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New generation of neutrino experiments will measure the unknown 
PMNS parameters with unprecedented accuracy
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Why do we need more precision?

See S.Dolan’s talk 
“CP Violation or 

Nuclear excitation”

https://indico.global/event/15528/contributions/160856/attachments/75882/147292/SDolan_NStar_PDFVersion.pdf
https://indico.global/event/15528/contributions/160856/attachments/75882/147292/SDolan_NStar_PDFVersion.pdf
https://indico.global/event/15528/contributions/160856/attachments/75882/147292/SDolan_NStar_PDFVersion.pdf
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Lepton-nucleus cross section
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Theory of lepton-nucleus scattering
• The cross section of the process in which a lepton scatters off a nucleus is 
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The initial and final wave functions describe many-body states:

d� / L↵�R↵�

Leptonic Tensor: is the same as before, completely 
determined by lepton kinematics 

Hadronic Tensor: nuclear response function

R↵�(!,q) =
X

f

h0|J†
↵(q)|fihf |J�(q)|0i�(! � Ef + E0)

For inclusive reactions, the hadronic final state is not detected. We need to sum over all the 
possible ones
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(e,e’) Data-Theory Disagreements

Khachatryan, Papadopoulou, and Ashkenazi et al. 
(CLAS & e4ν collaborations), Nature 599, 565 (2021).
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Using electrons to better understand neutrinos

CLAS and e4v collaboration, 
Nature 599 (2021) 7886, 565-570 

Need for substantial improvement in the 
accuracy of the neutrino interactions' models 
and simulations

See J.Tena Vidal’s 
talk 

“New electron 
scattering pion-

production 
constraints for 
neutrino event 
generators”

https://indico.global/event/15528/contributions/160859/
https://indico.global/event/15528/contributions/160859/
https://indico.global/event/15528/contributions/160859/
https://indico.global/event/15528/contributions/160859/
https://indico.global/event/15528/contributions/160859/
https://indico.global/event/15528/contributions/160859/
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Ab initio theory achievements
Effective Hamiltonians and consistent currents Accurate nuclear many-body methods

Quantum Chromodynamcs Neutrino-nucleus interactions

H| ni = En| ni
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Jmn = h m|J | ni
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“Ab initio” nuclear theory

− |Ω∝ = E |Ω∝ − =
A

∑
i=1

tkin +
A

∑
i>j=1

vij +
A

∑
i>j>k=1

vijk + . . .

Nuclear force rooted in the fundamental theory of QCD + consistent electroweak currents

Lattice QCD determination of
nuclear and hyperon forces

Noriyoshi Ishii
Reserach Center for Nuclear Physics, Osaka University

December 9, 2015

The aim of nuclear physics is to understand various properties of atomic
nuclei based on the nucleonic degrees of freedom, where the nuclear force
serves as the fundamental interaction. Enormous effort has been devoted
to studies of the nuclear force, after the meson-exchange mechanism was
proposed by H. Yukawa [1]. Today, thousands of experimental NN scattering
data are available. They are used for a phenomenological determination of
the nuclear force. Now, there are several high precision realistic nuclear forces
available [2], all of which are able to describe the experimental NN scattering
data in many channels simultaneously with χ2/ndf ∼ 1.

In the meson-exchange picture, the nuclear force is generated by virtual
exchanges of massive mesons. The mechanism employed here is a generaliza-
tion the Coulomb force in quantum electrodynamics which is generated by
the virtual exchange of massless photon. The structure of the nuclear force
is much more complicated than the Coulomb force. This is because varieties
of mesons are involved from a wide range of mass spectrum with different
spin and isospin quantum numbers [3].
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Quantum Chromodynamics Nuclei & nuclear matter

nucleons — 
degrees of 
freedom
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Hergert A Guided Tour of Ab Initio Nuclear Many-Body Theory
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Figure 2. Chiral two-, three- and four nucleon forces through next-to-next-to-next-to-leading order
(N3LO) (see, e.g., [37, 41, 2] ). Dashed lines represent pion exchanges between nucleons. The large
solid circles, boxes and diamonds represent vertices that are proportional to low-energy constants
(LECs) of the theory (see text).

uncertainties that result from working at a given chiral order [34, 35, 36]. This is especially useful
since issues relating to the regularization and renormalization of these interactions remain (see, e.g.,
Refs. [2, 46, 47, 48, 49, 50, 51] and Sec. 4.4).

