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o Alternative formulation of general relativity formulated in tetrad formalism,
Metric g, = tetrad 1-form h? = h?, dx* g, = nabhauhbu
Linear connection I'?,,,, == spin connection 1-form w?, = w?p,dx*

¢ Riemannian geometryNotation: all quantities with o are related to Riemannian geometry

o =
0 = dh®+w?Ah°, (zero torsion)
Oa o4 o4 oC
RS = gk i s AW s (non-zero curvature)

o Teleparallel geometry

0 =" dwp+wlcAwy (zero curvature)

TSR P\ b2 (non-zero torsion)
e Leads to the pure-gauge teleparallel connection

wp =N d(AHS,  A%heSO(1,3)
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» Relation between Riemannian w?;, and teleparallel w?j, connection

o
wab = w"b+ Kab

TR K S

» Allows to rewrite any Riemannian expression in terms of teleparallel ones

o 2
“R=T+20,(hT")

where T is torsion scalar

]‘ v 1 v 12
DRI 75, T — 77,7,

pv a

o Teleparallel Equivalent of General Relativity (TEGR)

1
Sng—f hT
2Kk IM
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(Non-) Triviality of Teleparallel Gravity
« Due to -R = T + 20, (hT"",)

1
ST(;:—/ hT
2k IM

is dynamically equivalent to the standard general relativity
e Field equations

hLEL (RSP0 et = 0

are just Einstein field equations
e To obtain something non-trivial we need to

» Look where equivalence is non-trivial: global aspects
> Conserved quantities ...
» Finite Euclidean action solutions (Instantons): dominating the path integral in semi-classical
approximation

Z:fMd[zp]e*SE
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Not the full action! Sen(g,dg,d%g) requires both dg|onm = 0 and n”50,8,lor =0
Gibbons-Hawking-York solution 1s77¢1972

1 o 1
A :—f —ZR S ZK
EH + OGHY = 7 M\/_gR - aM\/_’Y

where K is the trace of the extrinsic curvature K = v, n"

For path integrals we need to evaluate the action, but Sgy + Sgpy diverges
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» AdS case Balasubramanian Kraus 1999
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Counterterms for the Gravitational Action

e The standard solution in general relativity is adding a counterterm
SGR = SEH *+ SGHY *+ Scounter

o Background Subtraction cibbonse Hawking 1977

il
Scounter = ‘E »é/\/l V _'7K07

» Holographic Renormalization:
» AdS case Balasubramanian Kraus 1999

1 2~/
Scounter = _‘l; DM Ve Y (7 = ER) )
» Asymptotically flat case mann, Marolf 2006
1 N
Scounter = _E i \/—’}/K

where K is a solution to Rix = KK — R,-’"Rmk
» Kounterterms, topological regularization... oiea 2007
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Example: Gibbons-Hawking Instanton

e Wick rotated t — —i7 Schwarzschild solution Gibbons-Hawking 1977

2
ds2:(1—%)d72+ b 1
r 1 2M

e Periodic time 3 = 8t M with associated temperature T =1/f

2M

o A
& 4
\)____?,’
\]
\]
v
-

e Euclidean Schwarzschild manifold £ corresponds only to the exterior of a black hole

1
e Leads to | SE = EBI\/I and the entropy-area law é
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* Does not contain second derivatives!Naively does not require GHY and counterterms
e Action depends on both h? and w?
St6(h?,w)

 Teleparallel spin connection w?j is not determined by any field equations
» Must be matched to the tetrad: determining the proper frame as a pair {h?,, &%, }
e w7, enters the action as krssak 2016

STg(ha,wab):STG(ha,O)+[\4aﬂ(hwp“p)

o Finding {h?,,&%,} is equivalent to finding the counterterm: teleparallel regularization

e Fundamental law of preservation of difficulty!
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Proper Diagonal Frame

° Require that torsion Vanishes at |nf|n|ty I = OO Obukhov&Pereira 2002, Krssak&Pereira 2015
e Diagonal tetrad of the static observer

h?, = diag(f,f ', r,rsinf) el
r

Teleparallel spin connection is always possible to write as

(:}ab i éab(oha)
@ is the reference tetrad

Ohau = diag(1,1,r, rsin )

« where %h

e Leads to the spin connection

1

Wiog=-1, @13(;) =—sind, &123¢ = —cos®.

