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In empty AdS, a null geodesic cuts through the 
bulk in the same time it takes to go around!

Relativity in AdS/CFT

Δt = πR

In CFT, an axiom:
[𝒪, 𝒪′￼] = 0 spacelike

In bulk: gravity can’t 
 allow faster-than-light 
 signaling!

[Gao-Wald, …]
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CFT / S-matrix bootstrap
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Figure 4: The flat-space limit of a scattering process in AdS5⇥ S5 map to one in R10. In
the flat-space limit, the dilaton has � = 4. We conjecture that the ten-dimensional dilaton
correlator G10 can be projected to a AdS5⇥ S5 correlator by a suitable differential operator
Dp1p2p3p4 acting on G10.

dimensional dilaton most naturally map to correlators of Lpi , the most natural guess would
be H̃ = �(8)H as defined in section 3.3. However, to reveal its hidden conformal symmetry,
we had to divide the 10D tree amplitude by the dimensionless “coupling” GN�16(Q)/16,
which eqs. (5.4) and (5.5) suggest to identify as a multiple of �(8)/c. Thus a better guess is
to divide the order 1/c dilaton correlator by �(8) and thus consider H itself, which turns out
to be a correct prediction. We have to bear in mind that this division is ill-defined however
unless one cancels the protected contributions killed by �(8); a simple work-around is to
subtract the free correlator. The correct guess for the functions H̃ which satisfies eq. (5.13),
including a normalization factor, thus turns out to be:
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If this sequence were to continue at loop level supergravity, a natural form of the next term
would be H̃(2)

pqrs = 1
�(8) (H

(2)
pqrs �H(2)free

pqrs ), but we leave this for further study.
Eqs. (5.13) and (5.15), independent of their origins, yield precise and testable relations

among tree-level correlators.

5.3 Checking the conjecture from the calculated correlators

Let us first check the relation for the disconnected correlator H̃(0). According to eq. (3.17)
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For spacelike ,x2 − x3

⟨0 |𝒪4 [𝒪2, 𝒪3] 𝒪1 |0⟩ = 0

yields bootstrap eq.:

Δ, ℓ =
1
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For a holographic CFT*, imply constraints from 
S-matrix analyticity [SCH, Mazac, Rastelli& Simmons-Duffin ‘21]

*a CFT where all contributions from spin  have large ℓ > 2 Δ > Δgap
higher−spin

[Heemskeerk-Penedones-Polchinksi-Sully 09]



Constraints on GR modifications
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S =∫
−g

GN
(R + λRiem2+… + (∂ϕ)2 + gϕRiem2 + …)

[SCH, Li, Parra-Martinez& Simmons-Duffin ’22]2

- In d=5 flat space: |λRiem2 | ≤ ≈11.5/M2
higher−spin

  In :↔ AdS5/CFT4 |a − c | /c ≤ ≈23/(Δgap
higher−spin)

2

Mass of first fundamental* particle of spin ≥ 4
 *decays to two-gravitons with strength > #M2 GN

- In d=4: λRiem3 ≤ 25/M8
higher−spin log(M/μIR)

gϕRiem2 ≤ #/M4
higher−spin log(M/μIR)

…

[Camanho,Edelstein,Maldacena& Zhiboedov ’14]



Why extend to other, non-AdS 
geometries?
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- Do CFT axions imply Einstein’s equation 
beyond  scattering in vacuum?2 → 2

- For fun: how would one measure bulk 
geometry from experiments at boundary?

- Constrain CFT correlators in non-conformal 
states ( ) or QFTs with RG flowsT ≠ 0



1. Context and motivation 
- bounds from thought experiments in empty AdS 

2. Simple experiments on a holographic system that 
measure its geometry 

3. WKB description and bulk amplitudes 

4. Bulk geometry from  “boundary hyperboloids”

6
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A holographic poster hangs on a wall…

x
Suppose we had a 2+1-dimensional 
sheet of “holographic material".

Hang it on a wall and throw 
electrons at it.

5
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x
Suppose we had a 2+1-dimensional 
sheet of “holographic material".

Hang it on a wall and throw 
electrons at it.

Particle absorbed by holographic 
sample would produce a circular 
wave of energy spreading at c’

5

[Hofman-Maldacena ’08]

A holographic poster hangs on a wall…



z

We can think of it as the image of a point 
 in imagined negatively curved spacetimee′￼

x

⇒

⇒

⇒

⇒

depth z = size of boundary imprint

y
x

e′￼ Particle absorbed by holographic 
sample would produce a circular 
wave of energy spreading at c’

6

[Hofman-Maldacena ’08]

A holographic poster hangs on a wall…



z
Send in two particles sideways!

Nonzero probability that one electron 
bounces back after some  !Δt

7

Actually probing the bulk dynamics

Optical properties (stereography etc) 
exactly as if event happened behind 
screen



z
Send in two particles sideways!

Nonzero probability that one electron 
bounces back after some  !Δt

7

Actually probing the bulk dynamics

would be amazing to see!

Today’s goal: measure (not “reconstruct”) bulk metric 
from such experiments

Optical properties (stereography etc) 
exactly as if event happened behind 
screen
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Figure 1: Surfaces S1 and S2 intersecting an incoming wavepacket.

with an appropriate tunneling factor. In fact, the boundary behavior (6)

acquires a term

rν→2 , ν = (M2R2 + 4)1/2 , (10)

while the factor of r4 in the operator relation (9) becomes r2+ν . The integral

on S2, and the corresponding integral for outgoing particles, are then

αωe→ = 2ν
∫

dt d3x̂G→(t + π/2, |x̂ + e|)e→iωtÔ(t, x̂)

αωe+ = 2ν
∫

dt d3x̂G+(t → π/2, |x̂→ e|)e→iωtÔ(t, x̂) . (11)

These express the bulk creation and annihilation operators in terms of the

operators in the boundary gauge theory. Incidentally, the solution φωe is non-

6

Wavepacket scattering

Consider a (d + 2)-point correlation function with generic boundary points given by null

XI
a → R2,d (a = 1, . . . , d + 2). The singularity we are interested in happens when x ≡

detXI
a = 0. Notice that x = 0 defines a codimension-one subspace in the space of cross-

ratios.

