
Spin currents in noncentrosymmetric crystals

Kirill Samokhin

Department of Physics
Brock University, Canada

CAP 2026

June 23, 2026

K. Samokhin Spin currents



Motivation

▶ Spin currents are fundamental for spintronics
▶ Most calculations use low-energy effective Hamiltonians: remote bands “integrated out”
▶ Question: how should observables be transformed when remote bands are eliminated?
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Conventional definition of spin current

Spin currents in thermodynamic equilibrium: The challenge of discerning transport currents

Emmanuel I. Rashba*
Department of Physics, State University of New York at Buffalo, Buffalo, New York 14260, USA

and Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
~Received 4 November 2003; published 31 December 2003!

The standard definition of a spin current, applied to the conductors lacking inversion symmetry, results in
nonzero spin currents. I demonstrate that the spin currents do not vanish even in thermodynamic equilibrium,
in the absence of external fields. These currents are dissipationless and are not associated with real spin
transport. The result should be taken as a warning indicating problems inherent in the theory of transport spin
currents driven by external fields.
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Generating spin currents~SC’s! is one of the central goals
of spintronics,1 and various mechanisms for electrical and
optical injection of SC’s have been proposed. Recently, the
interest in SC’s has been strengthened by independent re-
ports of dissipationless SC’s in two different systems: holes
in the valence band of a diamond-type crystal described by a
Luttinger Hamiltonian2 and electrons in a two-dimensional
~2D! system with a structure inversion asymmetry~SIA! de-
scribed by a Rashba Hamiltonian.3 These systems differ in
symmetry because the Luttinger Hamiltonian possesses in-
version symmetry while the Rashba Hamiltonian lacks it. In
both cases, SC’s are driven by an external electric fieldE.
Spin currents in a 3D Luttinger system are polarized perpen-
dicularly to the driving fieldE and the electron momentum
k.2 In the 2D system of Ref. 3 they are polarized perpendicu-
larly to the confinement plane~that contains bothE andk!.
General properties of charge and spin transport in 2D sys-
tems with spin-orbit coupling have acquired intense attention
lately.4,5

The surprising results on dissipationless SC’s have drawn
a lot of attention, causing active interest and immediate re-
sponse. They were followed by several papers of different
researchers6–8 and also by the more recent papers coming
from the same groups.9-11 The mathematical formalism in
some of these papers, particularly in Refs. 2, 7, and 9, is
rather involved. Meanwhile, the somewhat miraculous nature
of the dissipationless SC’s calls for a better understanding of
their mechanism, including the properties of the background
that supports the SC’s linear inE. From the standpoint of
spintronic applications, it is important to understand whether
these aretransport currents, i.e., whether they can be em-
ployed for transporting spins, accumulating them at specific
locations, and for injecting spins.

In this paper I am trying to contribute to this basic physi-
cal understanding. I consider noncentrosymmetric 2D sys-
tems in thermodynamic equilibrium and show that using the
standard definition of a SC results in nonvanishing SC ex-
pectation value. This result is not entirely surprising from a
general symmetry viewpoint. Indeed, the reversal of the mo-
menta~or the velocities! only, without reversing the angular
momenta ~spins!, cannot be reconciled with the time-
inversion symmetry for noncentrosymmetric systems.12 Of
course, suchbackgroundcurrents, which are present in the
ground state in the absence of in-plane external fields, are
nontransport currents.

The standard Hamiltonian with a Rashba term is

HR5\2k2/2m1aR~s3k!• ẑ, ~1!

with s the Pauli matrices,k5(kx ,ky) the 2D momentum,
and ẑ a unit vector perpendicular to the confinement plane.
The eigenvalues of the HamiltonianHR are El(k)
5\2k2/2m1luaRuk, wherel561 correspond to the upper
and lower branches of the spectrum, respectively. The eigen-
functions are

cl~k!5
1

A2
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2 ilaR~kx1 iky!/uaRukD . ~2!

