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INVERSE PROBLEM
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Q2=100 GeV 2

Planned DVCS at fixed targ.:
COMPASS- dσ/dt, ACSU, ACST
JLAB12- dσ/dt, ALU, AUL, ALL

Current DVCS data at colliders:
ZEUS- total xsec
ZEUS- dσ/dt

H1- total xsec
H1- dσ/dt
H1- ACU

Current DVCS data at fixed targets:
HERMES- ALT HERMES- ACU

HERMES- ALU, AUL, ALL
HERMES- AUT Hall A- CFFs
CLAS- ALU CLAS- AUL
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Limited experimental coverage:

Additionally, experiment dominantly probes the DGLAP region, 
specifically at LO

  

Any extraction beyond that is unreliable. How do we access the ERBL 
region?

ℑ𝔪ℋ (ξ, t, Q2) = π ∑
q=u,d,…

e2
q [Hq (x = ξ, ξ, t, μ2

F) − Hq (x = − ξ, ξ, t, μ2
F)] .

d5σDVCS

dxBdydtdϕdφ
∝ 4 (1 − xB) ( |𝓗 |2 + | 𝓗̃ |2 ) + . . .

𝓗A (ξ, Δ2, Q2) = ∫
1

−1

dx
2ξ

AT (x, ξ ∣ αs (μR), { Q2

μ2 })
hard scale 

HA (x, ξ, Δ2, μ2
F)

soft scale 

Inverse problem: observables               GPDs inside convolution  
    ill-posed problem!

Deeply virtual Compton scattering: e−(k1) + N(P1) → e−(k2) + N(P2) + γ(q2)



DOUBLE DISTRIBUTION REPRESENTATION OF GPDS
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Fq
Λ2,Λ1

=
1
2 ∫

dz−

2π
eixP+z− ⟨P2, Λ2 ψ̄q (−

z
2 ) γ+ψq ( z

2 ) P1, Λ1⟩
z+
⊥ = 0

z⊥ = 0

=
1

2P+ [Hq(x, ξ, t)ū (P2, Λ2) γ+u (P1, Λ1)+Eq(x, ξ, t)ū (P2, Λ2)
iσ+μΔμ

2MH
u (P1, Λ1)]

⟨P +
Δ
2

ψ̄q (−
z−

2 ) γ+ψq ( z−

2 ) P −
Δ
2 ⟩ = ∬Ω

dβ dαe−iβP+z−+iα 1
2 Δ+z− (2P+f(β, α)−Δ+g(β, α))

double distributions

H(x, ξ) = ∬Ω
dβ dαδ(x − β − ξα)( f(β, α) + ξg(β, α))Radon transform:

GPD definition:

Alternative parametrization of the matrix element:

GPD: H(x, ξ, t) Like distribution function Like distribution amplitudeDD:



RADON TRANSFORM
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Support:

We obtain a 2D function by performing integrals over the lines . The  describes antiquark 
distributions, which we do not consider at this point.

x − β − ξα = 0 β < 0
H(x, − ξ, t) = H(x, ξ, t) ⇒ f(β, − α) = f(β, α), g(β, − α) = − g(β, α)

Goal: extract GPDs in the DGLAP region, obtain the corresponding double distribution, extend it to the ERBL 
region, invert the Radon transform and obtain the GPD over the whole domain. Analytically hard to perform, 
we rely on machine learning. [arXiv:2401.12013]

Symmetries:
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Goloskokov-Kroll DD:

NEURAL FIELD FOR THE DD
A NEURAL FIELD IS A NEURAL NETWORK THAT REPRESENTS A CONTINUOUS PHYSICAL FIELD AS A FUNCTION OF COORDINATES. 
RATHER THAN STORING DATA ON A DISCRETE GRID, THE NETWORK WEIGHTS ENCODE THE FIELD IMPLICITLY — IT CAN BE EVALUATED 
AT ANY POINT IN THE DOMAIN. HERE, THE DOUBLE DISTRIBUTION  IS REPRESENTED AS A NEURAL FIELD: THE NETWORK TAKES 

 COORDINATES AS INPUT AND RETURNS THE FIELD VALUE THERE.
F(β, α)

(β, α)

FOURIER FEATURES REPLACE THE RAW INPUT COORDINATES WITH A HIGH-DIMENSIONAL ENCODING , WHERE 
 IS A RANDOM MATRIX WITH ENTRIES DRAWN FROM . THIS OVERCOMES THE SPECTRAL BIAS OF STANDARD MLPS — THE 

TENDENCY TO LEARN LOW-FREQUENCY FUNCTIONS FIRST — ALLOWING THE NETWORK TO REPRESENT SHARP, PEAKED FUNCTIONS 
LIKE THE GK DOUBLE DISTRIBUTION. HERE WE USE 128 RANDOM FFS.