A null vector X representing a boundary point is defined modulo rescaling X ∼ ωX ,

ω → R+. Hence, x = detXI
a itself is not a well-defined cross-ratio, but instead transforms

with weight 1 under rescaling of each of the individual XI
a ’s. To define a cross-ratio, we

can divide by appropriate factors to form a projective invariant, e.g.,

x̂ =
x

((↔2X1 ·X2)(↔2X2 ·X3) · · · (↔2Xd+2 ·X1))1/2
. (3.2)

Objects with nonzero weight appear throughout the discussion in this section, but physical

results are always projective invariants. For d = 2, we have

x̂ = ↔ z ↔ z̄

4z(1↔ z)
+O((z ↔ z̄)2) (3.3)

so that x = 0 is the same as z ↔ z̄ = 0, as described in section 2.1.

Fig. 2: An example arrangement of boundary points that leads to a singularity.

X1 and X2 are at time →π/2 on diametrically opposite sides of the Lorentzian
cylinder. The remaining points X3, . . . , Xd+2 are at time π/2 and arranged at

generic directions on Sd. In this configuration, lightlike particles can propagate

into the bulk from X1, X2, scatter at P , and propagate out to X3, . . . , Xd+2.
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[Polchinski '99] [Maldacena, Simmons-Duffin& 
Zhiboedov '15]

vs.

•  Each boundary wavepacket picks a bulk lightray 
 (contrast with boundary   bulk lightcone)𝒪(x) ↔
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Figure 1: (a) The past and future lightcone of a bulk point X define boundary hyperboloids
H±(X) along which correlators can display singular features. (b) The inclusive expectation value
→0|Pγγ†P †|0〉, where P †/P and γ†/γ create/absorb a probe and a pulse of light, respectively.
Varying one point holding the other three fixed gives a simple way of observing H±(X).

Applications of these ideas have remained relatively scarce. In our opinion, this may be partly
due to the relative complexity of the procedure described in [9], which required studying corre-
lators of (at least) d + 2 points [6, 8]. Intuitively, this is because a local operator inserted at a
boundary point emits a non-directional wavefront that spreads into the bulk at the speed of light
(considering massless fields). The intersection of d+ 1 such wavefronts generically singles out a
unique bulk point, but an additional one must be fine-tuned in order to observe a sharp feature.

More straightforward methods to measure bulk lightcones and their associated boundary hyper-
boloids have been described recently [12]. The radar camera described there consists of sending
a probe particle with a directional wavepacket that localizes it to a single null geodesic, together
with a pulse of light; one then observes the reflected light. The probe and pulse generically
intersect at a single bulk point X, and the reflected light creates a boundary signal on H+(X).
In this experiment, the final state of the probe is traced over: what happens to the probe after
light is reflected off it is not observed.

The essential novel ingredients in this setup are the use of directional wavepackets (also used in
early discussions of bulk-point singularities [2, 3]), and of in-in or “inclusive” (non-time-ordered)
correlators to trace over the final state of a probe. The radar camera can be modeled as a
four-point correlator with three points approaching H−(X) and one point approaching H+(X),
see figure 1b. While [12] focused on certain coincidence limits, a general factorization formula
expressing singular features when multiple operators approach the hyperboloid of a common bulk
point will be described in coming work [13].

In this paper, we take it as a given that the hyperboloids H±(X) are observable in the boundary
theory, and our goal will be to characterize their geometry. We will work out a general Hamilton-
Jacobi description of these surfaces, analyze them in explicit examples, and study how bulk
causality constrains their shapes.

Although we focus on asymptotic AdS boundaries, our considerations could apply to other bound-
aries, real or artificial, such as null infinity in Minkowski space or small tubes surrounding local
observers.

2

Wavepacket correlators peak 
when all boundary points approach the 
lightcone of a common bulk point X


= (lightcone from X)  (boundary)


"boundary hyperboloids"

H±(X) ∩

Shape of hyperboloids determines bulk conformal metric
[Englehardt& Horowitz ’16-…]

Geometry of wavepacket scattering
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Setup
• Start with state  dual to a classical asymptotical AdS 

geometry: the “background” around which we expand

• Add particle excitations that follow 
localized trajectories to ‘X’

• Neglect long-range interactions 
while particles well=separated*

• Neglect spacetime curvature in 
neighbourhood of X

|Ψ⟩
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P P †
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Figure 1: (a) The past and future lightcone of a bulk point X define boundary hyperboloids
H±(X) along which correlators can display singular features. (b) The inclusive expectation value
→0|Pγγ†P †|0〉, where P †/P and γ†/γ create/absorb a probe and a pulse of light, respectively.
Varying one point holding the other three fixed gives a simple way of observing H±(X).

Applications of these ideas have remained relatively scarce. In our opinion, this may be partly
due to the relative complexity of the procedure described in [9], which required studying corre-
lators of (at least) d + 2 points [6, 8]. Intuitively, this is because a local operator inserted at a
boundary point emits a non-directional wavefront that spreads into the bulk at the speed of light
(considering massless fields). The intersection of d+ 1 such wavefronts generically singles out a
unique bulk point, but an additional one must be fine-tuned in order to observe a sharp feature.

More straightforward methods to measure bulk lightcones and their associated boundary hyper-
boloids have been described recently [12]. The radar camera described there consists of sending
a probe particle with a directional wavepacket that localizes it to a single null geodesic, together
with a pulse of light; one then observes the reflected light. The probe and pulse generically
intersect at a single bulk point X, and the reflected light creates a boundary signal on H+(X).
In this experiment, the final state of the probe is traced over: what happens to the probe after
light is reflected off it is not observed.

The essential novel ingredients in this setup are the use of directional wavepackets (also used in
early discussions of bulk-point singularities [2, 3]), and of in-in or “inclusive” (non-time-ordered)
correlators to trace over the final state of a probe. The radar camera can be modeled as a
four-point correlator with three points approaching H−(X) and one point approaching H+(X),
see figure 1b. While [12] focused on certain coincidence limits, a general factorization formula
expressing singular features when multiple operators approach the hyperboloid of a common bulk
point will be described in coming work [13].

In this paper, we take it as a given that the hyperboloids H±(X) are observable in the boundary
theory, and our goal will be to characterize their geometry. We will work out a general Hamilton-
Jacobi description of these surfaces, analyze them in explicit examples, and study how bulk
causality constrains their shapes.

