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Question

Can Maxwellian gravity be understood as a systematic correction to AdS gravity in
an expansion in powers of the cosmological constant?
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Motivation

Maxwell algebra

rJAB , JCDs “ ηrArC JDsBs ,

rJAB , PC s “ ηCrBPAs ,

rJAB , ZCDs “ ηrArC ZDsBs ,

rPA, PBs “ ZAB

Describes particle systems in constant electromagnetic fields
[Bacry,Combe,Richard(1970)][Schrader(1972)][Beckers,Hussin(1983)][Negro,Olmo(1990)][Gibbons,Gomis,Pope(2009)][Gomis,Kleinschmidt(2017)]

Gauging: Extension of GR [de Azcarraga,Kamimura,Lukierski(2010)]

Cosmological models [Durka,Kowalski-Glikman(2011)][de Azcarraga,Kamimura,Lukierski(2012)][Kibaroglu(2023)]

Supersymmetric and higher-spin extensions of the Maxwell algebra have been
formulated
[Bonanos,Gomis,Kamimura,Lukierski(2010)][Fedoruk,Lukierski(2013)][Caroca,Concha,Rodríguez,Salgado-Rebolledo(2017)][Peñafiel,Ravera(2017)]
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Motivation
Three-dimensional case

rJA, JBs “ ϵABC JC , rJA, PBs “ ϵABC PC , rJA, ZBs “ ϵABC ZC “ rPA, PBs

xJA, PBy “ α ηAB , xJA, JBy “ β ηAB , xJA, ZBy “ γ ηAB “ xPA, PBy ,

It is possible to define an extended Chern-Simons gravity theory [Szabo, Salgado,Valdivia(2014)]

Connection and curvature

A “ eAPA ` ωAJA ` σAZA, F “ T APA ` RAJA ` F AZA

T A
“ deA

` ϵABC ωB ^ eC , RA
“ dωA

`
1
2 ϵABC ωB ^ ωC ,

F A
“ dσA

` ϵABC ωb ^ σc `
1
2 ϵABC eB ^ eC

Extended three-dimensional gravity action

S “

ż

CSMaxwell “

ż
B

A ^ dA `
2
3A ^ A ^ A

F

,
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Motivation

The explicit form of the action is
ż

CSMaxwell “

ż

”

2αeARA ` βCSpωq ` γp2σARA ` eATAq

ı

Infinite-dimensional asymptotic symmetry [Concha,Merino,Miskovic,Rodríguez,Salgado-Rebolledo,Valdivia(2018)]

Dimensional reduction leads to Jackiw-Teiteilboim gravity
[Cangemi(1992)][Duval,Horvath,Horvathy(2008)]

Non-relativistic and Carrollian limits
[Avilés,Gomis,Frodden,Hidalgo,Zanelli(2018)][Peñafiel,Salgado-Rebolledo(2019)][Concha,Peñafiel,Ravera, Rodríguez(2021)]

Supersymmetric, hypersymmetric, and higher-spin extensions
[Concha,Fierro,Rodríguez,Salgado(2015)][Caroca,Concha,Rodríguez,Salgado-Rebolledo(2017)]

[Concha,Ravera,Rodríguez(2019)][Caroca,Concha,Matulich, Rodríguez,Tempo(2021)][Caroca,Peñafiel,Salgado-Rebolledo(2023)]

Effective model of a topological insulator [Palumbo (2017)]
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Lie algebra expansions
Lie algebra expansions allow to relate Lie algebras of different dimension
[Hatsuda,Sakaguchi(2003)] [deAzcárraga, Picón, Varela(2003)] [Izaurieta,Rodríguez,Salgado(2006)]

Consider a Lie algebra g and an Abelian semigroup S

rTα, Tβs “ f γ
αβTγ , λi ¨ λj “ K k

ijλk

The direct product g ˆ S is a Lie algebra

rTpα,iq, Tpβ,jqs “ f pγ,kq

pα,iqpβ,jq
Tpγ,kq

where
Tpα,iq “ λi b Tα , f pγ,kq

pα,iqpβ,jq
“ f γ

αβK k
ij

We call g ˆ S an expansion of g by S

Reduced expansion: if the semigroup has a zero element λzero

λzero ¨ λi “ λzero @i ñ tg ˆ Su ´ Tpα,zeroq is a Lie algebra
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Lie algebra expansions
Resonant expasion: consider the case where g admits subspace decomposition