[sin(2πBx), cos(2πBx)]
B 𝒩(0,σ2)

The architecture is physics informed through the loss function:

F(β, α) = 2 Nu β−α0 (1 − β)bu
Γ(2b + 2)

22b+1 Γ(b + 1)2
⋅ [(1 − β)2 − α2]b

(1 − β)2b+1
→ F(β, α) = exp(Sym(MLP(lognorm β, α))) ⋅ tanh(κ ⋅ [(1 − β)2 − α2]+)

boundary vanishing

valence support

1[β > 0]
⏟

singularity and positivity

ℒ = ℒCFF + λPDF ℒPDF + λFF ℒFF

ℒCFF =
1
Nd ∑

i ( ℑ𝔪ℋ(xi, ξi) − ℑ𝔪ℋdata
i

max( |ℑ𝔪ℋdata
i | , 0.01) )

2

, ℒPDF =
1
Np ∑

j (
H(xj, ξ → 0) − q(xj)
max( |q(xj) | , 0.01) )

2

, ℒFF = Varξ[F1(ξ)] + 0.1 (⟨F1(ξ)⟩ξ − Ftarget
1 )

2
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Inputs Transforms Encoding MLP DD output Radon Losses

β ∈ ⟨0,1]

α ∈ [0,1]

 query


DGLAP+PDF+FF

(x, ξ)

log β/ | log βmin |
singularity at β = 0

MLP(α) + MLP(−α)
2

symmetry enforced

Fourier features
[sin(2πBx), cos(2πBx), x]

B ∝ N(0.σ2),  32 freqs

Tanh MLP

2 layers x 32 nodes

output dim = 1

tanh(κ ⋅ [(1 − β)2 − α2]+)
Profile envelope

exp(h) ⋅ profile ⋅ 1[β > 0]

positivity + support mask


= F(β, α)

Radon transform

DGLAP loss

rel. MSE, |x | > ξ

PDF loss
H(x, ξ = 0) = q(x)

FF loss
, flat in ∫ Hdx = F1 ξ

Input/query Deterministic Learnable Forward model Loss No gradient

ARCHITECTURE
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COMPARISON OF TRAINING WITH AND WITHOUT DDS
80 CFF training data points with 20% uncertainty, smoothness penalty on DD (3rd derivative)
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DD WITH AND WITHOUT SMOOTHNESS



SHADOW MODES
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Result of the inverse problem: . Must satisfy all properties of the GPD and vanish in physical observables: 

- Polynomiality 

- Zero contribution to CFF: 

- Zero contribution to PDF: 

FA
S (x, ξ, t) = FA

E(x, ξ, t) − FA
T (x, ξ, t)

HA
S (x,0,0) = 0

∑
A

AT (x, ξ ∣ αs (μR), { Q2

μ2 }) ⊗ HA (x, ξ, Δ2, μ2
F)

MC-Dropout: Adds isotropic random noise to network 
weights during inference; spread across many forward 
passes = uncertainty band.

Stochastic Weight Averaging: Continues training at constant learning 
rate after convergence; fits a Gaussian to the trajectory of visited 
weights and samples from it. Measures scatter of SGD iterates 
around one minimum - a property of the optimizer, not the data.

UNDERSTANDING THE NULL-SPACE



JACOBIAN OF THE NETWORK
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The Jacobian J_data = ∂ImH/∂θ measures how each CFF prediction responds to each network parameter. Its SVD splits parameter space 
into directions the data constrain and directions they cannot see. Projecting the DD Jacobian J_DD = ∂F/∂θ onto that null space isolates 
the deformations that change the DD while leaving every CFF prediction invariant - the shadow modes.

Each mode is walked outward to Δχ² = 1, and sampling within that budget gives the uncertainty band.
DD GPD



- Neural-field DDs recover the GPD in the unmeasured ERBL region; the direct-GPD 
baseline does not — the DD structure carries the information 

- Results are stable across a 26× range of network size (3k → 83k parameters) 

- Smoothness selects the physical DD from the null space — a genuine, and quantifiable, 
prior assumption 

- Jacobian framework extends naturally to experimental impact studies and to real data

CONCLUSIONS
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