Quantum dark bands and dynamical
ohase transitions
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Equilibrium vs Dynamical quantum phase
transitions

Quantum phase transition (equilibrium) Dynamical phase transition (non-equilibrium)
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First paper: M. Heyl, A. Polkovnikov, and S. Kehrein, Phys. Rev. Lett. 110, 135704 (2013).
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Loschmidt echo

L(t) = |<¢O‘¢t>‘2 zz:;:) = (o|e " H/ Plahy)

1
T(t) = — N 10g L(t) rate function With: / = tr e—ﬂH
(partition function)

or (t)=e g _ o BF _ BNS

dynamical phase transition: F= free energy
f=F/N= free energy density

A

At an equilibrium phase transition,
thermodynamic potentials such as
the free energy F' become
nonanalytic as a function of the
respective control parameter.

rate function \(t)
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Experiment showing dynamical phase transition following

a sudden quench

(a) Measured data for the Loschmidt echo rate function
(a) 0.8

A(t) at a = 0 and different system sizes as a function of
dimensionless time t = ht displaying clearly nonanalytic
behavior. The colored data points show A(t), obtained by
taking its dominant contribution A(t) = minn="",J An(t),
whereas the grey data points refer to the respective
subleading ones. (b) The experimental result for A(t) at a
larger interaction exponent a = 1.
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MODEL USED IN THIS TALK:

H = 0.0% +Q 2 : Oy Fully connected transverse field
IN 4 9 Ising model
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Dynamical Phase Transition: caustics in Fock space

Probability density in Fock space Loschmidt echo
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Rainbows: ray theory

fr‘om - sun

Input angle

C \ e T30
Deflection angle

Rainbow is a structurally stable caustic called a fold catastrophe described by catastrophe theory
Michael Berry, Singularities in waves and rays, Physics of Defects, vol XXXV,
ed R Balian (North-Holland Publishing) (1981)



Rainbows: wave theory

Airy fringes for one colour (e.g. yellow)

“WKB” (Thomas ! 2
Young 1803) = __hl‘}iold(f)l

Geometrical optics
(R. Descartes 1637)

8 -6 -4 -2 N) 2 4
Supernumerary arcs = Airy fringes made by white light
Airy function (GB Airy 1838)

G.B. Airy, On the intensity of light in the neighbourhood of a caustic, Trans. Camb. Phil. Soc. 6, 379 (1838)
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Double rainbows: ray theory
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Alexander of Aphrodisias, Commentary on Book |V of Aristotle’s Meteorology (circa AD 200)
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Double rainbow wave theory
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Quantum dark bands
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Dynamical Phase Transitions, Caustics, and Quantum Dark Bands

V. Link, W. T. Strunz, DOD
New J. Phys. 26, 103021 (2024)
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Quantum dark bands
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energy E/CQj impact parameter |Al/R

Quantum dark bands (and Alexander’s dark band) are structurally
stable and hence generic (according to catastrophe theory)

Duncan O'Dell McMaster University



Switching lines
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Conclusions

* Quantum dark bands are enclosed by caustics in Fock space

* Dynamical phase transition occurs when the Loschmidt echo
crosses the switching line between tails of back-to-back Airy
functions in Fock space

e Universality due to singularity (Airy functions)
* Close analogy between Alexander’s Dark Band in double

rainbows (back-to-back caustics)
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Catastrophe theory: structurally stable singularities

fold K=1

cusp K=2

elliptic umbilic K=3 hyperbolic umbilic K=3
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Wave catastrophes

1 >~
\Ilfold(C) = \/—2_7-‘-/ 62(83/3+CS) dS

= /27 Ai[C]

G.B. Airy, Trans. Camb. Phil. Soc. 6, 379 (1838)
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Berry, Nye & Wright, Phil. Trans. R. Soc. A. 291, 453 (1979)
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Natural focusing: caustics

Large scale structure of the
- universe
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Caustics and catastrophe theory

e Singular
 Structurally stable
* Generic (do not need fine tuning)

