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Overview

Introduction

Basis Light-Front Quantization (BLFQ)

Description of Nucleon State

Conclusions
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Fundamental Properties: Mass, Spin and Structure

Mass

Spin Structure

Ideal facilities : EIC & EicC
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Form Factors vs PDFs vs GPDs
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Light-Front Hamiltonian Framework

• Quantization on the light-front : x+ = x0 + x3

• LF momenta : P+ = P0 + P3 ; P−

• Choose transverse rest frame : P− = 0
• LF Hamiltonian : HLF ≤ P+P⊥

• Eigenvalue problem : HLF |P, ≡Λ = M2 |P, ≡Λ
Simultaneous access to mass spectra and wave functions

xi = p+
i /P+ LF momentum fraction carried by ith parton

Applicable to hadrons as well as to nuclei 

• Expansion of an eigenstate of the system in Fock space basis

LF helicity 
amplitude

Normalized N-
parton state 
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Building the LF Hamiltonian matrix using BLFQ

Step-1: Expand the system’s state in the Fock space

Step-2: Decide how to describe each particle’s motion and quantum numbers.

Here comes the basis (Heart of the BLFQ)

Single-particle basis state  to identify a particle

Single particle motion 
in transverse direction

Single particle 
motion 
in longitudinal 
direction

Step-3: Compute the Hamiltonian matrix

Build many-body basis states for each Fock sector

Hamiltonian = K.E. terms + QCD interactions

Eigenvector of 
the Hamiltonian
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Formation of Basis: Transverse direction

2D Harmonic oscillator:

— J.P. Vary et al., PRC 81, 035205 (2010)To limit the basis space

Basis parameter

n=0, m=0 n=0, m=1 n=0, m=2

n=0, m=3 n=0, m=4
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Formation of Basis: Longitudinal direction

Plain wave basis:

where k = 1
2 , 3

2 , 5
2 . . .

for − L ≤ x− ≤ L

— J.P. Vary et al., PRC 81, 035205 (2010)

Basis parameter

Longitudinal momentum fraction carried by parton

3D basis 
function

( ) are the cylindrical 
coordinates in ( )
ρ, ϕ

x1, x2
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BLFQ Algorithm Flowchart

Hamiltonian Matrix Generation

Diagonalize Hamiltonian Matrix

Light-Front Wave 
Functions

Observables:  

Distribution Functions, Form Factors, 
PDFs, GPDs, TMDs…

ρ − ⟨ϕ ρ̂ ϕ⟩

Basis Enumeration Single quark/gluon Hamiltonian

Diagonalize Hamiltonian Matrix

Generating mass counter term list

λ≤
ϕ≤

Input 
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Summary: BLFQ Framework

A computational framework for solving relativistic many-body bound state
problems in quantum field theories

P−P+|Ψ⟩ =M2|Ψ⟩

▶ P± ≡ P 0 ± P 3 : light-front
momentum (Hamiltonian)

▶ First-principle / effective
Hamiltonian as input

▶ Access to mass (M) and LFWFs

▶ Evaluate observables

O ∼ ⟨Ψ|Ô|Ψ⟩

GOAL

1
Vary, Honkanen, Li, Maris, Brodsky, Harindranath, et. al., Phys. Rev. C 81, 035205 (2010).
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▶ Fock expansion of baryonic bound states:

|Meson⟩ = ψ(qq̄)|qq̄⟩+ ψ(qq̄+1g)|qq̄g⟩+ ψ(qq̄+qq̄)|qq̄qq̄⟩+ . . . ,

|Proton⟩ = ψ(3q)|qqq⟩+ ψ(3q+1g)|qqqg⟩+ ψ(3q+qq̄)|qqqqq̄⟩+ . . . ,

Large Nmax and K → High UV cutoff & low IR cutoff

▶ Exact factorization between center-of-mass motion and intrinsic motion

1
Vary, Honkanen, Li, Maris, Brodsky, Harindranath, et. al., Phys. Rev. C 81, 035205 (2010).
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Dimension of Basis States

• Dimensions increase with increase in number of Fock sectors 

Motivation for Quantum Computing
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BLFQ Road-map toward First Principles

|qqq⟩

 |qqq⟩ + |qqqg⟩

 |qqq⟩ + |qqqg⟩ + |qqqqq̄⟩

First Principles of LF 
QCD

K.E. + Confinement + One Gluon 
Exchange interaction

K.E. + Confinement in  + 
QCD interactions 

(Instantaneous gluon interaction + 
quark-gluon vertex interaction)

|qqq⟩

K.E. + QCD interactions 
(Instantaneous gluon interaction + 

Instantaneous fermion interaction + 
quark-gluon vertex interaction)

