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The talk is mostly based on the papers

@ "Motion of test particles in spacetimes with torsion and
nonmetricity” (Damianos losifidis and Friedrich Hehl),
Published in: Phys.Lett.B 850 (2024) 138498
e e-Print: 2310.15595 [gr-qc]

@ Lagrangian Dynamics of Spinning Pole-Dipole-Quadrupole
Particles in Metric-Affine Geometries” (Dl),

e e-Print: 2509.14757 [gr-qc] [under review at PLB]

@ "Novel Regge-like trajectories for spinning, dilating, hadronic
particles” (DI), Published in Phys. Lett. B (2026): 140656.
e e-Print: 2604.22845 [physics.gen-ph]?
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e S= SGravii.‘y + SMatter = f an\/ —8 [EG(g,uu) + ['/\/l(g,ulla (D)]

Teleparallel/Symmetric Teleparallel Gravity

° Ro‘ﬁw =0, Vogu =0but S, = I’O‘[W] #0
° Rafo’uv =0, SW,“ — (O 100 (O — Vs = (0

.

Metric-Affine Gravity (MAG)

o S=[d"x\/—g [Lc(gu M) + L (guvs T, ®)] = No a
priori constraints on the geometry.

A
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Geometrical Objects

Two distinctively different notions on a manifold

@ Metric Tensor g,,,,: Defines distances,lengths and dot products
HO(HZ = aﬂaygpw ) (a : B) = auﬁyguy

@ Affine-Connection F)‘W: Defines parallel transport of tensor
fields on the manifold

Vut = ohut + F“w\u”

The two need not be related a priori! Their relation may be found
after solving the field equations!
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Geometrical Objects

o V,V,j6 =S, Vag, Torsion Tensor | 5,  := "

(] [VQ, Vﬁ]uu = R‘uyaﬁu” + 25&6 Vvyulu‘
| pr o © m
Curvature Tensor: | R af = 2a[ar 18] +2r )

14

o
M e

v

° ’ Qa,uz/ = *vaguy ‘ = *aag;u/ + r po8Av + r va8ip

[
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Non-Riemannian Geometry

[o]e]e] le]

Contractions

Contractions of Curvature

H H . [ e
e Ricci Tensor: Ry, := R,

: P L pH
@ Homothetic Curvature: R,5:= R pof

o Co-Ricci Tensor: R, := Ruap,8%°

@ Ricci Scalar: R:= R, g"" = — Vuugw

Torsion/Non-metricity related vectors

Ly = S;M)\ , St =S, . (only for n = 4)

Qu = gaB Q,uoz,@ ) qn = gpa onzu

\
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Linear Connection

Linear connection decomposition

o~ 1
r)\ pv = rA MV"‘Ega/\(Q,uua‘i'Qua,u_Qa,uy)_gak(sap,y‘ksay,u_s,uya)

where [ o = 18°%(0u8va + OvBay — Oaguy) is the Levi-Civita

part of the connection. Distortion: N*,, =T —T7*
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Linear Connection

Linear connection decomposition

o~ 1
r/\ pv = rA MV"‘Ega/\(Q,uua‘i'Qua,u_Qa,uy)_ga)\(sayy‘i'saz/,u_suya)

where T o = %g‘m(aﬂgya + 0,80y — Oaguv) is the Levi-Civita

part of the connection. Distortion: N*,, =T —T7*

Post-Riemannian expansions

Each quantity = decomposed into Riemannian and
non-Riemannian counterparts. Example:

R = R+ SuaS"® —25,,,S%" — 4S,SH — 4V, S*
_1_%0&“1/004;111 — %Qa;u/ Qul/oc - %QMQM + %Q,u,qu
+2Quuw S +25,(q* — Q*) + V. (g" — QH — 4SH)

.
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Conservation Laws
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Hypermomentum, Canonical and Metrical Energy

Momentum Tensors

Metrical (Hilbert) and Canonical Energy Momentum Tensor

Metrical: Ta,@ = _\/L_ig(g;% Canonical: t” = —];g geSMc
vV m
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Hypermomentum, Canonical and Metrical Energy

Momentum Tensors

Metrical (Hilbert) and Canonical Energy Momentum Tensor

Metrical: Ta,@ = _\/L_ig(g;% Canonical: t” = —];g geSMc
vV m

Hypermomentum Tensor (intrinsic part)

2 Sy

Hypermomentum: A, *’ = ——2_ _92m
yp A V=garr,,
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Conservation Laws
°

Hypermomentum, Canonical and Metrical Energy

Momentum Tensors

Metrical (Hilbert) and Canonical Energy Momentum Tensor

Metrical: Top := —\/%—gfgsc%- Canonical: tV'. = ﬁg;"ﬁ
Hypermomentum: A, " := —ﬁaﬁfﬂzy |
=T~ 2\/1—7g©”(\/—7gA>\W)

where 'V, =2S,-V,.

