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– Whence the proton spin? 
– Pseudo-PDF approach for light-cone matrix elements 
– From isovector to flavor-separated hadron structure 
– Unpolarized Gluon Distribution in LQCD
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Helicity distributions



Whence the proton spin
Since the EMC effect of the 80’s, there has been an intense focus on the 
origin of the proton spin.  These are encapsulated in two sum rules

Ji’s decomposition
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ΔΣ + Lkin
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Jaffe-Monohar sum rule
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R.Jaffe, A Manohar, NPB 337, 509 (1990).X.Ji, PRL, 78, 610 (1997)

ΔG(μ) = ∫
1

0
dx Δg(x, μ)

Lattice: Moments of Generalized Parton Distributions

S.Zafeiropoulos, this session

Calculations performed in the pseudo-PDF framework



Gluon Helicity Distribution
• Crucial questions in global analysis - do we need to 

apply positivity constraint:
∣ Δg(x) ∣ ≤ g(x)∀x

Relaxing constraint leads to new “replicas” in global analysis:
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FIG. 7. Monte Carlo replicas for the spin-dependent gluon PDF x�g at Q2 = 10 GeV2 fitted

under various theory assumptions according to the SU(2) (yellow lines), SU(3) (blue lines) and

SU(3)+positivity (red lines) scenarios, with 300 replicas randomly selected from the total of 723,

647 and 639 for the three scenarios, respectively. The vertical lines indicate the range of parton

momentum fractions x constrained by data.

as well as with small negative �g values, which would generally produce very small ALL

values, in contradiction with the data in Fig. 5. While the numbers of negative solutions

found in the SU(2) and SU(3) scenarios are relatively smaller than the positive ones, their

ability to describe well the data indicates that at present the negative solutions cannot be

ruled out on phenomenological grounds.

In addition to the scenarios discussed above, we also note that some replicas give unphys-

ical values for the polarized DIS asymmetry at kinematics x & 0.8 and momentum transfer

Q
2

> 50 GeV2 that are outside the currently measured region, but which could be probed at

a future Electron-Ion Collider [71]. After removing these replicas, the result shown in Fig. 6

for the SU(2) scenario indicates that the main e↵ect is observed at high x for the quark

distributions, while the e↵ect on �g is negligible. Similarly for the other two scenarios,

the impact of imposing the observable positivity on ALL outside measured regions is only

24

Zhou, Sato and Melnitchouk, Phys. 
Rev. D 105, 074022 (2022)



Pseudo-PDFs
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• Pseudo-PDF (pPDF) recognizing generalization of PDFs in terms 
of Ioffe Time. ⌫ = p · z

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

B.Ioffe, PL39B, 123 (1969); V.Braun et al, PRD51, 6036 
(1995)

M↵(p, z) = hp |  ̄�↵U(z; 0) (0) | pi
<latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit><latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit><latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit><latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit>

p = (p+, m2 /2p+,0T) z = (0,z−,0T)

M↵(z, p) = 2p↵M(⌫, z2) + 2z↵N (⌫, z2)
<latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit>

⟹

Ioffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z

z

�

Tf T0

⌦
Wilson line

Q(⌫) =

Z 1

�1
dx q(x)ei⌫x

q(x) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xQ(⌫)
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Inverse problem



Gluon Contribution to unpolarized PDF

Tf T0

<latexit sha1_base64="7Aq8l6y+dBfEyKyZVA6VjkXWLHc="></latexit>

Mµ↵;��(z, p) ⌘ hp|Gµ↵(z)W [z, 0]G��(0) |pi

T.Khan et al. (Hadstruc), Phys.Rev.D 104 (2021) 9, 094516

<latexit sha1_base64="9V1RhCpp0Jwwa3q+JUgQ3rlYgys="></latexit>

Og(z) = Gji(z)U(z, 0)Gij(0)U(0, z)� Gti(z)U(z, 0)Git(0)U(0, z).