Although we focus on asymptotic AdS boundaries, our considerations could apply to other bound-
aries, real or artificial, such as null infinity in Minkowski space or small tubes surrounding local
observers.

2

*ask me later



Boundary wavepackets

15

Ox,p,σ = ∫ ddδx ψp,σ(δx) O(x + δx)

ψp,σ(δx) = exp (−ipμδxμ −
1
2

σ−1
μν δxμδxν)

Gaussians with given center, momentum and width

Use  to create bulk excitation starting 
from boundary point 

O†
p,σ(x) |Ψ⟩

x
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x, p

z → 1/|p|

X,P

Figure 4: Evolution of a wavepacket into the bulk: the wavy blue line represents the WKB
regime, where the field undergoes rapid oscillations, while the red line marks the region near the
boundary where the WKB approximation breaks down. The WKB approximation is used in the
blue region to compute the propagator in non-trivial geometries.

more details) and then discuss the first subleading corrections, which will determine the overall
normalization of correlators.

We start with the well-known worldline action for a relativistic particle of mass m:

S[X, ω] =
1

2

∫
dε

(
gMN

ω

dXM

dε

dXN

dε
→ ωm2

)
, (3.4)

which is invariant under reparametrizations ω dε = ω→ dε→. Eliminating the einbein ω using its
equation of motion would reduce this to the more familiar worldline action, namely (minus) the
mass times the proper time along the trajectory. The form (3.4) will be advantageous to discuss
the massless limit.

Let us focus on the value of the action (3.4) evaluated on a classical solution. A general variation
yields the (vanishing) equations of motion plus boundary terms:

ωXS[X, ω] =
1

ω

[
gMN

dXM

dε
ωXN

]Xf

Xi

(around a classical solution). (3.5)

In the Hamilton-Jacobi formalism, classical trajectories are parametrized in terms of their two
endpoints, thus defining a function S(Xi;Xf ). Its variations are, therefore:

ωS(Xi;Xf ) = Pf · ωXf → Pi · ωXi, (3.6)

where the momentum is defined as:

PM = gMN
dXN

dϑ
where dϑ = ω dε. (3.7)
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act here

• Bulk wavefunction:

ϕx,p,σ(X) = ⟨Ψ |ϕ(X) O†
p,σ(x) |Ψ⟩

• Assume WKB in bulk (geometric optics)

• Use exact solution near AdS boundary (where WKB fails) 
  (apart from that factor, similar formulas for other ‘boundaries’: 
   infinity in Minkowski, tube around a local observer, etc)



Bulk WKB wavefunction

• Neglecting bulk interactions on the way to X, 
need to solve wave equation in bulk, e.g. 
 

      

• Compute using single-particle path integral: 
 

         

∂MgMN −g∂N ϕx,p,σ(X) = 0

ϕx,p,σ(Xf) ∝ ∫
Xf

′￼x, p, σ′￼

DX eiS

17



Worldline action

• Equivalent to  but smooth massless limit−mτ

x, p

z → 1/|p|

X,P

Figure 4: Evolution of a wavepacket into the bulk: the wavy blue line represents the WKB
regime, where the field undergoes rapid oscillations, while the red line marks the region near the
boundary where the WKB approximation breaks down. The WKB approximation is used in the
blue region to compute the propagator in non-trivial geometries.

more details) and then discuss the first subleading corrections, which will determine the overall
normalization of correlators.

We start with the well-known worldline action for a relativistic particle of mass m:

S[X, ω] =
1

2

∫
dε

(
gMN

ω

dXM

dε

dXN

dε
→ ωm2

)
, (3.4)

which is invariant under reparametrizations ω dε = ω→ dε→. Eliminating the einbein ω using its
equation of motion would reduce this to the more familiar worldline action, namely (minus) the
mass times the proper time along the trajectory. The form (3.4) will be advantageous to discuss
the massless limit.

Let us focus on the value of the action (3.4) evaluated on a classical solution. A general variation
yields the (vanishing) equations of motion plus boundary terms:

ωXS[X, ω] =
1

ω

[
gMN

dXM

dε
ωXN

]Xf

Xi

(around a classical solution). (3.5)

In the Hamilton-Jacobi formalism, classical trajectories are parametrized in terms of their two
endpoints, thus defining a function S(Xi;Xf ). Its variations are, therefore:

ωS(Xi;Xf ) = Pf · ωXf → Pi · ωXi, (3.6)

where the momentum is defined as:

PM = gMN
dXN

dϑ
where dϑ = ω dε. (3.7)
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•  = action of on-shell path from  to S(Xi; Xf) Xi Xf

• Bulk momentum:

is satisfied, leaving the variation of the on-shell action as:

ωS(Xi;Xf ) = Pf · ωXf → Pi · ωXi, (2.5)

where the momentum is defined as:

PM = gMN
dXN

dω
, where dω = ε dϑ. (2.6)

Here, ω is an a!ne parameter along the geodesic. The reparametrization dϑ = ε
→1dω ensures

that this momentum definition applies consistently to both massive and massless particles. The
momentum satisfies the mass-shell condition, derived from the einbein equation of motion:

g
MN

PMPN +m
2 = 0. (2.7)

In the Hamilton-Jacobi formalism, the on-shell action S(Xi;Xf ) in (2.5) is treated as a function
of the two endpoints and is to be evaluated by finding a classical solution connecting them. For
a massive particle, such a geodesic generically exists and any variation can be considered. There
can be situations where multiple geodesics connect the same endpoints; we omit this from our
notations since our considerations apply to each solution separately.

In the massless case, the action (2.2) is identically zero on-shell, and (2.5) is best viewed as a
constraint that any on-shell endpoint variation must satisfy:

0 = Pf · ωXf → Pi · ωXi (massless case). (2.8)

In particular, if one considers a family of null geodesics that emanate from a fixed point Xi, then
the other endpoint can only move in the directions that are orthogonal to Pf , i.e., Pf · ωXf = 0.
This property of the moduli space of null geodesics will be important in section 3.