K.E. + All QCD interactions

EMFFs, PDFs 
& Axial FFs

GPDs (Twist-2, -3)

TMDs

GFFs

PDFs 
& Spin Decomposition

GPDs (Twist-2, -3)

TMDs (Twist-2, -3)

EMFFs, PDFs  
& Spin Decomposition
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• PRD 102, 016008 (2020) 
• PRD 104, 094036 (2021)

• PRD 105, 094018 (2022) 
• PRD 109, 014015 (2024) 
• PRD 109, 034031 (2024) 
• PLB 855, 138809 (2024)

• PLB 833, 137360 (2022) 
• PRD 109, 014015 (2024)

• PRD 108, 094002 (2023)

• PLB 847, 138305 (2023) 
• PLB 860, 139153 (2025) 
• PLB 866, 139584 (2025) 
• PRD 113, 094031 (2026) 
• arXiv-hep: 2603.25548 
• arXiv-hep: 2604.18355

• PLB 855, 138831 (2024) 
• PLB 855, 138829 (2024) 
• arXiv-hep: 2603.23138

• PRD 110, 056027 (2024)

• PLB 867, 139599 (2025)

GFFs & Mass 
Decomposition • PRD 112, 114001 (2025)

DPDs • PRD 112, 014018 (2025)

2023

2025

2020

Review article on Nucleon in BLFQ: 
EPJ (Special Topics) 235, 1557 (2026)

0
BLFQ Collaboration
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Proton with One Dynamical Gluon
{|ψuud|2 = 44% ; |ψuudg|2 = 56%}

1
BLFQ: S. Xu et. al., Phys.Rev.D 108 (2023) 094002.

2
Brodsky, Teramond, Dosch and Erlich, Phys. Rep. 584, 1 (2015).

3
Li, Maris, Zhao and Vary, Phys. Lett. B (2016); M. Burkardt, Phys. Rev. D 58, 096015 (1998).
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Unpolarized and Helicity PDFs BLFQ: PRD 108 (2023) 094002

NNPDFJAM

BLFQ without DGBLFQ with DG
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0. 0.2 0.4 0.6 0.8

0.2

0.4

0.6
dv /uv

COMPASS

HERMES

LFH I&II

0.01 0.050.1 0.5 1
-0.10

-0.05

0.00

0.05

0.10

x

xΔu

μ2=5.0 GeV2

BLFQ without DG

BLFQ with DG

-0.6

-0.4

-0.2

0.0

0.2

0.4
μ2=5.0 GeV2

xΔu

xΔd

0.01 0.050.1 0.5 1
x

xΔd

μ2=5.0 GeV2

JAM

NNPDFpol1.1

µ2=1.0 GeV2 xΔg

Diagonalizing Heff ⇒ LF wavefunction ⇒ Initial PDFs ⇒ Scale evolution

Model scale µ2
0 = 0.24± 0.01 GeV2

▶ Quark momentum : ⟨x⟩u = 0.261± 0.005, ⟨x⟩d = 0.109± 0.005 at 10 GeV2.

▶ Quark spin: 1
2
Σu = 0.438± 0.004, 1

2
∆Σd = −0.080± 0.002.

▶ Gluon spin: ∆G = 0.131± 0.003, PHENIX: ∆G[0.02,0.3] = 0.2± 0.1.

▶ Sea quarks: solely generated from the QCD evolution.

1
LFH: PRL 124 (2020), 082003; PHENIX: PRL 103 (2009) 012003.
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BLFQ Predictions for Spin Decomposition

Fock expansion:

| Proton⟩ = a | uud⟩+ b | uudg⟩+ ...

Quark and gluon helicities :

∆Σq =

∫
dx∆q(x)

∆Σg =

∫
dx∆G(x)

Total AM2 :

Ji =
1

2

∫
dxx [Hi(x, 0, 0) + Ei(x, 0, 0)]

Kinetic OAM2 :

Lq =
1

2

∫
dx [x {Hq(x, 0, 0)+Eq(x, 0, 0)}−H̃q(x, 0, 0)]

1
2
Σq + Lq + Jg = 1

2

Kinetic1

1
BLFQ: S. Xu et. al., Phys.Rev.D 108 (2023) 094002.

2
X. Ji, Phys.Rev.Lett. 78, 610 (1997).
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Proton Gravitational Form Factors

