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Figure 1: Artistic depiction of a hypothetical numerical relativity group
in Tartu. Source: Tales of Gravity, Nottingham, April 2025
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Motivation
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Strong gravity is nonlinear, needs
numerical relativity to be accurately
described

Space-based gravitational wave
detectors by the 2030s, evidence of
physics beyond GR

Cosmological tensions Hy and DESI
variable dark energy results already
suggest GR needs modifications



Motivation

To create GW templates for
alternative or modified gravities

Programming and managing code is
nowadays accessible thanks to Al

Theoretical understanding of the
well-posedness of metric-affine and
teleparallel theories



3+1 decomposition

t+dt

Figure 2: Space-time foliation and ADM variables



ADM metric

The metric of the foliated spacetime corresponds to
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while its inverse is
ST
¢ = & e | (2)
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It will also be useful to define the normal vector in coordinates
such that 5
R 1 i
— (— = 2
nu ( 0{,0)7 n <a7 a) ’ (3)

where we have raised the index in n# with the inverse metric
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ADM equations

The most general form for the ADM evolution equations are
Yij = —2aK;; + DiB; + D;Bi, 4)
Kij SES DiDjOé + a((3)Rij — QKZ'kKkj + KKij) (5)
+ B*DyKij + Ky D;8* + K;.D; 5" (6)

These equations are complemented with the Hamiltonian and
momenta constraints (in vaccuum)

®R+ K? - KijK7 =0, 7)

D;j(KY — 4" K) = 0. (8)



Hyperbolicity

1D first-order system of equations for u;

Opui + » | Miydpuy = qi(u), 9)

J
fori e {1,..., Ny}, N, the total number of fields, M;; is the
principal symbol or Jacobian matrix, with eigenvalues \; and
eigenvectors v;. EQ.(9) is

* hyperbolic if all \; are real

+ strongly hyperbolic if the all \; are real, and M/;; admits a
complete set of v;

» weakly hyperbolic if \; are real but no full set of v;

« symmetric hyperbolic if M itself is symmetric



A simple proof of weak hyperbolicity in GR

The linearized ADM equations look like
Bl A By = iy 4= 155, = 0
OtKyy + 03 A5 + 05 (Dgyy + Dygzz) =0
Ot Kjj + 0y Dyj; =0, 0 K5 =0
O Ky> 4+ 03Dy =0, O Dyjr + 0. Kj), =0 (10)
This is a system of thirteen variables
u = {Az, Koo, Kyy, Koz, Koy, K2y Kyzy D, Dyy, Dazy Dy, Dazy Dy}
(11)
The principal symbol M;; has eigenvalues +1, —1,0 with
multiplicity 4, 4, 5, respectively, but only nine total eigenvectors.
This means that the system is weakly hyperbolic. It can be
made strongly hyperbolic by conveniently adding linearized
constraints.
[Alcubierre, Oxford, 2008]



Metric and linear connection

» Metric and linear connection are two separate entities. The
metric can be defined from the tetrad # and cotetrad e

[gﬂl’ = gaﬂebvnabv Nab = guueauebyl (12)

» The most general linear connection is related to the spin
connection w and the tetrad as

[pr, =e, 0,0, + eapw“blﬁbu] (13)

* In the metric affine framework I'?,,,, is free but in
teleparallelism it satisfies some conditions.
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Geometric properties of the linear connection

[R%W(P) = 8Mf‘al,ﬁ — ﬁyl“aug + FQMAFAZ,Q — Pal,)\r)‘ugj (14)

curvature

Ty = 20 [y (15)

torsion

‘\Qp;w = VoY = Opguv — Fﬁupgﬁu - Fﬁwguﬁ/‘ (16)

nonmetricity

Conversely, the most general linear connection can be written
in terms of three pieces containing these elements

[rﬂ,w =T, + K7, (T) + Lﬂ,w(Q)] (17)
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Teleparallel framework

The condition of vanishing curvature R*g,,, (I') = 0 is satisfied
by the most general connection parameterized by an element
L*, of the general linear group GL(4,R) as

