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Eigenpainting is a method to generate intense 
beam distributions with small 4D emittance

• Originally proposed by Danilov in 2003.

• Experimental program at SNS going (slowly) since 2018.

• I will explain the method and initial experiments + planned improvements and open 
questions.

4D phase space

2D disk

https://doi.org/10.1103/PhysRevSTAB.6.094202
https://doi.org/10.1103/PhysRevAccelBeams.21.124403
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Start with turn-by-turn coordinates in a linear 
lattice

𝒙 = 𝑥, 𝑥’, 𝑦, 𝑦’ 𝑇
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Express coordinates as linear combination of 
transfer matrix eigenvectors (modes)

𝒙 = ℜ 2𝐽1𝒗1𝑒
−𝑖𝜓1 + 2𝐽2𝒗2𝑒

−𝑖𝜓2

𝑴𝒙 = ℜ 2𝐽1𝒗1𝑒
−𝑖 𝜓1+𝜇1 + 2𝐽2𝒗2𝑒

−𝑖 𝜓2+𝜇2

4D torus
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Define normalized coordinates through 
symplectic decoupling transformation

Normalized
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Create elliptical paintbrush by injecting particles 
into one mode

Normalized

𝐱𝑖𝑛𝑗 𝑡 = 2𝐽1𝐯1𝑒
−𝑖𝜓1
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Scale injection amplitude to create any elliptically 
symmetric distribution

Normalized

𝐱𝑖𝑛𝑗 𝑡 = 2𝐽1 𝑡 𝐯1𝑒
−𝑖𝜓1
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Scale injection amplitude to create any elliptically 
symmetric distribution
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Anti-correlated painting generates equilibrium 
distribution after painting, ignoring space charge

𝑓 𝐱, 𝐱’ = 𝛿 1 −
𝐽1 𝐱, 𝐱’

ሚ𝐽1
−
𝐽2 𝐱, 𝐱’

ሚ𝐽2
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Uniform eigenpainting maintains equilibrium 
distribution throughout painting (with space 
charge)!

ሚ𝐽2 → 0

𝑓 𝐱, 𝐱’ → 𝜃 1 −
𝐽1 𝐱, 𝐱’

ƿ𝐽1
𝛿 𝐽2 𝐱, 𝐱’ (KV in limit ƿ𝐽2 → 0)
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Why would we want to do this?

• Space charge: reduced tune spread, suppressed particle-core effects

• Flat beams for colliders [Phys. Rev. ST Accel. Beams 16, 061002]

• Low-energy hadron cooling [Phys. Rev. E 66, 016503]

• Academic studies: approach “unrealistic” distribution in the lab

https://proceedings.jacow.org/abdwhb06/PAPERS/THAW03.PDF
https://doi.org/10.1103/PhysRevAccelBeams.25.064002
https://journals.aps.org/prab/abstract/10.1103/PhysRevSTAB.16.061002
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.66.016503
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Initial experiments tried to implement 
eigenpainting in the SNS AR
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Two solenoids provide linear coupling
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BPM data show injection mostly into one mode… 
couldn’t get all the way to closed orbit

Connect with sqrt(t) waveform



15

4D MENT reconstruction performed using 1D 
profiles of painted beam

max
𝑓

𝑆 𝑓 s.t. 𝐺𝑘 𝑓 = 0
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Simulations produce correct emittances and 
qualitative agreement with MENT reconstruction

𝜀1/𝜀2 ≈ 2.4

𝜀1/𝜀2 ≈ 2.3

Reconstructed

Simulated
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Simulations suggest 4D emittance growth was 
driven by nonlinear space charge forces

600-pulse300-pulse0-pulse

Mode 1

Mode 2
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Emittance growth may have been caused by 
envelope instability during accumulation 

Can’t find 
periodic solution
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Space charge has significant effect on 
eigenvectors

Modified eigenvectors calculated from 
periodic beam envelope.

𝚺 = 𝐌𝚺𝐌𝑇

𝚺𝐔 ƶ𝐯 = 𝑖𝜖 ƶ𝐯
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Space charge has significant effect on 
eigenvectors
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SC-modified eigenvectors could generate larger 
emittance ratio (> 10)

𝐱 ∝ 𝐯 𝐱 ∝ ƶ𝐯
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Conclusion

• Paper: Phys. Rev. Lett. 136, 075002

• Experimental goals:

• Automate closed-orbit measurement and kicker optimization.

• Directly optimize kicker waveforms using electron scanner profiles.

• Demonstrate significant (10?) emittance ratio using modified painting path.

• Study beam dynamics before/after painting.

• Research topics/questions:

• Space-charge-driven halo, losses, and coherent instabilities (“Gluckstern
modes”)

• 4D emittance preservation during long-term storage and acceleration

• Do smooth equilibria exist and, if so, can they be painted in a ring?

https://doi.org/10.1103/bvwq-34jf
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Extra slides
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Also identified phase which allows larger 
amplitude within kicker constraints (but requires 
nonzero x’)

Lo
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old new
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Kicker waveforms and closed-orbit trajectory 

Example trajectory in kicker region
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Eigenpainting is equivalent to correlated painting 
with zero amplitude in one plane
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Eigenpainting is equivalent to correlated painting 
with zero amplitude in one plane
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Eigenpainting is equivalent to correlated painting 
with zero amplitude in one plane
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Eigenpainting is equivalent to correlated painting 
with zero amplitude in one plane
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Eigenpainting is equivalent to anti-correlated 
painting with zero amplitude in one plane
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Eigenpainting is equivalent to anti-correlated 
painting with zero amplitude in one plane
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Eigenpainting is equivalent to anti-correlated 
painting with zero amplitude in one plane
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Eigenpainting is equivalent to anti-correlated 
painting with zero amplitude in one plane


