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Puzzle and implications
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* Consistent picture for exclusive decay  V_, crucial input to highly sensitive SM probes

e Consistent picture for inclusive decay

_ | e relevant question even on time scale of FCC-ee
* Inconsistent picture between both — puzzle
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What's the problem?

Inclusive decay

Exclusive decay

dU'/dg?* ~ | Vo, |° F(f(a?). fy(g?), ...)

e all results to date from OPE/PT

e Until recently nothing on
(integration over allowed

v~ Semileptonic and leptonic modes

inclusive decay in Lattice QCD

Many Lattice-QCD results for exclusive decay final states)
Inal Stat€s)  ppgiive

(single decay channel)
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Inclusive SL decay in the SM

hadronic t
dF GF‘ V Q ‘ adronic tensor

— 1 pv

dq?dq dE, 8 -

leptonic tensor

B — X Zvin the B restframe:

“(Pp9) = D 2rY*5D(pg — g — py )(BO) | ()| X.(px))(X(px) | (g% | BO))
B'x

~ Semileptonic and leptonic modes
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Inclusive SL decay in the SM

hadronic tensor

dlI'(B — X .tv) GF\ b\ g.
dq2dq dE, -

Ieptonlc tensor

Integrate phase space:

kinematics:
_ 2 p)
601rnin _ \/MD T q

G2 V 2 qrznax - _ o0 y
['(B—- X1Iv)= AN [ dqz\ [q° X(q®) where X(q°) = J do W, (o, )K" (o, q)

3
247[ 0 min

e |ntegration over lepton energy done
analytically: L** — K"
e ( is three-momentum transfer

e @ is energy of intermediate state X
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Inclusive SL decay on the lattice

X(q) = J do W, (@, q) K (0, q) Wu(@.q) = = jd“xel‘q-xw(m\f,j(x)J,,(onB(o»
@ B
j Chpi(a: 1) X
stanrd @tee (@) = —— > Y —(B|Ji(x.0J,0,0)|B)  (t=6—1>0)

Copil1p) Cop( 1) 2Mp

X

o0 1 N R _ i
B J o Ao 2M, (B|(J,(q,0)'8(H — w)J,(q,0)| By e

min

Euclidean 4pt function (computable on the lattice) is Laplace transform of hadronic tensor

v



X(q) reconstruction .,

X(q) - J da) W/“/(a)’ q) Kﬂy(q’ 60) 0 Clm/(tﬂ (I) — [ da) Wﬂy(w, Q) e_wt

0 0

k
Expand the kernel K (analytically known) in powers of e ~““: K¥(q, @) = Z C, D(‘l)(e _aw)
k

X(q) ~ c(’)” (q) J doW, (o, q) +c{“’ (q) J doW, (o,q)e " +c§” (q) J doW, (o, q) g 24w + ..

0 0 0

=¢;(q) C,(0,9) +c“(q) C,(a,9) +c¥(q) C,(2a,9) +...
linear transformation (basis change) to (shifted) Chebyshev basis
= "(q) (Tp),. (@) +&"(q) (T}),,(q) +&%(q) (T,),,(q) +...

(T}) Q) Chebyshev Matrix Elements computed on the lattice

EZ” (q) coefficients computed analytically (no lattice input required)
8



X(q) reconstruction

X(q) = J dw W@, q) K*(q, o) +-> C. (1, q) = J' dw W, (o, q) et

0 0

e fully determined linear system

X(q@= ) c, (q)deW [, q) e ~
Z Husk g » coefficients ¢, ;(q) known

k
— Z Cﬂy,k(q) Cﬂy(aka q)
k

required nonperturbative input:
» C,,(t,q) computed in Lattice QCD

. (Tk)/w linear combination of C (7, q)

X can be reconstructed from a lattice computation of the Euclidean correlator Cﬂy(t, q)

9



X (q) reconstruction Gambin st E2 7 2022083

Z C 1 (Q) deWﬂy(w, q) e~k

k

) ¢,,4(@) C,(ak, q)

k

Z Eﬂy,k(q) <Tk>/u/

k,j

Barata, Fredenhagen, CMP 138 (1991)
Hashimoto PTEP 53-56 (2017)