Duncan O'Dell McMaster University 18



Generating functions for catastrophes up to K=4

INAME | CODIMENSION K GENERATING FUNCTION

fold s3+Cs
cusp s4/4+ C,s%2/2+C;s
swallowtail s3/5+ C3s3/3+C,s2/2+C; s

elllptIC umbilic 513 -3 54 522' C3 (512+ 522) -Cys,+Cy s
hyperbolic umbilic

butterfly

$13+53-C3815,-C5,+Cy 54
s6/6+ C,s%/4 + C3s3/3+C,s2/2+Cy s

514 + 54 522+ Cy 522 + C3 512 +C,5,+Ci 59

A B W W WO N =

parabolic umbilic

R. Thom Structural Stability and Morphogenesis (Benjamin, 1975)

\
N

V.I. Arnold, Russ. Math. Survs. 30 (5) (1975) »,‘
s

=
e
rené thom




Self-similarity: scaling exponents

1/6 2/3 2/3

fold

cusp 1/4 3/4,1/2 5/4
swallowtail 3/10 4/5 , 3/5, 2/5 9/5
elliptic umbilic 1/3 2/3,2/3,1/3 5/3
hyperbolic umbilic  1/3 2/3,2/3,1/3 5/3
butterfly 1/3 5/6,2/3,1/2,1/3 7/3

parabolic umbilic 3/8 5/8,3/4,1/2,1/4 17/8



Quantum caustics
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Time (ms)

“Light” cones in quantum quench experiments

LETTER

Quasiparticle engineering and entanglement
propagation in a quantum many-body system

P. Jurcevic"?*, B. P. Lanyonl'z*, P. Hauke'?, C. Hempell‘z, P. Zoller"?, R. Blatt"? & C. F. Roos"?

doi:10.1038/nature13461

Time
evolution

Measured magnetization:{(o; (¢))
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LETTER

Light-cone-like spreading of correlations in a
quantum many-body system

Marc Cheneau’, Peter Barmettler?, Dario Poletti?, Manuel Endres’, Peter Schau®!, Takeshi Fukuhara', Christian Gross',
Immanuel Bloch"?, Corinna Kollath>* & Stefan Kuhr">

doi:10.1038/nature10748
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Figure 1 | Spreading of correlations in a quenched atomic Mott insulator.

Ca(t) = (8;(t)8j+a(?))
—(8;(£))(85+a(t))

d=6 N
0 ¢
0 0‘.4 OiB 1.‘2
Time, t (h/J)
Bose— H u b b a rd Syste m Figure 2 | Time evolution of the two-point parity correlations. After the
McMaster University 22



Light cones are caustics!

H = —JZO‘?O‘? — hZaf
(47) ¢
Transverse field Ising model

; 1 2Jg75 \* [P g (5..00) t—00 T\ ..
Ui (C75J) = 27rt1/3( o ) /a ds; en 21(53507) U5 <ﬁ) Ai

Cj(x,t) = 2(z /v — t)(g> 7 /V1)*/3 j={1,2} when {g > 1,9 < 1}
Y — 2‘],.1“9 0<|gl <1
THe 1<l g=nh/J

W. Kirkby, J. Mumford, and DOD, Phys. Rey, Resgarch 1, 033135 (201 e9r21ty

ncan
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Predict subdiffusive scaling of the wavefront (TFIM)

Local magnetization as a
function of position and
time on a spin chain

Slice at fixed position
on chain

Position, j — jo

10

15 20 25

10

Duncan O'Dell

15 20 25
Time, J**t
McMaster University

30

If wavefront spread
diffusively we would
expect t1/2

Monalisa Singh Roy, Jesse
Mumford, DOD, Emanuele G.
Dalla Torre

arXiv:2410.06803
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Caustics in Fock space: Triple-well Bose-Hubbard model
W. Kirkby, Y. Yee, K. Shi and DOD, Phys. Rev. Res. 4, 013105 (2022).

3 3

A o o o o o o U o .
H= —KL(aJ{az + agal) — KR(CL;G/?, + agaz) — KX(a,;al + a{ag) + 5 ni(f; — 1) + Zemi

classical

100 + (C)

quantum

quantum

501Jt/h=0.34
o L 100 ~
3 %
0.6 :
o
N 50
3 . O_
=
0 0l
. 0.2
7% Lo 501 —50 1
N ST TS a3 ~150 —100 —50 ndX 50 100 150 ~150 —100 —50 O 50 100 150
nx
nx =mnp —ns dng =ng — N/3 ..
Y J Initial state=Fock state
Initial state = coherent state
elliptic umbilic N=150, K;=Kz=4U, Kx=0

N=150, KL=KR=KX=U/100

can O'DeI McMaster University hyperbolic umb|I|c 25



Light cones on spin chains

‘\If(t» _ e—lHt/hbT ‘O _lekt/h|k
o= S

T/a .
Continuum approximation: Yeoa (33, t) = 2—\/6 / dk e1<I>(k:;ac,t) ®(k;x,t) = kx — ext/h
" L =kx — Ek/ﬁ
:(1/h)|d€k/dk“ 8@/8k:0 :%:vg
—>
Lieb-Robinson bound: VLR — mkaX |d€k/dk| 6‘2<I>/(%2 = (

Light cone conditions match conditions for a caustic!