Fa,uzz — (Lfl)a)\a#L)\y

d

wabu _ AaC aﬂ(Afl)cb

metric tele

!
Qp;w =0

~

e

o 0 (o€
€9 Ozt \ Oz

’ symmetric tele ‘

TP, =0
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Metric teleparallel

The teleparallel equivalent of general relativity (TEGR) is

written in terms of the torsion scalar

1 1

’]P = ZTﬂltl/TpuV + iTp'u,yTMpl/ - Z—V;LTM7 (1 8)

therefore its Lagrangian is L = det(0};)T. It is satisfied

R=—T+2VT*, (19)

which makes TEGR equivalent to GR once the boundary term
is integrated out under the action integral.
In the so-called covariant formulation of teleparallel gravity,
T?,,(0%.,A%). A simultaneous Lorentz transformation on ¢
and A
0/(1“ _ Aabﬁbu, W/abu _ Aac(A_1>db chu + Aac 8H(A—1)cb
(20)

: 1
leaves the action unchanged. 8



ADM split of the tetrad

We propose a tetrad decomposition as

0405 imap = vij, 040 = ot + BI04, (21)
where the normal vector ¢4 with Lorentz indices must satisfy
the following conditions

nap€iel = €464 = —1, (22)
and
nap€B04; = €464, = 0, (23)

so the decomposition correctly reproduces the ADM metric.
We decompose the inverse tetrad components e4* as

7

1 . ,
ea’ = ——¢&4, es' =04"+ §AE7 (24)
« e}

where the object 04 = n457"67; (different from 64;!).
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ADM split of the TEGR Lagrangian

The 3+1 decomposition of the torsion tensor 74, consists in

the following components
TAy = —T%0 = 000%; — 0:0%0 + w? pobZ; — w B85,
TAZ']' = 8i9Aj - 8j0Ai U wABiQBj - wABjGBi

Since the TEGR Lagrangian has the form

1
L= —OHap""* T4, T

the 3+1 decomposition can be written as

L M%BTAOZ'TBOJ — NYgT40, T8 +3T.
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Summary of Hamilton’s equations in TEGR

Canonical var. Conj. momenta | Primary c. | Hamilton’s eq.
Lapse («) “r=0 Yes Hamiltonian c.
Shift (3:) Pri=0 Yes Momenta c.

Spatial tetrad 64; ma' = OL/004; No

Yoi=0 Yes 94 = 24

ACH =0 Yes iy = — 28

Lorentz matrices A“ 5 cA% =0 Yes Ad = a‘;}%
CAB _ P[DAnB]CACD + WcinC[BeA]i (29)
Vo — Vﬂ_i‘%/ﬁ+ TBjk,yik,yjleAmAB (30)

ij ij 1 ik

ACY =Ark/ A — i "' TP ués (31)

[Blixt, Guzman and Pati (2022)] [Golovnev and Guzman (2021)]


https://arxiv.org/abs/2210.07971
https://arxiv.org/abs/2110.11273

Degrees of freedom and momenta

The counting of degrees of freedom in covariant TEGR goes in
a different way when compared to GR

* In the Weitzenbdck gauge (only tetrad):
16x2—(14+34+6)x2—-4x2=4 (32)
* In the covariant formulation (tetrad and connection):
2x2—-(1+3+64+6)x2-4x2=4 (33)

We have presented a relation between the GR and TEGR
momenta

wAi = winBjnAB + V7ri§,4 + ijiGBjnAB (34)

ith
W oL

ij i
- . ) 7TA
3%‘;‘

)
964,
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Hyperbolicity in TEGR

In TEGR the linearized Hamilton’s equations look like
0% = % [ﬂbﬂ'((sgag — 676%) + my? 667 6:56™ (36)
and ,
*#ai = *Hca[mn][il}alTCmn~ (37)
KR

Unlike GR, we don’t see spatial derivatives of lapse. This is
consequence of different boundary terms.
[Blixt, Guzman and Pati, 2210.07971] [C. Cheng, M. J. Guzman, 2602.01830]
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https://arxiv.org/abs/2210.07971

Hyperbolicity in TEGR

We expand the tetrad at the linear level

0% =1+ h%, 0% = h%;,

(38)
0% = hao, 0%; = (Sg + h%;.