A
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Motion of microstructured particles
©0000000

Kinematics of moving particles

Velocity fields

Consider a curve C with an arbitrary parametrization x“(\),
a=0,1,2,...(n—1). The un-normalized and normalized n-velocity
fields are respectively given by

dx* dx*
U#::ﬁ , u“::? o et = =il (1)
where X is an arbitrary parameter and 7 denoted proper time

paramatrization. By construction u*u, = —1 whereas
vhy, = =2 £0.

Absolute derivatives
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o Kinematical (or monopole) rest mass of the particle

— I3
m = —P,v

(3)
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e Kinematical (or monopole) rest mass of the particle

i = =g (3)

o Dynamical rest mass
M? =P, P+ (4)

The latter being the physical one. Let us recall that before
imposing a spin supplementary condition, neither of them is a
constant of motion for the standard form of the
Mathisson-Papapetrou equations.

P,,= momentum of the particle

Damianos losifidis 11 25 i




Motion of microstructured particles
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Recalling some known facts

The MPD equations
In GR a spinning test particle is described by the so-called

Mathisson-Papapetrou-Dixon (MPD) equations :

o, 1
pr = Esaﬁ Ropryu0” (5)

SH = PlyY — Pyt (6)
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Recalling some known facts

The MPD equations

In GR a spinning test particle is described by the so-called
Mathisson-Papapetrou-Dixon (MPD) equations :

: 1
P = EsaﬁRaﬁwvv (5)

SH = PlyY — Pyt (6)

from the last one — momentum velocity relation:

PP, = mut — S,,0" (7)

Important note

The system is underdetermined; spin supplementary condition

needed to fix the centroid of the body and close the system!
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Spin Supplementary Conditions (SSC)

The most common SSC's are the
e Pirani SSC: v, =0 =
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Motion of microstructured particles

[e]e]e] le]elele)

Spin Supplementary Conditions (SSC)

The most common SSC's are the
@ Pirani SSC: v,$* = 0 = m = const.
@ Tulczyjew SSC P, 5" = 0 = M = const.

Either of these 2 SSC, when imposed, also implies that the spin
magnitude S, S#¥ is a constant of motion.

Pirani SSC is problematic: leads to unphysical, helical motions of
the particle's center of mass (Zitterbewegung) and fails to define a
unique worldline.

Damianos losifidis 1325 i



Motion of microstructured particles
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Lagrangian formulation of MPD equations

Lagrangian description of the MPD equations was developed by |.
Bailey and W. Israel (Commun. Math. Phys., 42:65-82, 1975).

There, one starts with a generic Lagrangian

L(v", e, €.%, guv) (8)

a . i i 5 ad . A S a i
e, : material frame of particle and é,? := vV e,? its velocity.
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Lagrangian formulation of MPD equations

Lagrangian description of the MPD equations was developed by |.
Bailey and W. Israel (Commun. Math. Phys., 42:65-82, 1975).

There, one starts with a generic Lagrangian
L(v", e, €.%, guv) (8)

a . i i 5 ad . A S a i
e, : material frame of particle and é,? := vV e,? its velocity. )

Defining the canonical momentum and spin tensor according to:

oL
Fiu= om

, Sti=e7 —(n ) (9)

L
6,7

and performing variations wrt path and frame one arrives at MPD.
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Motion of microstructured particles
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Lagrangian formulation of microstructured test bodies in
generic non-Riemannian backgrounds (D.l. 2025)

Extension to full micro-properties and generic background

Extending to MAG we consider also an independent connection
and start with

| — / L(¥, .7, €., g )d (10)

where now &, := v*V,e,? ; this is where the connection
dependence is hidden!
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Lagrangian formulation of microstructured test bodies in
generic non-Riemannian backgrounds (D.l. 2025)

Extension to full micro-properties and generic background

Extending to MAG we consider also an independent connection
and start with

| — / L(¥, .7, €., g )d (10)

where now &, := v*V,e,? ; this is where the connection

dependence is hidden! )

Along with the canonical momentum we now define the excitations
of hypermomentum and energy-momentum according to

oL 5 oL

, M=
dens 08w

HH* = 2e,°

(11)
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Motion of microstructured particles
00000080

Field Equations

Microstructured particle in generic metric-affine backgrounds

Path and frame variations of (10) yield the eom

DP N L L a
= 250V PP+ ZH Ragy = 2 Quapt®? | (12)
DH, "
T = APt — 1) (13)
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Field Equations

Microstructured particle in generic metric-affine backgrounds

Path and frame variations of (10) yield the eom

DP N L L a
= 250V PP+ ZH Ragy = 2 Quapt®? | (12)
DH, "
T = APt — 1) (13)

The above slightly generalize the existing eom found in the
literature by extending t* further from the pole approximation
(i.e. tM # mutu”).