Transverse field Ising model H=—] Z o N N Z 52

1Y )
(i7) t

Dispersion relation: €x = 2J\/(Cos(ka) —g)* + Sin2(ka) g = h/J

Generating function: ¢(k,z,t) = kx — 2Jt\/(cos(ka) — g)2 +sin*(ka) /A

Two coalescing stationary points: fold catastrophe

W. Kirkby, J. Mumford, and DOD, Phys. Rey, Resgarch 1, 033135 (201 grzity

ncan 27



TFIM light cone

Ci(z,t) =2(z/vr — t)(g2_j/\/i)2/3

-7:{]-72} when {g> ]-79< 1}

2Jag
ULR = § 27, O<lgl <1
=t 1<lg|

Wp;i(C75 J) ~

Jt/h
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0.00
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1 2795 \° /ﬁj
27Tt1/3 UIh o
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Self-similar scaling Arnold index Berry index

U p;(C95 ) T8 (%) Ai (%) CV

(4]
— Y(z,1)
0.5 : -
\ Uy (x 1) wix) Smgl.e Bogollubov
‘ guasiparticle
numerical results: _0.07 \\
IS
~—0.5] N
x) ’-‘\ Initial state = spin flip =
=_101 2 Px(XD)  syperposition of
Slope: 0.654 +0.003 ~w§ Bogoliubov quasiparticles
—1.57 RS
"»_,,‘
0 1 2 3

In(J/J"

T = oscillation period inside the light cone



Breaking integrability Heisenberg spin-1/2 chain

I:I)\ZI:IJC—I-)\I:II

Jonathon Erik
L—1 :
~ Riddell Sgrensen
Hp=J1) (S ]+1+hc)
j=1
A L—2 L—2
H; = AZSZS 0 Ry (SFSiahe) 0 8787,
i—1 7j=1 J=1
Out of time order correlator (OTOC): C(z,t) = ([A(t), B]T[A(t), B])
Choose: /Al(t) = 0‘1Z B=o z x = distance between sites 1 and m
L A
(. . > = average over thermal ensemble restricted to eigenstates with zero magnetization m, = Z(sz> =0
j=1
and =1

Duncan O'Dell McMaster University 30



OTOC dynamics

ETH case”

—2 Y3 i T :
Vai(@,t) ~ Va ( age(kc)t> et Ai(Z) *LeBlond et al Phys. Rev E 100, 062134 (2019)
Z = (z — vgt) [t03e(ke) /2| /* e(k) = 2J; cos ka

Along wavefront x= v ¢t amplitude decays as x?° and width
grows as ¢/

Riddell, Kifkby'DOD and Sotétiser/ PREY08, L121108 (2023) 31



Evidence for a quantum Kolmogorov-Arnold-Moser (KAM) theorem

=
20— . . = 1.6 .« o o
— om (@) 2 | . °
> 1.51 — x=o010 = 1.21 ®
a — =015 . Iz °
I 1.04 —_ =% = 0.8-
& | il = .
D 05/ ’g 0.4 °
= °
0.0 | | | 0.0 e ® | | | |
0 2 4 6 8 Z 00 02 04 06 08 1.0
t A

Hy=H;+ \H; Ji=-05 A=)\ Jo=-02)x =05\
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Hp=J1 ) (SJ+ 1t h-C) Hi =AY 5787, +1). (Sij;Q + h.c) +vy 87287,
Jj=1 j=1 j=1 j=1

Riddell, Kirkby"DOD and Séfensen, PRB108, L121108 (2023)
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Unkicked case: Josephson junction

Number difference
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Morphology of a quantum catastrophe

High 0.075
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Scaling of the inner cone
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Stability against decoherence

Quantum (no decoherence
decoherence)

classical
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A. Z. Goldberg, A. Al-Qasimi, ]. Mumford, and DOD, Phys. Rev. A 100, 063628 (2019)
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