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\%ﬁ Nucleon structure and partonic distributions

One of the central aims of hadron physics:
to understand better nucleon’s structure.

How does the mass of the nucleon arise?
How does the spin of the nucleon arise?
What are the emergent properties of dense systems of gluons?
Answering these questions is one of the crucial expectations

for the upcoming years!

e For this, we need to probe the 3D structure.
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\%@ﬁ Nucleon structure and partonic distributions

One of the central aims of hadron physics:
to understand better nucleon’s structure.

Can lattice QCD help?

How does the mass of the nucleon arise?

How does the spin of the nucleon arise? NAS report 2018
What are the emergent properties of dense systems of gluons?
Answering these questions is one of the crucial expectations
for the upcoming years!

For this, we need to probe the 3D structure.

Direct access to partonic distributions impossible in LQCD.
Reason: Minkowski metric required, while LQCD works with Euclidean.

Way out: similar as experimental access to these distributions &
— factorization -

Wigner Distributions

W(x, kJ_’ rJ_) O’?@@

(experiment) cross-section = perturbative-part * partonic-distribution
(lattice) lattice-observable = perturbative-part * partonic-distribution <o

Two most popular approaches:
x quasi-distributions — Xiangdong Ji, 2013
»  pseudo-distributions — Anatoly Radyushkin, 2017 dzkll &

Parton Distribution Functions Form Factors
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%@%%ZED Lattice QCD — brief reminder

QCD put on a Euclidean lattice: quarks — sites, gluons — links =
e various discretizations can be used for quarks and gluons
e typical lattice parameters: — TM fermions, Iwasaki gluons in our work

* Lja=232,48,64,80,96,128 — L/a =32

* a€[0.04,0.15] fm — a ~ 0.093 fm

* L e[2,10] fm —> L~ 3 fm

* € [135,500] MeV — mx ~ 260 MeV
* mpaL>3-4 — my L ~4

* = oo-dim path integral - 10% — 10'%-dim integral

¢
gluon quark
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Lattice QCD — brief reminder

e QCD put on a Euclidean lattice: quarks — sites, gluons — links =
e various discretizations can be used for quarks and gluons

o typical lattice parameters: — TM fermions, lwasaki gluons in our work
* L/a=32,48,64,80,96,128 — L/a =32
* a€[0.04,0.15] fm — a ~ 0.093 fm
* L e[2,10] fm —> L~ 3 fm
*  mg € [135,500] MeV — my ~ 260 MeV
* mpaL>3-4 — my L ~4
* = oo-dim path integral - 10% — 10'%-dim integral

e Monte Carlo simulations to evaluate the discretized path integral
e feasible, but still requires huge computational resources of
O(1-1000) million core-hours, depending on the question asked

e Lattice QCD offers a way for a careful ab initio study
of non-perturbative aspects of QCD.

e lIts huge strength: possibility to control all systematic
effects: cut-off effects, finite volume effects, renormalization
quark mass effects, isospin breaking, excited states, . ..

e For many aspects, already precision results with
percent/per mille total uncertainty.

e However, many aspects (the difficult ones like hadron structure!)
with still only exploratory studies.

oA
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é@%ﬁ Quasi- and pseudo-distributions

X. Ji, PRL 11(2013)262002; A. Radyushkin, PRD96(2017)034025
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Quasi- and pseudo-distributions

X. Ji, PRL 11(2013)262002;  A. Radyushkin, PRD96(2017)034025
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g%g Quasi- and pseudo-distributions

X. Ji, PRL 11(2013)262002;  A. Radyushkin, PRD96(2017)034025
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Quasi- and pseudo-distributions

X. Ji, PRL 11(2013)262002;  A. Radyushkin, PRD96(2017)034025
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Quasi- and pseudo-distributions

X. Ji, PRL 11(2013)262002;  A. Radyushkin, PRD96(2017)034025

0 —
¢ =t ¢t Euclidean matrix element:
\ —
/ F(z, Pi, Py) = (Prlip(2) A2, 0)1(0) | %)
Its Fourier transform (quasi-distribution)
5 can be matched onto the light-cone distribution:
~ £ =2 (Large Momentum Effective Theory (LaMET) = QUASI)
boosted ~ 1 d = 2 2 a2 P2
y; spatial . Q(QJ:/_JJ?P‘L%):f—l|_5|C(§7PL3)Q(%M)+O(AQCD/P3JMN/P3)
// \Sorrelatlon quasi-PDF pert.kernel  matched PDF higher-twist effects
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Quasi- and pseudo-distributions

X. Ji, PRL 11(2013)262002;  A. Radyushkin, PRD96(2017)034025

0 —
¢ =t ¢t Euclidean matrix element:
\ e
/ F(z, Pi, Py) = (Prlip(2) A2, 0)1(0) | %)
Its Fourier transform (quasi-distribution)
5 can be matched onto the light-cone distribution:
~ £ =2 (Large Momentum Effective Theory (LaMET) = QUASI)
boosted i N
, spatial G, Ps) = [, 2 C(2, 4 ) aly, ) + O (Moyen/ P3, MR/ P3)
// % correlation quasi-PDF pert.kernel  matched PDF higher-twist effects
N\

OR the matrix element itself can be matched:
(Short-Distance Factorization (SDF) = PSEUDO)

F(z,Ps) = f_11 dyCy (y) F(yzPs) + O (ZQA?QCD)

pseudo-ITD pert.kernel matched ITD  higher-twist effects
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% 5%9 Quasi- and pseudo-distributions vﬂ
X. Ji, PRL 11(2013)262002;  A. Radyushkin, PRD96(2017)034025

£+ Euclidean matrix element:
P F(z, s, Py) = (PE(:)TAC= 0)(0) )

Its Fourier transform (quasi-distribution)
can be matched onto the light-cone distribution:

3 _
-~ 7 =2 (Large Momentum Effective Theory (LaMET) = QUASI)
boosted 1 d 2 2 2
y spatial q(z, p, P3) = .[]_lyy|0( 7p3)q(y M)"‘O(A CD/P37MN/P3)
/ < correlation quasi-PDF pert.kernel matched PDF higher-twist effects
/ \

OR the matrix element itself can be matched:
(Short-Distance Factorization (SDF) = PSEUDO)

h 1
F(z,Ps) = f_1 dyCy (y) F(yzPs) + O( AQCD)
pseudo-ITD pert.kernel matched ITD  higher-twist effects