The rest is in perfect agreement with previous results of Puetzfeld
and Obukhow (2014) and losifidis and Hehl (2023) J
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Motion of microstructured particles
0000000e

Conserved Quantities

Definition

Consider a generic Metric-Affine space. The vector field C is said
to be a generalized Killing vector field if it is simultaneously an
isometry and an isoparallelism in the sense that its action leaves
invariant the geometric background entities:

Legu =0 (isometry) (14)
LT, =0 (isoparallelism) (15)
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Conserved Quantities

Definition

Consider a generic Metric-Affine space. The vector field C is said
to be a generalized Killing vector field if it is simultaneously an
isometry and an isoparallelism in the sense that its action leaves
invariant the geometric background entities:

Legu =0 (isometry) (14)
LT, =0 (isoparallelism) (15)

Let ¢* be a generalized Killing vector field. Then the quantity

1 .
P.CH + §H“”V“Cy — H" Nyyi" = const. (16)
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Novel Regge-like trajectories
©0000000

Mass evolution

Now back to our eom. Differentiating the defining relation of
dynamical mass and using the eom, after some algebra we find
(D.I. 2026, PLB)

P, [D (PMSW) _ gwfp”] — %Qa,wva (M%W — mP“P”) — mMM

dA
(17)

where we have defined £ = —¢vi .= HPlY Q510
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Mass evolution

Now back to our eom. Differentiating the defining relation of
dynamical mass and using the eom, after some algebra we find
(D.I. 2026, PLB)

P, [D (PMSW) _ gul/pu] — %Qa,wva (M%W — mP“P”) — mMM

dA
(17)

where we have defined £ = —¢vi .= HPlY Q510

Some Observations

@ Note that in the Riemannian case and under the Tulczyjew
constraint (P,S*” = 0) we get that M = const.

@ In the presence of nonmetricity, M = 0 in general even when
the Tulczyjew constraint is imposed!
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Novel Regge-like trajectories
0®000000

Regge-like trajectories with pure dilation charge

Let us consider the case of pure dilation (namely set
SH =0=X¥" = H,” = Hé})). Under these conditions:
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Regge-like trajectories with pure dilation charge

Let us consider the case of pure dilation (namely set
SH =0=X¥" = H,” = Hé})). Under these conditions:

v v H 17 'U/J’
PV = Pl — Zgh | P = M— = Mut (18)

Substitution to the mass evolution eqn (17), then yields
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Regge-like trajectories with pure dilation charge

Let us consider the case of pure dilation (namely set
SH =0=X¥" = H,” = Hé})). Under these conditions:

v v H 17 U“
th = PHyY — Eg” , P* :MT = Mu* (18)

D—

Substitution to the mass evolution eqn (17), then yields

Regge Trajectory with dilation charge

Quut -
L H (19)

M=

V.

Mass depends on dilation!

This is a new kind of Regge trajectory where the mass of the
particle involves as a function of the dilation charge.

.
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Novel Regge-like trajectories
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Example: Scale Invariant Case

Precise form of the Regge trajectory (i.e. function M(H)))
depends on the specific properties of matter under consideration.
physically relevant example = scale invariant matter. In this case
t = t"g,, = 0 and from (18) we infer that

2IM

n

H=

(20)J

which we may substitute in (19) to find
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Example: Scale Invariant Case

Precise form of the Regge trajectory (i.e. function M(H)))
depends on the specific properties of matter under consideration.
physically relevant example = scale invariant matter. In this case
t = t"g,, = 0 and from (18) we infer that

2IM

n

H=

(20)J

which we may substitute in (19) to find

Mass Relation

QuuH
2n

We see that when the particle enters a non-metric region of
spacetime its initial mass My starts to shift!