The momenta 7' are first order in tetrad perturbations. The
system can be written in TEGR in terms of the vector

u = (Wziawyiaﬂ_zivwoiaDwivDyiaDziaDOi)v (39)
where D¢; := 0,h%;, DY = 0,h%;, as

Opus + »  Mijdpu; = 0. (40)
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[C. Cheng, M. J. Guzman, 2602.01830]
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Non-hyperbolic system

Eigenvalues are

Al =1, with multiplicity 2,
Ay = —1, with multiplicity 2, (41)
A3 =0, with multiplicity  20.

Eigenvectors: 4 complex, 6 null (trivial), 12 real nontrivial.
Hyperbolicity is lost :(

Can we redefine variables and/or add constraints to solve this?
[C. Cheng, M. J. Guzman, 2602.01830]
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Strong hyperbolicity (in one block)

I o= iy 1
D -0,C =0,
G :=m¥ + 7.7, $+2 r

I8l o= gy = C+0,D% =0,
Q:=DY. + D%, eigenvalues +\; = 1/v2, —
0T o= JDFy - 0P, strongly hyperbolic :)
g::gyy—oz)zz, F+8,Q=0,
=G+ D O—0,F =0,
H+0,R =0,
R—9,H = 0.

eigenvalues A = +i (

[C. Cheng, M. J. Guzman, 2602.01830] o0



Discussion

- 1D case h*,(x) can be recast as strongly hyperbolic via
gauge fixing of ill-behaved sector

- 3D case h*,(z,y, z) also shows principal symbol with
imaginary eigenvalues

* Tetrad gauge freedom presents both possibilities and
problems

23



Next step: time-dependent spherical symmetry

Boosted tetrad

achy) + ABshy  Ashiyp 0 0
A A
6", — ashiy + ABchy chy 0 0 (42)
0 0 R 0
0 0 0 Rsind
Rotated tetrad
a 0 0 0
Apf cos A cos Rsin 0
o, = B cos x X X (43)
—AfBsiny —Asiny Rcosy 0
0 0 0 Rsin

[A. van de Venn, M. J. Guzman, M. Jaarma, L. Pati, 260x.xxxx]
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The case of STEGR

The 3 + 1 split of the I'T" action (STEGR, coincident gauge)
gives

. . 1 . 1 . 1 P .
Q=-®Q-KYkK;; + K> - ~K0;° - —8,8'800 + — (8ia — a7 ;)80
[e% « «@

@

(44)
Terms can be integrated by parts to give
S = —i /d%ﬁa [—<3>@ — Di(Q' - Q)+ K? — K'iE;;|
(45)

where it has been defined the 3 dimensional nonmetricity
scalar as

BQ = (3)Fiij(3)rjk’k _ (3)pijk(3)pjik (46)
Without any further action, this action is equivalent to the
Einstein-Hilbert action of GR, since it can be proved that

@R-—g p@-®)

1 y . 1 . . . . 1 5 . 5
+= [ - O 6,0 + = (8°9;67 — 70,8050 + — (BT ;80,87 + 8,87 9;8°).
«@ «@
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First simulations in GR

Evolution of a self-interacting scalar field in a spherically

symmetric spacetime
GR set 1 GR set 3
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0.00, 0.000
0

0.0 25 5.0 7.5 10.0 125
r r

[Marie Femke Jaarma, 2026, MSc thesis ]



Numerical metric-affine?

« Affine connection, action built from quadratic curvature,
torsion and /or nonmetricity tensors.

» Generalized Gauss-Codazzi-Ricci equations
* Practical examples.

[A. van de Venn, M.J. Guzman, work in progress]
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Conclusions

* Tetrads and connection introduce extra dynamical
variables but also more constraints, so the number of
degrees of freedom is unaltered.

* Linearized TEGR Hamilton’s equations can be recast as
strongly hyperbolic + isolated problematic gauge sector

+ STEGR does not provide additional insights

* Numerical relativity in the metric-affine framework is mostly
unexplored

28
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