Dirac structures I" for different PDFs/GPDs:

VECTOR: 70,v3: H,E (unpolarized twist-2),
V1,72 G1,G2,G3,G4 (vector twist-3). Need different projectors

AXIAL VECTOR: 7570, 75731 H,E (helicity twist-2), to disentangle 2/4 GPDs
V5Y1, V5v2: G1,G2,G3,G4 (axial vector twist-3). UNPOL: P = M

TENSOR: Y173, Y27Y3: HT,ET,ﬁT,ET (transversity twist—2), POL-k: P = +70

v1v2: Hy, E5 (tensor twist-3). VY5 Vk
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%@ Our comprehensive program for GPDs

Standard symmetric (Breit) frame: Asymmetric frame:
source momentum: P,=(E,P-A)2), P;=(E;,P-A)
sink momentum: Py =(E,P+A/2), P; = (E4, P)
very costly, each —t¢ a separate calculation! cost efficient, many —t at once!
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% Our comprehensive program for GPDs % %

Standard symmetric (Breit) frame: Asymmetric frame:
source momentum: - (E,P - A/Z) P;=(E;,P-A)
sink momentum: Pf = (E,P+A/2), P; = (E4, P)
very costly, each —t¢ a separate calculation! cost efficient, many —t at once!

Main theoretical tool: Lorentz-covariant parametrization of matrix elements:

unpolarized (zero skewness): S. Bhattacharya et al., PRD106(2022)114512

pH AH johA PHigZA 2HigEA AH g7 A
Pz, P AY=a(p, A')[_Aﬁmzmy_A3+z-mJWA4+ As+ A6+—A7+—A8]u<p, ),
m m m m m m

helicity (zero skewness): S. Bhattacharya et al., PRD109(2024)034508

wPzA I 7 I H

n 1€ PH —— —— AP — PH —— —— AP ——

F[’y 5] :ﬂ(p,,)\/)[ A1+'y 75A2+75(—A3+mz“144+—A5)+m¢75(—A6+mz“A7+—AS)]u(p,)\)
m m m m m

transversity (zero skewness) S. Bhattacharya et al., PRD112(2025)114504 plic?vs] _ =a(p’, A )[ F“VAT%:Iu(p, A)

unpolarized (nonzero skewness): M. Chu et al., PRD112(2025)094510

also:

First nucleon unpolarized+helicity GPDs (symm. frame) C. Alexandrou et al., PRL 125(2020)262001
First nucleon transversity nucleon GPDs (symm. frame) C. Alexandrou et al., PRD 105(2022)034501
Twist-3 axial GPDs (symm. frame) S. Bhattacharya et al., PRD 108(2023)054501

Moments of unpolarized GPDs (OPE) S. Bhattacharya et al.,, PRD 108(2023)014507

Unpolarized pseudo-GPDs S. Bhattacharya et al., PRD110(2024)054502

Combining lattice+pheno KC, M. Constantinou, P. Sznajder, J. Wagner, PRD 110(2024)114025
Moments of helicity GPDs (OPE) S. Bhattacharya et al., JHEP01(2025)146
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Nucleon structure

Lattice QCD
Quasi and pseudo

GPDs program

ANNs
E+0
Summary
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. _* . @fi?w'@%% 4
Combining quasi and pseudo approaches? @

The quasi and pseudo approaches have a different status of x-dependence
reconstruction:

e quasi — fully-reliable in a limited range of x € [Zmin, Tmax| ~ [0.2,0.8]
reason: power corrections of O(Agcp/2°Ps), O(Adep/(1-x)°P5).
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. _* . @k@%\s 4
Combining quasi and pseudo approaches? -@

The quasi and pseudo approaches have a different status of x-dependence
reconstruction:

Nucleon structure

Lattice QCD e quasi — fully-reliable in a limited range of = € [Zmin, Tmax] ~ [0.2,0.8]
_ Udo reason: power corrections of O(Agcp/2°Ps), O(Adep/(1-x)°P5).
2\':'&'\'05 e pseudo — x-dependence is model-dependent (assumed fitting ansatz)
Summary reason: power corrections of O(2*Agcp) = limited range of v-space data

model-independent — fully-reliable GPDs moments (vmax = (™))
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Nucleon structure
Lattice QCD
Quasi and pseudo

GPDs program

ANNs
E+0
Summary

Krzysztof Cichy

Combining quasi and pseudo approaches? @ %

The quasi and pseudo approaches have a different status of x-dependence
reconstruction:

e quasi — fully-reliable in a limited range of x € [Zmin, Tmax| ~ [0.2,0.8]
reason: power corrections of O(Agcp/°Ps), O(Agep/(1-x)° P3).

e pseudo — xz-dependence is model-dependent (assumed fitting ansatz)
reason: power corrections of O(ZQAQQCD) = limited range of v-space data

model-independent — fully-reliable GPDs moments (vmax = (™))

= COMPLEMENTARITY - e.g. extract x € [0.2,0.8] from quasi
+ add constraints at short distances from pseudo

See also: X. Ji, Ab Initio Lattice Quantum Chromodynamics Calculations of Parton Physics in the Proton:
Large-Momentum Effective Theory versus Short-Distance Expansion, Research 2025;8, Article 0695 (arXiv:2209.09332)
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Combining quasi and pseudo approaches? @

S,

The quasi and pseudo approaches have a different status of x-dependence
reconstruction:

Nucleon structure

Lattice QCD e quasi — fully-reliable in a limited range of = € [Zmin, Tmax] ~ [0.2,0.8]

Quasi and d .

reason: power corrections of O(AéCD/xQP;f), O(AéCD/(l —x)°P3).
2':'&'\'05 e pseudo — xz-dependence is model-dependent (assumed fitting ansatz)
Summary reason: power corrections of O(2*Agcp) = limited range of v-space data

model-independent — fully-reliable GPDs moments (vmax = (™))

= COMPLEMENTARITY - e.g. extract x € [0.2,0.8] from quasi
+ add constraints at short distances from pseudo

See also: X. Ji, Ab Initio Lattice Quantum Chromodynamics Calculations of Parton Physics in the Proton:
Large-Momentum Effective Theory versus Short-Distance Expansion, Research 2025;8, Article 0695 (arXiv:2209.09332)

Our aim: unify the quasi/pseudo approaches in a single analysis.

