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Unified field theories - some approaches throughout the years

“a theory joining the gravitational and the electromagnetic field into one single hyper- 
field whose equations represent the conditions imposed on the geometrical structure of 

the universe” [Tonnalet 1995, H. Goenner 2004]
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• Further terms - QG Phenomenology

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)

+Gμνρ(x)pμpνpμ + . . .
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• Further terms - ED in moving media

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)

+Gμνρσ(x)pμpνpμpν + . . .
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[Rubilar 2007; Hehl, Obukhov 2003]

Classical particles 

• Particle motion from Hamilton fct.

 

• determining dispersion relation

 

• and Hamilton equations of motion

 

Quantum particles 

• Hamiltonian main ingredient in 
Schroedinger equation


H(x, p)

H(x, p) = m2

·xμ = ∂pμ
H, ·pμ = − ∂xμH

d
dt Ψ = ĤΨ
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• Coupled to an electromagnetism

 

• And a scalar potential

 

• Further terms


H = gμν(x)pμpν

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x))

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)
+ . . .

Another perspective - A look on point particle motion
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We observe particles and fields to probe the physical world and draw conclusions

• Further terms - ED in moving plasma

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)

+(n2(x, p) − 1)(pρvρ(x))2 + . . .
[Synge 1960; Tsupko 2025]

Classical particles 

• Particle motion from Hamilton fct.

 

• determining dispersion relation

 

• and Hamilton equations of motion

 

Quantum particles 

• Hamiltonian main ingredient in 
Schroedinger equation


H(x, p)
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·xμ = ∂pμ
H, ·pμ = − ∂xμH

d
dt Ψ = ĤΨ
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particle - background field interaction 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• And a scalar potential

 

• Further terms
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H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)
+ . . .

Another perspective - A look on point particle motion
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We observe particles and fields to probe the physical world and draw conclusions

Classical particles 

• Particle motion from Hamilton fct.

 

• determining dispersion relation

 

• and Hamilton equations of motion

 

Quantum particles 

• Hamiltonian main ingredient in 
Schroedinger equation


H(x, p)

H(x, p) = m2

·xμ = ∂pμ
H, ·pμ = − ∂xμH

d
dt Ψ = ĤΨ

Which Hamiltonian? 

• Hamiltonian chosen depending on 
particle - background field interaction 

• Freely falling in a gravitational field

 

• Coupled to an electromagnetism

 

• And a scalar potential

 

• Further terms


H = gμν(x)pμpν

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x))

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)
+h(x, p)

Another perspective - A look on point particle motion
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“…joining the gravitational and the electromagnetic field into one single hyperfield…”
[Tonnalet 1995, H. Goenner 2004]

Classical particles 

• Particle motion from Hamilton fct.

 

• determining dispersion relation

 

• and Hamilton equations of motion

 

Quantum particles 

• Hamiltonian main ingredient in 
Schroedinger equation


H(x, p)

H(x, p) = m2

·xμ = ∂pμ
H, ·pμ = − ∂xμH

d
dt Ψ = ĤΨ

Which Hamiltonian? 

• Hamiltonian chosen depending on 
particle - background field interaction 

• Freely falling in a gravitational field

 

• Coupled to an electromagnetism

 

• And a scalar potential

 

• Further terms


H = gμν(x)pμpν

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x))

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x)) + V(x)
+h(x, p)

Another perspective - A look on point particle motion
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“…joining the gravitational and the electromagnetic field into one single hyperfield…”
[Tonnalet 1995, H. Goenner 2004]

A new idea - Hamilton functions as scalars on phase space

Classical particles 
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• determining dispersion relation

 

• and Hamilton equations of motion
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• Hamiltonian main ingredient in 
Schroedinger equation
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·xμ = ∂pμ
H, ·pμ = − ∂xμH

d
dt Ψ = ĤΨ

Which Hamiltonian? 