2.2 The Similarity Renormalization Group

Renormalization group methods are a natural companion to the hierarchy of EFTs for the strong
interaction. They provide the means to systematically dial the resolution scales and cuto↵s of these
theories, and this makes it possible, at least in principle, to connect the di↵erent levels in our
hierarchy of EFTs. The RGs also expand the diagnostic toolkit for assessing the inherent consistency
of EFT power counting schemes, e.g., by tracing the enhancement or suppression of specific operators,
or by identifying important missing operators.

In nuclear many-body theory, the SRG has become the method of choice. In contrast to Wilsonian
RG [52], which is based on decimation, i.e., integrating out high-momentum degrees of freedom,
SRGs decouple low- and high-momentum physics using continuous unitary transformations. Note
that this concept is not limited to RG applications: we can construct transformations that adapt a

This is a provisional file, not the final typeset article 4

Chiral Effective Field Theory

Many-body methods to get realistic 
correlated nuclear wave functions |Ω∝
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FIG. 5. Figure [342] courtesy of H. Hergert. Chiral two-, three-, and four-nucleon forces through
next-to-next-to-next-to-leading order (N3LO) in the chiral expansion. Dashed lines represent pion
exchanged between nucleons. The large solid circles, boxes and diamonds represent vertices that
are proportional to LECs of the theory (see text).

to the short-range two-nucleon interactions are typically fit to the deuteron and nucleon-
nucleon scattering data, and the analog ones related to the three-nucleon interaction are fit
to properties of light nuclei. In both cases, the LECs describing the long-range interactions
can be determined independently from pion-nucleon scattering [353–355], and thus, as a
prediction of chiral EFT, do not lead to new parameters that would need to be determined
in nuclear systems.

Many-body nuclear interactions have been over the years developed up to N5LO in the chi-
ral expansion [356–358]. Most many-body calculations are still at much lower order, however,
and often at lower cuto↵ scales ⇤. A variety of quantum many-body approaches [246, 359–
363] are used for these calculations, including coupled cluster (CC), the no-core shell model
(NCSM), and Variational and Green’s function Monte Carlo (VMC and GFMC) and Auxil-
iary Field Di↵usion Monte Carlo (AFDMC). Each of these approaches has di↵erent strengths
and weaknesses depending upon the system size and the momentum cuto↵ of the interaction.

The community is vigorously exploring the importance of including�’s as explicit degrees



Noemi Rocco, IFIC UV/CSIC Valencia

Green’s Function Monte Carlo approach
QMC techniques projects out the exact lowest-energy state: e�(H�E0)⌧ | T i ! | 0i

Nuclear response function involves evaluating a number of transition amplitudes. 

Valuable information can be obtained from the integral transform of the response function

E↵�(�,q) =

Z
d!K(�,!)R↵�(!,q) = h 0|J†

↵(q)K(�, H � E0)J�(q)| 0i

Inverting the Laplace transform is a complicated problem A. Lovato et al, PRL117 (2016), 082501, 
PRC97 (2018), 022502 
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Same problem applies to different realm physics for example lattice QCD
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Inclusive results which are virtually correct in the QE 

Relies on non-relativistic treatment of the kinematics

Different Hamiltonians can be used in the time-
evolution operator

Can not handle explicit pion degrees of freedom
7
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FIG. 2. Contributions to the energy-integrated cross section, obtained in ω space (lines), and directly from the Euclidean
response (symbols). The left panel shows the cross section decomposed by contribution of the di!erent responses. The right
panel shows the contribution from terms proportional to integrals of responses weighted with ωn and En.
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FIG. 3. Fits of the MiniBooNE flux with second order poly-
nomials in windows of energy E → [E0, E0 + q] for di!erent
values of q. For each q-value three E0 windows are shown
E0 → {q/2, 3q/4, q}, equally spaced in the physical region
E → [q/2, q].

this leads to a smaller than 5% discrepancy with the full
result.

The right-hand panel of Fig. 4 shows the breakdown
into di!erent responses, where lines denote the exact cal-
culations (with quadratic approximation of the flux) done
in ω-space and corresponding symbols the results ob-
tained from the Euclidean response. The di!erences are
solely due to dropping the ω2 terms, which only occur in
the T and LL contributions. Clearly the strength miss-
ing in the total cross section stems practically completely
from the transverse contribution.