And also: have a more robust way for reconstructing the x-dependence.
(P[$(2)70A(=2,0)$(0)|P) = [ dw ™™= q(x, P2)
Finally: robust way for reconstructing
the t-dependence for GPDs.

BG (LaMET)
— CK

0.51

T Uyal (l )

0.0 1

Tool to achieve these goals: Y
NEURAL NETWORKS Mock data test: generate 10 discrete points from a pheno PDF

and use Backus-Gilbert to reconstruct the pheno PDF with this limited dataset
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Nucleon structure
Lattice QCD
Quasi and pseudo

GPDs program

£E+0
Summary

Krzysztof Cichy

Our neural network framework 2% %

ratio

bare MEs )
renormalization

(lattice input)
Fi(z P,)

RI/MOM
renormalization

renormalized
MES

inverse %- coordinate-
Fourier S space
matching (SDE)

transform

light-cone
ITD

F(v)

distribution
i(z, P,)

light-cone
distribution

q(z)

inverse Fourier

inverse matching
transform

(LaMET)

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210
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Functional form of ANN PDFs

5(0)

(1-2)""” ANN© () ma e o

[)[1

Constructed light-cone PDF: ¢(% (z) =
Single artificial neural network: ANN(? (z) = bgg) = Zf\i(lo) [wgg) In (1 + exp(bg(z) - wg?)x))

w11 b1o W21

Weights wﬁ) and biases b§2)+ powers 5(0),p(0) constrained by lattice data.

ANN(X)

Three auxiliary functions, ¢%? (z):

(0) (1) , .
¢ (z)+q (x), 0<z<Tmin, (0) (3) . o Lo
q(Q)(x) _ {q(o)(x) 4 q(2)(ac) C wmax <z <1, q(P)(x) _ {Q(O)Ew; +q (z), w:;m <.az < Tmax ; NN N b1y f Wan
q(o)(x), otherwise, 9 ) otherwise,
1 1
Constraints: ¢ (2min) =0, ¢ ()= o )(wmin - w)p( ) ANN (2)

5(2) (1- m)p@) ANN® (),

(3)

q(2)($max) :q(2)(1) =0, q(2)(w) = (x - Tmax)

5(3)

q(3)($min) zq(g)(wmax) =0, q(3)(w) = (T - Tmin) (wmax_x)p ANN(S)(:B)

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210

. — oW
o == ¢"(x)

Lmin - - Tmax Lmin - - Tmax
T T

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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%@ Mock data test for PDFs

Mock data test: generate 10 discrete points from a pheno PDF
and use ANN to reconstruct the pheno PDF with this limited dataset

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEPO5 (2026) 210
1.01 V// mock

— mock (ref.)

1.01V2Z mock

— mock (ref.)

0.51

T2 1wt 100

v//] mock ' /7l mock

0.49 —— mock (ref.) —— mock (ref.)

0.0 —— — — —
102 101 10° 102 10~ 10°
X x
Fully successful reconstruction of the pheno PDF!
Important note: limitations of data (discreteness/truncation) translated to uncertainties
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%@ Lattice results for PDFs

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner

10 :
LaMET alone
N LaMET -+ SDE
E 5 :
g
S
0_ . .
0.0 0.2 0.4 0.6 0.8 1.0
T
10 : :
SDE alone
. ‘ I LaMET + SDE
2 51 : :
= :
3 \
O_ . N
0.0 0.2 0.4 0.6 0.8 1.0
xZT

Krzysztof Cichy

JHEPO5 (2026) 210

Purple bands:
fit using only quasi (LaMET)
or only pseudo (SDE)

Blue bands:
combined quasi+pseudo fit
(LaMET4SDE)
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1.04 B lattice
NNPDF
©
£05
8
0.0 —
1072 1071

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210

X

P lattice
0.4 - NNPDF
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P lattice
NNPDF

100

i

X

0.50

P lattice
NNPDF
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4 o S, 7
T rati @
e E Generalization for GPDs 8

Constructed light-cone GPD: ¢(? (z,t) = 25 (1- a:)p(o) ANNO (g, 1)

ANN now dependent on = and t, additional parameters: slopes s( )

ANNO (0 = + 22 1011+ exptD +00)exp (51 - 077) .

The factor (1 - 33)2 introduced to satisfy the theory-driven constraints: ensures that the ¢ dependence
vanishes as x — 1 (the active parton located at the origin of the reference frame).

Second power keeps the distance to the spectator system finite as x — 1 (smaller/larger power would cause
the nucleon to collapse/expand indefinitely).

Similarly to the PDF case: three auxiliary functions, q(1’2’3)(x,t).

Considered cases: valence zero-skewness unpolarized GPDs H(x,0,t) and E(x,0,t).
Forward limit of H? (z,0,0) normalized to F“/d = 2/1 for u/d quarks.

(2,0,0) — normalization NOT enforced (F.’ ufd = Ky q Well-known experimentally).

Val

Nucleon tomography: b, — impact parameter (def. in center-of-momentum frame of all partons).

unpolarized proton: ¢(z,b,) = [ ?QA)é e PrALHY (2,0, -A?).

transversely polarized proton (along the X-axis): gx(x,b,) = q(az b.)- 55 B, O_¢,(x,by),

with eq(z,b,) = [ ?2%5 _zblALE( 0,-A?).

Ji’s spin sum rule: [_11 dx :U(Hq(a:,g,O) + Eq(az,g,o)> =2J1.
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Results for GPDs

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210

t=-0.26 GeV? V7 t=-0.68GeV?2

72 t=-2GeV2

10° 1072

lattice:

1.0

[ t=0

10!

100

[ t=-0.26 GeV?

Bl t-=-0.68GeV? t=-2GeV?2

N

1072

10! 10°

LATTICE RESULTS FOR H AND E (ux\,al, dyal)

-1.0

10 1072

JUval =(.281(28), J%val = —0.014(23)

kp = (2/3)ku — (1/3)kg = 1.14(26)
ko = 1.03(43), kg = —1.37(39)

cf. experiment k" = 1.792847350(9) [Nature 509(2014)596]

DIRAC & PAULI EFFs — MOCK DATA TEST

Y73 uw V74 d 21 A u (77 d

1.5
104 = o] —_—
LT:IO . &

0.51 ~

7
0.0 . - : - - .
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5
—t[GeV?] —t[GeV?]
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2.0

2.0
e o d
1.5
=
=2 1.01
K
0.51
0.0 " " "
0.0 0.5 1.0 1.5
—t[GeV?

