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Introduction

Goal
To study the analytic structure of the quark propagator

(
p

)-1 = (
p

)-1 +

p

q

iΣ(p)

S(p) = σV (p
2)/p+ σS(p

2) , S−1(p) = A(p2)/p−B(p2)

S−1(p) = S−1
0 (p)− iΣ(p) , Σ(p) = −4g2

3

∫
q

γµS(p+ q)Γ
µ
(q, p,−p− q)∆(q2) .
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The quark-gluon vertex (II)

Γ
µ
(q, p,−k) =

8∑
i=1

λi(q, p,−k)τ̄µi (p,−k)

τ̄µi (p,−k) = Pµν(q)τνi (p,−k)

τν1 = γν , τν2 = (k + p)ν ,

τν3 = (/k + /p)γ
ν , τν4 = (/k − /p)γ

ν ,

τν5 = (/k − /p)(k + p)ν , τν6 = (/k + /p)(k + p)ν ,

τν7 = −1

2
[/k, /p]γ

ν , τν8 = −1

2
[/k, /p](k + p)ν .

q

p k

Γµ

µ

=

q

p k

γµ

µ

+

q

p+ℓ

ℓ−qℓ

p k

µ

Vρ(ℓ) Vν(ℓ−q)

+

q

ℓ

p+ℓ ℓ+k

p k

µ

Vρ(ℓ) Vν(ℓ)

Vµ(q)

1. Neglect Abelian contribution: ∼ 2‰ of full result

2. Take the soft-gluon limit

[Aguilar,Ferreira,Oliveira,Papavassiliou,Linhares,EPJC84(2024)11,1231]
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See A.Miramontes’ talk
Wednesday, Session A, 10:00

Symmetric vertex approximation
[Ferreira,Miramontes,JM,Papavassiliou,Pawlowski,EPJC86(2026)4,325
Ferreira,Miramontes,JM,Papavassiliou,EPJC86(2026)7,858]
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The quark-gluon vertex (III)

Γ
µ
(q, p,−k) =

8∑
i=1

λsg
i (p2)τ̄µi (p,−k)

λsg
i (p2) := lim

q→0
λi(q, p,−k)

q

p k

Γµ

µ

=

q

p k

γµ

µ

+

q

p+ℓ

r=ℓ−qℓ

p k

µ

Vρ(ℓ) Vν(ℓ−q)

1. Write down vertex SDE (general kinematics): Γ
µ
(q, p,−k) = Γ

µ
0 (q) + Γnab(q, p,−k) ,

Γ
µ
nab(q, p,−k) =

3ig2

2

∫
ℓ

Γ
ν
0 (r)S(p+ ℓ)Γ

ρ
0 (ℓ)Γ

µνρ
(q, r,−ℓ)∆(ℓ2)∆(r2)V (ℓ2)V (r2) ,

with Γ
µ
0 (q) := Pµν(q)γν and Γ

µνρ
(q, r,−ℓ) = Pµα(q)P νβ(r)P ργ(ℓ)Γαβγ(q, r,−ℓ).

2. Project out form factors: λi(q, p,−k) = Tr[Pµ
i (p,−k)Γ

µ
(q, p,−k)]

λsg
i (p2) = δi1 + lim

q→0
Tr

[
Pµ
i (q, p,−k)Γnab(q, p,−k)

]
︸ ︷︷ ︸

λ
sg
i,Q(p

2
)

[Ferreira,Miramontes,JM,Papavassiliou,EPJC86(2026)8,954]
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The system of Schwinger-Dyson equations

Goal
Solve the system of quark propagator and quark-gluon vertex SDEs

on the complex p2-plane

(
p

)-1 = (
p

)-1 +
p

q

iΣ(p)

q

p k

Γµ

µ

=

q

p k

γµ

µ

+

q

p+ℓ

ℓ−qℓ

p k

µ

Vρ(ℓ) Vν(ℓ−q)

Γµ
nab(q, p,−k)
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Numerical procedure: Ingredients

• Gluon propagator ∆(k2):
Fit to lattice data1

• Three-gluon vertex Lsg(k
2):

Fit to lattice data1

• Function V (k2)

SDE determination2: V (k2) = λ1(k, k, k)

1[Aguilar,Ferreira,Ibañez,Papavassiliou,EPJC83(2023)10,967]
2[Ferreira,Miramontes,JM,Papavassiliou,EPJC86(2026)4,325] 5/10
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Results: Quark-gluon vertex

Tree-Level Component

TLC: τµ1 → γµ

Anomalous Chrom. Moment

ACM: τµ4 → (/k − /p)γ
µ

Spin-Momentum Curvature

SMC: τµ7 → − 1
2 [/k, /p]γ

µ

[Ferreira,Miramontes,JM,Papavassiliou,EPJC86(2026)8,954]
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Results: Quark propagator (I)

Quark propagator shows real poles with opposite-sign residues

# Location in p2 [GeV2] Residue

Pole 1 −0.16 1.12

Pole 2 −0.58 −0.51

See also: M. Ferreira (Tuesday, A, 15:30); M.Huber (Wednesday, A, 09:30);
Wieland, Alkofer, arXiv:2604.20235.