IV. REALISTIC NUCLEAR SPECTRAL
FUNCTION

In the Gaussian toy model the strength of the response
for ω > q is negligible. For a realistic nuclear response,
there will be non-negligible contributions in the unphys-
ical region. Moreover, in the previous section we didn’t
consider numerical uncertainty. We study the e!ect of
these complications on the computation of the integrals
in Eqs. (9-11) by using a realistic model for the response
and for the numerical uncertainty.

We use Euclidean responses obtained in the PWIA us-
ing the spectral function for 12C obtained from Varia-
tional Monte Carlo (VMC) calculations as discussed in

Alternative method to avoid inversion

Energy-integrated  cross 
sections

at fixed q can be expressed in 
terms of energy-weighted 
integrals of 

ν

R(ω, q)

These quantities can be 
directly extracted from E(τ, q)

Green’s Function Monte Carlo approach

A. Nikolakopoulos NR, 2603.13619 
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Axial form factor

9

• Model independent  z-expansion

A.S.Meyer et al, Phys.Rev.D 93 (2016) 11, 113015
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where ni is the number of events in the ith bin, and µi is
the theory prediction (7) for the bin. Errors correspond
to changes of 1.0 in the �2LL function.

Because we do not use an unbinned likelihood fit, we
do not expect precise agreement even when the original
choices of constants in Table I are used. Comparing the
first two columns of Table II, the size of the resulting sta-
tistical uncertainties are approximately equal, and only
FNAL shows a discrepancy in central value. A similar
exercise was performed in Refs. [66, 74, 75], and similar
results were obtained. Having reproduced the original
analyses to the extent possible, we will proceed with the
updated constants as in the final column of Table I.

III. z EXPANSION ANALYSIS

The dipole assumption (9) on the axial form factor
shape represents an unquantified systematic error. We
now remove this assumption, enforcing only the known
analytic structure that the form factor inherits from
QCD. We investigate the constraints from deuterium
data in this more general framework. A similar analysis
may be performed using future lattice QCD calculations
in place of deuterium data.

A. z expansion formalism

The axial form factor obeys the dispersion relation,

FA(q
2) =

1

⇡

Z 1

tcut

dt0
ImFA(t0 + i0)

t0 � q2
, (11)

where tcut = 9m2
⇡ represents the leading three-pion

threshold for states that can be produced by the axial
current. The presence of singularities along the posi-
tive real axis implies that a simple Taylor expansion of
the form factor in the variable q2 does not converge for
|q2| � 9m2

⇡ ⇡ 0.18GeV2. Consider the new variable ob-
tained by mapping the domain of analyticity onto the
unit circle [31],

z(q2, tcut, t0) =

p
tcut � q2 �

p
tcut � t0p

tcut � q2 +
p
tcut � t0

, (12)

where t0, with �1 < t0 < tcut, is an arbitrary number
that may be chosen for convenience. In terms of the new
variable we may write a convergent expansion,

FA(q
2) =

kmaxX

k=0

akz(q
2)k , (13)

where the expansion coe�cients ak are dimensionless
numbers encoding nucleon structure information.

In any given experiment, the finite range of Q2 implies
a maximal range for |z| that is less than unity. We denote

TABLE III. Maximum value of |z| for di↵erent Q2 ranges
and choices of t0. t

optimal
0 is defined in Eq. (14).

Q2
max [GeV2] t0 |z|max

1.0 0 0.44

3.0 0 0.62

1.0 toptimal
0 (1.0GeV2) = �0.28GeV2 0.23

3.0 toptimal
0 (1.0GeV2) = �0.28GeV2 0.45

3.0 toptimal
0 (3.0GeV2) = �0.57GeV2 0.35

by toptimal
0 (Q2

max) the choice which minimizes the maxi-
mum size of |z| in the range �Q2

max  q2  0. Explicitly,

toptimal
0 (Q2) = tcut(1�

p
1 +Q2

max/tcut) . (14)

Table III displays |z|max for several choices of Q2
max and

t0.
The choice of t0 can be optimized for various applica-

tions. We have in mind applications with data concen-
trated below Q2 = 1GeV2, and therefore take as default
choice,

t̄0 = toptimal
0 (1GeV2) ⇡ �0.28GeV2 , (15)

minimizing the number of parameters that are necessary
to describe data in this region. Inspection of Table III
shows that the form factor expressed as FA(z) becomes
approximately linear. For example, taking |z|max = 0.23
implies that quadratic, cubic, and quartic terms enter at
the level of ⇠ 5%, 1% and 0.3%.
The asymptotic scaling prediction from perturbative

QCD [76], FA ⇠ Q�4, implies the series of four sum
rules [35]

1X

k=n

k(k � 1) · · · (k � n+ 1)ak = 0 , n = 0, 1, 2, 3 .