▶ Parametrization of matrix element in terms of GFFs

⟨P ′|Tµν
i (0)|P ⟩ = Ū ′

[
−Bi(q

2)
P̄µP̄ ν

M
+ (Ai(q

2) +Bi(q
2))

1

2
(γµP̄ ν + γν P̄µ)

+ Ci(q
2)
qµqν − q2gµν

M
+ C̄i(q

2)Mgµν
]
U

▶ Momentum sum rule :
∑

i A
i(0) = 1

▶ Gravitomagnetic moment sum rule :
∑

iB
i(0) = 0

▶ Spin sum rule: Ji = 1
2

[
Ai(0) +Bi(0)

]
▶ 4C(q2) = D(q2) provides shear forces and the pressure distributions

1
Burkert et. al.: Rev. Mod. Phys. 95, 041002 (2023); Ji, Phys. Rev. Lett. 78, 610 (1997)
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BLFQ Results for Proton GFFs

|Nucleon⟩ = ψ(3q)|qqq⟩+ ψ(3q+1g)|qqqg⟩

▶ QCD EMT : Tµν = Tµν
q + Tµν

g , where

Tµν
q = iψγ{µDν}ψ and

Tµν
g = −FµλaF ν

λa + 1
4
gµν (Fλσa)

2

▶ A(Q2) and B(Q2) : T++ component

▶ D(Q2) = 4C(Q2) : T ij components∑
i A

i(0) = 1 and
∑

iB
i(0) = 0

1
BLFQ: S. Nair et. al., Phys.Rev.D 112, 114001 (2025)

18 / 29



Efremov-Teryaev-Qiu-Sterman (ETQS) Function

ETQS function after evolutions:

1st moment of the ETQS function: 
ρϕλ(δ, δ) = 𝑃−(1)

1ϕ (δ)

• Qualitative agreement with the 
    extractions.

• 1st moment provides 
    Sivers functions

Zhu et al., (BLFQ Collaboration) 
arXiv-hep: 2603.23138

— NPB 667, 201 (2003) 
— PRD 59, 014004 (1999)
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Hamiltonian with sea quarks and upto three gluons

Fock expansion:

QCD light-front Hamiltonian from QCD Lagrangian:

−ρ≤
ϕλδ = 𝑃𝑄 + 𝑃𝐶𝐷ϕλδ = 𝐻̄(𝐾δ ≤ 𝐼)𝐻 ≤ 1

4 ℒ𝜓
𝑖𝑚ℒ𝑖𝑚

𝜓/ 𝐺+ = 0

: quark field operator 
: gluon field operator

𝐻
𝐺𝛼

𝑖
7 terms in  𝑃𝐶
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Dimensions of the Basis States

Dimension 35,088 592,960 3,901,500 5,169,360 19,603,584 7,128,576

Color Config. 1 2 3 6 22 8

ρϕλδ = 7,−𝑂ϕλδ = 16

+ |ρ≤ = |𝑁𝑁𝑁≤ + 𝑁𝑁𝑁𝑞≤ + 𝑁𝑁𝑁−𝐾𝐾̄≤ + 𝑁𝑁𝑁−𝑢𝑢̄⟩ 𝑁𝑁𝑁−𝑑𝑑̄≤
Basis Dimension= 12,332,548

+ |ρ≤ = |𝑁𝑁𝑁≤ + 𝑁𝑁𝑁𝑞≤ + 𝑁𝑁𝑁−𝐾𝐾̄≤ + 𝑁𝑁𝑁−𝑢𝑢̄⟩ 𝑁𝑁𝑁−𝑑𝑑̄≤ + |𝑁𝑁𝑁−𝑞𝑞⟨
Basis Dimension= 17,501,908

|ρ≤ = |𝑁𝑁𝑁≤ + 𝑁𝑁𝑁𝑞≤ + 𝑁𝑁𝑁−𝑁𝑁̄≤ + 𝑁𝑁𝑁−𝑞𝑞≤ + 𝑁𝑁𝑁−𝑞𝑞𝑞≤
Basis Dimension= 37,105,492

|ρ≤ = |𝑁𝑁𝑁≤ + 𝑁𝑁𝑁𝑞≤ + 𝑁𝑁𝑁−𝑁𝑁̄≤ + 𝑁𝑁𝑁−𝑞𝑞≤ + 𝑁𝑁𝑁−𝑞𝑞𝑞≤ + |𝑁𝑁𝑁−𝑁𝑁̄−𝑞⟨
Basis Dimension= 58,491,220

               