As discussed in the introduction, it is natural to integrate boundary correlators against direc-
tional wavepackets. An ideal wavepacket has localization in both position and momentum. For
the Hamilton-Jacobi problem, it turns out to be most convenient to perform a canonical trans-
formation and fix the boundary momentum. More precisely, we consider geodesics whose first
endpoint lies in the asymptotic boundary of spacetime and we fix the components pµ of its
momentum that are parallel to the boundary:2

S(p;X) ··= [S(x;X) + pµx
µ]xµ=xµ(p;X) (2.9)

where x
µ(p;X) is found by finding a bulk geodesic (if it exists) that passes through the bulk

point X
M and reaches the boundary with momentum pµ.

The action S(p;X) is no longer identically zero for massless particles, and its variations with
respect to X are now unconstrained even in the massless case. The boundary momentum does
not satisfy any mass shell constraint, but it should normally be timelike.

The complete information about boundary hyperboloids is contained in the Hamilton-Jacobi

2 We take the boundary to be flat Minkowski space. If the boundary is a nontrivial manifold, xµ should be
viewed as local coordinates in a neighborhood of the classical path under consideration.

4

(dλ = ηdσ)

(= Noether charge if symmetries, 
but symmetries not needed)

• Satisfies  gMNPMPN + m2 = 0

PM = gMN(X)
dXN

dλ
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Hamilton-Jacobi function
• Canonical transformation: fix 

boundary momentum  and bulk position p X

S(p; X) = [S(x; X)+pμxμ]xμ=xμ(p;X)

• Procedure: find geodesic emanating from  that 
hits boundary with momentum  [parallel to bdy]

X
pμ

• A nontrivial function in massless case 
[unlike =0 which is only defined for null-separated points]S(Xi; Xf )

• Definition uniformly applies to massive case 
[complex boundary endpoint : quantum tunneling]xμ
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ωP

ωp

ωx

X

x

Figure 2: Future branch of a boundary hyperboloid x
µ(p;X). Points along the hyperboloid are

labeled by the boundary shooting momentum pµ, which coincides with the surface normal and
determines the bulk momentum PM . Varying X creates a di!erent hyperboloid.

formula for the extrinsic curvature of a surface is:4

K̃
µ̇ω̇(p,X) = →nε↑µ̇ωx

ε

ωpω̇
= →nε

(
ω
2
x
ε

ωpµ̇ωpω̇
+ !ε

µω
ωx

µ

ωpµ̇

ωx
ω

ωpω̇

)
, (2.21)

where here nε = pε/
√
→p2 is the unit normal to the curve. The Christo!el symbol !ε

µω vanishes
for a flat Minkowski boundary, and by adding a derivative of (2.20), we can simplify the above
expression as

K̃
µ̇ω̇ =

1√
→p2

ωx
µ̇(p;X)

ωpω̇
=

1√
→p2

ω
2
S(p;X)

ωpµ̇ωpω̇
(Minkowski boundary). (2.22)

In other words, the apparent depth of a bulk point (as would be perceived from two adjacent
eyes at the boundary) is the curvature radius of the hyperboloid. It is not necessarily constant
nor isotropic along the hyperboloid.

3 Examples of boundary hyperboloids

Each bulk point X uniquely determines a set of points on the conformal boundary that are
lightlike separated from it, forming what we refer to as boundary hyperboloids H

±(X). These
hyperboloids have two branches: the future branch, representing the projection of the point’s
future lightcone onto the conformal boundary, and the past branch, arising from the past light-

4 Here, we treat the boundary momenta as coordinates on the hyperboloid, and to avoid confusion, we use
dotted indices for these coordinates.

7

 encodes all optical properties of bulk seen 
from boundary.
S(p; X)

function (or WKB phase) S(p;X) defined in (2.8). It depends on a boundary shooting momentum
pµ and bulk point X

M . The canonically conjugate boundary position and bulk momentum are
encoded in the derivatives of S:

x
µ(p;X) =

ωS(p;X)

ωpµ
, and PM (p;X) =

ωS(p;X)

ωXM
. (2.10)

In practice, we will distinguish the past and future branches H
±(X) from the sign of p0.

2.1.1 Geodesic equation from Hamilton-Jacobi
3

As mentioned, the function S(p;X) generally satisfies

g
MN (X)

ωS

ωXM

ωS

ωXN
+m

2 = 0, (2.11)

where g
MN (X) is some non-degenerate inverse metric in the bulk. (In most of the paper we set

m = 0 but we keep it here for future reference.) Here we explain how this relation su!ces to
recover the bulk geodesic equation.

Starting from the boundary curves x
µ(p;X), it is natural to look for bulk point displacements

ωXM that leave the boundary endpoint x
µ and pµ unchanged. From the first of (2.10), this

implies that
ω
2
S(p;X)

ωpµωX
M

ωXM = 0 for ωX that fixes x and p. (2.12)

Now, di"erentiate (2.11) with respect to pµ:

0 =
ω
2
S(p;X)

ωpµωX
M

g
MN (X)PN = 0. (2.13)

Provided that the second derivative has the maximal possible rank, d, the two equations imply
that

ωXM → g
MN (X)PN . (2.14)

Thus, bulk points associated with the same boundary endpoint necessarily move along P
M . We

would like to show that they follow geodesics. For a given x
µ and pµ, consider the one-parameter

family X
M (ε) of bulk points determined by:

dXM

dε
= g

MN (X)
ωS(p;X)

ωXN
. (2.15)

Di"erentiating with respect to ε gives

d2XM

dε2
= ↑g

MN ωgNL

ωXK

dXK

dε

dXL

dε
+ g

MN ω
2
S

ωXNωXP

dXP

dε
. (2.16)

3 The discussion in this subsection can be safely skipped on the first reading.

5

parametrizes boundary hyperboloid 
(intersection of light cone from  with 
boundary) in terms of normal  .

X
pμ

function (or WKB phase) S(p;X) defined in (2.8). It depends on a boundary shooting momentum
pµ and bulk point X

M . The canonically conjugate boundary position and bulk momentum are
encoded in the derivatives of S:

x
µ(p;X) =

ωS(p;X)

ωpµ
, and PM (p;X) =

ωS(p;X)

ωXM
. (2.10)

In practice, we will distinguish the past and future branches H
±(X) from the sign of p0.