(16)

We enforce the sum rules (16) on the coe�cients, en-
suring that the form factor falls smoothly to zero at
large Q2. Together with the Q2 = 0 constraint, this
leaves Na = kmax � 4 free parameters in Eq. (13). From
Eq. (16), it can be shown [35] that the coe�cients behave
as ak ⇠ k�4 at large k. We remark that the dipole ansatz
(9) implies the coe�cient scaling law |ak| ⇠ k at large k,
in conflict with perturbative QCD.
In addition to the sum rules, an examination of explicit

spectral functions and scattering data [31] motivates the
bound of

|ak/a0|  5. (17)

As noted above, from Eq. (16), the coe�cients behave as
ak ⇠ k�4 at large k. We invoke a fallo↵ of the coe�cients
at higher order in k,

|ak/a0|  25/k , k > 5. (18)
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FIG. 5. Same as Fig. 1, but with Q2  1GeV2. These fits
correspond to the Na = 4 z expansion in Table V.
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FIG. 6. Di↵erential scattering cross sections for neutrino-
deuteron scattering at 1GeV neutrino energy, employing dif-
ferent nuclear models. The solid (red) curve is the free-
neutron result. The dashed (blue) curve is obtained from
the free-neutron result using the model from Ref. [65], as in
the original deuterium analyses. The top dot-dashed (black)
curve is extracted at E⌫ = 1GeV from Ref. [70]. The charged
lepton mass is neglected in this plot.

ANL : [ā1, �2LL] =

(
[2.29(14), 30.5] (without)

[2.38(14), 26.3] (with)
,

FNAL : [ā1, �2LL] =

(
[1.88(25), 8.2] (without)

[1.88(25), 8.2] (with)
.

(29)

The parameter ⌘ takes on values of�1.9, �1.0, and +0.01
for data from ANL1982, BNL1981, and FNAL1983 re-
spectively; the negative values indicate a pull to decrease
the predicted cross section to match the data. In each
case there is only modest improvement in the fit quality,
and small impact on the form factor shape. Acceptance
corrections within the quoted range have only minor im-
pact.

C. Deuteron corrections

The analysis to this point, like the original analyses,
used the deuteron correction model R(Q2) of Singh [65].
This model yields a suppression of the cross section for
Q2 < 0.16 GeV2.11 An example of a modern calculation

11
A follow-up analysis [80] considers e↵ects of meson exchange cur-

rents and alternate deuteron wave functions, with a total result

very similar to Ref. [65].

Bhattacharya, Hill, and Paz  PRD 84 (2011) 073006

free parameters

known functions
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FIG. 2. The nucleon axial form factor FA(Q
2) determined us-

ing fits to neutrino-deuteron scattering data using the model-
independent z expansion from Ref. [65] (D2 Meyer et al.)
are shown as a blue band in the top panel. LQCD results
are shown for comparison from Ref. [30] (LQCD Bali et al.,
green), Ref. [34] (LQCD Park et al., red) and Ref. [35] (LQCD
Djukanovic et al., purple). Bands show combined statistical
and systematic uncertainties in all cases, see the main text
for more details. A dipole parameterization with MA = 1.0
GeV and a 1.4% uncertainty [107] is also shown for compari-
son (black). The lower panel shows the absolute value of the
di↵erence between D2 Meyer et al. and LQCD Bali et al.
results divided by their uncertainties added in quadrature,
denoted �FA/�; very similar results are obtained using the
other LQCD results.

factor results determined from experimental neutrino-
deuteron scattering data in Ref. [65]. Fits were performed
using results with Q

2
 1 GeV2 in Refs. [30, 34, 65] and

with Q
2
 0.7 GeV2 in Ref. [35] with the parameteri-

zation provided by the z expansion used to extrapolate
form factor results to larger Q