g “
à

pPI
Vp “ V0 ‘ V1 ‘ ¨ ¨ ¨ ‘ Vn

where, for each pair of subspaces Vp and Vq, there is a set of indices ipp, qq P I
such that

rVp , Vqs Ă
à

rPipp,qq

Vr

if the semigroup S admits a “resonant” decomposition S “ S0 ‘ S1 ‘ ¨ ¨ ¨ ‘ Sn

Sp ¨ Sq Ă
à

rPipp,qq

Sr

The resonant expansion
à

p
Vp ˆ Sp “ tV0 ˆ S0u ‘ tV1 ˆ S1u ‘ ¨ ¨ ¨ ‘ tVn ˆ Snu

is a Lie algebra
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Non-relativistic expansions of Poincaré
Warm-up example: Non-relativistic expansions of isopD ´ 1, 1q

Poincaré algebra
rJAB , JCDs “ ηrArC JDsBs , rJAB , PC s “ ηCrBPAs

Splitting indices in the form A “ p0, a “ 1, . . . , Dq

PA “ pP0, Paq, JAB “ pJ0a, Jabq

Introduce a parameter ϵ and the rescaling
H “ ϵ´1P0, Pa “ Pa, Ga “ ϵJ0a, Jab “ Jab

In the limit ϵ Ñ 0 the generators tH, Pa, Ga, Jabu close into the Galilean algebra

rGa, Hs “ Pa ,

rJab , Pc s “ δcrbPas ,
rJab , Gc s “ δcrbGas ,

rJab , Jcd s “ δrarcJdsbs

The parameter ϵ can be interpreted as the inverse of the speed of light ϵ “ 1{c
This procedure, known as Inönü-Wigner contraction, can be generalized by
considering expansions of Lie algebras
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Non-relativistic expansions of Poincaré

Now we consider non-relativistic expansions of the Poincaré algebra
[Bergshoeff,Izquierdo,Ortín,Romano(2019)]

rJAB , JCDs “ ηrArC JDsBs , rJAB , PC s “ ηCrBPAs

Subspace decomposition

V0 “ tP0, Jabu , V1 “ tPa, J0au .

They satisfy Z2-graded structure

rV0, V0s Ă V0 , rV0, V1s Ă V1 , rV1, V1s Ă V0 .

We will consider the semigroup SpNq

E “ tλ0, . . . , λN`1u

λi ¨ λj “

"

λi`j if i ` j ď N
λN`1 if i ` j ą N , λN`1 is the zero of SpNq

E
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SpNq

E Admits the following subset decomposition

SpNq

0 “ spNq

0 Y tλN`1u

SpNq

1 “ spNq

1 Y tλN`1u

spNq

0 “ tλ2mu , m “ 0, . . . ,
“ N

2
‰

spNq

1 “ tλ2m`1u , m “ 0, . . . ,
“ N´1

2
‰

Resonant with V0 and V1 in the sense that

SpNq

0 ¨ SpNq

0 Ă SpNq

0 , SpNq

0 ¨ SpNq

1 Ă SpNq

1 , SpNq

1 ¨ SpNq

1 Ă SpNq

0

This leads to a resonant and reduced algebra

tV0 ˆ SpNq

0 u ‘ tV1 ˆ SpNq

1 u ´ tPA b λN`1u ‘ tJAB b λN`1u
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Non-relativistic expansions of Poincaré
Case Sp1q

E

λ2 λ2 λ2 λ2
λ1 λ1 λ2 λ2
λ0 λ0 λ1 λ2

λ0 λ1 λ2

Sp1q

0 “ tλ0, λ2u

Sp1q

1 “ tλ1, λ2u

Te expanded generators

Jab “ λ0 b Jab , Ga “ λ1 b J0a ,
H “ λ0 b P0 , Pa “ λ1 b Pa ,

satisfy the Galilei algebra in D dimensions

rGa, Hs “ Pa ,

rJab , Pc s “ δcrbPas ,
rJab , Gc s “ δcrbGas ,

rJab , Jcd s “ δrarcJdsbs

This is known as the infinite speed of light limit of the Poincaré symmetry. This
will be useful later to obtain a physical interpretation of λi .
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Non-relativistic expansions of Poincaré
Case Sp2q

E

λ3 λ3 λ3 λ3 λ3
λ2 λ2 λ3 λ3 λ3
λ1 λ1 λ2 λ3 λ3
λ0 λ0 λ1 λ2 λ3

λ0 λ1 λ2 λ3

Sp2q

0 “ tλ0, λ2, λ3u

Sp2q

1 “ tλ1, λ3u

There are two new expanded generators

Sab “ λ2 b Jab , M “ λ2 b P0 .