“disconnected”

Two-point functions as in isovector case

Flavor-singlet quantities are subject to severe signal-to-noise problems compared with 
isovector measures: 

– Use distillation and many more measurements per configuration - sampling of lattice 
– Use of summed Generalized Eigenvalue Problem (sGEVP) - better control over 

excited state contributions 
– Use of Gradient Flow - smoothing of short-distance fluctuations 

Reduced matrix element:

<latexit sha1_base64="sDFlv31E+HrknisyqZPELiYtX40="></latexit>

M(⌫, z2) =

 
M(⌫, z2)

M(⌫, 0)|z=0

!
/

 
M(0, z2)|p=0

M(0, 0)|p=0,z=0

!

c.f. Z.Fan, H-W-Lin, arXiv:2104.06372, arXiv:2007.16113

z



Ioffe-time distributions
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FIG. 7. Reduced matrix elements, M(⌧) extrapolated to ⌧ ! 0 limit for di↵erent nucleon momenta and di↵erent field
separations. The functional form used to fit the reduced matrix elements is: M(⌧) = c0 + c1⌧ . The top-left panel shows the fit
for p = 1⇥ 2⇡

aL = 0.41 GeV and z = a = 0.094 fm. The top-middle panel shows the fit for p = 2⇥ 2⇡
aL = 0.82 GeV and z = 2a

= 0.188 fm. The top-right panel shows the fit for p = 2⇥ 2⇡
aL = 0.82 GeV and z = 6a = 0.564 fm. The bottom-left panel shows

the fit for p = 4⇥ 2⇡
aL = 1.64 GeV and z = 6a = 0.564 fm. The bottom-middle panel shows the fit for p = 5⇥ 2⇡

aL = 2.05 GeV
and z = 4a = 0.376 fm. The bottom-right panel shows the fit for p = 6⇥ 2⇡

aL = 2.46 GeV and z = a = 0.094 fm.

FIG. 8. Reduced Io↵e-time pseudo-distribution, M(⌫, z2) plotted with respect to the Io↵e-time ⌫. For each nucleon momentum
and field separation, the reduced matrix elements for di↵erent flow times are extrapolated to the limit, ⌧ ! 0 , extracting the
flow time independent reduced pseudo-ITD.

Finally, we consider a model that we denote
⇥
2-param (Q)+P1

⇤
for which we add a nuisance term to capture

possible O
�
a/|z|

�
e↵ects. This nuisance term can be parametrized by a transformed Jacobi polynomial [23]

M(⌫, z2) =

Z 1

0
dxK(x⌫, µ2

z
2)

x
↵ (1� x)�

B(↵+ 1,� + 1)
+

✓
a

|z|

◆
P1(⌫) , (37)

where

P1(⌫) = p
(↵,�)
1

Z 1

0
dx cos(⌫x)x↵(1� x)�J (↵,�)

1 (x) . (38)

τ ⟶ 0

Introduce gradient flow, implemented on lattice through
<latexit sha1_base64="CwNniRxzKIkwDZsMt/y2NZydKRw="></latexit>

ωωBµ(ε, x) = →g20{ωx,µ S(Bµ)}Bµ(ε, x)

Smooths fluctuations at large , and as ultra-violet regulator; relate operator to 
renormalized operator at some scale 

τ
μ

M.Luscher; M.Luscher and P.Weisz; Harlander, Kuth, Lange; 
R. V. Harlander, J. T. Kohnen, and A. Shindler, arXiv:2511.17145 - NNLO

~1100 ~64



ITD to PDF

Implementation for obtaining the PDFs follows that of the isovector distribution 
– Expand in Jacobi Polynomials

xα(1 − x)β +Jα,β
1 +a / ∣ z ∣

Matching: I.Balitsky,W.Morris,A.Radyushkin,Phys.Lett.B 808 (2020) 135621
<latexit sha1_base64="6MmprzjhKLfqQbDJhzVlf72p8WQ="></latexit>

M(ω, z2) =
Ig(ω, µ2)

Ig(0, µ2)
→ εsNc
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0
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z2µ2e2ωE

4

)
Bgg(u) + 4

[
u+ ln(ū)
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+
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Bgq(w) .