2. Clear agreement be-
tween di↵erent LQCD calculations can be seen. However,
the LQCD axial form factor results are 2-3� larger than
the results of Ref. [65] for Q

2 & 0.3 GeV2. The e↵ects of
this form factor tension on neutrino-nucleus cross section
predictions is studied using nuclear many-body calcula-
tions with the GFMC and SF methods in Sec. IV below.
The LQCD results of Refs. [30, 34] lead to nearly in-
distinguishable cross-section results that will be denoted
“LQCD Bali et al./Park et al.” or “LQCD” below and
used for comparison with the deuterium bubble-chamber
analysis of Ref. [65], denoted “D2 Meyer et al.” or “D2”
below.

IV. FLUX-AVERAGED CROSS SECTION
RESULTS

To evaluate both the nuclear model and nucleon axial
form factor dependence of neutrino-nucleus cross-section
predictions and their agreement with data, the GFMC
and spectral function methods are used to predict flux-
averaged cross sections that can be compared with data
from the T2K and MiniBooNE experiments. The Mini-
BooNE data for this comparison is a double di↵eren-
tial CCQE measurement where the main CC1⇡+ back-
ground has been subtracted using a tuned model [13],
and the T2K data is a double di↵erential CC0⇡ measure-
ment [114]. Muon neutrino flux-averaged cross sections
were calculated from

d�

dTµd cos ✓µ

=

Z
dE⌫�(E⌫)

d�(E⌫)

dTµd cos ✓µ

, (43)

where �(E⌫) are the normalized ⌫µ fluxes from Mini-
BooNE and T2K. Details on the neutrino fluxes for
each experiment can be found in the references above.

d�(E⌫)
dTµd cos ✓µ

are the corresponding inclusive cross sections

computed using the GFMC and SF methods as described
in Sec. II.

The fractional contribution of the axial form factor
to the one-body piece of the MiniBooNE flux-averaged
cross section is determined by including only pure axial
and axial-vector interference terms in the cross section
and shown in Fig. 3. These pure axial and axial-vector
interference terms account for half or more of the to-
tal one-body cross section for most Tµ and cos ✓µ, which
emphasizes the need for an accurate determination of the
nucleon axial form factor.

Figures 4 and 5 show the GFMC and SF predictions for
MiniBooNE and T2K, respectively, including the break-
down into one-body and two-body contributions. For
these comparisons we use the D2 Meyer et al. z expan-
sion for FA. Two features of the calculations should be
noted before discussing the results of these comparisons.
First, the uncertainty bands in the SF come only from the
axial form factor, while the GFMC error bands include
axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.

9

FIG. 2. The nucleon axial form factor FA(Q
2) determined us-

ing fits to neutrino-deuteron scattering data using the model-
independent z expansion from Ref. [65] (D2 Meyer et al.)
are shown as a blue band in the top panel. LQCD results
are shown for comparison from Ref. [30] (LQCD Bali et al.,
green), Ref. [34] (LQCD Park et al., red) and Ref. [35] (LQCD
Djukanovic et al., purple). Bands show combined statistical
and systematic uncertainties in all cases, see the main text
for more details. A dipole parameterization with MA = 1.0
GeV and a 1.4% uncertainty [107] is also shown for compari-
son (black). The lower panel shows the absolute value of the
di↵erence between D2 Meyer et al. and LQCD Bali et al.
results divided by their uncertainties added in quadrature,
denoted �FA/�; very similar results are obtained using the
other LQCD results.

factor results determined from experimental neutrino-
deuteron scattering data in Ref. [65]. Fits were performed
using results with Q

2
 1 GeV2 in Refs. [30, 34, 65] and

with Q
2
 0.7 GeV2 in Ref. [35] with the parameteri-

zation provided by the z expansion used to extrapolate
form factor results to larger Q

2. Clear agreement be-
tween di↵erent LQCD calculations can be seen. However,
the LQCD axial form factor results are 2-3� larger than
the results of Ref. [65] for Q

2 & 0.3 GeV2. The e↵ects of
this form factor tension on neutrino-nucleus cross section
predictions is studied using nuclear many-body calcula-
tions with the GFMC and SF methods in Sec. IV below.
The LQCD results of Refs. [30, 34] lead to nearly in-
distinguishable cross-section results that will be denoted
“LQCD Bali et al./Park et al.” or “LQCD” below and
used for comparison with the deuterium bubble-chamber
analysis of Ref. [65], denoted “D2 Meyer et al.” or “D2”
below.