The expanded algebra is given by the previous commutators plus
rGa, Pbs “ δabM , rGa, Gbs “ Sab , rJab , Scd s “ δrarcSdsbs

In 2+1 dimensions this reduces to the Extended Bargmann algebra.
Further extensions introduce more generators
The Sp3q

E case has been used to define an action for Newton-Cartan gravity
[Hansen,Hartong,Obers(2018)]
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Non-relativistic expansions of Poincaré
These algebras can be summarized in one infinite-dimensional algebra

Consider the infinite semigroup [Peñafiel,Ravera(2017)]

Sp8q
“ tλ0, λ1, λ2, . . . u , λi ¨ λj “ λi`j

In this we can consider the non-reduced expansion
´

tλ2mu ˆ tJab , P0u

¯

‘

´

tλ2m`1u ˆ tJ0a, Pau

¯

Expanded generators

Jpmq

ab “ λ2m b Jab , Bpmq
a “ λ2m`1 b J0a ,

Hpmq
“ λ2m b P0 , Ppmq

a “ λ2m`1 b Pa ,

They satisfy the G8 algebra [Hansen,Hartong,Obers(2019)] [Gomis,Kleinschmidt,Palmkvist(2019)]

rJpmq

ab , Ppnq
c s “ δcrbPpm`nq

as
,

rJpmq

ab , Jpnq

cd s “ δrarcJpm`nq

dsbs
,

rBpmq
a , Ppnq

b s “ δabHpm`n`1q ,

rBpmq
a , Hpnq

s “ Ppm`nq
a ,

rJpmq

ab , Bpnq
c s “ δcrbBpm`nq

as
,

rBpmq
a , Bpnq

b s “ Jpm`n`1q

ab
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Physical interpretation
This algebraic construction can be reproduced by expanding the gravitational
gauge fields in powers of the speed of light c

λm „ 1{cm

By considering a connection one-form A takes values on G8

A “

8
ÿ

m“0

ˆ

ea
pmqPpmq

a ` ωa
pmqGpmq

a ` τpmqHpmq
`

1
2ωab

pmqJpmq

ab

˙

“ E 0P0 ` E aPa ` Ω0aJ0a `
1
2ΩabJab

The Poincaré gauge fields are expanded in powers of the speed of light

E 0
“

ř8

m“0 c´2m`1τpmq, E a
“

ř8

m“0 c´2mea
pmq

Ω0a
“

ř8

m“0 c´2m´1ωa
pmq, Ωab

“
ř8

m“0 c´2mωab
pmq

This NR expansion of the gravitational fields allow to construct the
post-Newtonian expansion of General Relativity and CS gravity
[Hansen,Hartong,Obers(2019)][Gomis,Kleinschmidt,Palmkvist,Salgado-Rebolledo(2019)]]
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Adding Λ-corrections to Poincaré

Inspired in the previous construction we look at the contraction of AdS that leads
to the Poincaré algebra
Consider the AdS algebra sopD ´ 1, 2q

rJAB , JCDs “ ηrArCJDsBs , rJAB ,PC s “ ηCrBPAs , rPA,PBs “ JAB

As before, we introduce a parameter σ and the following rescaling of the generators

PA “ σPA, JAB “ JAB

In the limit σ Ñ 0 we find the Poincaré algebra

rJAB , JCDs “ ηrArC JDsBs , rJAB , PC s “ ηCrBPAs

The parameter σ is related to the cosmological constant Λ or the AdS radius ℓ

σ “ 1{ℓ „
a

|Λ|

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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Adding Λ-corrections to Poincaré

We can now generalize this contraction using the expansion mechanism
The subspace separation for AdS in this case reads

V0 “ tJABu , V1 “ tPAu .

satisfies a Z2-graded structure
We will consider again the semigroup SpNq

E “ tλ0, . . . , λN`1u

λi ¨ λj “

"

