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The Goal
Study

the dynamics of and fate of singularity
in the interior of a quantum black hole
using the relational approach (problem of time)
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The Problem of Time
Hamiltonian of gravity (+matter): combination of 1st class constraints H = uaCa

Time evolution of a phase space function O is

Ȯ = {O,H} ≈ ua {O, Ca}

But 1st class constraints generate gauge transformations

δO = ua {O, Ca}

So time evolution is pure gauge transformation Ȯ ≈ δO

The problem of time: All Dirac observables ({O, Ca} ≈ 0) are frozen in t

If {O, Ca} ≈ 0 ⇒ δO ≈ 0 ⇒ Ȯ ≈ 0

In quantum theory: ĤΨ = 0 ⇒ “Schrodinger equation” with no ∂Ψ
∂t

on the RHS

t =parameter of the gauge group of evolution e−itĤ .
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Ȯ = {O,H} ≈ ua {O, Ca}

But 1st class constraints generate gauge transformations

δO = ua {O, Ca}

So time evolution is pure gauge transformation Ȯ ≈ δO
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In quantum theory: ĤΨ = 0 ⇒ “Schrodinger equation” with no ∂Ψ
∂t

on the RHS

t =parameter of the gauge group of evolution e−itĤ .
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The Relational Approach
Deparametrized quantum relational method:

Divide the “global system” into two:

“System” S: a subset of DoF {qS , pS}
“Clock” C : another subset of DoF (qC , pC)

Hamiltonian constraint deparametrized;
Hilbert space a tensor product space

Ĥ =ĤC (pC) + ĤS (qS, pS)

Hkin =HS ⊗ HC

Evolution of some f̂ (qS, pS) (sometimes f̂ (qS, pS, qC , pC)) w.r.t. T̂ (qC , pC)
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Ideal Quantum Clock
An ideal quantum clock operator T̂ with clock states |t⟩:

1.
[
T̂ , ĤC

]
= ih̄ÎC globally valid on HC .

2. T̂ is self-adjoint
3. Clock states |t⟩: orthogonal eigenstates of T̂

T̂ |t′⟩ = t |t⟩

4. |t⟩ do not overlap ⟨t | t′⟩ = δ (t− t′)

5. Non-ideal clock T̂ : constructed out of POVMs; 2, 3, 4 not true



Ideal Quantum Clock
An ideal quantum clock operator T̂ with clock states |t⟩:

1.
[
T̂ , ĤC
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]
= ih̄ÎC globally valid on HC .

2. T̂ is self-adjoint
3. Clock states |t⟩: orthogonal eigenstates of T̂

T̂ |t′⟩ = t |t⟩

4. |t⟩ do not overlap ⟨t | t′⟩ = δ (t− t′)

5. Non-ideal clock T̂ : constructed out of POVMs; 2, 3, 4 not true



Physical States and Expectations

For a gauge-dependent operator f̂ , where
[
f̂ , Ĥ

]
̸= 0

, want to compute〈
F̂f,T (τ)

〉
phys

=

〈
Ψphys
ϕ

∣∣∣∣τ〉
kin

〈
τ
∣∣∣f̂ ∣∣∣Ψphys

ϕ

〉
kin

where F̂f,T (τ) =gauge-invariant extension of f̂ which represents the value of f̂ when T̂
takes value τ
for which we employ refined algebraic quantization, in which

Ψphys
ϕ =

1

2π

∫
R
ds Û † (s)ϕ ∀ϕ ∈ Φ = set of nice decaying functions ⊂ Hkin

F̂f,T (τ) =
1

2π

∫
R
ds Û(s)

(
|τ⟩ ⟨τ | f̂

)
Û †(s)

where Û(s) = e−isĤ
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Physical States and Expectations

For a gauge-dependent operator f̂ , where
[
f̂ , Ĥ
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Classical Interior Metric
Metric of the Schwarzschild interior

ds2 = −N2(λ)
a(λ)

b(λ)
dλ2 +

b(λ)

a(λ)
dx2 + a(λ)2dΩ2

Inside the BH
λ =timelike, x =spacelike N =lapse function

Corresponding GR action

S = α

∫
dλ

(
N − ȧḃ

N

)
, α =

v

4G
, and v :=

∫ xmax

xmin

dx
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Inside the BH
λ =timelike, x =spacelike N =lapse function