IV. FLUX-AVERAGED CROSS SECTION
RESULTS

To evaluate both the nuclear model and nucleon axial
form factor dependence of neutrino-nucleus cross-section
predictions and their agreement with data, the GFMC
and spectral function methods are used to predict flux-
averaged cross sections that can be compared with data
from the T2K and MiniBooNE experiments. The Mini-
BooNE data for this comparison is a double di↵eren-
tial CCQE measurement where the main CC1⇡+ back-
ground has been subtracted using a tuned model [13],
and the T2K data is a double di↵erential CC0⇡ measure-
ment [114]. Muon neutrino flux-averaged cross sections
were calculated from

d�

dTµd cos ✓µ

=

Z
dE⌫�(E⌫)

d�(E⌫)

dTµd cos ✓µ

, (43)

where �(E⌫) are the normalized ⌫µ fluxes from Mini-
BooNE and T2K. Details on the neutrino fluxes for
each experiment can be found in the references above.

d�(E⌫)
dTµd cos ✓µ

are the corresponding inclusive cross sections

computed using the GFMC and SF methods as described
in Sec. II.

The fractional contribution of the axial form factor
to the one-body piece of the MiniBooNE flux-averaged
cross section is determined by including only pure axial
and axial-vector interference terms in the cross section
and shown in Fig. 3. These pure axial and axial-vector
interference terms account for half or more of the to-
tal one-body cross section for most Tµ and cos ✓µ, which
emphasizes the need for an accurate determination of the
nucleon axial form factor.

Figures 4 and 5 show the GFMC and SF predictions for
MiniBooNE and T2K, respectively, including the break-
down into one-body and two-body contributions. For
these comparisons we use the D2 Meyer et al. z expan-
sion for FA. Two features of the calculations should be
noted before discussing the results of these comparisons.
First, the uncertainty bands in the SF come only from the
axial form factor, while the GFMC error bands include
axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.

• D2 Meyer et al: fits to neutrino-deuteron 
scattering data

• LQCD result: general agreement between 
the different calculations

• LQCD results are 2-3σ larger than D2 
Meyer ones for Q2 > 0.3 GeV2
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Model dependence in T2K data
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FIG. 8. The ⌫µ flux-averaged di↵erential cross sections for T2K. Details are as in Fig. 7.

FIG. 9. Percent change in peak value of MiniBooNE flux-averaged cross section for 0.5 < cos ✓µ < 0.6 vs. percent change in
the z expansion parameters ak. Results are shown for predictions using SF (black) and GFMC (blue) methods, including the
slopes extracted from linear fits.

shows the percent di↵erences in flux-averaged cross sec-
tions evaluated at the quasielastic peak that have been
computed using both GFMC and SF methods after in-
dependently varying each ak by ±5, 10%. The slopes of
the resulting linear fits provide model-independent deter-
minations of the sensitivity of the peak cross section to
variations in FA. It is clear that the impact of varying

each ak decreases as k increases, as expected since the
contribution of each ak is suppressed by the k-th power
of z(Q2) < 1. In particular, a 10% change in a0 results
in a 10% change to the peak cross section, while a 10%
change in a1 results in a 1% change in the peak cross
section, and 10% variation of ak with k � 2 leads to
sub-percent changes in the peak cross section. It is note-
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MiniBooNE 0.2 < cos ✓µ < 0.3 0.5 < cos ✓µ < 0.6 0.8 < cos ✓µ < 0.9
SF Di↵erence in d�peak (%) 16.3 17.1 9.3

GFMC Di↵erence in d�peak (%) 18.6 17.1 12.2

T2K 0.0 < cos ✓µ < 0.6 0.80 < cos ✓µ < 0.85 0.94 < cos ✓µ < 0.98
SF di↵erence in d�peak (%) 15.3 8.2 3.3

GFMC di↵erence in d�peak (%) 15.8 8.0 4.6

TABLE II. Percent increase in d�
dTµd cos ✓µ

at the quasielastic peak between predictions using LQCD Bali et al./Park et al.

z expansion versus D2 Meyer et al. z expansion nucleon axial form factor results.