Hansent et al. PRD 99 (2019)

Bailas et al. PTEP 43-50 (2020)

Gambino and Hashimoto PRL 125 32001 (2020)

Barone et al. PRD 112 (2025) 1

De Santis et al. PRD 112 (2025) 5
De Santis et al. PRL 135 (2025) 12
Tantalo, Patella, JHEP 01 (2025) 091

In practice:
e signal-to-noise for Euclidean correlators

in lattice QCD deteriorates with ¢
— cannot extract meaningful signal
Mitigation:
. use that C,, () monotonously decreasing with
o translates into|(T}) | < | as regulator
implemented as uniform Bayesian prior
alternative mitigation strategy:

balance resolution power of kernel approximation against stat. noise
(see work by De Santis et al.)
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Z C 1 (Q) deWﬂy(w, q) e

k . .
| will now discuss

Z C,m/,k(q) C,,w(ak, q) o Chebyshev approximation of the leptonic kernel KW

k

Z Eﬂy,k(q) <Tk>/u/

k,j

e [he determination of the Chebyshev matrix elements (Tk) v

11
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A bit of smearing

X(q) = J do W, (0, q) K*(q, ) = [ dw W, (@, Q) R, )0 @y — @)

0

0
where ., = Mp — 1/ q-

e Spectral density in finite volume is discrete
e Integration with the leptonic kernel smears out discrete nature
(“nature-given smearing”)

% =Ex. e |n addition, we smear the Heaviside step function (sigmoid)

over a width o

 this allows for well-defined convergence of the
Chebyshev approximation

e it also smoothes out finite-volume effects

% =Ey  * smearing needs to be removed eventually™

12



Chebyshev expansion of the leptonic kernel

X(q) = J do W, (0, q) K5(q, @)

0

a’lq” (q"q" LN
massless-lepton kernel [ K*(g) '~ 3 .2 gt | ® 5 | Z Cwil (@)
k=1

Kernel a2K(()8)(q, w) q° =0.26 GeV?

1.2
-- CHEB N=9 wy =0

L0 N e this analysis stage independent of data

e e order of approximation limit by lattice calculation
— 0.6 1 : . .
= | N < C,,(?) (noise/signal of lattice data)

2 oo 2N e suggests relation 6N = const.

oo S ey S Ep

“o2] i

0.0 0.5 TO 1.5 ZS 25T 3.0 35 40
a)O(q) a)max(q)
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Chebyshev expansion of the leptonic kernel

0 0
Kernel aQK(()O)(q, w) q° =0.26 GeV? Kernel aQKO(O)(q, w) q° =4.77 GeV?
1.2' ! : I :
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Exploratory study

e B, - X v
 lattice study on 24° X 64 RBC/UKQCD DWF
ensemble (M= ~ 330 MeV) 2, & |

o physical m_- and m,-quark masses (RHQ action for b)

near-physical m . (domain-wall)
e implemented in Grid/Hadrons
e run on DIRAC Extreme-scaling service Tursa (A100-40 nodes)

» 120 gauge configs, 8 Z, noise-source planes

15


https://github.com/paboyle/Grid
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Results for (1),

Chebyshev matrix elements N=9 for GammaXYZGamma5-GammaXYZGammab and > =0.26 GeV?

Cheb N=1
N wy=0
801 Wy = 0.9wmin
60 1
401
201
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q Cheb N=4
F wy=0
7_ Wp = O‘QWmin
6
54
44
3
2
14
-1.00 -075 —-050 —0.25 0.00 0.25 0.50 0.75 1.00

Cheb N=7

—0.50

—0.25 0.00 0.25

Cheb N=2
30
=0
w0=0.9wmin
251
201
15
10-
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Cheb N=5H
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X(q) =

k,j

Eﬂ%k(q)-

where -(Q) — Z l’;(

J

vC,.(j,q)

e (T,) from constrained fit to lattice
data for C W(ak, q)

o (Tk)ﬂy| < 1 Bayesian constraint

e higher orders affected by
noise - regulator kicks In



Impact of regulator

10 A =
| A 2 :
3. ; - -
10 O Xnaive BGGXP
: A X . CIEB
@102.5 ® X BGexp
: X BGcheb
101_; A X CHEB
: A A A A
10°: ¢ e e e - :
2 3 4 5

q° (GeV?)
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Noise reduction due to regulator
term absolutely essential

e “CHEB” is analysis as discussed
o “BGexp” is Backus-Gilbert-inspired

Hansen-Lupo-Tantalo approach

Hansent et al. PRD 99 (2019),
De Santis et al. PRD 112 (2025) 5, PRL 135 (2025) 12
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(GeV?)