Solution
a =λ2, b =2GM − λ2 N2 =4a

The classical singularity at λ = 0,
for black hole solution: λ ∈ (−

√
2GM, 0]

for white hole solution: λ ∈ (0,
√
2GM ]
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Interior Hamiltonian
Momenta are

pa =− α
ḃ

N
, pb =− α

ȧ

N

Legendre transfirmation ⇒ Hamiltonian

H = −N
α

(
α2 + papb

)
To get a separable Hamiltonian

N → N̄ = −N
α
pa =⇒H = N̄H = N̄

(
α2

pa
+ pb

)

⇒ Separable Hamiltonian constraint: H = HC (pb) +HS (pa) = pb +
α2

pa

Clock: b
System: (a, pa)
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Interior Quantization: Hkin

Hkin: square-integrable functions of pa and pb

Hkin = Ha ⊗ Hb =L
2
(
R2, dpadpb

)
=

{
ψ : R2 → C

∣∣∣∣ ∫
R2

dpadpb ψ
∗ (pa, pb)ψ (pa, pb) <∞

}

Algebra

[â, p̂a] =ih̄Î,
[
b̂, p̂b

]
=ih̄Î,

and operators

âψ =ih̄
∂ψ

∂pa
, p̂aψ =paψ,

b̂ψ =ih̄
∂ψ

∂pb
, p̂bψ =pbψ.
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Interior Quantization: Clock States
The deparametrized quantum Hamiltonian constraint

Ĥ = p̂b + α2 1̂

pa

The clock Hilbert space and Hamiltonian is

HC :=Hb = L2 (R, dpb)
ĤC =p̂b

and the clock operator is
T̂ = b̂+ h̄ J

(
ĤC

)
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Ĥ = p̂b + α2 1̂

pa

The clock Hilbert space and Hamiltonian is

HC :=Hb = L2 (R, dpb)
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ĤC

)



Interior Quantization: Inverse Operator
Given

Ĥ = p̂b + α2 1̂

pa

naive representation of 1
pa

on Hkin is ill-defined (for ψ with support on pa = 0)

We look for nice ϕ that: decay to 0 faster than any pma for m ∈ Z
At pa → ±∞,
At pa → 0
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Interior Quantization: Seed Space Φ
Our nice functions (dense in Hkin) are

ϕ ∈ Φ = Da ⊗Db ⊂ Hkin

where the set of Thiemann-Neuser functions

Da = span
{
pnae

− p2a
2σ2 e

− σ̃2

2p2a

∣∣∣∣n ∈ Z, σ, σ̃ ∈ R\{0}
}
,

decay faster than any power of pna for n ∈ Z at both pa → ±∞ and pa → 0

and Db is the
set of Schwartz functions

Db =

{
χ
(m)
k (pb) ∼ pmb e

− p2b
2k2 , m ∈ N, k ∈ R\{0}

}
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Area of 2-Spheres
The operator associated to the area of 2-spheres in our metric

Â = 4πâ2

which is gauge-dependent [
â2, Ĥ

]
=
[
â2, 1̂

pa

]
̸= 0

For its gauge-invariant extension we get〈
F̂A,T (τ)

〉
phys

> 0

Also
Amin =4π (∆a)2

=4πℓ2p

(pp
σ

)2
, for large n
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Â = 4πâ2
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]
=
[
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Kretschmann Scalar
In the same way, for expectation value of the gauge-invariant version of K̂ = ̂RµνρσRµνρσ∣∣∣∣〈F̂K,T (τ)〉phys

∣∣∣∣ <∞

Thus
〈
F̂K,T (τ)

〉
phys

remains finite over the whole interior



Expansion Scalar
For congruence of radial null infalling geodesics
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=−Re
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〉
phys

This is a BH→WH bounce!
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Expansion Scalar
In fact numerical calculations confirms: classical singularity replaced by a bounce to a WH



Summary
We studied the interior of the Schwarzschild BH:

Relational approach
Standard Schrodinger representation
Thiemann-Neuser states to deal with inverse operators
Refined algebraic quantization

Computed 3 singularity-related gauge-invariant observables
Area of 2-spheres: strictly positive, proportional to ∆a
Kretschmann: regular everywhere
Expansion scalar: regular everywhere, changing sign at classical singularity

Singularity is replaced by a BH→WH bounce
It seems that the above ingredients resolve the singularity without the need to resort
to other types of quantization
But further works to challenge this is needed/welcome
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