FIG. 7. The ⌫µ flux-averaged di↵erential cross sections for MiniBooNE. The top panel shows Spectral Function predictions in
three bins of cos ✓µ with the D2 Meyer et al. z expansion FA in blue, as well as the LQCD Bali et al./Park et al. z expansion
FA in green. The dipole parameterization with MA = 1.0 GeV is shown without uncertainties as a black line. The lower
panel shows GFMC predictions using the same set of axial form factors, although in the GFMC case systematic uncertainties
including those arising from inversion of the Euclidean response functions are included in all results and the MA = 1.0 GeV
dipole form factor results are therefore shown as a black band.

dipole parameterization of FA as well as modified dipole
parameterizations of C

A

5 , and therefore it is possible that
these uncertainties are still underestimated. Even less is
known about the uncertainty in determining ⇤R [89]. A
15% variation in either C

A

5 (0) or ⇤R changes the flux-
averaged cross section by roughly 5%, and it will there-
fore be important to obtain more information on these
parameters in order to achieve few-percent precision on
cross-section predictions.

Focusing now on FA, Figs. 7 and 8 compare flux-
averaged cross sections with di↵erent axial form factor
determinations: a dipole form factor with MA = 1.0
GeV, the D2 Meyer et al. z expansion, and the LQCD
Bali et al./Park et al. z expansion. One can see that

the LQCD z expansion increases the normalization of
the cross section across the whole phase space, with sig-
nificantly more enhancement in the bins of low cos ✓µ

corresponding to backward angles and higher Q
2. This

is quantified in Table II, which shows the percentage dif-
ference in the peak values of d�

dTµd cos ✓µ
for the LQCD

and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
discrepancy growing at backwards angles.

To investigate the sensitivity of the flux-averaged dif-
ferential cross section to variations in the axial form fac-
tor, derivatives of the MiniBooNE cross section with re-
spect to the model-independent z expansion parameters
ak are computed as described in Sec. III A. Figure 9
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ferential cross section to variations in the axial form fac-
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D.Simons, N. Steinberg, NR, et al, J.Phys.G 52 (2025) 6, 065003
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Wigner functions give the quasi-probability distribution of finding a nucleon with k and r

Tomography of atomic Nuclei

WN(R, k) = ∫ dse−ik⋅sρN (R +
s
2

, R −
s
2 )

= A∫ dsdr2…drA, e−ik⋅sΨ*0 (R −
s
2

, r2, …, rA) PN(1)Ψ0 (R +
s
2

, r2, …, rA) .

NR, A. Lovato, et al, 2606.14558 
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Figure 1. Wigner distributions of spin-up protons in 4He obtained from AFDMC, VMC, and mean-field Woods-Saxon calcu-
lations, shown from left to right. The diverging color scale indicates positive (red) and negative (blue) values. The intensity
reflects the magnitude of W (r, k) using a symmetric logarithmic normalization, which enhances small-amplitude structures
while preserving the sign.

possible to identify how distinct dynamical mechanisms
manifest themselves in specific regions of (r, k). For in-
stance, strength at small r and large k is associated with
short-range correlations generated by the repulsive core
and tensor components of the interaction, whereas the
behavior of the quasi-probability distribution at larger
radii and lower momenta is largely determined by long-
range correlations and shell structure. In this section, we
examine these features systematically and compare their
behavior across di!erent nuclei and interaction models.

In Fig. 1, we compare the Wigner function of 4He ob-
tained from AFDMC and VMC calculations with mean-
field results based on a Woods-Saxon potential, obtained
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�(
r)

[f
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Figure 2. Spatial density distribution of spin-up protons in
4He obtained from VMC and AFDMC calculations. The
VMC result is shown by the blue solid line, while the AFDMC
result is shown by the orange points.

by setting F̂ = 1 in Eq. (17). In the AFDMC case, the
Wigner distribution is computed perturbatively using the
estimator defined in Eq. (23). The AFDMC and VMC
methods yield a consistent picture of the 4He nucleus.
The high-momentum components of the wave function
are mostly concentrated at distances smaller than 1 fm,
corresponding to the central region of the nucleus. This
behavior is in stark contrast with the Woods-Saxon re-
sults, in which such high-momentum components are ab-
sent.