0 2 H(x,t = 0)

cf. e.g. J%val =0.195(10), J%val = 0.017(5) [PRD110(2024)114025]

10!

10"

—1.0+

1072

10 10

COMPARISON OF PDFs AND ¢t =0 GPDs

I 2w ()

1072

10!

100

0.4

0.0+

e g He(z,t = 0)
B 2 de(z)

1072

10 109

DIRAC & PAULI EFFs — LATTICE RESULTS

2.0

2

0

-2

L ) . oa

0.0

1.0 15

—t[GeV?)

05 2.0
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UNPOLARIZED o
PROTON e

-5 0 5

up valence quark in unpolarized proton

q(by.b)/2

0.16
0.12
0.08
0.1
b [1/GeV] 0.04
-5 0 5 '
down valence quark in unpolarized proton 5 0.00

q(by b))
0 bl1/GeV]

Nucleon tomography from GPDs

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210
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0.0 =00 0.0

— 0 5 -5 0 5 -5 0 )
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TRANSV. POLARIZED
s PROTON
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up valence quark in transversely polarized proton

4(b,s b2

0.16
0.12
0.08
0.1
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e . Pl :
g@aa = A% £d - J?’ ‘%
— Ee Nonzero skewness GPDs — asymmetric frame vﬂ
Skewness: £, = —A"/2P*, quasi-skewness: & = —A3/2P;5 = £, + O(m? | P?).
Two cases at & # 0:
e momentum transfer in transverse+longitudinal directions, A = (A1, Aa, A3),
e purely longitudinal momentum transfer, A = (0,0,A3) = Ay.
General Lorentz-covariant parametrization of unpolarized MEs: s. Bhattacharya et al., PRD106(2022)114512
A ok PHig?A 2HigED NG

pPH )
F'u(z,P,A):ﬂ(p’,A’)I:—A1+mz“142+—A3+imo“zA4+Z As+ Ag+ A7+
m

™m m m m m

Ag]u(p, A).

Special case of purely longitudinal momentum transfer: M. Chu et al., PRD112(2025)094510

pPH
F*l(z, P,AL) = a(Py, /\’)[?AlL + mz“A§ + z‘ma“zAf]u(Pi, A) .

Redefined amplitudes A7 are linear combinations of the general amplitudes A;, e.g.:
2 2

L o o o
Al = A4 +O¢A3 — ?A5 — E(Z-AL)AG - ?(Z-AL)Ag.
GPDs in terms of amplitudes:
Hyr = Ay - 2§As,
ELI = —Al + 25143 + 2A5 + 2P3,ZA6 - 4€P32A8,

~(2:A)(>P)
22P2-(z-P)2"

1
L _ .
HLI:(H+§a§(H+E))LI:A1L, with o=
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M. Chu, M. Colago, S. Bhattacharya, KC, M. Constantinou, A. Metz, F. Steffens, PRD112(2025)094510
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Conclusions and prospects @

e Main message: probing nucleon’s 3D structure with LQCD
becomes feasible and reliable!

e This talk: overview of progress for GPDs +
new development improving lattice extraction of PDFs/GPDs by:

* (both) combining the two most popular approaches, quasi- and
pseudo-distributions, and allowing them to work in synergy,

* (both) employing a modern tool, artificial neural networks, to reconstruct
the = dependence and mitigate the inverse problem,

* (GPDs) reconstructing the ¢t dependence in a model-independent way, also
with artificial neural networks.

e With this, we have a very flexible and robust framework
(still improvable!) for optimal use of expensive lattice data.

e Still, a lot of work to be done: quantify all systematics
— laborious, but crucial.

e Consistent progress will ensure complementary role of
lattice to phenomenology and experiment!
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e This talk: overview of progress for GPDs +
new development improving lattice extraction of PDFs/GPDs by:

* (both) combining the two most popular approaches, quasi- and
pseudo-distributions, and allowing them to work in synergy,

* (both) employing a modern tool, artificial neural networks, to reconstruct
the = dependence and mitigate the inverse problem,

* (GPDs) reconstructing the ¢t dependence in a model-independent way, also
with artificial neural networks.

e With this, we have a very flexible and robust framework
(still improvable!) for optimal use of expensive lattice data.

e Still, a lot of work to be done: quantify all systematics
— laborious, but crucial.

e Consistent progress will ensure complementary role of
lattice to phenomenology and experiment!
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7 Lattice PDFs/GPDs: dynamical progress 4
results @ physical pion mass ETMC/PKU, PRD102(2020)014508 :

MSU/NTU/UR, NPB952(2020)114940
results extrapolated to physical pion mass Quasi-distributions
Gluon PDF | MSU, JPhysG52(2025)035105

BNL/ANL, JHEP02(2025)056
results © non-physical pion mass
MSU/LANL, PRD104(2021)094511 Nucleon twist-3 A LCDA | LPC, PRD111(2025)034510
I

Nucleon GPD ETMC/Temple Meson DA
ETMC. PRL121(2018)112001 ETMC, PRL125(2020)262001 PRD102(2020)111501(R) LP3. PRD95(20171094514 Pion/Kaon PDF
ETMC, PRD99(2019)114504 ETMC, PRD105(2022)034501 PRD104(2021)114510  LP3. NPB939(2019)429
LP3. arXiv:1803.04303 ~ ETMC. PRL121(2018)112001  £pic. PRDOS(2018)091503(R) MSU. PRL127(2021)182001 ~ PRD108(2023)054501 MSU/NTU. PRD102(2020)094519  LP3, PRD100(2019)034505
LPC. PRD101(2020)034020 ~ ETMC. PRD99(2019)114504