The operator of the velocity is

v5\21]HR /]k5\k/m1aR~ ẑ3s!, ~3!

and the mean values of the Pauli matrices in the eigenstates
cl(k) are

^s&lk[^cl~k!usucl~k!&5
laR

uaRuk ~k3 ẑ!. ~4!

These equations allow one to evaluate the SC components
defined as products of the electron velocity and spin compo-
nents.

For calculating SC’s in a given state (l,k), it is conve-
nient to evaluate the Hermitian dot and cross products ofs
andv by using Eqs.~3! and ~4!:
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The dot product vanishes because the spin is polarized per-
pendicularly tok in the eigenstatescl(k). The Kramers con-
jugate statescl(k) andcl(2k) belong to the same branch
of the spectrum. As a result, SC’s of Eq.~5! are even with
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Universal Intrinsic Spin Hall Effect
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We describe a new effect in semiconductor spintronics that leads to dissipationless spin currents in
paramagnetic spin-orbit coupled systems. We argue that in a high-mobility two-dimensional electron
system with substantial Rashba spin-orbit coupling, a spin current that flows perpendicular to the
charge current is intrinsic. In the usual case where both spin-orbit split bands are occupied, the intrinsic
spin-Hall conductivity has a universal value for zero quasiparticle spectral broadening.
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The science of devices whose operation is based in part
on manipulation of the electronic spin degree of freedom,
spintronics, has emerged [1] as an active subfield of con-
densed matter physics because of its potential impact on
information technology and because of the challenging
basic questions that it poses. Many spintronic concepts
involve ferromagnets, in which spins are easier to ma-
nipulate because they behave collectively. Spintronic
magnetoresistive [2–5] sensors based on the properties
of ferromagnetic metals, for example, have reinvented the
hard-disk industry over the past several years. Spintronics
in semiconductors is richer scientifically than spintronics
in metals because doping, gating, and heterojunction for-
mation can be used to engineer key material properties
and because of the intimate relationship in semiconduc-
tors between optical and transport properties. Practical
spintronics in semiconductors has appeared, however, to
be contingent on either injection of spin-polarized car-
riers [6–12] from ferromagnetic metals combined with
long spin lifetimes [13] or on room-temperature semi-
conductor ferromagnetism [14]. In this Letter we explain
a new effect [15] that might suggest a new direction for
semiconductor spintronics research.

In the following paragraphs we argue that in high-
mobility two-dimensional electron systems (2DES) that
have substantial Rashba [16] spin-orbit coupling, spin
currents always accompany charge currents. The
Hamiltonian of a 2DES with Rashba spin-orbit coupling
is given by [16]

H �
p2

2m
�

�
�h

~�� � �ẑz � ~pp�; (1)

where � is the Rashba coupling constant, ~�� is the Pauli
matrices, m is the electron effective mass, and ẑz is the unit
vector perpendicular to the 2DES plane. The Rashba
coupling strength in a 2DES can be modified by as
much as 50% by a gate field [17]. Recent observations
of a spin-galvanic effect [18,19] and a spin-orbit coupling
induced metal-insulator transition in these systems [20]
illustrate the potential importance of this tunable inter-
action in semiconductor spintronics [21]. The spin current

we discuss is polarized in the direction perpendicular to
the two-dimensional plane and flows in the planar direc-
tion that is perpendicular to the charge current direction.
It is therefore a spin Hall effect, but unlike the effect
conceived by Hirsch [22], it is purely intrinsic and does
not rely on anisotropic scattering by impurities.
Remarkably, in the usual case when both spin-orbit split
Rashba bands are occupied, the spin Hall conductivity
has a universal value independent of both the 2DES
density and the Rashba coupling strength.