2.1.1 Geodesic equation from Hamilton-Jacobi
3

As mentioned, the function S(p;X) generally satisfies

g
MN (X)

ωS

ωXM

ωS

ωXN
+m

2 = 0, (2.11)

where g
MN (X) is some non-degenerate inverse metric in the bulk. (In most of the paper we set

m = 0 but we keep it here for future reference.) Here we explain how this relation su!ces to
recover the bulk geodesic equation.

Starting from the boundary curves x
µ(p;X), it is natural to look for bulk point displacements

ωXM that leave the boundary endpoint x
µ and pµ unchanged. From the first of (2.10), this

implies that
ω
2
S(p;X)

ωpµωX
M

ωXM = 0 for ωX that fixes x and p. (2.12)

Now, di"erentiate (2.11) with respect to pµ:

0 =
ω
2
S(p;X)

ωpµωX
M

g
MN (X)PN = 0. (2.13)

Provided that the second derivative has the maximal possible rank, d, the two equations imply
that

ωXM → g
MN (X)PN . (2.14)

Thus, bulk points associated with the same boundary endpoint necessarily move along P
M . We

would like to show that they follow geodesics. For a given x
µ and pµ, consider the one-parameter

family X
M (ε) of bulk points determined by:

dXM

dε
= g

MN (X)
ωS(p;X)

ωXN
. (2.15)

Di"erentiating with respect to ε gives

d2XM

dε2
= ↑g

MN ωgNL

ωXK

dXK

dε

dXL

dε
+ g

MN ω
2
S

ωXNωXP

dXP

dε
. (2.16)

3 The discussion in this subsection can be safely skipped on the first reading.

5

corresponding bulk 
momentum near  .X
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x, p

z → 1/|p|

X,P

Figure 4: Evolution of a wavepacket into the bulk: the wavy blue line represents the WKB
regime, where the field undergoes rapid oscillations, while the red line marks the region near the
boundary where the WKB approximation breaks down. The WKB approximation is used in the
blue region to compute the propagator in non-trivial geometries.

more details) and then discuss the first subleading corrections, which will determine the overall
normalization of correlators.

We start with the well-known worldline action for a relativistic particle of mass m:

S[X, ω] =
1

2

∫
dε

(
gMN

ω

dXM

dε

dXN

dε
→ ωm2

)
, (3.4)

which is invariant under reparametrizations ω dε = ω→ dε→. Eliminating the einbein ω using its
equation of motion would reduce this to the more familiar worldline action, namely (minus) the
mass times the proper time along the trajectory. The form (3.4) will be advantageous to discuss
the massless limit.

Let us focus on the value of the action (3.4) evaluated on a classical solution. A general variation
yields the (vanishing) equations of motion plus boundary terms:

ωXS[X, ω] =
1

ω

[
gMN

dXM

dε
ωXN

]Xf

Xi

(around a classical solution). (3.5)

In the Hamilton-Jacobi formalism, classical trajectories are parametrized in terms of their two
endpoints, thus defining a function S(Xi;Xf ). Its variations are, therefore:

ωS(Xi;Xf ) = Pf · ωXf → Pi · ωXi, (3.6)

where the momentum is defined as:

PM = gMN
dXN

dϑ
where dϑ = ω dε. (3.7)
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⟨Ψ |ϕ(X) O†
p(x) |Ψ⟩

Solution for bulk wavefunction

WKB approximation. Substituting (3.22) into (3.25) we get:

ω±
p (z) = C±

!,p

(
zd→1

2

√
→p2

) 1
2

exp

(
±i

√
→p2z +O

(
1

|p|

))
. (3.28)

We see that the z-dependence matches precisely the WKB expression (3.19), including the empty
AdS van Vleck-Morette determinant (3.18)! The outcome of this exercise is the constant C±

!,p:

C±
!,p = e

±iω!

√√√√ 2ε
d
2+1

!(”)!
(
”→ d

2 + 1
)
(√

→p2

2

)!→ d
2

, with ϑ! =
ε

4
(d→ 1→ 2”). (3.29)

Thus, the full solution can be expressed as

ω±
p (X) = C±

!,p

√
D(p;X) exp

(
ipµX

µ ± i

√
→p2z +O

(
1

|p|

))
. (3.30)

This is valid in empty AdS. However, it can be immediately generalized to an arbitrary asymptot-
ically AdS spacetime provided that the WKB approximation deep in the bulk connects smoothly
with the AdS region. The complete version of the proposal (3.19) is thus:

↑#|$(X)O†
p|#↓ = C±

!,p

√
D(p;X) exp(iS(p;X)), (3.31)

where S(p;X) defined in (3.9) is the classical action of a null geodesic with momentum pµ at the
boundary and which reaches the bulk point X.

Here, C±
!,p encapsulates both the normalization and the WKB phase shift, and depends solely

on the dimension ” of the boundary operator and its momentum p. This universality governs
the near-boundary region, where the WKB approximation breaks down. Beyond this region and
deeper into the bulk, the waveform can be evolved using standard WKB techniques and is fully
determined by the S and D factors.

In a neighborhood of X we can approximate the exponent as a plane wave:

exp(iS(p;X + ωX)) = exp
(
iS(p;X) + iPMωXM

+O(ωX2
)
)
. (3.32)

Comparing with the local mode expansion (2.4), which gives

↑#|$(X + ωX) a†X,P |#↓ = e
iP ·ωX ,

we conclude that inserting O†
p in the boundary is equivalent (as far as the bulk dynamics near

X is concerned) to inserting a bulk creation operator near X:

O†
p ↔

√
D(p;X) e

iS(p;X) ↗
{
C+
!,pa

†
X,P , if O† is in the past of X,

C→
!,pb

†
X,P , if O† is in the future of X.

(3.33)

This is the crucial relation that we will use to relate boundary correlation functions to bulk
scattering amplitudes. The Hermitian conjugate of this equation is also valid and relates Op to
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det
∂2S

∂pμ∂XN

Hamilton-
Jacobi 

function
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Morette 

determinant

Normalization 
from AdS 
boundary



Main result: n-point correlators

H+(X)

H−(X)

X

(a)

H+(X)

H−(X)

X

γ

P P †

γ†

(b)

Figure 1: (a) The past and future lightcone of a bulk point X define boundary hyperboloids
H±(X) along which correlators can display singular features. (b) The inclusive expectation value
→0|Pγγ†P †|0〉, where P †/P and γ†/γ create/absorb a probe and a pulse of light, respectively.
Varying one point holding the other three fixed gives a simple way of observing H±(X).