ETMC, PRL126(2021)102003
. . ETMC. PRD104(2021)054503
[Nucleon twist-2 PDF }—»[ singlet (2021)

helicity

transversity

ETMC. PRD99(2019)114504 ~ ETMC/BNL/ANL, PRD106(2022)114512 LPC. PRL127(2021)062002 BNL. PRD100(2019)034516
BNL/MSU. PRD102(2020)074504  LP3. PRL121(2018)242003 LP3. arXiv:1810.05043 ETMC/BNL/ANL, PRD108(2023)014507 LPC. PRL129(2022)132001  MSU/NTU/BNU, PRD103(2021)014516
ETMC. PRD103(2021)094512 BNL/MSU. PRD102(20201074504 | pc. PRL131(20231261001  ETMC/BNL/ANL. PRD109(2024)034508 BNL/ANL, PRD106(2022)114512 CCNU/BNL/ANL, PRL128(2022)142003
MSU/NTU. arXiv:2011.14971  ETMC. PRD103(2021)094512 g /ANL, PRD109(2024)054506 MSU. PRD110(2024)034503 BNL/ANL. JHEP07(2024)211 BNL/ANL., PRD106(2022)114510
BNL/ANL, PRD107(2023)074509 MSU, PLB854(2024)138731

ETMC/BNL/ANL, JHEPO1(2025)146 BNL/ANL, PRD110(2024)114502 MSU, JPhysG51(2024)065101

Current-current /
Auxiliary light quark

4/1 Pseudo-distributions S
1on
Nucleon PDF
HadStruc. PRD100(2019)114512 /
HadStruc, PRD96(2017)094503 v BNL, PRD102(2020)094513 Nucleon PDF
HadStruc. JHEP12(2019)081 CGluon:PDF] Pion PDF h 4
HadStruc, PRL125(2020)232003 UR, PRD110(2024)074503

i (QCD, PRD101(2020)114503
ETMC. PRDI03(20211034510  MSU. [IMPA36(2021)13 HadStruc, PRD99(2019)074507 Pion DA Nucleon GPD xQ (2020)
HadStruc, JHEP11(2021)024 MSU. PLB823(2021)136778 HadStruc, PRD102(2020)054508 Taiwan/MIT, arXiv:1810.12194 QCDSF, PRD105(2022)014502
' QCDSF, PRD110(2022)014509

HadStruc, JHEP11(2021)148 HadStruc, PRD104(2021)094516 o GPD Taiwan/MIT, PRD105(2022)034506
' uclieon
HadStruc, PRD105(2022)034507  MSU. PRD106(20221094510 Nucleon Fy, F,
HadStruc. JHEP03(2023)086  HadStruc. PRD106(2022)094511 ETMC/Temple, PRD110(2024)054502
BNL/ANL. PRD107(2023)074509 ETMC, PRD108(2023)094515  HadStruc, JHEP08(2024)162 UR, EPJC78(2018)217 QCDSF, PRL118(2017)242001 QCDSF, PRD107(2023)054503

ENL/ANL. PRD109(2024)054506 UR, PRD98(2018)094507  QCDSF, PRD102(2020)114505

K. Cichy, Progress in x-dependent partonic distributions from lattice QCD, plenary talk LATTICE 2021, 2110.07440

K. Cichy, Overview of lattice calculations of the x-dependence of PDFs, GPDs and TMDs,
plenary talk of Virtual Tribute to Quark Confinement 2021, 2111.04552 REVI EWS

K. Cichy, M. Constantinou, A guide to light-cone PDFs from Lattice QCD: an overview of approaches, techniques
and results, invited review for a special issue of Adv. High Energy Phys. 2019 (2019) 3036904, 1811.07248

M. Constantinou, The x-dependence of hadronic parton distributions: A review on the progress of lattice QCD
(would-be) plenary talk of LATTICE 2020, EPJA 57 (2021) 77, 2010.02445

X. Ji et al., Large-Momentum Effective Theory, Rev. Mod. Phys. 93 (2021) 035005
M. Constantinou et al., Parton distributions and LQCD calculations: toward 3D structure, PPNP 121 (2021) 103908

‘ Auxiliary heavy quark ’ ‘ OPE without OPE ’ ‘ Hadronic tensor ’

Krzysztof Cichy Progress in GPDs from Lattice QCD — NSTAR2026 Seville 10.09.2026 — 19 / 17



2fe = P e ——
% -
N -\\\i e - e
N o 77 ~ 1_
Qﬂ K} X /I//x A.\
L £ G e e L e R L__i___if./_/_é./_A Sz:z/
iz, ~— . = & 0'""";;": """""""""""""""""""
2 - - - - m R =
_2_] | —].' o
0 2 4 6 8 10 0 1 2 3 4 5
z/a v
M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210
o ‘\kkk% ¥ )
o < 0.57
Q““ () fom=———m e A_\
B - 5
;E;‘ - = ur ur ar o= s o= '\E‘L‘ 0 O ____________________________________________
—1 5
—0.5 ‘
0 2 4 6 8 10 0 1 2 3 4 5
z/a v

Krzysztof Cichy Progress in GPDs from Lattice QCD — NSTAR2026 Seville 10.09.2026 — 20 / 17



i&fb ;i ;% Analysis of uncertainties 2% %

e statistical errors,
e strategy of fitting real/imaginary part (separately/together),

Nucleon structure

Lattice QCD e z.ut parameter representing the largest z values in LaMET data
Quasi and pseudo Zeut = 8a,7 9&, 10a,
i;ﬁs RIGEIEI ® Zmax parameter representing the largest z values in SDE data

S
£ %0 Zmax = 94, 4a, da,

Summary e choice of xmin =0.15,0.2,0.25 and xmax = 0.75,0.8,0.85.
Backup slides o 020 — 1 o 0.3 —

- & statistical Zewtk = Zminmax 4 4| O statistical Zet — Tminmax
£+ % 0.15 —-—- fit method - Zinax 1 % —-—- fit method - Zmax F
First extraction =5 Z 0.9 :

o= 2 0.
Asym.frames = 0104 =
= 201
+ 0.05¢. E
2 1 <
0.00 _— — 0.0+
1072 1071 1072

M. Chu, KC, M. Constantinou, P. Sznajder, J. Wagner, JHEP05 (2026) 210

More uncertainties to quantify: discretization effects, pion mass
effects, renormalization, matching etc.