Require normalization of xg(x) <latexit sha1_base64="NozQhlwqSMZ4ejFhe4LG62OTAMQ="></latexit>

hxiMS
g (µ = 2GeV) = 0.427(92)

C.Alexandrou et al., Phys. Rev. Lett. 119, 142002 (2017)

Cf Isovector distribution through quark-counting rule



Gluon Momentum Fraction

Defined through 

<latexit sha1_base64="XKNRItWdNqiCIzvpJFTfNJ9WcVE="></latexit>

→x↑g(µ) =
1

2

∫ 1

→1
dx x g(x, µ)

Gluon Momentum fraction is matrix element of component of energy-
momentum tensor:

<latexit sha1_base64="7t7gjyyvq9+mRvCqG1c1xp1+pX4="></latexit>

Tµω
g =

1

g20
Tr

{
GµεGω

ε → 1

4
gµωGεϑGεϑ

} <latexit sha1_base64="BzAQzs5h0fLkSSD1TIjNfrY/b8k="></latexit>

→P |T {µω}
g |P ↑ = 2→x↑gP {µP ω}

Require appropriate representation of gluon field-strength tensor

A.M.Sturzu et al., Phys.Rev.D 114 (2026) 1, 014516



Gluon matrix elements

Residual extrapolation to τ = 0
<latexit sha1_base64="mvo5Q3mVQLs0Bhv+YuzaYC0chh0="></latexit>

→x↑g(µ = 2GeV) = 0.482(35)



Helicity Gluon PDF



Matrix elements of spatially separated gluon fields 
m̃μα;λβ = ⟨p, s |Gμα(x)W[z,0]G̃αβ(0) |p, s⟩

Combination corresponding to polarized gluon distribution
M̃μα;λβ(z, p, s) = m̃μα;λβ(z, p, s) − m̃μα;λβ(−z, p, s)

Ioffe-time distribution is related to gluon distribution through inverse problem

ℐ̃(ν) =
i
2 ∫

1

−1
e−ixνxΔg(x)

“Nuisance term”

Gluon Helicity PDF

<latexit sha1_base64="e7ajVB4FAmJJHv3zR/wrLHYe41I=">AAACt3icdVHLbhMxFPUMFNrwaIAlG4sKKRU0mhmhkCyQKrFhg1Qk0lZkJiPH40ms2B5j36EK1ogNP8GSn+hnsGDH3+BJeBTUXsnW0T3nPnw804JbiKIfQXjt+taNm9s7nVu379zd7d67f2yr2lA2ppWozOmMWCa4YmPgINipNozImWAns+XLlj/5wIzllXoLK80ySeaKl5wS8Km8+62TKnZGKymJKlx6Bo2/eMGAi4I1nVQSWJ SGLFvKvW6aXqrqpx+nyT5+gVPBSsAT3FJrISWi1eTO6mbqek/2/8oPsEeXKLW+0DI1fL4AnOGD1M+kTuZ6mjRO555t8NUd8J8WeXcv6kc+BgPcgngYxR6MRsMkGeF4TUXR3mF/69P5l89fj/Lu97SoaC2ZAiqItZM40pA5YoBT0RpQW6YJXZI5m3ioiGQ2c2vfG/zYZwpcVsYfBXidvVjhiLR2JWde2a5s/+fa5GXcpIZymDmudA1M0c2gshYYKtx+Ii64YRTEygNCDfe7Yrog3jLwX93xJvx+Kb4aHCf9eNAfvPFuRGgT2+gheoR6KEbP0SF6hY7QGNHgWfAuoEERjsI8LMPFRhoGv2oeoH8ifP8TNsLbqA==</latexit>

M̃(ω, z2) =
[
M̃(+)

sp (ω, z2)→ ωM̃pp(ω, z
2)
]
→

m2
p

p2z
ωM̃pp(ω, z

2)