S(p) = σV (p
2
)/p+ σS(p

2
) , S

−1
(p) = A(p

2
)/p−B(p

2
)
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Results: Quark propagator (I)

z = p2 = x+ iy , lim
z→p

2
i

(z − p2i )
mσV (z)

• Order-one poles: m = 1

• Stability of pole position: less than 5% variation in second pole
• No evidence for clustered poles/zeroes nearby
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Results: Quark propagator (II)

Pole 1 signals a propagating mode of a massive Dirac fermion

# Location in p2 [GeV2] Residue

Pole 1 −0.16 1.12

Pole 2 signals an unphysical ghost state

# Location in p2 [GeV2] Residue

Pole 2 −0.58 −0.51

Spectral functions
assume negative values

Violation of
reflection-positivity

No positive-definite
Hilbert space

No quark
asymptotic states3

3[Alkofer,Smekal,Phys.Rept.353(2001)281; Oehme,Int.J.Mod.Phys.A10(1995)1995-2014]
[Kugo,Ojima,Prog.Theor.Phys.Suppl.66(1979)1-130; Alkofer,Greensit,J.Phys.G34(2007)S3]
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Results: The interplay between ACM and SMC (I)

• TLC, ACM, SMC: essence of S(p)

• ACM: primary mechanism for dynamical quark mass generation
• SMC: momentum-dependence quark propagator

Note: p2ΣA(p
2) = Tr[/pΣ(p)] , ΣB(p

2) = Tr[Σ(p)]
9/10
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Results: The interplay between ACM and SMC (II)

Γ
µ
η (q, p,−k) = λsg

1 (p2)τ̄µ1 +λsg
4 (p2)τ̄µ4 +ηλsg

7 (p2)τ̄µ7 ,

with η ∈ [0, 1].

quark-gluon
vertex

poles M(0)

[MeV]

λ1 real 180

λ1, λ4 cc 546

λ1, λ4, λ7 real 310

all form factors real 350

10/10



Results: The interplay between ACM and SMC (II)

σV (p
2) ∼ 1

p2 +M2(p2)
,

Poles: solutions to

p2 +M2(p2) = 0 .
10/10



Conclusions and future steps

Summary
• Quark propagator and quark-gluon vertex on the complex p2-plane

• Quark propagator shows real poles with opposite-sign residues
• Vertex controls the propagator’s analytic structure:

• Tree-level component (TLC)
• Anomalous chromomagnetic moment (ACM)
• Spin-momentum curvature (SMC)

Future steps
• Extension beyond the soft-gluon limit

• Exploration of implications in the study of hadrons
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The quark-gluon vertex equations (I)

Dynamical equations for the form factors are of the form:

λsg
i (p2) =

∫
k

R(k2)Ki(k, p)σV(k + p) , i = 1, 6, 7

λsg
i (p2) =

∫
k

R(k2)Ki(k, p)σS(k + p) , i = 2, 4, 8

λsg
5 (p2) =

∫
k

R(k2)K5(k, p)σV(k + p) +

∫
k

K̃5(k, p)

[
1

2
R′(k2)σV(k + p) +R(k2)σ′

V(k + p)

]
with,

R(k2) = ∆2(k2)V 2(k2)Lsg(k
2) , S(p) = σV(p)/p+σS(p) , Γµαβ(q, r, p) = Lsg(s

2)Γµαβ
0 (q, r, p)

λsg
i (p2) ∼

∫
k

R(k2)Ki(k, p)σV/S(k + p)



The quark-gluon vertex equations (II)

K1 = −4

3
(3k2 + 2

√
k2p2 cosω) sin2ω , K2 = −6

√
k2

p2
cosω , K3 = 0 ,

K4 = 4(1 + cos2ω) , Ka
5 = −4

3

k2

p2
cos2ω(3

√
k2p2 + 2

√
p2 cosω) sin2ω ,

Kb
5 = − 1

3p2
(3k2 + 2p2(3 + 2 cos4ω) + 10

√
k2p2(5− cos2ω) cosω − 4(3k2 − 2p2) cos2ω) ,

K6 =
1

3p2
(−3k2 +

√
k2p2 cosω + 12k2 cos2ω + 8

√
k2p2 cos3ω) ,

K7 = −8

√
k2

p2
cosω − 4(1 + cos2ω) , K8 = − 2

3p2
(4 cos2ω − 1) .



Systematics of Wick rotation

I(p2) =

∫
d4k

(2π)4
f(k0,k, p) , IE(p

2) = i

∫
d4kE

(2π)4
f(kE

0 ,k, p)

Case 1:
I(p2) = IE(p

2) .