Applications of these ideas have remained relatively scarce. In our opinion, this may be partly
due to the relative complexity of the procedure described in [9], which required studying corre-
lators of (at least) d + 2 points [6, 8]. Intuitively, this is because a local operator inserted at a
boundary point emits a non-directional wavefront that spreads into the bulk at the speed of light
(considering massless fields). The intersection of d+ 1 such wavefronts generically singles out a
unique bulk point, but an additional one must be fine-tuned in order to observe a sharp feature.

More straightforward methods to measure bulk lightcones and their associated boundary hyper-
boloids have been described recently [12]. The radar camera described there consists of sending
a probe particle with a directional wavepacket that localizes it to a single null geodesic, together
with a pulse of light; one then observes the reflected light. The probe and pulse generically
intersect at a single bulk point X, and the reflected light creates a boundary signal on H+(X).
In this experiment, the final state of the probe is traced over: what happens to the probe after
light is reflected off it is not observed.

The essential novel ingredients in this setup are the use of directional wavepackets (also used in
early discussions of bulk-point singularities [2, 3]), and of in-in or “inclusive” (non-time-ordered)
correlators to trace over the final state of a probe. The radar camera can be modeled as a
four-point correlator with three points approaching H−(X) and one point approaching H+(X),
see figure 1b. While [12] focused on certain coincidence limits, a general factorization formula
expressing singular features when multiple operators approach the hyperboloid of a common bulk
point will be described in coming work [13].

In this paper, we take it as a given that the hyperboloids H±(X) are observable in the boundary
theory, and our goal will be to characterize their geometry. We will work out a general Hamilton-
Jacobi description of these surfaces, analyze them in explicit examples, and study how bulk
causality constrains their shapes.

Although we focus on asymptotic AdS boundaries, our considerations could apply to other bound-
aries, real or artificial, such as null infinity in Minkowski space or small tubes surrounding local
observers.

2

equal to bulk scattering amplitude  
integrated against calculable Gaussian: 

•Similar formula for inclusive (OTOC) correlators/amplitudes

CFT wavepacket correlator near :H±

the point X is concerned, the result is equivalent to inserting creation or absorption operators
near X. We repeat the main formula (3.42) for convenience:

O†
x→
j ,pj ,ωj

→
∫

d
d+1Pj

(2ω)d
√
↑g(X)

ε
(
P 2
j +m2

j

)
ϑ̃bulk
xj ,pj ,ωj ;X(Pj) a

†
X,Pj

, (4.1)

where the bulk wavepacket (see (3.47)) is peaked around the momentum P (xj , pj) of a classical
geodesic connecting xj to (near) X.

An idealized bulk scattering process then occurs if the following two conditions are met. First,
the bulk wavepackets should not overlap except in a neighborhood of X. Second, long-range
bulk interactions should be negligible. These assumptions ensure that we can propagate the
excitations freely and independently up to X; generalizations will be discussed below.

Under these ideal conditions, it is straightforward to generalize (4.1) to multipoint correlators.
For example, to realize a m ↓ n process near X, it su!ces to choose m shooting positions and
momenta (xj , pj) in the past of X, and n similar pairs in its future, and to consider the boundary
correlator:

↔!|
m+n∏

j=m+1

Ox+
j ,pj ,ωj

m∏

j=1

O†
x→
j ,pj ,ωj

|!↗ ↘
∫

[
∏

dPj ϑj ] ↔0|bX,Pm+n . . . bX,Pm+1a
†
X,Pn

. . . a†X,P1
|0↗bulk ,

(4.2)
where the right-hand-side follows simply from the iterated application of (4.1). To be fully
explicit, we have abbreviated here the measure which collects all factors in (4.1):

[∏
dPj ϑj

]
=

m+n∏

j=1

d
d+1Pj

(2ω)d
≃
↑g

ε
(
P 2
j

)
ϖ(P 0

) ϑ̃bulk
xj ,pj ,ωj ;X(Pj)

(→). (4.3)

Here and below we use the superscript (⇐) to denote quantities that must be complex-conjugated,
corresponding to the absorption (non-dagger) operators O.

The expectation value in (4.2) gives the scattering amplitude in (2.10), so altogether:

↔!|
m+n∏

j=m+1

Ox+
j ,pj ,ωj

m∏

j=1

O†
x→
j ,pj ,ωj

|!↗ ↘
∫

[
∏

dPj ϑj ]
≃
↑g (2ω)d+1εd+1

(
∑

ϱjPj) iM({Pj})

(4.4)
where the bulk amplitude M is a function of local Mandelstam invariants sij = (ϱiPi + ϱjPj)

2;
again we set ϱi = ±1 to distinguish outgoing/incoming momenta.

The factorization formula (4.4) is a key result of this paper. It predicts sharp features in boundary
correlators in terms of a bulk scattering amplitude when the shooting data (xj , pj ,ςj) are tuned
to reach a common bulk point. We now highlight its features in various examples.

4.1 Situations with slowly varying M

Suppose the amplitude M is a slowly varying function of momenta, which can be treated as
constant over the range probed by the wavepackets. Then the only nontrivial factor in (4.4)
is the momentum-conserving delta function. The individual Pj integrals can be done using the
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≈ ∫ [∏dPjψbulk
j ] −g(X)

× δd+1(∑ Pj) iℳbulk({Pj})

[Chakravarty, SCh, Namjou ’25]
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H+(X)

H→(X)

X

O3

O†
1

O4

O†
2

→1 0 1

x
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1.75

2.00

2.25

2.50

2.75

3.00

t
0.00

0.12

0.24

0.36
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0.60

0.72
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0.96

Figure 7: Absolute value of the inclusive correlator (4.16) recorded by a detector at x3, assuming
fixed Gaussian wavepackets for all operators. The meaning of the dashed line is as in figure 2.
Up to the width of the wavepackets, the signal peaks on the future lightcone of a single bulk
point. The horizontal stretch, along which a signal simultaneously appears at spacelike separated
boundary points, is a smoking gun of local bulk dynamics. Here we used ω = ε/3 (see appendix
C).