• Hamiltonian chosen depending on 
particle - background field interaction 

• Freely falling in a gravitational field

 

• Coupled to an electromagnetism

 

• And a scalar potential

 

• Further terms


H = gμν(x)pμpν

H = gμν(x)(pμ − eAμ(x))(pν − eAν(x))
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+h(x, p)
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The idea 

“…joining the gravitational and the electromagnetic field into one single hyperfield…”
[Tonnalet 1995, H. Goenner 2004]

A new idea - Hamilton functions as scalars on phase space
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The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons


“…joining the gravitational and the electromagnetic field into one single hyperfield…”
[Tonnalet 1995, H. Goenner 2004]

A new idea - Hamilton functions as scalars on phase space
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Schroedinger equation
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The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosonic fields 
building up the Hamiltonian 

“…joining the gravitational and the electromagnetic field into one single hyperfield…”
[Tonnalet 1995, H. Goenner 2004]
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• Particle motion from Hamilton fct.
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• and Hamilton equations of motion

 

Quantum particles 

• Hamiltonian main ingredient in 
Schroedinger equation
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H, ·pμ = − ∂xμH

d
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The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosonic fields 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 

from a dynamical equation for H? 

“…joining the gravitational and the electromagnetic field into one single hyperfield…”
[Tonnalet 1995, H. Goenner 2004]

A new idea - Hamilton functions as scalars on phase space

Classical particles 

• Particle motion from Hamilton fct.

 

• determining dispersion relation

 

• and Hamilton equations of motion

 

Quantum particles 

• Hamiltonian main ingredient in 
Schroedinger equation


H(x, p)

H(x, p) = m2

·xμ = ∂pμ
H, ·pμ = − ∂xμH

d
dt Ψ = ĤΨ
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• Hamiltonian chosen depending on 
particle - background field interaction 

• Freely falling in a gravitational field

 

• Coupled to an electromagnetism

 

• And a scalar potential

 

• Further terms
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?

The strategy 
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?

The strategy 

• Point particle Hamiltonians as scalar functions  
on phase space - technically the cotangent bundle



H : T*M → ℝ
(x, p) ↦ H(x, p)
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?

The strategy 

• Point particle Hamiltonians as scalar functions  
on phase space - technically the cotangent bundle





• Use canonical volume form on phase space




H : T*M → ℝ
(x, p) ↦ H(x, p)

Σ = d4x ∧ d4p
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?

The strategy 

• Point particle Hamiltonians as scalar functions  
on phase space - technically the cotangent bundle





• Use canonical volume form on phase space




• To construct an action principle





H : T*M → ℝ
(x, p) ↦ H(x, p)

Σ = d4x ∧ d4p

S[H] = ∫T*M
Σℒ(H, ∂xH, ∂pH, ∂x∂xH, ∂p∂xH, ∂p∂pH, . . . )
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?

The strategy 

• Point particle Hamiltonians as scalar functions  
on phase space - technically the cotangent bundle





• Use canonical volume form on phase space




• To construct an action principle





• Variation yields desired scalar field equation for  

How to construct well behaved  
(spacetime coordinate invariant, …)  
scalar field Lagrange function  ?


H : T*M → ℝ
(x, p) ↦ H(x, p)

Σ = d4x ∧ d4p

S[H] = ∫T*M
Σℒ(H, ∂xH, ∂pH, ∂x∂xH, ∂p∂xH, ∂p∂pH, . . . )

H

ℒ
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A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 

Can we determine the dynamical 
equations for background fields 
from dynamical equations for H?

The answer: Hamilton geometry - Derive the geometry of phase space from H
[Miron; Barcaroli 2015; CP, J. Relancio 2026]

The strategy 

• Point particle Hamiltonians as scalar functions  
on phase space - technically the cotangent bundle





• Use canonical volume form on phase space




• To construct an action principle





• Variation yields desired scalar field equation for  

How to construct well behaved  
(spacetime coordinate invariant, …)  
scalar field Lagrange function  ?