The basic physics of this effect is illustrated schemati-
cally in Fig. 1. In a translationally invariant 2DES, elec-
tronic eigenstates have definite momentum and, because
of spin-orbit coupling, a momentum-dependent effective
magnetic field that causes the spins (red or dark gray
arrows) to align perpendicularly to the momenta (green
or light gray arrows), as illustrated in Fig. 1(a). In the
presence of an electric field, which we take to be in the
x̂x direction as shown in Fig. 1(b), electrons are accelerated
and drift through momentum space at the rate _~pp~pp �
�eEx̂x. Our spin Hall effect arises from the time depen-
dence of the effective magnetic field experienced by the
spin because of its motion in momentum space. For the
Rashba Hamiltonian case of interest here, the effect can
be understood most simply by considering the Bloch
equation of a spin-1=2 particle, as we explain in the
following paragraph. More generally the effect arises
from nonresonant interband contributions to the Kubo-
formula expression for the spin Hall conductivity that
survive in the static limit.

The dynamics of an electron spin in the presence of
time-dependent Zeeman coupling is described by the
Bloch equation:

�hdn̂n
dt

� n̂n � ~���t� � �
�hdn̂n
dt

� n̂n; (2)

where n̂n is direction of the spin and � is a damping
parameter that we assume is small. For the applica-
tion we have in mind the ~pp dependent Zeeman coupling
term in the spin Hamiltonian is �~ss � ~��= �h, where ~�� �
2�= �h�ẑz � ~pp�. For a Rashba effective magnetic field with

P H Y S I C A L R E V I E W L E T T E R S week ending
26 MARCH 2004VOLUME 92, NUMBER 12

126603-1 0031-9007=04=92(12)=126603(4)$22.50  2004 The American Physical Society 126603-1

Spin Current and Polarization in Impure Two-Dimensional Electron Systems
with Spin-Orbit Coupling
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We derive the transport equations for two-dimensional electron systems with Rashba spin-orbit
interaction and short-range spin-independent disorder. In the limit of slow spatial variations, we obtain
coupled diffusion equations for the electron density and spin. Using these equations we calculate
electric-field induced spin accumulation and spin current in a finite-size sample for an arbitrary ratio
between spin-orbit energy splitting � and elastic scattering rate ��1. We demonstrate that the spin-Hall
conductivity vanishes in an infinite system independent of this ratio.

DOI: 10.1103/PhysRevLett.93.226602 PACS numbers: 72.25.–b, 73.23.–b, 73.50.Bk

Introduction.—The subject of the novel and quickly
developing field of spintronics is the transport of elec-
tronic spins in low-dimensional and nanoscale systems. A
possibility of coherent spin manipulation represents an
ultimate goal of this field. Typically, spin transport is
strongly affected by a coupling of spin and orbital degrees
of freedom. The influence of the spin-orbit interaction is
twofold. The momentum relaxation due to diffusive scat-
tering of carriers, e.g., by disorder, inevitably leads to spin
relaxation and destroys spin coherence. On the other hand,
the controlled orbital motion of carriers can result in a
coherent motion of their spins. Thus, spin-orbit coupling
is envisaged as a possible tool for spin control in elec-
tronic devices. In particular, it is possible to generate spin
polarization and spin currents by applying electric field,
the phenomenon known as the spin-Hall effect.

Although the study of the spin-Hall effect recently
evolved into a subject of intense research [1–11], the issue
remains highly controversial. Sinova et al. [2] have pre-
dicted that in a clean, infinite, homogeneous two-
dimensional electron system (2DES) the spin current ĵik�
1
4f�̂i;v̂kg develops a nonzero expectation value under an
external electric field E. (Here 1

2 �̂ and v̂ are the operators
of the electron spin and velocity, respectively.) The spin-
Hall conductivity, defined as the ratio �sH � �jzy=Ex,
was predicted to have a universal value �sH � e

8� , inde-
pendent of the magnitude of the spin-orbit energy split-
ting �. The effect of impurity scattering on a spin current
has been discussed in Refs. [4,9,10]. References [4,10]
show that the spin-Hall conductivity disappears in the
dirty limit � � ��1, reaching the universal value only
for a sufficiently clean regime, � � ��1. The clean re-
gime has been analyzed by Inoue et al. [9], who argued
that the spin current completely disappears due to vertex
corrections. Recently, Dimitrova [11] obtained the uni-
versal value independent of the relation between the spin-
orbit splitting � and the impurity scattering rate.