Let us describe these kinematics in more detail for the thought experiment shown in figure 7.
There we consider a coherent superposition of one and two-particle states,

|!↑ = O†
x1,p1,ω1

O†
x2,p2,ω2

|0↑+O†
x4,p4,ω4

|0↑, (4.19)

where all three particles are aimed toward a common bulk point X. The expectation value (4.16)
then captures an interference contribution to the one-point function ↓!|Ox3,p3,ω3 |!↑. We choose
the momenta symmetrically as follows, in flat boundary coordinates (p0, px, py):

pµ1 = E1(1, sin ω, 0), pµ2 = ϑ2(1,→ sin ω, 0), pµ3 = ϑ3(1, v
x
3 , v

y
3), pµ4 = E4(1, 0, 0) (4.20)

where v2
3 < 1 is some arbitrary boundary velocity and 0 < ω < ε

2 . The trajectories can meet at
a finite point provided that ω ↔= 0.

In figure 7 we display the magnitude of the Gaussian envelope (4.5) as a function of the observa-
tion point x3, for a specific fixed value of the Ei and ϑi and fixed coordinates for x1, x2 and x4.
A full description of the chosen parameters can be found in appendix C. A clear peak is visible
along the intersection of the future lightcone of X with the boundary, which is a hyperbola of
curvature radius equal to the depth z of the bulk point.

It would be very di!cult to explain the sudden appearance of a signal along this hyperbola
(whose points are spacelike-separated from each other) without the bulk picture: we view this
signal as a smoking gun of local bulk dynamics.

The full correlation function (4.16) is the Gaussian envelope (4.5) times a bulk amplitude, which
in general depends on the bulk dynamics. At a minimum, even in the absence of direct couplings
between the (say, scalar) probes, we expect gravitational bulk interactions, which for example in
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Sudden, near-simultaneous signal at t=2.0 is smoking gun of 
local bulk dynamics.   [does not happen in eg. 3D Ising CFT]

This particular “event” had bulk energy . 
Requiring this to be < string mass (  in AdS5xS5)  (!?)

sRAdS ≈ 170
2λ

1
4 → λ ≳ 108

⟨0 |O4−O3+O†
2−O†

1− |0⟩

Measuring hyperboloids in empty AdS



Bulk coordinates
• Radial coordinate can be defined from boundary, 

much like we observe distances to objects

• Ex: r=  
[=time between past&future branches at specific shooting point]

• Ex: r=parallax  

[=curvature of hyperboloid] 

• Many possible choices of boundary-anchored coordinates

1
2 back-and-forth time

Δx
Δθ
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Planar AdS5 black hole hyperboloids

25

→4 →2 0 2 4
x

→3

→2

→1

0

1

2

3

t (1→ e→1/2)zh

(1→ e→3/2)zh

(1→ e→5/2)zh

(1→ e→7/2)zh

(1→ e→9/2)zh

Figure 3: Boundary hyperboloids corresponding to various shooting radii z = (1→ e→n/2)zh out-
side a planar AdS5 black hole with horizon radius zh = 1. The curves become actual hyperbolas
as z ↑ 0 but become time-translates of a common shape as z ↑ zh.

As the bulk depth z increases, one can see that the curvature radius of the hyperboloid initially
increases until it saturates: the parallax depth becomes constant near the horizon, as was also
observed in [12]. As z ↑ zh, the curves stop deforming and become approximately time-translates
of each other, as t acquires a large and p-independent logarithmic shift. The logarithmic growth
can be seen most simply in the back-and-forth time to X along a radial geodesic, which is twice
the tortoise coordinate z↑:

z↑ =

∫ z

0

dz

A(z)
= z 2F1

(
1,

1

d
; 1 +

1

d
;
z
d

z
d
h

)
↑ zh

d
log

1

1→ z/zh
as z ↑ zh. (3.10)

3.2 Small AdS-Schwarzschild black holes

Analyzing the hyperboloids corresponding to the Schwarzschild black hole in AdS o!ers valuable
insights, as it introduces a key qualitative di!erence from planar cases: geodesics can orbit
the black hole before eventually reaching the boundary. To explore this behavior, we study
geodesics that circle the black hole. Some properties of such geodesics have been previously
studied in [15–22] as they lead to many remarkable features in two-point functions. Here, our
main goal is to understand the properties of the boundary hyperboloids corresponding to a bulk
point in the presence of spherical black holes.

For display purposes, it will be convenient to work with a radial coordinate r = 1/z, such that
the spherically symmetric AdS-Schwarzschild black hole takes the form:

ds2 = →Ã(r)dT 2 + r
2d!2

d→1 +
dr2

B̃(r)
, (3.11)

10

(zh = 1)

bulk point near 
the boundary: 
t2 − x2 ≈ z2

Bulk point near 
the horizon

(time delay increases 
but not parallax)
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Measuring the bulk metric

→1.0 →0.5 0.0 0.5 1.0
x

0.0

0.5

1.0

1.5

t

(x, t, z)

(x, t, z + ω)

Figure 6: The bulk conformal metric can be read o! algebraically by locating points on nearby
hyperboloids that have the same normal, see (4.5). Here we show the boundary hyperboloid
corresponding to a point at z = 0.6 outside the planar AdS5 black hole with zh = 1, and its
displacement with ω = 0.1.

that point would not be on a prompt geodesic, which is a contradiction. It is easy to see why a
null displacement saturates (4.1): if a null geodesic connects X to x, then displacing X along its
direction will not a!ect its endpoint. Thus, combining with (4.2), we obtain:

εx
ω(p;X)

εXM
ωXM = 0 ↑ gMN (X)ωXMωXN = 0. (4.3)

This equation can be used to “measure” algebraically the bulk metric at a point X, up to an
overall factor, from small variations of its boundary hyperboloid. The result is vastly over-
constrained: in a (d + 1)-dimensional bulk, d(d + 3)/2 discrete values of p generically su"ce to
fully determine gMN (X) up to an overall factor.

For a null displacement that is along a geodesic that is not prompt, ie. a point in H(X), we still
expect the equality (4.3) to hold, however, the inequality (4.1) may fail to be satisfied for all p.