Rather than fitting to  directly define subtracted matrix elementℳ̃

Still contains nuisance term - but small
16

FIG. 9. The lattice data points represent the reduced Io↵e-time pseudo-distribution, fM(⌫, z2) in the zero flow-time limit
obtained through the subtraction method using p = 0 matrix elements. The lattice data points and the fit bands are normalized
using the gluon momentum fraction, hxig from [17]. Left panel: the red and cyan bands represent the target mass corrected
reduced Io↵e-time pseudo-distribution using the fit of moments in Sec. IVA. Right panel: the blue band is a fit to the subtracted
pseudo-ITD using the functional form in Eq. (20) with a0, a1, b1 as fit parameters and b0 = 0 fixed by construction.

FIG. 10. A comparison between the lattice reduced Io↵e-time pseudo-distribution fM(⌫, z2) in the zero flow-time limit obtained
through the subtraction method using the p = 0 matrix elements, and the gluon helicity ITD constructed from global fits of
PDFs. The lattice data points are the same as in Fig. 9, plotted on a smaller vertical scale for better comparison with the
phenomenological ITD bands. In the left plot, the red band denotes the ITD constructed from the gluon helicity distribution
by the NNPDF collaboration. The green band labeled by eI(+)

p and the cyan band labeled by eI(+/�)
p represent the gluon helicity

ITD determined by the JAM collaboration with and without the positivity constraint on the gluon helicity PDF, respectively.
On the right plot, the gluon helicity ITDs for positive and negative helicity PDFs are compared with the lattice data. The
green band labeled by eI(+)

p and the maroon band labeled by eI(�)
p represent the gluon helicity ITD determined by the JAM

collaboration associated with the positive and negative gluon helicity PDF solutions, respectively.

polarization in the nucleon cannot be properly constrained. In other words, the ITD extracted from the JAM global fit

(labeled by JAM eI(+/�)
p in Fig. 10) may have a similar or even larger magnitude of uncertainty than our lattice QCD

calculation. We show a comparison of the polarized gluon ITDs obtained from global fits and our lattice calculation
in Fig. 10. Most importantly, Fig. 10 shows that the ITD data in the ⌫ . 6 region is primarily controlled by whether
the gluon polarization in the nucleon is positive or negative, according to the JAM analysis.

The positivity constraint on the gluon distributions, namely helicity-aligned and helicity-antialigned both being non-
negative, in the analysis of experimental data in [11] leads to a substantial reduction of the variance of x�g(x) in the
large-x region, as seen in Fig. 6 of [11]. Specifically, the PDFs without the positivity assumption were organized into
a band of solutions with a negative PDF and a band of solutions with a positive PDF. We compare the ITDs resulting
from the two bands with positive and negative x�g(x) to our results in the right panel of Fig. 10. The current
matrix elements, albeit with an unphysical pion mass and finite lattice spacing, are inconsistent within statistical

<latexit sha1_base64="RWsFBV4ZjHOPZwwGL0+QsnVl7Zw="></latexit>

M̃sub(z, pz) = M̃(+)
sp (ω, z2)→ωM̃pp(ω, z

2)→ω
m2

p

p2z

[
M̃pp(ω, z

2)→ M̃pp(ω = 0, z2)
]
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FIG. 9. The lattice data points represent the reduced Io↵e-time pseudo-distribution, fM(⌫, z2) in the zero flow-time limit
obtained through the subtraction method using p = 0 matrix elements. The lattice data points and the fit bands are normalized
using the gluon momentum fraction, hxig from [17]. Left panel: the red and cyan bands represent the target mass corrected
reduced Io↵e-time pseudo-distribution using the fit of moments in Sec. IVA. Right panel: the blue band is a fit to the subtracted
pseudo-ITD using the functional form in Eq. (20) with a0, a1, b1 as fit parameters and b0 = 0 fixed by construction.

