M
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Plebanski action

e Dynamical fields:
o Spin connection:
w e QL(P,b). (36)

o Area element:
Y € Q%(P,b). (37)
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Plebanski action

e Dynamical fields:

o Spin connection:
w e QL(P,b). (36)

o Area element:
Y € Q%(P,b). (37)

4 Additional condition required to identify  ~ [e A €].
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Plebanski action

e Dynamical fields:

o Spin connection:
w e QL(P,b). (36)

o Area element:
Y € Q%(P,b). (37)

4 Additional condition required to identify  ~ [e A €].
~ Add Lagrange multiplier ¢ (symmetric, trace-free bilinear form on b).

Manuel Hohmann (University of Tartu) Gravity, symmetry breaking & Clifford algebras GeomGrav 2026 - 30. June 2026 13/22



Plebanski action

e Dynamical fields:

o Spin connection:
w e QL(P,b). (36)

o Area element:
Y € Q%(P,b). (37)

4 Additional condition required to identify  ~ [e A €].
~ Add Lagrange multiplier ¢ (symmetric, trace-free bilinear form on b).
« Recall Hodge operator « :  — b satisfies > = —1.
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Plebanski action

e Dynamical fields:
o Spin connection:

w e QL(P,b). (36)
o Area element:

Y € Q%(P,b). (37)

4 Additional condition required to identify  ~ [e A €].

~ Add Lagrange multiplier ¢ (symmetric, trace-free bilinear form on b).
« Recall Hodge operator « :  — b satisfies > = —1.

= Eigenvalues +i with eigenspaces of complexified h @ C.
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Plebanski action

e Dynamical fields:
o Spin connection:

w e QL(P,b). (36)
o Area element:

Y € Q%(P,b). (37)

4 Additional condition required to identify  ~ [e A €].

~ Add Lagrange multiplier ¢ (symmetric, trace-free bilinear form on b).
« Recall Hodge operator « :  — b satisfies > = —1.

= Eigenvalues +i with eigenspaces of complexified h @ C.
~ Split into eigenspaces yields decompositon R =R+ R~ and X =¥+ + ¥
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Plebanski action

e Dynamical fields:
o Spin connection:
w e QL(P,b). (36)
o Area element:
Y € Q%(P,b). (37)

4 Additional condition required to identify  ~ [e A €].
~ Add Lagrange multiplier ® (symmetric, trace-free bilinear form on b).
« Recall Hodge operator « :  — b satisfies > = —1.
= Eigenvalues +i with eigenspaces of complexified h @ C.
~ Split into eigenspaces yields decompositon R =R+ R~ and X =¥+ + ¥
~ Plebanski action requires only one half of the fields:

Slw, e] = / tr(RPAZH+ P ATt + (P ATT)) . (38)
M
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Relation between gravity actions

Stelle-West

| MacDowell-Mansouri |
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Relation between gravity actions

Stelle-West

symmetry breaking [ ¥ = e4

| MacDoweii—Mansouri |
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Relation between gravity actions

Stelle-West

symmetry breaking [ ¥ = e4

| MacDoweii—Mansouri |

boundary terms | RA xR ~~ 0

N

Palatini
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Relation between gravity actions

Stelle-West

symmetry breaking [ ¥ = e4

| MacDoweii—Mansouri |

boundary terms | RA xR ~~ 0

L\

[ Palatini

separation|epAe=Yt + ¥~

Plebanski
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3. Clifford algebra formulation of gravity actions
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Stelle-West action

¢ Interpretation of dynamical fields:
1. Spin(p, Q) connection:

A€ Q5(P,CLE ) € Q'(P.Clpg). (39)
2. Symmetry breaking vector field:
y € Q%(P,Cl} ) € Q°(P,Clpg). (40)
3. Lagrange multiplier:
A€ QO(P). (41)
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Stelle-West action

e Interpretation of dynamical fields:
1. Spin(p, Q) connection:

A€ Q5(P,CLE ) € Q'(P.Clpg). (39)
2. Symmetry breaking vector field:
y € Q%(P,Cl} ) € Q°(P,Clpg). (40)
3. Lagrange multiplier:
A€ QO(P). (41)
= Curvature: ]
F=dA+S[ANA € Q3(P,CI5 ;) € Q3(P,Clpg). (42)
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Stelle-West action

e Interpretation of dynamical fields:
1. Spin(p, Q) connection:

A€ Q5(P,CLE ) € Q'(P.Clpg). (39)
2. Symmetry breaking vector field:
y € Q%(P,Cl} ) € Q°(P,Clpg). (40)
3. Lagrange multiplier:
A€ QO(P). (41)
= Curvature: ]
F=dA+S[ANA € Q3(P,CI5 ;) € Q3(P,Clpg). (42)
~ Product:
YFAF € Q*P,Clpg). (43)
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Stelle-West action

e Interpretation of dynamical fields:
1. Spin(p, Q) connection:

A€ Q5(P,CLE ) € Q'(P.Clpg). (39)
2. Symmetry breaking vector field:
y € Q%(P,Cl} ) € Q°(P,Clpg). (40)
3. Lagrange multiplier:
A€ QO(P). (41)
= Curvature: ]
F=dA+S[ANA € Q3(P,CI5 ;) € Q3(P,Clpg). (42)
~ Product:
YFAF € Q*P,Clpg). (43)

= Stelle-West action:
S[A y,\] = / Tr(QyF A F + )\(y2 -1)) = / Tr(QQFAF + >\(y2 - 1)). (44)
M M
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Stelle-West action

e Interpretation of dynamical fields:
1. Spin(p, Q) connection:

A€ Q5(P,CL5 ) € Q'(P,Clpg). (39)
2. Symmetry breaking vector field:
y € Q%(P,Cl} ) € Q°(P,Clpg). (40)
3. Lagrange multiplier:
A€ QO(P). (41)
= Curvature: ]
F=dA+S[ANA € Q3(P,CI5 ;) € Q3(P,Clpg). (42)
~ Product:
YFAF € Q*P,Clpg). (43)

= Stelle-West action:
S[A y,\] = / Tr(QyF A F + )\(y2 -1)) = / Tr(QQFAF + >\(y2 - 1)). (44)
M M

e Proper subspaces can be ascertained using further Lagrange multipliers.
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MacDowell-Mansouri action

e Decomposition of Cartan connection and curvature:

“:w’ Fh:%, (45a)
e:w’ 52#- (45D)
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MacDowell-Mansouri action

e Decomposition of Cartan connection and curvature:

LA +2yAy | Fo— w , (45a)
_A-yAy _ F—yFy
o=, Fi=—3 (45b)
o Recall Q2 = —1 and for v € h holds:
Qyv=vQy=%veph. (46)
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MacDowell-Mansouri action

e Decomposition of Cartan connection and curvature:

" A +2yAy ’ F, = F +2yFy ’ (45a)
_A-yAy _ F—yFy
e=—5—, F, = 5 (45b)
o Recall Q2 = —1 and for v € h holds:
Qyv=vQy=%veph. (46)
= (Proto-)MacDowell-Mansouri action:
F
S[A,y]:/Tr(F+2yFyAQyF+2y y). (47)
M
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MacDowell-Mansouri action

e Decomposition of Cartan connection and curvature:

" A +2yAy ’ F, = F +2yFy ’ (45a)
_A-yAy _ F—yFy
e=—5—, F, = 5 (45b)
o Recall Q2 = —1 and for v € h holds:
Qyv=vQy=%veph. (46)
= (Proto-)MacDowell-Mansouri action:
S[A,y]:/Tr(F+2yFy/\QyF+2yFy). (47)
M

» Note that y cancels under the trace ~ Stelle-West action.
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MacDowell-Mansouri action

e Decomposition of Cartan connection and curvature:

" A +2yAy ’ F, = F +2yFy ’ (45a)
_A-yAy _ F—yFy
e=—5—, F, = 5 (45b)
o Recall Q2 = —1 and for v € h holds:
Qyv=vQy=%veph. (46)
= (Proto-)MacDowell-Mansouri action:
S[A,y]:/Tr(F+2yFy/\QyF+2yFy). (47)
M

» Note that y cancels under the trace ~ Stelle-West action.
e Gauge fixing y = Y = e4 ~ classical MacDowell-Mansouri action.
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Palatini action

e Curvature of the spin connection:

A+ yA
R:dw+%[wAw]:dw+1 [A+yAy/\ +y y] .

2 2 2 2
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Palatini action

e Curvature of the spin connection:

B 1 A+ YyAy 1 TA+yAy A+ yAy
R—dw+§[wAw]—d 5 —1—2[ 5 A 5 . (48)
o Note thatdy € Q},(P, V| ) due to y2 = 1:
0=d1l=d(y?) = ydy +dyy=2n(y,dy)L. (49)
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Palatini action

e Curvature of the spin connection:

B 1 A+ YyAy 1 TA+yAy A+ yAy
R—dw+§[wAw]—d 5 —1—2[ 5 A 5 . (48)
o Note thatdy € Q},(P, V| ) due to y2 = 1:
0=d1l=d(y?) = ydy +dyy=2n(y,dy)L. (49)

= Terms arising with dy will cancel under the trace.
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Palatini action

e Curvature of the spin connection:

B 1 A+ YyAy 1 TA+yAy A+ yAy
R—dw+§[wAw]—d 5 —1—2[ 5 A 5 . (48)
o Note thatdy € Q},(P, V| ) due to y2 = 1:
0=d1l=d(y?) = ydy +dyy=2n(y,dy)L. (49)

= Terms arising with dy will cancel under the trace.
= Explicit expressions for R, e, x as on previous slide.
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Palatini action

e Curvature of the spin connection:

B 1 A+ YyAy 1 TA+yAy A+ yAy
R—dw+§[wAw]—d 5 —1—2[ 5 A 5 . (48)
o Note thatdy € Q},(P, V| ) due to y2 = 1:
0=d1l=d(y?) = ydy +dyy=2n(y,dy)L. (49)

= Terms arising with dy will cancel under the trace.
= Explicit expressions for R, e, x as on previous slide.
= (Proto-)Palatini action contains gauge vector y.
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Palatini action

e Curvature of the spin connection:

B 1 A+ YyAy 1 TA+yAy A+ yAy
R—dw+§[wAw]—d 5 —1—2[ 5 A 5 . (48)
o Note thatdy € Q},(P, V| ) due to y2 = 1:
0=d1l=d(y?) = ydy +dyy=2n(y,dy)L. (49)

= Terms arising with dy will cancel under the trace.
= Explicit expressions for R, e, x as on previous slide.
= (Proto-)Palatini action contains gauge vector y.

o Gauge fixing y = Y = e4 ~ classical Palatini action.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~~ b via Lagrange multiplier or projectors.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~ b via Lagrange multiplier or projectors.
~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~ b via Lagrange multiplier or projectors.
~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.
¢ Replace Hodge operator by multiplication with Qy.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~ b via Lagrange multiplier or projectors.

~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.
¢ Replace Hodge operator by multiplication with Qy.
e Expand Qy = QY = YQ action and pull out Q2 = Y-decomposition.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~~ b via Lagrange multiplier or projectors.

~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.
Replace Hodge operator by multiplication with Qy.

Expand Qy = QY = YQ action and pull out Q = Y-decomposition.

= Eigenvalues +1 with eigenspaces of h & h ® Vy.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~ b via Lagrange multiplier or projectors.
~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.
¢ Replace Hodge operator by multiplication with Qy.
e Expand Qy = QY = YQ action and pull out 2 = Y-decomposition.
= Eigenvalues +1 with eigenspaces of h & h ® Vy.
~ Split into eigenspaces yields decompositon R=R"+ R~ and X =¥+ + X"
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)
~ Enforce g ~~ b via Lagrange multiplier or projectors.
~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.