Because the spin current is not measurable directly, its
physical meaning is obscure. In the presence of spin-orbit

interaction, electron spin is not a conserved quantity, and
a spin current is not directly related to the transport of
spins. In particular, Rashba [8] demonstrated that spin
current can be nonzero even in equilibrium, as the sym-
metry of an isotropic spin-orbit Hamiltonian allows non-
zero in-plane currents jxy � �jyx � 0. A more meaningful
quantity is spin polarization (spin accumulation) rather
than a spin current. Equilibrium currents do not lead to
spin accumulation. It remains unclear whether the pre-
dicted nonequilibrium spin-Hall currents jzy accumulate
near sample boundaries. Bulk polarization has been
studied in both the three-dimensional [12] and two-
dimensional [13] electron systems in the electric field.

In this Letter, we develop a consistent microscopic
approach to spin transport in impure 2DES. We derive a
quantum kinetic equation which describes the evolution
of a density matrix of a noninteracting 2DES. For length
scales exceeding the mean free path, this equation re-
duces to a modified diffusion equation. We then compute
spin polarization and spin current in a general situation
when the finite-size system is driven out of equilibrium by
an external electric field as well as by the density gra-
dient. We find that the spin current actually vanishes in an
infinite system for arbitrary ��.

However, in a mesoscopic conductor connected to two
massive metallic contacts, nonequilibrium spin currents
jzy flow in the vicinity of the contacts (as shown in Fig. 1).
A nonzero spin-Hall effect can also be achieved in an
infinite system by applying a finite frequency electric
field. We evaluate the ac spin-Hall conductivity, which is
maximal for a frequency of order of the spin-relaxation
rate. This result is instructive for making a connection
with previous works and clarifying the ‘‘universality’’
issue of the spin-Hall conductivity.

Kinetic equation.—Noninteracting electrons in an
asymmetric quantum well can be described by a single
particle Hamiltonian

H � �p� eA�t	
2=2m� ��̂ � �p� eA�t	
 �Ui; (1)
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Conventional definition of spin current

Noncentrosymmetric crystal → essential physics described by Ĥeff(k) = ε(k)σ̂0 + γ(k) · σ̂

Spin current operator:

Ĵµ,i =
1
2ℏ

{
∂Ĥeff

∂ki
, σ̂µ

}
=

1
2
{v̂i(k), σ̂µ}

Example: Rashba model

Ĥeff = ε(k)+αR(ky σ̂x−kx σ̂y )

in majority band: vy ⟨σx⟩ ≥ 0

in minority band: vy ⟨σx⟩ ≤ 0

No inversion → equilibrium spin current: ⟨jx,y ⟩ = −⟨jy,x⟩ = JS

Js(T = 0) ∝ α3
R & concentration independent!

How to observe: mechanical torque near edges, bulk electric polarization
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Microscopic formalism

Microscopic Hamiltonian → EOM for spin density → averaging over fast variations

iℏ ∂
∂t

(
ψ↑
ψ↓

)
= Ĥmicro

(
ψ↑
ψ↓

)
→ ∂sµ

∂t
= −∇i jµ,i + τµ

“Exact” spin-current operator: Ĵµ,i(k) =
1
2ℏ

{
∂Ĥ
∂ki

, Ŝµ

}

“Exact” spin-torque operator: T̂µ(k) =
i
ℏ

[
Ĥ, Ŝµ

]

“Exact” spin operator: Ŝµ =

σ̂µ 0 · · ·
0 σ̂µ · · ·
...

...
. . .





expressed in terms of
k · p Hamiltonian with SOC

Ĥ(k) =


ĥ1 ĥ12 · · ·
ĥ21 ĥ2 · · ·
...

...
. . .