λi`j if i ` j ď N
λN`1 if i ` j ą N

and the resonant and reduced algebra

tV0 ˆ SpNq

0 u ‘ tV1 ˆ SpNq

1 u ´ tPA b λN`1u ‘ tJAB b λN`1u

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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Adding Λ-corrections to Poincaré

Case Sp1q

E

λ2 λ2 λ2 λ2
λ1 λ1 λ2 λ2
λ0 λ0 λ1 λ2

λ0 λ1 λ2

Sp1q

0 “ tλ0, λ2u

Sp1q

1 “ tλ1, λ2u

Expanded generators

JAB “ λ0 b JAB , PA “ λ1 b PA

They satisfy the Poincaré algebra in D dimensions isopD ´ 1, 1q

rJAB , JCDs “ ηrArC JDsBs , rJAB , PC s “ ηCrBPAs

As expected, the simplest example of the expansion reproduces the contraction
previously discussed

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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Adding Λ-corrections to Poincaré
Case Sp2q

E

λ3 λ3 λ3 λ3 λ3
λ2 λ2 λ3 λ3 λ3
λ1 λ1 λ2 λ3 λ3
λ0 λ0 λ1 λ2 λ3

λ0 λ1 λ2 λ3

Sp2q

0 “ tλ0, λ2, λ3u

Sp2q

1 “ tλ1, λ3u

We introduce a new expanded generator

ZAB “ λ2 b JAB

The expanded algebra is the Maxwell algebra

rJAB , JCDs “ ηrArC JDsBs ,

rJAB , PC s “ ηCrBPAs ,

rJAB , ZCDs “ ηrArC ZDsBs ,

rPA, PBs “ ZAB

As in the non-relativistic case, we can generate infinite-dimensional algebras

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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Adding Λ-corrections to Poincaré
Consider the infinite semigroup [Peñafiel,Ravera(2017)]

Sp8q
“ tλ0, λ1, λ2, . . . u , λi ¨ λj “ λi`j

In this we can consider the non-reduced expansion
´

tλ2mu ˆ tJABu

¯

‘

´

tλ2m`1u ˆ tPAu

¯

and define
J pmq

AB “ λ2m b JAB , Ppmq

A “ λ2m`1 b PA

These generators satisfy the Poincaré8 algebra [Gomis,Kleinschmidt,Roest,Salgado-Rebolledo(2020)]

rJ pmq

AB , J pnq

CD s “ δrArC J pm`nq

DsBs
,

rJ pmq

AB , Ppnq

C s “ δCrBPpm`nq

As

rPpmq

A , Ppnq

B s “ J pm`n`1q

AB ,

This symmetry has been used to add curvature corrections to particle models on
Minkowski space
Finite truncations of these algebras have been studied in the context of
(super)gravity and have been dubbed Bn-algebras or Generalized Poincaré algebras
[Concha,Peñafiel,Rodríguez,Salgado(2015)]
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Physical interpretation
We proceed as in the non-relativistic example
Since the leading order of this expansion reproduces the vanishing cosmological
constant limit of AdS, we identify

λm „ 1{ℓm

In order to expand a gravity theory, we define a connection taking values on
Poincaré8

A “

8
ÿ

m“0

ˆ

eA
pmqP

pmq

A `
1
2ωAB

pmqJ
pmq

AB

˙

“ EAPA `
1
2ΩABJAB

The AdS gauge fields are expanded in powers of the cosmological constant or the
AdS radius

EA
“

8
ÿ

m“0
ℓ´2m´1eA

pmq, ΩAB
“

8
ÿ

m“0
ℓ´2mωAB

pmq

We will use this prescription to expand AdS gravity in three dimensions
D. M. Peñafiel Maxwellian gravity and the cosmological constant
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ℓ-Expansion of AdS gravity
We start with the Chern-Simons action invariant under sop2, 2q

SCS “

ż

CSAdS “

ż
B

A ^ dA `
2
3A ^ A ^ A

F

, A “ EAPA ` ΩAJA

xJA,PBy “ µ ηAB , xJA, JBy “ ν ηAB , xPA,PBy “ ν ηAB

where we have dualized the spin connection and the Lorentz generators

ΩAB
“ ´ϵABC ΩC , JAB “ ϵABCJC

We consider the simplest case of ℓ-expansion

EA
“ ℓ´1eA, ΩA

“ ωA
` ℓ´2σA

A similar expansion is considered at the level of the invariant tensor constants

µ “ ℓ´1α, ν “ β ` ℓ´2γ

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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Recovering Maxwellian gravity