The ANN framework can naturally incorporate all these and
ultimately lead to a fully quantitative result!
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Example bare MEs:
~o, unpolarized projector
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Example amplitudes:
Aj and Aj (leading ones)
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M. Chu, M. Colaco, S. Bhattacharya, KC, M. Constantinou, A. Metz, F. Steffens, PRD112(2025)094510
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Nonzero skewness GPDs — H and E

Skewness dependence of H and £ GPDs at approx. equal —t
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Nonzero skewness GPDs — skewness symmetry
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é%@ First extractions of z-dependent GPDs @ %
\/' orat®"

C. Alexandrou, KC, M. Constantinou, K. Jansen, A. Scapellato, F. Steffens, PRL 125(2020)262001
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t-dependence of H/E GPDs (pseudo, asym. frame)@ %

. Bhattacharya, KC, M. Constantinou, A. Metz, N. Nurminen, F. Steffens, PRD110(2024)054502

Zmax = 0.65 fm

—t =0.17 GeV?

—— —t=10.34 GeV?

—— —t=10.65 GeV?
—t =0.81 GeV?
—t = 1.38 GeV?
—t =1.52 GeV?

— =229 GeV?

Qualitatively similar picture to the one from quasi-GPDs.
Quantitative differences due to different systematics.

Progress in GPDs from Lattice QCD — NSTAR2026 Seville 10.09.2026 — 27 / 17



Nucleon structure
Lattice QCD
Quasi and pseudo
GPDs program
ANNs

E+0

Summary

Backup slides
E+0
First extraction

Krzysztof Cichy

t-dependence of Hy/Er/Hr/2Hr + Er GPDs (quasi,
asym. frame)
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o o
3 %%;%D Lorentz-covariant parametrization

Main theoretical tool: Lorentz-covariant parametrization of matrix elements:
unpolarized: S. Bhattacharya et al., PRD106(2022)114512
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F“(z,P,A)za(p',A')[—Al+mz“A2+—A3+z'ma“zA4+ As+ Ag+ A7+
m m m m m

U7,
3

AS]u(p, A),

helicity: S. Bhattacharya et al., PRD109(2024)034508
jehPzA - PH AN PH AR
Al +’y”’y5A2+’y5(—A3+mz“A4+—A5)+m¢’y5(—A6+mz“A7+—Ag)]u(p,)\)

PO 8] )|

m

transversity: S. Bhattacharya et al., PRD112(2025)114504 glic*"s] =a(p’,>\’)[ 122: Ffo’“ATi]u(p,A)
1=1

e most general parametrization in terms of 8 or 12 linearly-independent Lorentz structures,
e 8/12 Lorentz-invariant amplitudes A;/A;/Ari(z- P, z- A, A”, 2°).

Example: (7o insertion, unpolarized projector)

symmetric frame:
I5(To) = C(
asymmetric frame:

I (Tp) = C(

E(E(E+m)-P3) Y (B+m)(-B2+m?+ P2)
1

A5+

m3 m3

EP3(-E®+m?+ P})z
Ae |5
2m3 0

B (Ef +E'L)(Ef —E,L' —2m)(Ef +m) A

(Ef—E,L'—Qm)(Ef+m)(Ef—E,L') (E'L'_Ef)PBZ
Sm3 - A3+ A

4m3 4m

1 4

(Ef+Ez)(Ef+m)(Ef_Ez) Ef(Ef+Ez)P3(Ef—E,L)Z EfP3(Ef—E,L)2z
Asg + Ag + Ag |.
4m3 4m3 2m3

e matrix elements IT,,(I",) or I1,,5(I', ) are frame-dependent

e but the amplitudes A;, A; or Ap; are frame-invariant.
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A1, As (unpolarized leading ones)

1.4 | Al nonS}}m —a—
$ Alsym
1.2 17 Asnonsym ~—e— -
o Ag sym
1L ]
! ]
_ 08 4 fEg 4
< ‘i@ ¢
(9] L
& 0.6 iy ¥
04 g g &
02 | Qm m@
: _bq ad,
0 eeeepppggae” "uigeannseee
_0.2 | | | | | | |
-15 -10 -5 0 5 10 15
PRD106(2022)114512  S. Bhattacharya
0-6 T T T T T T T
04 | i
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g O ldaggdéaa® B mggggsﬁma
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Re

Im

-0.5

-0.2

Proof of concept (comparison between frames)

Ay, As (helicity leading ones)

25| %ﬁ

i bl

; %

| Pt

0.5 | f TT TW f
ptae "ty

oggz;iEﬁgggﬁr “a:

‘ A, asym +—s—
A, symm
Agasym —a— |
As symm

-15 -10 5 0 5

et al. PRD109(2024)034508

10 15

06 | }}%
04 {

%
02 | }}TE

Oéééiéig [

f

Nmﬂﬁ

ot

‘ A, asym A
A, symm
Agasym —a—i
Ag symm

%gﬂiﬁ%?

1

t

wl O

z/a
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%% GPDs — possible definitions @ %

Defining H and E GPDs in the standard way, expressions are frame-dependent:
SYMMETRIC frame: Z(A% +A§)

F A As, F 4y oy s FUE-AT-AY)
= A1 + : =-Ap + -
g (0) 1 2P3 6 E(0) 1 5 2P3
- A 22 2(AZ + A2 2(A3 + AgA?
ASYMMETRIC frame: o 4, Do\ mP280 (Ag+ A7) 4, #Bo+BoA)
Py 2Py Ps3 2Ps 2Py Ps
2 A2 +2PyAg +4P2 + A2 Ag (A2 +2A0P) +4P2 + A2
P (O)=—A1—&A3—m Z(A0+2P0)A4+2A5_Z( 0 040 0 J_) 6_2’ O( 0 040 0 L)Ag.
E Py 2P P3 2P 2Pg Ps3
One can also modify the definition to make it Lorentz-invariant and arrive at:

ANY frame: Frg=A1, Frp=-A1 +2A5 +22zP3A¢.

With respect to the standard definition, removed/reduced contribution from As, A4, Ag, As.

In terms of matrix elements: standard definition — only IIp(I'0), ITo(T'y/2),

LI definition — additionally: II; 5(I's) (both frames), II; 5(I's), I1;,2(I0), 1 (I'2), I2(T'1) (asym.).
Two definitions of H :

standard (53 operator): Fz = A+ 2zP3Ag - m22% A7,
another (57; operators, i =0,1,2): Fg = Ag + 2P5 Ag .