Black brane example We illustrate the procedure in an example where translation, time-
reversal, and rotational symmetries reduce the number of independent metric components:

ds2 = →gTT (z)dT
2 + gzz(z)dz

2 + gXX(z)ϑabdX
adXb (symmetrical example). (4.4)

Since εx
ω
/εX

µ = ϑ
ω
µ, the null vector and constraint associated with a given p are simply

(
εt(p;X)

εz
,
εx(p;X)

εz
,→1

)
is null ↑ →gTT

(
εt

εz

)2

+ gXX

(
εx

εz

)2

+ gzz = 0. (4.5)
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[Engelhardt&Horowitz]

Any bulk displacement  
                  =  small change in hyperboloid 

 is null  two hyperboloids are tangent at a point

δX = (δx, δt, δz)

δX iff

Ex: (w/translation symmetry): 
 
assume near : 

From :  

Any other point then fixes 

X
ds2 = − Adt2 + Bdz2 + Cdx2

x = 0
A
B

=
(δz)2

(δt)2

A/C

[Of course  if =time-of-flight: “tortoise coordinates”. 
Near horizon, algorithm will produce  from ]

A/B = 1 z
A/C → 0 δx/δt → 0



• Conformal metric at  determined by  
measurements at discrete points on nearby hyperboloids! 
 
(scale factor can be read off from correlator normalization)

• Over-constrained: succeeds only if metric actually exists!  

• Difference between ‘measurement’ and ‘reconstruction’ 

• Thm: For a family of hyperboloids , if any displacement 
 that has a tangent point solves some quadratic constraint 

(  for some ), then the hyperboloids 
represent the null geodesics of that metric

X (D + 2)(D − 1)/2

xμ(p; X)
δX
gMN(X)δXMδXN = 0 gMN

27

Measuring the bulk metric (2)

[only use EOMs for probes, not background]



Figure 4: Null geodesics in the AdS5-Schwarzschild black hole with rh = 0.2. The black region
represents the black hole interior and the red region indicates the interior of the photon sphere
at rps. The left figure shows the geodesics originating from a point at the photon sphere. The
figure on the right shows several geodesics that have a turning point due to the presence of the
black hole.

where, for a Schwarzschild black hole in d+ 1 dimensions,

Ã(r) = B̃(r) = 1 + r2 → (1 + r2h)
rd−2
h

rd−2
. (3.12)

Here rh is the radius of the event horizon and the asymptotic boundary lies at r → ∞.

With no loss of generality, we can assume that the angular part of the motion takes place within
an equatorial circle, with angular momentum J = r2 dθ

dλ . We denote the bulk point by the
coordinates X = (T,Θ, r), while the boundary coordinates are x = (t, θ).

As in the planar case, the conserved angular momentum allows us to find S(p;X) in terms of an
integral representation similar to (3.3), which essentially gives us the geodesics. The boundary
endpoints are then given as

θ(p;X) = Θ+

∫ ∞

r
dr

J

r2
√

E2 → J2Ã(r)/r2
,

t(p;X) = T +

∫ ∞

r
dr

E

Ã(r)
√

E2 → J2Ã(r)/r2
.

(3.13)

We can also change the integration upper limit to some r′ in order to study the bulk geodesics
themselves.

A particularly interesting region is the photon sphere, which is the radius at which the effective
potential in the geodesic equation, Veff = J2Ã(r)/r2, is minimized. There exists a critical value

11

Fun with small black holes

‘top view’ of global AdS cylinder



→4 →2 0 2 4

θ (unwrapped)

→4

→2

0

2

4

t
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π

θ (wrapped)
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→2

0
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Figure 5: Boundary hyperboloids corresponding to points at different radial coordinates in the
presence of a spherical black hole with rh = 0.2. The asymptotic slope of all the hyperboloids is
Jc. The left plot shows the unwrapped hyperboloid. The right plot illustrates what an observer
at the boundary would see, accounting for the geodesics that rotate around the black hole before
reaching the boundary.

tension with boundary causality and the Gao-Wald theorem [23]. However, the resolution lies in
the fact that the angular coordinate θ is (necessarily) periodic, as shown in the right panel.5 The
most dangerous path connects antipodal points where θ differs by π and so moves in the range
→π/2 < θ < π/2. However, in this range, the hyperboloids remain timelike from the origin and
the fastest path is along the boundary, as it should.

Finally, we briefly comment on the limiting case of (3.11) where we take the horizon radius to
be zero and recover the metric of empty global AdS. As opposed to the Poincaré coordinates
which cover only a part of empty AdS, these coordinates cover the entire AdS spacetime. The
boundary hyperboloid H+ now has a single ellipsoid branch, which becomes spherical when the
bulk point is at the center of AdS (see figure 1a).

4 Causality and inclusion of hyperboloids

So far in this paper, we have studied hyperboloids H±(X) that include all light rays leaving a
bulk point X and reaching the boundary. This is the right concept to describe bulk-point-type
singularities in boundary correlators. In this section, we will be interested in causal properties
of the bulk spacetime, which are best captured by a more refined concept: the light-cone cuts
C±(X).

5 In d = 2, corresponding to the BTZ black hole, the angle does not need to be periodic however there is no
photon sphere and no analogous paradox.
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Fun with small black holes (2)

Asymptotic slope  = redshift factor at photon sphere. 
[No causality violation because  is periodic: not prompt.]

dt/dx
θ



Fun behind the horizon 
[2512.10912 Chakravarty]

Measure 
here

• An exterior question that “the interior metric is the answer to”
•  contributions to 4pt exterior correlator∼ e−βE/2
• No relation to in-falling observer, just a ‘continued metric’



Summary & directions
• Studied boundary correlators integrated against wavepackets: 

an exercise in geometric optics


• Features along lightcones (`hyperboloids’) reveal bulk geometry


• Factorization formula: exact solution near AdS boundary + 
WKB on geodesics + flat space amplitude near bulk point

31

• Why same bulk amplitude near any X (“equivalence principle”)?


• Superpose Kaluza-Klein modes to localize in extra dimensions?


• Derive bulk Raychaudhuri equations/focussing theorems from 
properties of boundary correlators?


• Effect of long-range interactions (  multiplicative ala SCET)?→