The resulting action takes the form

SCS “ β

ż

CSpωq ` ℓ´2
ż

CSMaxwell ` Opℓ´4
q

where CSMaxwell is the Chern-Simons form associated to the Maxwell algebra in
2+1 dimensions [Szabo,Salgado,Valdivia(2014)]

ż

CSMaxwell “

ż

”

2αeARA ` γCSpωq ` γp2σARA ` eATAq

ı

The procedure can be generalized to higher orders in ℓ´1
“

?
Λ

The resulting Chern-Simons actions will be invariant under Generalized Poincaré
algebras
This provides a systematic way to add ℓ-corrections to gravitational theories
obtained from gauging the Poincaré symmetry
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Recovering Maxwellian gravity
The result can be generalized to D “ 4 by considering the MacDowell-Mansouri
action

SMM “
κ

2

ż

ϵABCDFAB
^ FCD

AdS curvature along JAB

FAB
“ RAB

pΩq ` EA
^ EB , RAB

pΩq “ dΩAB
` ΩA

C ^ ΩCB

As before, up to order ℓ´2, the cosmological constant expansion reads
EA

“ ℓ´1eA, ΩAB
“ ωAB

` ℓ´2σAB

By also introducing κ “ ℓ2κ0 ` κ1 we find the Maxwellian gravity action proposed
by de Azcarraga, Kamimura and Lukierski as the subleading term in the expansion

SMM “ κ0

ż

LEH ` ℓ´2
ż

LMaxwell ` Opℓ´4
q

LEH “ ϵABCDRAB
pωq ^ eC

^ eD , LC “ ϵABCDeA
^ eB

^ eC
^ eD

LMaxwell “ κ1LEH `
κ0
2 LC ` κ0ϵABCD

ˆ

DσAB
^ eC

^ eD
`

1
2DσAB

^ DσCD
˙

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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A lower-dimensional test: Maxwell BF gravity in D “ 2

In two dimensions, antisymmetric Lorentz tensors can be dualized to scalars:

J “ ´
1
2 ϵABJAB , Z “ ´

1
2 ϵABZAB .

The Maxwell algebra becomes

rJ , PAs “ ϵA
BPB , rPA, PBs “ ϵABZ .

The Maxwell-valued connection and curvature are

A “ eAPA ` ωJ ` σZ , F “ T APA ` RJ ` FZ Z ,

with

T A
“ deA

´ ϵA
Bω ^ eB , R “ dω, FZ “ dσ ` ϵABeA

^ eB .

D. M. Peñafiel Maxwellian gravity and the cosmological constant
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ℓ-expansion of the AdS2 BF theory

Start from the AdS2 BF action

SBF “

ż

xB, F y, B “ BAPA ` BJ .

Use the minimal truncation of the cosmological expansion:

EA
“ ℓ´1eA, Ω “ ω ` ℓ´2σ,

together with

BA
“ ℓ´1bA, B “ φ ` ℓ´2χ, µ “ α ` ℓ´2β.

Then the Lagrangian organizes as

L “ αL0 `
1
ℓ2 pαL1 ` βL0q ` Opℓ´4

q,

where
L0 “ φR, L1 “ χR ` ε bAT A

` φ
´

dσ `
ε

2 ϵABeA
^ eB

¯

.

The subleading term reproduces the Maxwell BF sector; in second-order form it is
related to the CGHS (Callan-Giddings-Harvey-Strominger) model.
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Summary and future directions

Infinite Lie algebra expansions with the semigroup S8 can applied to physical
systems can reproduce expansions on a small physical parameter.
The procedure of adding 1{c post-Galilean or post-Minkowskian corrections to
non-relativistic gravity is captured by the S8-expansions.
The results be generalized to the case of an expansion in powers of the
cosmological constant.
Maxwellian gravity in D “ 3 and D “ 4 dimensions can be obtained as the
subleading term in the cosmological constant expansion of AdS gravity.
Work in progress: Computation of the asymptotic symmetries of CS invariant
under generalized Poincaré algebras using the ℓ-expansion and the results known
for the Maxwell case. [Concha,Merino,Miskovic,Rodríguez,Salgado-Rebolledo,Valdivia(2018)]
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