FE impossible to extract at zero skewness: F; =2 ~ Ay + 245 .
A
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standard

0.8
‘average —>—1 Psink‘:(—l,O,—S) d:(-Z,0,0) -
Psink=(-1,0,3) Q=(-2,0,0) —=— Psink=(1,0,-3) Q=(2,0,0) —e—
06 L Psink=(1,0,3) Q=(2,0,0) —&— Psink=(0,-1,-3) Q=(0,-2,0)

Psink=(0,-1,3) Q=(0,-2,0)
Psink=(0,1,3) Q=(0,2,0)

04 %
;

Psink=(0,1,-3) Q=(0,2,0)

“S. Bhattacharya et al., PRD106(2022)114512 =

t1
ol il i
= (R % ¥ T
??ifzui I i Jlg%v, -
e A Y
g i i
02 | ¢ y % $ i %
04 |
15 -{0 5 6 5 1‘0 1‘5
‘average >—‘><—< Psink‘:(—l,(),—3) d:(-Z,0,0) e
0-8 I Psink=(-1,0,3) Q=(-2,0,0) —=— Psink=(1,0,-3) Q=(2,0,0) +—o— |
Psink=(1,0,3) Q=(2,0,0) —=— Psink=(0,-1,-3) Q=(0,-2,0)
Psink=(0,-1,3) Q=(0,-2,0) Psink=(0,1,-3) Q=(0,2,0)
0.6 - Psink=(0,1,3) Q=(0,2,0)
]

04 el I

Ogﬁggﬁéé¥ #%i)) ;’@ E*¥%%%éééi
02 T%% | Lt
-04 J ¥ b
0.6 ‘
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Signal comparison for different definitions

| orentz-invariant

‘average —x— Psink‘z(—l,O,—S) d:(—Z,0,0) ;0%
Psink=(-1,0,3) Q=(-2,0,0) —=— Psink=(1,0,-3) Q=(2,0,0) —<—
Psink=(1,0,3) Q=(2,0,0) —&— Psink=(0,-1,-3) Q=(0,-2,0)
Psink=(0,-1,3) Q=(0,-2,0) Psink=(0,1,-3) Q=(0,2,0)
Psink=(0,1,3) Q=(0,2,0)
L4
AR LR T
sidbif! B ' ‘i
EE if, B 4 n‘—rg H 1 V @ K/'UTY y"ﬁr‘ﬁ
15; ARG is &% # Q‘Ff:fgiféié
B, A e
i T
1 i{$¥g¥
-15 -10 5 0 5 10 15

average ——x—

Psink=(-1,0,3) Q=(-2,0,0) —=—
Psink=(1,0,3) Q=(2,0,0) &
Psink=(0,-1,3) Q=(0,-2,0)
Psink=(0,1,3) Q=(0,2,0)

Psink=(-1,0,-3) Q=(-2,0,0) &

Psink=(1,0,-3) Q=(2,0,0) &1 |
Psink=(0,-1,-3) Q=(0,-2.0)
lpsink=(o,1,-3) Q=(0.2,0)

LT

-15 -10 -5
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é’%) Convergence of different definitions of H/H/E

UNPOLARIZED

1069GV P;=0.83 GeV
-=0.69 GeV? P3 125 GeV
=0.69 GeV? Py=1.67 GeV |

H
H
H
H -t=2.76 GeV? P3 125GV‘

T A1, As

UW>UZ>%W

N N NN
g 8 8 2
E B B B
R

I}
\]\1\1\0

Et069GV P,=0.83 GeV
E -=0.69 GeV> Py=1.25 GeV
E =069 GeV> P3=1.67 GeV/
3t E -t=2.76 GeV? P;=1.25 GeV

7 A17A57A6

Zmax™=

H-GPD

L L
0.5 1 -1 -0.5

Yo operator (non-LI)

Y0,T operators (LI)

E-GPD

L
0.5 1

‘
HLIt069GV P;=0.83 GeV
Hy; -t=0.69 GeV> L Py=1.25 Gev
HLItO6QGV P3=1.67 GeV
Hy | -t=2.76 GeV* P;=1.25 GeV |

HLI

N N N N
ENENENE
g £ g X

9
X:7
=7
7

By, 1=0.69 GeV? 2 Py=0.83 GeV
Ey1=0.69 GeV? P3=125 GeV
By = 0.69 GeV? P3=1.67 GeV
3+ By =276 GeV> Py=125 GeV

2T A17A57A6

<Z—INHZmxoor-
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basically unaffected

highly-improved!

HELICITY

4
Hilde 1069GV P,=0.83 GeV Zoa=13
Hiilde -t=0.69 GeV? P3 125 GeV Zp= O N
Hiilde -t=0.69 GeV> P3=1.67 GeV| L= 7

3t Hiilde -(=2.76 GeV? Py=1.25 Ge = 7 m—

Htilde

V573 operxator (LI)
H-GPD
¥5%0: V5T operators (LI)

HtldLItO69GV Po083GeV 7m0
Hiildey; 1=0.69 GeV? Py=125 GeV.  zy,,,= 9
HtIdLIt069(}V Py=1.67GeV| 7, = 7 .

30 Hiildey;-=2.76 GeV> P;=125GeV| 7, = 7

t Ay, Ag

slightly worse

Htilde
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llaporat®

GPDs moments from OPE of non-local operators @ %

Short-distance factorization (SDF) can also be used to extract moments of GPDs.