ρ≤ ⊥ 𝑁𝑁𝑁≤ + 𝑁𝑁𝑁𝐾𝐾̄≤ + 𝑁𝑁𝑁𝑢𝑢̄⟩ + 𝑁𝑁𝑁𝑑𝑑̄≤ + 𝑁𝑁𝑁𝐾𝐾̄𝑞≤
+ 𝑁𝑁𝑁𝑢𝑢̄𝑞⟩ + 𝑁𝑁𝑁𝑑𝑑̄𝑞≤ + 𝑁𝑁𝑁𝑞≤ + 𝑁𝑁𝑁𝑞𝑞≤ + 𝑁𝑁𝑁𝑞𝑞𝑞≤

|qqq≤ |qqqg≤ |qqq qq̄≤ |qqq gg≤ |qqq ggg≤ |qqq qq̄ g≤
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Input Parameters in Hamiltonian

• Truncation Parameters: up to 6-parton Fock sectors with   & ρmax = 7 ϕ = 10

              

N− ≤ λλλ− + λλλδδ̄− + λλλ𝑂𝑂̄⟩ + λλλ𝑁𝑁̄− + λλλδδ̄𝑞−⊥⊥
+ λλλ𝑂𝑂̄𝑞⟩ + λλλ𝑁𝑁̄𝑞− + λλλ𝑞− + λλλ𝑞𝑞− + λλλ𝑞𝑞𝑞−

• Input Parameters:

- determined by fitting electromagnetic Form Factors and proton mass 
- separate quark mass in the quark-gluon vertex  is needed𝐾𝑢

0.45 GeV 0.449 GeV 0.6 GeV 2.0 GeV 2.6 3.0 GeV 0.6 GeV

𝑑𝑠 = 0.93⊥GeV

≡ 𝑞𝐾𝑢 + …
≡ 𝑞𝑔 + … Spin no flip

Spin flip

mu md ms mf g binst b
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Fock Sector Decomposition

Valence Fock sector 
ρρρ− ≤ 45 . 63%

Dynamical gluon Fock 
sector 

 ρρρϕ−⊥～44 . 44%

Sea quark Fock sector 
 

 

ρρρ⊥λλ̄− ≤ 0.19%
ρρρ⊥δδ̄⟩ ≤ 0.20%
ρρρ⊥𝑁𝑁̄− ≤ 0.09%

               

𝐾− ≡ ρρρ− + ρρρλλ̄− + ρρρδδ̄⟩ + ρρρ𝑁𝑁̄− + ρρρλλ̄ϕ−
+ ρρρδδ̄ϕ⟩ + ρρρ𝑁𝑁̄ϕ− + ρρρϕ− + ρρρϕϕ− + ρρρϕϕϕ−

Dynamical 2-gluon Fock 
sector 

ρρρ⊥ϕϕ−～7 . 95%

Dynamical 3-gluon Fock 
sector 

ρρρ⊥ϕϕϕ− ≤ 1.22%

Sea quark & gluon 
Fock sector 

  

   

ρρρ⊥λλ̄ϕ− ≤ 0.11%
ρρρ⊥δδ̄ϕ⟩ ≤ 0.11%
ρρρ⊥𝑁𝑁̄ϕ− ≤ 0.08%
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Electromagnetic FFs and Mass Spectra

Preliminary

⟩ρϕ⟨ = 0.96fm
⟩ρλ⟨ = 0.93fm

N−(939)

≤−(1232)

N−(1440)

, , , ,δ𝑁𝐾𝑞𝑢 δ λ𝑑 𝑠 λ𝑔

⊥−(1115)

≡−(1192) λ𝑚 = 1/2
λ𝑚 = 3/2

λ1/2 Λ λ3/2~[10,50]MeV
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Axial Form Factor

ρϕ(λ2) = ρδ(λ2) − ρ𝑁(λ2)

• Black line: valence quark 
• Qualitatively agree with the experimental data

⟩𝐾ϕ⟨ = 0.59≤fm
⊥≡u = 0.78 (0.82)
⊥≡d = − 0.19 (−0.45)
⊥≡u−d = 0.97 (1.27)
⊥≡u+d = 0.59
⊥G = 0.13
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Unpolarized PDF

ρ = 3.0 ρ = 2.6
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Helicity PDF
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Outlook
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Conclusions

▶ Basis Light-front Quantization : A non-perturbative approach based
on light-front QCD Hamiltonian

▶ LF Hamiltonian ⇒ Wavefunctions ⇒ Observables.

▶ Calculate proton structure from QCD first principles.