FIG. 10. A comparison between the lattice reduced Io↵e-time pseudo-distribution fM(⌫, z2) in the zero flow-time limit obtained
through the subtraction method using the p = 0 matrix elements, and the gluon helicity ITD constructed from global fits of
PDFs. The lattice data points are the same as in Fig. 9, plotted on a smaller vertical scale for better comparison with the
phenomenological ITD bands. In the left plot, the red band denotes the ITD constructed from the gluon helicity distribution
by the NNPDF collaboration. The green band labeled by eI(+)

p and the cyan band labeled by eI(+/�)
p represent the gluon helicity

ITD determined by the JAM collaboration with and without the positivity constraint on the gluon helicity PDF, respectively.
On the right plot, the gluon helicity ITDs for positive and negative helicity PDFs are compared with the lattice data. The
green band labeled by eI(+)

p and the maroon band labeled by eI(�)
p represent the gluon helicity ITD determined by the JAM

collaboration associated with the positive and negative gluon helicity PDF solutions, respectively.

polarization in the nucleon cannot be properly constrained. In other words, the ITD extracted from the JAM global fit

(labeled by JAM eI(+/�)
p in Fig. 10) may have a similar or even larger magnitude of uncertainty than our lattice QCD

calculation. We show a comparison of the polarized gluon ITDs obtained from global fits and our lattice calculation
in Fig. 10. Most importantly, Fig. 10 shows that the ITD data in the ⌫ . 6 region is primarily controlled by whether
the gluon polarization in the nucleon is positive or negative, according to the JAM analysis.

The positivity constraint on the gluon distributions, namely helicity-aligned and helicity-antialigned both being non-
negative, in the analysis of experimental data in [11] leads to a substantial reduction of the variance of x�g(x) in the
large-x region, as seen in Fig. 6 of [11]. Specifically, the PDFs without the positivity assumption were organized into
a band of solutions with a negative PDF and a band of solutions with a positive PDF. We compare the ITDs resulting
from the two bands with positive and negative x�g(x) to our results in the right panel of Fig. 10. The current
matrix elements, albeit with an unphysical pion mass and finite lattice spacing, are inconsistent within statistical

LQCD Calculation of gluon helicity distribution compared with global 
analyses

C.Egerer et al. (HadStruc), Phys.Rev.D 106 (2022) 9, 094511

ITD  PDF↔

Caveat!  Mixing with sea quarks not yet included

JAM with/without helicity constraint.



Re-analysis using NN
T.Khan,T.Liu and R.Sufian, Phys. Rev. D 108, 074502

NN fit to Ioffe-time distribution to remove subtraction term
Physical helicity matrix element T.Chowdhury et al., PRD 111, 074509 (2025)



Lattice + Expt
The culmination of QGT is a framework where LQCD + Expt can provide a more faithful description of hadron 
structure than either alone.

Does QCD admit negative solutions  ?Δg(x) < 0
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FIG. 5. Comparison of LQCD data with Eq. 11 using hPDF from global analysis without LQCD

data (left) and with LQCD data (right).

productions to discriminate against the negative solutions of �g.

Finally, in Fig. 7, we display the individual components of the gluon helicity PDF, namely

g" and g#. In the case of �g > 0, we observe violations of positivity, mostly for the spin anti-

aligned PDF g#, above x ⇠ 0.4. For the mirror version, �g < 0, this violation occurs earlier,

around x ⇠ 0.3, for the spin-aligned PDF g". As mentioned before, positivity constraints

are violated regardless of the sign of �g.

V. CONCLUSIONS

We have performed a new global analysis of spin-dependent parton distribution functions,

incorporating Io↵e time pseudo-distributions computed in lattice QCD, which directly probe

the gluon helicity PDF. Our analysis critically examines the overall agreement between data

and theory. We find that the inclusion of the LQCD data does not significantly alter the

quality of the results. At present, LQCD data do not definitively rule out the negative �g

solutions, which were recently found by the JAM collaboration at moderate values of x.