H : T*M → ℝ
(x, p) ↦ H(x, p)

Σ = d4x ∧ d4p

S[H] = ∫T*M
Σℒ(H, ∂xH, ∂pH, ∂x∂xH, ∂p∂xH, ∂p∂pH, . . . )

H

ℒ
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A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 H(x, p)

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

• The horizontal derivative

δμ = ∂μ + Nμν∂̄ν

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

• The horizontal derivative




 

δμ = ∂μ + Nμν∂̄ν

Nμν =
1
4 ({gμν, H} − gμρ∂ν∂̄ρH − gνρ∂μ∂̄ρH)

δμH = 0 ⇔ H(x, λp) = λnH(x, p)

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

• The horizontal derivative




 




• The canonical covariant derivative 





δμ = ∂μ + Nμν∂̄ν

Nμν =
1
4 ({gμν, H} − gμρ∂ν∂̄ρH − gνρ∂μ∂̄ρH)

δμH = 0 ⇔ H(x, λp) = λnH(x, p)

∇μ

∇μZν = δμZν + Hν
μσZσ

Hσ
μν = 1

2 gσλ(δμgλν + δνgλμ − δλgμν)

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

• The horizontal derivative




 




• The canonical covariant derivative 





δμ = ∂μ + Nμν∂̄ν

Nμν =
1
4 ({gμν, H} − gμρ∂ν∂̄ρH − gνρ∂μ∂̄ρH)

δμH = 0 ⇔ H(x, λp) = λnH(x, p)

∇μ

∇μZν = δμZν + Hν
μσZσ

Hσ
μν = 1

2 gσλ(δμgλν + δνgλμ − δλgμν)

• The curvature


 
ℛμ

νρσ(x, p) = δρHμ
νσ − δσHμ

νρ + Hμ
λρHλ

νσ − Hμ
λσHλ

νρ

ℛ = ℛμ
νμσgσν = ℛνσgσν .

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

• The horizontal derivative




 




• The canonical covariant derivative 





δμ = ∂μ + Nμν∂̄ν

Nμν =
1
4 ({gμν, H} − gμρ∂ν∂̄ρH − gνρ∂μ∂̄ρH)

δμH = 0 ⇔ H(x, λp) = λnH(x, p)

∇μ

∇μZν = δμZν + Hν
μσZσ

Hσ
μν = 1

2 gσλ(δμgλν + δνgλμ − δλgμν)

• The curvature


 

• The Berwald covariant derivative 


ℛμ
νρσ(x, p) = δρHμ

νσ − δσHμ
νρ + Hμ

λρHλ
νσ − Hμ

λσHλ
νρ

ℛ = ℛμ
νμσgσν = ℛνσgσν .

∇̃μ

∇̃μZν = δμZν + ∂̄νNμσZσ

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function

 

•  and  derivatives

 

• the Hamilton metric


H(x, p)

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = 1
2 ∂̄μ∂̄νH

• The horizontal derivative




 




• The canonical covariant derivative 





δμ = ∂μ + Nμν∂̄ν

Nμν =
1
4 ({gμν, H} − gμρ∂ν∂̄ρH − gνρ∂μ∂̄ρH)

δμH = 0 ⇔ H(x, λp) = λnH(x, p)

∇μ

∇μZν = δμZν + Hν
μσZσ

Hσ
μν = 1

2 gσλ(δμgλν + δνgλμ − δλgμν)

• The curvature


 

• The Berwald covariant derivative 





• The Q tensor


ℛμ
νρσ(x, p) = δρHμ

νσ − δσHμ
νρ + Hμ

λρHλ
νσ − Hμ

λσHλ
νρ

ℛ = ℛμ
νμσgσν = ℛνσgσν .