=

X, q%,.=5.860 GeV?

Y CHEB N=9 wy =0

Y CHEB N=9 wy = 0.9w,in
¥ BCexp N=9 wy =0
¥
t
t

I

E

10+
il

q” (GeV?)

BGexp N=9 wy = 0.9wmin
BGcheb N=9 wy = 0
BGcheb N=9 wy = 0.9wmin

variations of analysis techniques largely
consistent — tension at larger q2 visible

Integral of 4/ q° X(q?) proportional to I’;
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Results for X(q)

VAt X, q?,,.=5.860 GeV?

Y
Y
k
k
t
t

CHEB N=9 wy =10

CHEB N=9 wy = 0.9win
BGexp N=9 wy =0
BGexp N=9 wy = 0.9wpin
BGcheb N=9 wg =0
BGcheb N=9 wy = 0.9wpmin

3 A
q’ (GeV?)




Moments

*hadronic or leptonic moments are essential building block of OPE analysis of inclusive decays
*they can be computed from the lattice data and allow for mutually scrutinising continuum
and lattice computations

A CHEB wy =0 50- A CHEBwy =0
% A CHEB wy = 0.9wmin A CHEB wy = 0.9%min
1 ] A% . ¢  BGexp wy=0 % &  BGexp wy=0
. ¢ BGexp wy = 0.9y, AN ¢ BGexp wy = 0.9wyin
40
o 'y I\ _ o _
% 60 - % 0 BGcheb wy =0 % 0 BGcheb wy =0
@) { ®  BGcheb wy = 0.9wyp @) % B BGcheb wy = 0.9wyi,
& " &30
a0 % = fh
Z 209
> lg > ¥

Y I T

i 101 4o

[Barone@| attice2023]
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https://cds.cern.ch/record/2914357/files/document.pdf

X/GeV?

Systematics — o

Total X shows mild
dependence on o

o1 15 1o 101 1 ol
Q9 99Q9aqaQq

X(VoVp)/GeV?

Convergence of Chebyshev approximation
depending on the kernel and kinematics

11 1= tel 10 e Hed

!

X for VoV, shows larger
dependence on o

q%/GeV?
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https://indico.global/event/14504/contributions/138019/attachments/64249/124132/ahmedelgaziari_inclusive_talk_latticeconf.pdf

Ground-state limit

What is the ground-state contribution to inclusive decay?
We restrict the analysis to the ground-state B, — D, decay: C,, (1) = Co>(1) + Co(1)

W, — éw-E;) : (B.|J|D)MD.|J,|B.)
_) a)_
173% D, 4MBS EDS s1Yu S LI 7 Bl

The corresponding data is generated on the lattice (analysis of 6, — D  3pt/4pt correlators):

(D V.| B;) :f+(42)(PBS +Pp)u +f_(q2)(pBS —DPp)y

vl Mp, ) 2\ 12
Xyy = 74 |47 |
D

\)
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X/GeV?

Reducing smearing systematics

40 % % Total X shows mild
' % dependence on o
35: '

o=0.
o=0.05

o1 15 1o 101 1 ol
Q QQq

%‘

....................

X(VoVo)/GeV?

Ahmed’s Lattice 2025 talk

11 1= tel 10 e Hed

0.0 1 -

o=0.
0=0.01

(1

|

X for VoV, shows larger
dependence on o

q%/GeV?
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[
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]
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201 g ' Rr el
$
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Qis1 3 "1 =
3 3 = i
N
S ] i _'=.1.===
< 10 M
05
0.0

3
q%/GeV?