For ratio-renormalized H/E: FMS(z, P,A) = %, _ SR OMS (12,2 (27 )+ O(AZ oy 22),
C}}L/IS(,LLzzQ) — Wilson coefficients (NNLO for u —d, NLO for u + d)

Moments of impact parameter parton distributions in the transverse plane:

d2A <o\ b A
prr1(by) = f = Api1,0(-AT)e A

(2m)?
dQA - A 2 —ib A
pn+1( l) f (2 )lz n+1,0(—AE)+Zﬁ3n+1,o(—Af)]e b1 Al.
1st moment 2nd moment 3rd moment 4th moment

by [fm]
by [fm]
by [fm]

S
by [fim]

0.6 72 0.6 2.80 0.6 1.20 0.6 0.56
63 245 1.05 0.49
54 2.10 0.90 0.42
45 175 0.75 035
0.0 3.6 0.0 1.40 0.0 0.60 X 0.28
27 1.05 $ 0.45 $ 0.21
18 0.70 030 0.14
0.9 035 0.15 0.07
- 0.0 - 0.00 ~ 0.00 -0. 0.00
24 X 038 . 02200 . 0.1800
2.1 0.7 0.175 0.1575
18 0.6 0.150 0.1350
15 05 0.125 0.1125
0.0 12 0.0 0.4 0.0 0.100 X 0.0900
0.9 03 $ 0.075 $ 0.0675
0.6 02 0.050 0.0450
03 0.1 0.025 0.0225
-0.6 . . 0.0 -0.6 . . 0.0 -0.6 . . 0.000 -0.6 . . 0.0000

by [fm] by [fm] by [fm] by [fm] by [fm] by [fm] by [fm] by [fm]

oo
[= 1=
oo
oo

by [fm]
by [fm]
by [fm]

SH
b, [fm]

S. Bhattacharya, KC, M. Constantinou, X. Gao, A. Metz, J. Miller, S. Mukherjee, P. Petreczky,
F. Steffens, Y. Zhao, PRD108(2023)014507
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GPDs moments (axial vector)

Similar extraction of moments A;‘fbfod using SDF Sg u+ d U d
can be done in the axial vector sector. S T T 23
In particular, one can extract moments related to: A - ® i
e quark helicity: S? = %[_11 dxH(x,0,0) = %fl‘f’O(O) i ‘fg
e quark OAM: L?=J7 - S¢=1(A3 ,(0)+Bf,(0))-1 A ,(0) T AL ;/\;
e spin-orbit correlation: CY = %([lg 0(0) — A7 ,(0)) ) N ) M S|

’ ’ by [fm] by [fm] by [fm]

(ignoring term suppressed by m,/2mx with Er + 2H7)

L, u+d U d C7 u+d U d
0.6 —— T T - T 08 0.6 —— T T y T a4
L L L 0.6 ¢ ¢ ¢ 18
0.4 12
E 0.2 ’E‘ 0.6
E00 . 1 F o 1]Fo00 B o00F 1 F 1 F 1|00
'.s\ —0.2 _QA —0.6
04 -1.2
-0.6 -1.8

2.4
-0.6 } t 1 : 0.6 t t = t -3.0

i 11 - ;4/‘\- -r i \/_ '\/-
S 00 Y— S It It |
os| ] v I ]
1 1 _3 i 1 1 1
%% 0.0 0.6 0.6 0.0 0.6 0.6 0.0 0.6 06 0.0 0.6 0.6 0.0 0.6 0.6 0.0 0.6
by [fm] by [fm] by [fm] by [fm] by [fm] by [fm]

S. Bhattacharya, KC, M. Constantinou, X. Gao, A. Metz, J. Miller, S. Mukherjee, P. Petreczky,
F. Steffens, Y. Zhao, JHEP01(2025)146

Krzysztof Cichy Progress in GPDs from Lattice QCD — NSTAR2026 Seville 10.09.2026 — 35 / 17



Twist-3 GPDs

PDFs/GPDs can be classified according to their twist, which describes the order in 1/Q at which
they appear in the factorization of structure functions.

Twist-2 — probability densities for finding partons carrying fraction x of the hadron momentum.
8

Twist-3 — no density interpretation, contain important information 10,69 GeV?

. . . . 6 | —£=1.38 GeV?

about ggq correlations, appear in QCD factorization theorems for a ; 276 qev:
o 4 |

variety hard scattering processes, interesting connections with TMDs, ¢ \

important for JLab12 and EIC, but difficult to measure.
S. Bhattacharya, KC, M. Constantinou 0

Exploratory studies:

A. Metz, A. Scapellato, F. Steffens -2h - -
. . 15
e matching for twist-3 PDFs: g1, hy, e
S. Bhattacharya et al., PRD102(2020)034005, PRD102(2020)114025 "
BC-type sum rules s. Bhattacharya, A. Metz, PRD105(2022)054027 S

Note: neglected ggq correlations
see also: V. Braun, Y. Ji, A. Vladimirov, JHEP 05(2021)086, 11(2021)087

e lattice extraction of ¢4 “(z) and A% % (x)

+ test of Wandzura-Wilczek approximation
S. Bhattacharya et al., PRD102(2020)111501(R), PRD104(2021)114510

e first exploration of twist-3 axial GPDs: G1, G2, G5, G4 5
S. Bhattacharya et al., PRD108(2023)054501 N . o
) A5 A v375 sign[P3] cJ P A v3 ; - 138GeV?
Flivsl o = Fgog,%vi% Fr.a,*— 5 — Fa,~ " Fg, 4l | | 266GV
-1.0 -0.5 0.0 0.5 1.0
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\%w S Combining lattice with pheno/exp data @

Important: opportunity for COMPLEMENTARITY:
combine lattice data with phenomenological /experimental data:

e lattice: double ratios removing explicit info on PDFs and EFFs (thus, lots of systematics mildened),
e pheno/exp: proton’'s and neutron’s magnetic and electric EFFs and their ratios.

1 5 5 0.02 5 0.02
075 o 25 25 3 . 25
—~ o
3 g
o 05 = 0 0 0.01 Q9 0 0.01
] 1 (o]
7025 I 25 25 X -2, 25
o
0 | -5 -5 0 - -5 0
T 5E s % 25 0 25 532 -25 0 25 5 T a— 5e < % 25 0 25 532 -25 0 25 5
b [1/Gev] b, [1/GeV] b, [1/GeV] " b, [1/Gev] b, [1/GeV] b, [1/GeV]
5 5 0.02 01 5 5 0.02
~008
| =2 25 > — 25 25
= '3 = e
Q o S 0.06 o
n [N x ~
= = 0 0 001 = 0 0 0.01
I N 17 0.04 N
X 1 Qa o a
© | 25 25 X002 -25 25
o
-5 -5 o 0 5 -5 o
5 3 o 55 < % 25 0 25 573 -25 0 25 5 T E— 55 < % 25 0 25 53 -25 0 25 5
T b[y/Gev] b, [1/GeV] by [1/GeV] ® b, 1/Gev] b, [1/GeV] b, [1/GeV]

KC, M. Constantinou, P. Sznajder, J. Wagner, Phys. Rev. D110 (2024) 114025
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