2N × 2N matrices (# of orbitals N → ∞) are impractical for calculations
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Effective Hamiltonian formalism

band
description

effective
description

microscopic
description

Microscopic Hamiltonian → Effective Hamiltonian → Effective observables

“Downfolding” into the essential band subspace (Schrieffer–Wolff transformation):

Ĥ(k) =


ĥ1 ĥ12 · · ·
ĥ21 ĥ2 · · ·
...

...
. . .

 → Ĥeff(k) = Û−1ĤÛ =


Ĥeff ,1 0 · · ·

0 Ĥeff ,2 · · ·
...

...
. . .


Treat inter-orbital couplings Ĥinter as a perturbation → find Û(k) to any desired order in Ĥinter
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Main result

Observables must be transformed consistently: Ôeff(k) = Û−1(k)Ô(k)Û(k)

Spin-current operator in the essential band subspace:

Ĵµ,i =
1
2ℏ

{
∂Ĥeff

∂ki
, σ̂µ

}
+ δĴµ,i

▶ first term: conventional contribution

▶ δĴµ,i : generated by eliminating remote bands

▶ cannot be reconstructed from Ĥeff alone
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Example: C4v crystal

Quasi-2D noncentrosymmetric tetragonal crystal: rotation C4z + reflection σy , k = (kx , ky )

Include two orbitals: 1D orbital + 2D orbital (oxide interfaces, 2D chalcogenides, ...)

▶ lower Γ1 orbital (pz , s) or Γ4 orbital (dxy )
▶ upper Γ5 orbital (px,y or dxz,yz )
▶ inter-orbital hybridization + SOC

no SOC with SOC
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Emergent Rashba SOC

Microscopic k · p Hamiltonian:

Ĥ(k) =

 ε1(k)σ̂0 −i ãkx σ̂0 − i b̃σ̂y −i ãky σ̂0 + i b̃σ̂x

i ãkx σ̂0 + i b̃σ̂y ε2(k)σ̂0 −ibσ̂z

i ãky σ̂0 − i b̃σ̂x ibσ̂z ε2(k)σ̂0



Schrieffer–Wolff transformation → effective Rashba SOC in the lower band subspace:

Ĥeff = ε(k)σ̂0 + γ(k) · σ̂

γ(k) = αR(ky ,−kx , 0), αR =
2ãb̃
Egap

Rashba SOC emerges from inter-orbital hybridization, at 2nd order in Ĥinter
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Effective spin current operator

Spin-current operator in the essential band subspace:

Ĵµ,i(k) = Ĵconv
µ,i (k) + δĴµ,i(k)

▶ Conventional contribution recovered:

Ĵconv
x,i =

ℏki

m∗ σ̂x +
αR

ℏ
δiy σ̂0

▶ Additional terms appear at the same perturbative order as the effective SOC:

δĴµ,i = − 2b̃2

E2
gap

ℏki

m
σ̂x − 2bã2

ℏE2
gap

(δix ky − δiy kx)σ̂y +
2bαR

E2
gap

ℏkiky

m
σ̂0

▶ These terms are essential for consistency
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Equilibrium spin current

Average spin current in uniform equilibrium: ⟨jx,y ⟩ = −⟨jy,x⟩ = Js

At T = 0: Js =

(
EF

Egap

)2 mb
πℏ3 αR − scales linearly with αR , depends on concentration

Non-conventional terms produce dominant effect:
Jours

s

Jconv
s

∝ EF

ESOC
≫ 1

Next steps: modified spin-current operator Ĵµ,i = Ĵconv
µ,i + δĴµ,i → correlators (spin Hall effect, etc)

boundary effects, spin current conversion/injection
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Summary

Conventional This work

Spin-current operator {vi , σµ}/2 {vi , σµ}/2 + δJi,µ

ESC scaling with SOC α3
R αR

ESC depends on electron concentration no yes

Interband effects not included included

▶ Spin transport is intrinsically multiband
▶ Virtual transitions survive in effective observables
▶ The conventional definition of the spin-current operator is generally incomplete
▶ Effective Hamiltonians alone are insufficient
▶ Interband corrections dominate the equilibrium spin current
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