∇̃μ

∇̃μZν = δμZν + ∂̄νNμσZσ

Qλν = (−∇ν + Sρ
ρν) ( 1

H2 δλH+ 1
H Sσ

σλ)

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
δHS = 0



C. Pfeifer, Unified field theories/Cotangent bundle geometry, Geomgrav 2026

1. Unified field theories

2. A scalar field equation for point particle Hamiltonians

3. From the scalar equation on phase space to the Einstein-Maxwell equations

4. Conclusion

65



C. Pfeifer, Unified field theories/Cotangent bundle geometry, Geomgrav 2026 66

A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function




•  and  derivatives




• the Hamilton metric




• Properties


H(x, p) = gμν(x)pμpν

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = gμν(x)

δμH = 0, Qμν = 0

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function




•  and  derivatives




• the Hamilton metric




• Properties


H(x, p) = gμν(x)pμpν

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = gμν(x)

δμH = 0, Qμν = 0

 α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H )− ℛ
H2 ) = 0

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))



C. Pfeifer, Unified field theories/Cotangent bundle geometry, Geomgrav 2026 69

A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function




•  and  derivatives




• the Hamilton metric




• Properties


H(x, p) = gμν(x)pμpν

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = gμν(x)

δμH = 0, Qμν = 0

 


 


 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H )− ℛ
H2 ) = 0

⇔

− 2
H2

∘
R+ 4

H3

∘
R

μν
pμpν = 0

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function




•  and  derivatives




• the Hamilton metric




• Properties


H(x, p) = gμν(x)pμpν

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = gμν(x)

δμH = 0, Qμν = 0

 


 


 





 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H )− ℛ
H2 ) = 0

⇔

− 2
H2

∘
R+ 4

H3

∘
R

μν
pμpν = 0

⇔

4 ( 1
2 gμν ∘

R −
∘
R

μν

) pμpν = 0

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
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A scalar field equation for point particle Hamiltonians on phase space

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0

[CP, J. Relancio 2026]

• The Hamilton function




•  and  derivatives




• the Hamilton metric




• Properties


H(x, p) = gμν(x)pμpν

x p
∂μ = ∂

∂xμ ∂̄μ = ∂
∂pμ

gμν(x, p) = gμν(x)

δμH = 0, Qμν = 0

 


 


 





 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H )− ℛ
H2 ) = 0

⇔

− 2
H2

∘
R+ 4

H3

∘
R

μν
pμpν = 0

⇔

4 ( 1
2 gμν ∘

R −
∘
R

μν

) pμpν = 0

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))

The Einstein vacuum equations from a scalar 
field equation on the tangent bundle
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A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]

• The Hamilton function


 

• the Hamilton metric

 

• Properties


H(x, p) = gμν(x)(pμ − eAμ)(pν − eAν)
= gμν(x)p̃μ p̃ν

gμν(x, p) = gμν(x)

δμH = − eFμν p̃ν

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0
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A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]

• The Hamilton function


 

• the Hamilton metric

 

• Properties


H(x, p) = gμν(x)(pμ − eAμ)(pν − eAν)
= gμν(x)p̃μ p̃ν

gμν(x, p) = gμν(x)

δμH = − eFμν p̃ν

 

0 = −
2α1(H

∘
R − 2

∘
Rμν p̃μp̃ν)

H3

+
α2κe(eFμνFμνH + 3p̃μ(−2eFμ

σFνσ p̃ν + H
∘
∇νFμ

ν))
H3

+
α3κe(−3eFμνFμνH + 8p̃μ(2eFμ

σFνσ p̃ν − H
∘
∇νFμ

ν))
H3

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))
The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0
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A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]

 
0 = [−2α1(gμν ∘

R − 2
∘
R

μν
) + κe2 (2(8α3 − 3α2)FμσFν

σ + (α2 − 3α3)FσρFσρgμν)] p̃μp̃ν

+[κe(3α2 − 8α3)gμν ∘
∇ρFσρ] p̃μp̃ν p̃σ

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))

• The Hamilton function


 

• the Hamilton metric

 

• Properties


H(x, p) = gμν(x)(pμ − eAμ)(pν − eAν)
= gμν(x)p̃μ p̃ν

gμν(x, p) = gμν(x)

δμH = − eFμν p̃ν

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0
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A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]

 