M+

M=0= M= Me 2/ ™A (21)
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Novel Regge-like trajectories
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Regge Trajectory with shear charge

A completely analogous situation occurs also in the pure shear case
H#* = Y * with one extra condition. Here we need to impose the

'Shear Supplementary Condition’:

&P, =0 or &"v, =0 (22)

the former being the analogue of the Tulczyjew constraint and the
latter resembling the Pirani constraint.
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Regge Trajectory with shear charge

A completely analogous situation occurs also in the pure shear case
H#* = Y * with one extra condition. Here we need to impose the

'Shear Supplementary Condition’:

&P, =0 or &"v, =0 (22)

the former being the analogue of the Tulczyjew constraint and the
latter resembling the Pirani constraint. Imposing either, gives
M2
PH = —2H (23)
m
and after some algebra we find the ( i, = v*(Qapr — Qagu/n))

Mass-Shear relation
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Regge Trajectory with shear charge

A completely analogous situation occurs also in the pure shear case
H#* = Y * with one extra condition. Here we need to impose the

'Shear Supplementary Condition’:

&P, =0 or &"v, =0 (22)

the former being the analogue of the Tulczyjew constraint and the
latter resembling the Pirani constraint. Imposing either, gives
M2

P,LL TUH (23)

and after some algebra we find the ( i, = v*(Qapr — Qagu/n))

Mass-Shear relation
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In conclusion: Mass can shift

@ In both pure dilation and shear cases we see that if a particle
possessing any of these charges, enters a nonmetric region, its
mass will start to shift!
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@ This could explain the Roper resonance, a heavier exact copy
of the proton, with a mass 50% heavier.
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@ In both pure dilation and shear cases we see that if a particle
possessing any of these charges, enters a nonmetric region, its
mass will start to shift!
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In conclusion: Mass can shift

@ In both pure dilation and shear cases we see that if a particle
possessing any of these charges, enters a nonmetric region, its
mass will start to shift!

@ This could explain the Roper resonance, a heavier exact copy
of the proton, with a mass 50% heavier.

@ The situation is readily generalized to particles possessing
both charges at the same time and there on finds

M = M(H,zm).

Important thing to keep in mind

o If the particle possesses no dilation or shear charges, its mass
will be a constant of motion even if the underlying space is
nonmetric.
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In preparation...

’Equivalence principle in Metric-Affine Geometries’
(In collaboration with Salvatore Capozziello, Carmen Ferrara and
Sara Cesare)
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In preparation...

’Equivalence principle in Metric-Affine Geometries’
(In collaboration with Salvatore Capozziello, Carmen Ferrara and
Sara Cesare)

Preliminary results

@ Deviation equation for the motion of test particle in generic
Metric-Affine Geometries.

o Off-geodesic motion depending on the hypermomentum form
in metric Teleparallel and symmetric Teleparallel geometries!
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Conclusions/Further Prospects

@ We developed the Lagrangian formulation of microstructured
test particles (or bodies) in generic non-Riemannian
backgrounds finding also a conserved quantity.
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We developed the Lagrangian formulation of microstructured
test particles (or bodies) in generic non-Riemannian
backgrounds finding also a conserved quantity.

Generalization: Spin Tensor — Hypermomentum Tensor
Riemannian Geometry — Non-Riemannian Geometry.

Additional couplings between matter and torsion and
nonmetricity lead to non-geodesic motion.
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Conclusions/Further Prospects

@ We developed the Lagrangian formulation of microstructured
test particles (or bodies) in generic non-Riemannian
backgrounds finding also a conserved quantity.

@ Generalization: Spin Tensor — Hypermomentum Tensor
Riemannian Geometry — Non-Riemannian Geometry.

e Additional couplings between matter and torsion and
nonmetricity lead to non-geodesic motion.

@ The presence of nonmetricity implies that the dynamical mass
is not a constant of motion in general!

@ Supplementing the system with the notion of a 'Shear
Supplementary Condition" we obtained new Regge-like
trajectories M = M(H,X).
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Conclusions/Further Prospects

Novel Regge-like trajectories
00000000

We developed the Lagrangian formulation of microstructured
test particles (or bodies) in generic non-Riemannian
backgrounds finding also a conserved quantity.

Generalization: Spin Tensor — Hypermomentum Tensor
Riemannian Geometry — Non-Riemannian Geometry.
Additional couplings between matter and torsion and
nonmetricity lead to non-geodesic motion.

The presence of nonmetricity implies that the dynamical mass
is not a constant of motion in general!

Supplementing the system with the notion of a 'Shear
Supplementary Condition" we obtained new Regge-like
trajectories M = M(H,X).

Under investigation: Revisiting the equivalence principle in
Metric-Affine Geometries.
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Novel Regge-like trajectories
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... Thank you!!! J
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