Nevertheless, we observe changes in the shape and magnitude of the gluon helicity PDF and

the quark sector. LQCD data reduces the magnitude of the negative �g solutions at high x,

leading to a sign change in the corresponding quark singlet solutions at x ⇠ 0.4, necessary

to describe the polarized jet data from RHIC.

17

Significant change in parametrization but insufficient to 
exclude negative solute in global analysis Impact of LQCD on global analysis

J.Karpie et al., Phys.Rev.D 109 (2024) 3, 036031

RHIC polarized jet, large-x JLab + LQCD 
eliminate negative solutions: N.Hunt-Smith et 
al., arXiv:2403.08117



Direct Calculation of ΔG
In contrast to the case of the gluon momentum fraction, there is no local, 
gauge-invariant operator that corresponds to the total helicity. 

Can relate to a gauge-dependent expression

Recent proposal to relate total helicity to matrix element of topological charge

<latexit sha1_base64="O2l64W4ENLKlsmKYoA3yUCZSJYI="></latexit>

Sg =

∫
d3xEa(x)→Aa

phys(x)

<latexit sha1_base64="sNhW8IbF7JkvoryjfEwrmDzNzdw="></latexit>

!GMS
(
µ2 = 10 GeV2

)
= 0.251(47)(16).

Y.B. Yang et al, Physical Review Letters 118, 102001 (2017)

Pang,Yao,& Zhang, JHEP, Phys. 2024, 222 (2024).

Results using effective-theory matching:

<latexit sha1_base64="5YqcHfeD6OulayNMw39BZu41d58=">AAACXXicdVHPaxQxGM2MVtu1tls9ePDy4SLUg8vMWra7h0JFKAUvFbptYTMdMtnMbmh+DElGXML8k73pxX/FzO4KVfSDJI/33seXvBSV4NYlyfcofvR468nT7Z3Os93ne/vdgxdXVteGsgnVQpubglgmuGITx51gN5VhRBaCXRd3n1r9+iszlmt16ZYVyySZK15ySlyg8q77fItlffjtHcAJYFZZLrS69YHDqsZmobHlc0ka8N hIuDQNTD/mQYKz3D+U3wMuDaF+0PgPDXCY5wmsjWEPvvZYWbMwK+/2kn4SajiEFqSjJA1gPB4NBmNIV1KS9NCmLvLuPZ5pWkumHBXE2mmaVC7zxDhOBWs6uLasIvSOzNk0QEUks5lfpdPA28DMoNQmLOVgxT7s8ERau5RFcEriFvZvrSX/pU1rV44yz1VVO6boelBZC3Aa2qhhxg2jTiwDINTwcFegCxJScuFDOiGE3y+F/4OrQT8d9odfjnqnR5s4ttFr9AYdohQdo1N0ji7QBFH0I0LRTtSJfsZb8W68t7bG0abnJfqj4le/AFyhs24=</latexit>

Kµ(x) = ωµωεϑTr[AωFεϑ → 2

3
ig0AωAεAϑ](x)

<latexit sha1_base64="yjT1GfZSb+W6O1FK9sXTHT13QPA="></latexit>

!GMS
(
µ2 = 10GeV2

)
= 0.231(17)stat(44)syst

Recent calculation at three lattice spacings:

Both results are broadly consistent, and employing different methodologies

Zhao et al (CLQCD), arXiv:2512.24315



Summary and Outlook
– Calculation of gluon distributions, and in particular those for helicity, 

provide the opportunity to gain insights into hadron structure beyond 
those obtained by experiment. 

– Calculation of x-dependent  provides already provides important 
insights - strongly suggests positivity of gluon helicity distributions. 

– Next steps 
– Inclusion of isoscalar quark contributions 
– Control over systematic effects 

– Extension to GPDs and GFFs provide a framework for understanding the 
OAM of the gluons  

– GTMDs, and the interpolation between the Ji and Jaffe-Manohar sum 
rules 

Δg(x)

e.g. Englehardt, Lattice 2021; 