0 = [−2α1(gμν ∘

R − 2
∘
R

μν
) + κe2 (2(8α3 − 3α2)FμσFν

σ + (α2 − 3α3)FσρFσρgμν)] p̃μp̃ν

+[κe(3α2 − 8α3)gμν ∘
∇ρFσρ] p̃μp̃ν p̃σ

The action 

S[H] = ∫T*M
d4xd4p (α1

ℛ
H

+ κ (α2
1

H2
gμνδμHδνH + α3

1
H

(∂̄ρδμH)(∂̄μδρH)))

• The Hamilton function


 

• the Hamilton metric

 

• Properties


H(x, p) = gμν(x)(pμ − eAμ)(pν − eAν)
= gμν(x)p̃μ p̃ν

gμν(x, p) = gμν(x)

δμH = − eFμν p̃ν

The scalar field equation 

α1 ( 1
2 ∂̄μ∂̄ν ( ℛμν

H +Qρ
ρgμν − Qμν)− ℛ

H2 ) + κ{α2 ( 1
2 ∂̄μ∂̄ν ( δμHδνH

H2 ) − 2
gμνδμHδνH

H3 −2 ∇̃μ( gμνδνH

H2 )) + α3 (− 1
H2 (∂̄ρδμH)(∂̄μδρH) + 2 ∇̃μ∂̄ρ ( ∂̄μδρH

H ))} +
1
4

X = 0
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A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]

 

0 = [−2α1(gμν ∘

R − 2
∘
R

μν
) + κe2 (2(8α3 − 3α2)FμσFν

σ + (α2 − 3α3)FσρFσρgμν)] p̃μp̃ν
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The Einstein Maxwell 
equations from a  

scalar field equation  
on the tangent bundle
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“a theory joining the gravitational and the electromagnetic field into one single hyperfield  
whose equations represent the conditions imposed on the geometrical structure of the universe”

[Tonnalet 1995, H. Goenner 2004]

A scalar field equation for point particle Hamiltonians on phase space
[CP, J. Relancio 2026]
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[Tonnalet 1995, H. Goenner 2004]

A scalar field equation for point particle Hamiltonians on phase space

The idea 

• Identify the Hamiltonian as the 
hyperfield that joins (all) bosons 

• Construct dynamical equations that 
determine the Hamiltonian as 
scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 
 

Hamilton Geometry of Phase Space 
determines the geometric structure 

of the universe.

[CP, J. Relancio 2026]
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scalar field on phase space 

• Break the equation down to 
tensorial field equations on 
spacetime for bosons tensor field 
building up the Hamiltonian 
 

Hamilton Geometry of Phase Space 
determines the geometric structure 

of the universe.

The realisation 

• An action principle for a scalar on the tangents bundle


 

 

Variation yields  non linear, geometric  
scalar field equation for  

• Decompose field equation into n-th order powers of 


 

• Each power is induced tensorial field equation on 
spacetime


S[H] = ∫T*M
Σℒ(H, ∂xH, ∂pH, ∂x∂xH, ∂p∂xH, ∂p∂pH, . . . )

H

p
n

∑
i=0

Gμ1...μn(x)pμ1
pμn

= 0

Gμ1...μn(x) = 0

[CP, J. Relancio 2026]
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Einstein Vacuum Equations 

•  

 

Einstein Maxwell Equations 

•  

 




H = gμν(x)pμpν

(n = 2) Gμν(x) = 0 ⇔
∘
Rμν = 0

H = gμν(x)(pμ − eAμ)(pν − eAν)

(n = 3) Gμνρ(x) = 0 ⇔ ∇μFμν = 0

(n = 2) Gμν = 0 ⇔
∘
R

μν
−

1
2

gμν ∘
R = −

κe2α3

α1
(FνσFμ

σ−
1
4 FσρFσρgμν)
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The next step:  
General polynomial Hamiltonians 

 

H = V(x) + Aμ(x)pμ + gμν(x)pμpν

+
n

∑
i=3

Ψμ1...μi(x)pμ1
. . . pμi

[CP, J. Relancio 2026]
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Thank you for your attention!


Aitäh :)
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