Depending on kinematics and the shape of the
smearing kernel, subtracting the GS prior to

reconstruction can substantially reduce
systematic effects



https://indico.global/event/14504/contributions/138019/attachments/64249/124132/ahmedelgaziari_inclusive_talk_latticeconf.pdf

Ground-state limit

Inclusive % ﬁ

}t 5

e *  exclusive expected
| 4 exclusive wy = 0.9wmin
J 4+ inclusive wy = 0.9wpip
0.0 0.2 0.4 0.6 0.8

o (GeV?)
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1.0

e Results for exclusive channel agree
for both ways of data analysis
(standard 3pt vs. Chebychev)

e clear distinction between ground-state
and full inclusive determination



~ I/GeV?

First glimpse on continuum limit

B, - X v

0.1 0.9

0.3
a/GeV ™!

0.4

0.6

 new data for three lattice spacings, three
volumes and variations of correlation function

data — comprehensive systematics study

e data shown without O(a) improvement
(data on disk for that) and with partial statistics

e different symbols for a given colour
correspond to different systematics

e we have worked on variance-reduction
techniques that will allow to bring down stat.
error substantially
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Outlook: Inclusive D, decay

First lattice study with full systematic error budget for D, inclusive decay

inclusive differential decay rates
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Rome: Impressive demonstration for D, — most advanced
CERN/Mainz/KEK/Soton Results for D, = X £v in preparation

leptonic moments M, and M,

as always B(S) more challenging on the lattice ...
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https://arxiv.org/abs/2504.06063
https://arxiv.org/abs/2504.06064
https://arxiv.org/abs/2504.03358

Slightly off the beaten track™

Standard Model tests with smeared experiment and theory

[AJ arXiv:2603.15487]

“Standard analysis:

Lattice QCD can make parameter-free predictions (modulo the CKM ME) for
e bins for the differential decay rate

e the same moments that are also input to the OPE analysis

Nobody forces us to use standard Standard Model quantities for SM tests!

2 So why not consider also new observables if they promise
¢ e smaller systematic and statistical errors for experiment
"« smaller systematic and statistical errors for theory

20


https://arxiv.org/abs/2603.15487

Slightly off the beaten track

Standard Model tests with smeared experiment and theory

[AJ arXiv:2603.15487]

smearing kernel

Same smeared observables accessible AT , AT '
. . /
to both experiment and theory — /1 V0l dgy——(q0)/ | V0 I” Klgp — qo)
dq-dq dq-dq,
(not always!) €
1 € % 6! €=0.1 GeV, N=40 i 6 €=0.1 GeV, N=40 js Ml r':'=0.1 GeV, N=40
K(q0 — q) = z 3, 3
) 7 (qo — q0)* + € I 3.
5< 0.0 0.5 1.0 15 20 2.5 3.0 ¥wOO 0.5 1.0 1.5 2.0 25 3.0 waO 0.5 1.0 1.5 2.0 2.5 3.0
3 "3
qo q0 q0
Smeared analysis Idea more generally applicable
o determine |V " | at finite smearing! e same idea applies to exclusive rare decay

B —» KO¢¢, D - nf¢ long-distance
contributions around resonance peaks

: : see also Luca’s talk tmw.
e |et’s discuss

e ¢ > 0:reduced statistical and systematic errors

e can also be obtained for experimental data
e flexibility in choosing a kernel
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https://arxiv.org/abs/2603.15487
https://indico.global/event/15673/contributions/146224/

Conclusions

o A first lattice-QCD calculation of |V ,| or | V., | from inclusive decay is on its way

: : [Barone et al. PRD 112 (2025) 1],
o Recently new results on inclusive D¢ decay pe'sanis et al. PRD 112 (2025) 5, PRL 135 (2025) 121

o B, — X U in preparation by CERN/KEK/Mainz/Soton
e (Going forward, the focus will be on reducing stat. errors and systematic effects

e |t’s worthwhile considering novel observables for SM tests with reduced
stat. and syst. errors i axiv:2603.154s7]

e |t’s also worthwhile thinking about inclusive rare decays!

Resolving the V., tension remains a formidable but extremely important challenge
with wide-ranging implications for Standard Model tests
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https://arxiv.org/abs/2504.03358
https://arxiv.org/abs/2504.06063
https://arxiv.org/abs/2504.06064
https://arxiv.org/abs/2603.15487

VAt X, g2, .=5.860 GeV?
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