▶ Spin structure qualitatively agree with expectation.

▶ Provides good description of data/global fits for various observables.

Thank You
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Many-body wavefunction is built from single-particle basis states for q and g.

A big plus: • Treats all particles in the Fock space equivalently

Concerns: The resulting many-body wf includes:

• Intrinsic motion of quarks relative to each other

• Overall transverse center-of-mass motion of the whole system
Entangled

Solution: Add a constraint term into the Hamiltonian

 :    the transverse c.m. Hamiltonian (harmonic oscillator)Hc.m.
   :    zero-point energy 2b2

     :    a large Lagrange multiplierρL

The modified Hamiltonian:

The resulting LFWFs are boost invariant

• Facilitates handling symmetry operators for identical particles
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Basis Enumeration

 ~ 3 color singlet states|qqq qq̄−

               

ρ− ≤ ϕϕϕ− + ϕϕϕλλ̄− + ϕϕϕδδ̄⟩ + ϕϕϕ𝑂𝑂̄− + ϕϕϕλλ̄𝑁−
+ ϕϕϕδδ̄𝑁⟩ + ϕϕϕ𝑂𝑂̄𝑁− + ϕϕϕ𝑁− + ϕϕϕ𝑁𝑁− + ϕϕϕ𝑁𝑁𝑁−

2 octet ⊥ octet
1 singlet ⊥ singlet

1 singlet ⊥ singlet
4 octet ⊥ octet

1 decuplet ⊥ octet ⊥ octet

3 singlet ⊥ octet ⊥ octet
4 octet ⊥ octet ⊥ octet

1 decuplet ⊥ octet ⊥ octet

2 singlet ⊥ singlet
16 octet ⊥ octet

4 decuplet ⊥ octet ⊥ octet ⊥ octet

 ~ 6 color singlet states|qqq gg−

 ~ 8 color singlet states|qqq qq̄ g−

 ~ 22 color singlet states|qqq ggg−

 ~ 1 color singlet state|qqq−
 ~ 2 color singlet state|qqq g−

2 octet ⊥ octet
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Quark TMDs
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Nucleon Spin Quark Spin

—
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—
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—

—
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▶ Positivity bounds

fq1 (x,k
2
⊥) > 0, fq1 (x,k

2
⊥) ≥ |gq1L(x,k

2
⊥)|,

fq1 (x,k
2
⊥) ≥

|k⊥|
M

|gq1T (x,k2
⊥)|,

fq1 (x,k
2
⊥) ≥

|k⊥|2

2M2
|h⊥q

1 (x,k2
⊥)|

1
BLFQ: Hongyao Yu, et. al. coming soon...

2
A. Accardi et al., Eur.Phys.J.A 52 (2016) 9, 268.
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Gaussian Ansatz Compatibility?

▶ To check compatibility of BLFQ
results with the Gaussian ansatz :

f i
1(x, k

2
⊥) ≈ a

exp
(
− |k⊥|2

r

)
πr

where a = ⟨|k⊥|0⟩fi
1
and

r = ⟨|k⊥|2⟩fi
1

▶ If the Gaussian ansatz holds :

⟨|k⊥|2⟩fi
1
× ⟨|k⊥|0⟩fi

1

(⟨|k⊥|1⟩fi
1
)2

× π

4
= 1

BLFQ results do not support Gaussian ansatz

0.0 0.2 0.4 0.6 0.8
0.90

0.95

1.00

1.05

1.10

0.0 0.2 0.4 0.6 0.8
0.00

0.05

0.10

0.15

1
Hongyao Yu, et. al. in preparation

2
BLFQ: Hongyao Yu, et. al. Phys.Lett.B 855, 138831 (2024)
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BLFQ Results for Spin Decomposition

Fock expansion:

| Proton⟩ = a | uud⟩+ b | uudg⟩+ ...

Quark and gluon helicities :

∆Σq =

∫
dx∆q(x)

∆Σg =

∫
dx∆G(x)

Total AM :

Ji =
1

2

∫
dxx [Hi(x, 0, 0) + Ei(x, 0, 0)]

Canonical OAM :

lzi = −
∫

dxd2p⃗⊥
p⃗ 2
⊥
M2

F i
1,4(x, 0, p⃗

2
⊥ , 0, 0)

1
2
Σq +Σg + lzq + lzg = 1

2

Canonical1

1
BLFQ: S. Xu et. al., Phys.Rev.D 108 (2023) 094002.

2
Jaffe and Manohar, Nucl.Phys.B 337, 509–546 (1990).
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