Q Na|Ve EUClldean aCt|On Krssak&Pereira 2015

Sgroper = SgG(ham&’abu) = M = QSER
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ECha A
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Mr
T
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iM

r
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5

0
0

0
0
r
0

0

0

0
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o Several issues applying the Wick rotation for non-diagonal tetrads kontsevich, Witten, Visser 2021

» Requires Wick rotating the metric and then finding a corresponding tetrad

=M

EC L
A A=\ \ &

s 0

0

e Euclidean canonical proper frame {Echaﬂ,

14

(I)a

iM

r

0
0

bu}

r

0
0
r
0

0

0

0
rsinf
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Euclidean Canonical Frame

o Several issues applying the Wick rotation for non-diagonal tetrads kontsevich, Witten, Visser 2021

» Requires Wick rotating the metric and then finding a corresponding tetrad

M iM
1 ‘_MT ITM 0 0
ECha A IT 1 T+ T 0 O
7 0 0 17 0
0 0 0 rsind
 Euclidean canonical proper frame {Echaﬂ,d)ab#}
* Naive Euclidean canonical action
E E (EC =
Scanonical . STG( hauawabu) =0
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SE A N=BM = 298/ L/ /SE 0

proper canonical ~

e Are bulk actions

E 1 1§ B ™ 2w 0o
STG:—thz—f drf daf d¢f drhT,
2Kk JE 2K Jo 0 0 2M

e For vacuum spacetimes, we have |h T = -20,(hT")

e Using the Stokes' theorem we can calculate the quasi-local action
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How to evaluate the gravitational action

e “Naive" actions

SEroper M = 2S€'R Scanomcal 0

Are bulk actions

SE lth 1fﬁd fﬂdefzﬂdqﬁfooth
N e T r
K aJe 2k Jo 0 0 2M 2

e For vacuum spacetimes, we have |h T = -20,(hT")

e Using the Stokes' theorem we can calculate the quasi-local action

_ 55 VT,

e Leading to an overall agreement

B PM

proper canonical ~ 2

E
n SGR
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o Gauss's Law in differential form V- E = p/eg

Q=/pd3x=fV.Ed3x=y§ E.A
VvV % oV

Qe

 Areg 13

o Total charge

e For a point charge

o Total charge is Q, while V.E=0
e We can

> Add the Dirac delta function as a source
> Consider the volume integral as a charge where E is regular, while surface integral being a
total charge bounded by OV (including singularity)
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Role of Singularities in Euclidean Action
o Similarly
1 ~E 1
E\ X = L
STe %[5 R | [Se ngg\/’_Y”uT

e are equal iff T is regular and if O is a boundary of £
e Euclidean Schwarzchild manifold £

| m

» Vectorial torsions for both proper and canonical frames are singular at r =0

e Bulk and quasilocal actions agrees when 2M is treated as other boundary
o If 2M is not treated as a boundary: black hole interior (which is not in £) does contribute
to the Euclidean action

o We detect a hole in the manifold
14/18
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Lorentzian actions on Wheeler-de Witt patch

e We can study not only the amount information stored in a BH but also how fast this
information gets processed: complexity

o CA duality: Holographic complexity is given by the Lorentzian gravitational action
growth on Wheeler-de Witt patch (WdW )susskind 2016

Action growth = ﬁ

dt lwaw
» For proper diagonal frame both bulk and quasilocal action growth agree with GR «rssak 2024
dSproper X C/Sproper -~ dSGR —oM
dt  lwaw dt L waw dt  lwaw
e While for canonical frame action growth vanishes
dScanonical . CI'S'canonical -0
dt WdW dt WdW

e Does canonical frame always lead to correct results 7?7
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Uniqueness of Teleparallel Regularization

* Teleparallel regularization gives us frame {h?,,&7;,}. How unique is &?p,?
e Consider transformations

cosa  sina 0 0
Aol —-sina cosa 0 O
Ao 0/ /R
0 0 A
e with asymptotic behaviour
ag
AT r — oo
rP

» We can classify ambiguity in @7y, into three categories:
1. p>1/2: leave the action invariant.
2. p<1/2: cause the action to diverge.
3. p=1/2: shift the value of the Euclidean quasilocal action

Mao

B‘—>ﬁ
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Uniqueness of Teleparallel Regularization

* Original proper frame proposal: &7, in a such way that torsion vanishes at r — oo

 Is not enough! We should say how fast it vanishes, i.e. give fall-off conditions for torsion
e Two options, fall-off for:
» vectorial torsion

> p=1/2 boosts are then large “gauge” transformations

> torsion
1
TP, =0 (—) .
Hv I‘2
> p=1/2 boosts are excluded and not a symmetry

17/18
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~ More details

2 M. Kr88ak, M. Stano, Teleparallel regularization of the gravitational action (this/next week)
“ M. Stano, Black Hole Action in Einstein’s other Gravity, Msc. thesis, Comenius University
” (2024) [arXiv:2503.11746].
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