Replace Hodge operator by multiplication with Qy.

Expand Qy = QY = YQ action and pull out Q = Y-decomposition.

= Eigenvalues +1 with eigenspaces of h & h ® Vy.

~ Split into eigenspaces yields decompositon R=R"+ R~ and X =¥+ + X"
~ (Proto-)Plebanski action contains gauge vector y.
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Plebanski action

e Dynamical fields:
o Spin connection:

we QL(P.h) = Q'(P,CE_, ) c Q'(P,C5,). (50)
o Area element:
T e Q(P.h) = Q'(P,CE_,,) C Q'(P,CE ). (51)

~ Enforce g ~~ b via Lagrange multiplier or projectors.
~ Lagrange multiplier ® expressed in terms of Clifford algebra projectors.
¢ Replace Hodge operator by multiplication with Qy.
e Expand Qy = QY = YQ action and pull out 2 = Y-decomposition.
= Eigenvalues +1 with eigenspaces of h & h ® Vy.
~ Split into eigenspaces yields decompositon R=R"+ R~ and X =¥+ + X"
~ (Proto-)Plebanski action contains gauge vector y.
o Gauge fixing y = Y = e4 ~ classical Plebanski action.
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Relation between gravity actions

Stelle-West | MacDowell-Mansouri |

| G-inv. Palatini

G-inv. Plebanski Plebanski
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Relation between gravity actions

Stelle-West + MacDowell-Mansouri|

atini

3
=

| G-inv. Palatini |

G-inv. Plebanski I » Plebanski
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Outline

4. Conclusion
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Conclusion

e Summary:

1. Different gravity actions expressed through Clifford-algebra-valued forms.

+ Stelle-West action.

* MacDowell-Mansouri action.

* Palatini action.

* Plebanski action.
. Possible to establish equivalence through Lagrange multipliers or projectors.
. All actions show Spin(p, g) symmetry due to gauge vector field y.
. Explicit symmetry breaking through Lagrange multiplier allows gauge fixing.
. Separation in Plebanski action on h & h ® Vy instead of h @ C.

g~ wWN
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Conclusion

e Summary:
1. Different gravity actions expressed through Clifford-algebra-valued forms.
+ Stelle-West action.
* MacDowell-Mansouri action.
* Palatini action.
* Plebanski action.
2. Possible to establish equivalence through Lagrange multipliers or projectors.
3. All actions show Spin(p, g) symmetry due to gauge vector field y.
4. Explicit symmetry breaking through Lagrange multiplier allows gauge fixing.
. Separation in Plebanski action on h & h ® Vy instead of h @ C.
¢ Outlook:
. Consider dynamical field y instead of fixed by Lagrange multiplier.
. Modified coupling to matter (fermions) through Clifford algebra.
. Possible to use fermions (spinor fields) for symmetry breaking.
. Gravity-only coupled fermion: new dark matter candidate.

6]
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Conclusion

e Summary:
1. Different gravity actions expressed through Clifford-algebra-valued forms.
* Stelle-West action.
* MacDowell-Mansouri action.
* Palatini action.
* Plebanski action.
2. Possible to establish equivalence through Lagrange multipliers or projectors.
3. All actions show Spin(p, g) symmetry due to gauge vector field y.
4. Explicit symmetry breaking through Lagrange multiplier allows gauge fixing.
. Separation in Plebanski action on h & h ® Vy instead of h @ C.

e Outlook:

1. Consider dynamical field y instead of fixed by Lagrange multiplier.
2. Modified coupling to matter (fermions) through Clifford algebra.

3. Possible to use fermions (spinor fields) for symmetry breaking.

4. Gravity-only coupled fermion: new dark matter candidate.

~ See upcoming publication with Paul Hafemann.

6]
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