Case 2:
I(p2) = IE(p

2) .

Case 3:

I(p2) = IE(p
2) + i

∫
d3k

(2π)3

∑
poles
inside

Resf(k0,k, p)
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Analyticity region (I)

Problem: Incorporating residue requires knowledge of the entire integrand
for complex momentum

Consequence: Whole complex plane not directly accessible

What is the accessible region?

λsg
i (p2) ∼

∫
k

R(k2)Ki(k, p)σV/S(k + p)

• Ki(k, p): regular

• R(k2): expected to develop poles, e.g.

R(k2) =
R

k2 +m2 + Regular terms

• σV/S(k + p): expected to develop poles, e.g. (complex conjugate)

σV/S(k + p) =
Z

(k + p)2 +M2 +
Z∗

(k + p)2 + (M∗)2
+ Regular terms
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Analyticity region (II)

J(p2) =

∫
d4k

(2π)4
f̃(k, p)

(k2 −m2)2[(k + p)2 −M2]
, M = |M |eiφM .

k±0,1 = ±
√

k2 +m2 ∓ iϵ , k±0,2 = p0 ±
√

k2 +M2 ∓ iϵ



Analyticity region (II)

J(p2) =

∫
d4k

(2π)4
f̃(k, p)

(k2 −m2)2[(k + p)2 −M2]
, M = |M |eiφM .

k±0,1 = ±
√

k2 +m2 ∓ iϵ , k±0,2 = p0 ±
√

k2 +M2 ∓ iϵ

Poles move into a different quadrant iff

Re(k+0,2) < 0 , Re
(
k−0,2

)
> 0

which implies

Re2(p0) > Re2(
√

k2 +M2)



Analyticity region (II)

J(p2) =

∫
d4k

(2π)4
f̃(k, p)

(k2 −m2)2[(k + p)2 −M2]
, M = |M |eiφM .

k±0,1 = ±
√

k2 +m2 ∓ iϵ , k±0,2 = p0 ±
√

k2 +M2 ∓ iϵ

k2 > 0 pushes poles away from the crossover,

Re2(p0) > Re2(M2) = |M |2 cos2 φM.

Introducing Euclidean momentum pE

p0 =

√
−p2E , p2E = x+ iy

Analytic region
y2 < 4|M |2 cos2 φM(x+ |M |2 cos2 φM) .



Renormalization

Renormalization in M̃OM scheme

∆−1
R (µ2) = µ2 , AR(µ

2) = 1 , BR(µ
2) = mR , λsg

1,R(µ
2) = 1 .

The renormalized quark propagator and quark-gluon vertex SDE:

S−1
R (p) = Z2/p+ ig2RCfZ1

∫
q

γνSR(p+ q)Γµ
R(q, p,−p− q)∆R

µν(q) ,

Γµ
R(q, p,−k) = Z1γ

µ + Γµ
nab(q, p,−k) .

Replacement:
[Fischer,Alkofer,PRD67,094020(2003);Aguilar,Papavassiliou,PRD83,014013(2011);
Aguilar,Cardona,Ferreira,Papavassiliou,PRD98,014002(2018)]

Z1Kgap(p, p+ q, q) → C(q)Kgap(p, p+ q, q) ,

where C(q) evolving as the classical form factor of the quark-gluon vertex

[Ferreira,Miramontes,JM,Papavassiliou,Pawlowski,EPJC:86(2026)4,325]

[Aguilar,Ferreira,Oliveira,Papavassiliou,Linhares,EPJC84(2024)11,1231;Aguilar,Ferreira,Ibañez,Papavassiliou,EPJC83(2023)10,967
Skullerud,Kizilersu,JHEP09(2002)013;Smekal,Maltman,Sternbeck,PLB681(2009)336-342
Kizilersu,Oliveira,Silva,Skullerud,Sternbeck,PRD103(2021)11,114515]



Numerical procedure

Initial “guess” for A(p2) and B(p2)

1. Find singularities and determine accessible region:
[Ferreira,Miramontes,JM,Papavassiliou,EPJC86(2026)8,954]

y2 = xα+ β with p2 = x+ iy

2. Compute, numerically, vertex form factors λsg
i (p2)

3. Compute, numerically, quark propagator: A(p2), B(p2)

4. Check for convergence: tol = 10−6.

Initial “guess”

Determine parabola

Solve vertex equation
Extract λsg

i (p2)

Solve gap equation
Extract A(p2) and B(p2)

Converged?

Final solution

No

Yes



Comparisons



Spin-momentum curvature

Spin-momentum curvature

τν7 = −1

2
[/k, /p]γ

ν = iσαβkαpβγ
ν ,

with σαβ = i
2 [γ

α, γβ ] the generator of Lorentz transformations for spin-1/2 fermions: c.f.
spin.

• Vanishes for parallel/anti-parallel momenta

• Vanishes for on-shell fermions

• Does not vanish for off-shell fermions
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