Both AFDMC and VMC calculations exhibit a nega-
tive region around k → 2 fm→1 and small r. This feature
is absent in the Woods-Saxon results, indicating that it
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Figure 3. Momentum distribution of spin-up protons in 4He
obtained from the VMC and AFDMC calculations. As in
Fig. 2, the VMC result is shown by the blue solid line, while
the AFDMC result is shown by the orange points.
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Figure 4. VMC Wigner distributions of spin-up protons for selected nuclei with up to A = 12 nucleons.

is generated by dynamical correlations in the many-body
wave function rather than by the independent-particle
shell structure alone. The persistence of this negative re-
gion in calculations with simplified Argonne interactions,
including Argonne v→6, Argonne v→4, and the spin-isospin-
independent Argonne v→1 [18], suggests that it should
not be attributed specifically to spin-isospin-dependent
correlations. Instead, we interpret it more generally as
a correlation-induced interference e!ect associated with
the short-range central correlations generated by the Ar-
gonne repulsive core.

The presence and redistribution of negative regions in
the Wigner function leave signatures in the corresponding
density and momentum distributions, highlighting the
connection between phase-space structure and observ-
able coordinate- and momentum-space quantities. Fig-

ure 2 shows the single-nucleon spatial density distribution
of 4He obtained with the VMC and AFDMC methods.
While the overall agreement is very good, appreciable
di!erences are observed in the radial region r ↭ 1 fm,
where the density is most sensitive to the short-distance
structure of the wave function. In both the VMC and
AFDMC results, the negative region of the Wigner func-
tion at small r leads, after integration over momentum, to
a corresponding depletion of the single-nucleon density.
Using the same color scheme, Fig. 3 displays the cor-
responding momentum distributions. Again, the VMC
and AFDMC results are broadly consistent, as expected
given the similarity of the input Hamiltonians and the
fact that both calculations describe the same compact
4He ground state. In particular, both approaches gen-
erate sizable high-momentum components, as is typical

Tomography of atomic Nuclei
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Figure 6. Wigner distribution of 16O obtained within AFDMC. The left panel shows the original AFDMC result, while the
right panel shows the corresponding GP-emulated distribution. The filled circles indicate the coordinates used to train the GP
emulator. The color scheme is the same as in Fig. 1.

can be simultaneously identified and analyzed.

In addition to their intrinsic interest, Wigner functions
are directly relevant for neutrino event generators, where
an accurate description of the propagation of nucleons
through the intranuclear medium after the primary in-
teraction vertex is essential [22, 23]. They provide infor-
mation on the joint distribution of finding a nucleon with
momentum |k| at a distance |r| from the nuclear center
of mass, thereby correlating the position and momentum
sampled in the initial nuclear state.

Beyond neutrino event generators, nuclear Wigner dis-
tributions also provide a natural bridge between ab ini-
tio nuclear structure and descriptions of partonic de-
grees of freedom in finite nuclei. Recent work has
used finite-nucleus Wigner distributions as an ana-
logue of nuclear-matter occupation numbers to con-
struct quark phase-space distributions through a con-
volution with the quark momentum distribution inside
the nucleon [7]. This framework was used to investigate
whether the low-momentum nucleon suppression associ-
ated with quarkyonic-matter scenarios could persist in
large finite nuclei. The ab initio Wigner distributions
presented here, which include dynamical many-body cor-
relations beyond mean-field descriptions, may therefore
provide useful microscopic input for future studies con-
necting nuclear structure with partonic degrees of free-
dom.

To facilitate their inclusion in neutrino event genera-
tors, and more generally in applications requiring phase-
space nuclear structure information, we have developed a
Gaussian-process emulator that provides a compact and
e!cient representation of the Wigner distributions. The

accuracy of this representation is enhanced by impos-
ing the exact normalization of the Wigner function. For
the spherical nuclei discussed in this work, the angle-
averaged distributions can also be stored and interpo-
lated using two-dimensional tables, which are made avail-
able in an online repository [39]. However, retaining the
full dependence on the relative orientation of r and k
requires a higher-dimensional representation, for which
direct tabulation becomes impractical. In this case, the
Gaussian-process emulator provides a natural and flexi-
ble alternative.
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New perspectives: Neural Quantum States
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Best parameters are obtained using the variational 
principle + stochastic reconfiguration
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Nuclear Responses with Neural Quantum States

Electric dipole transition:
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FIG. 1. (Upper panel) LIT of the 2H dipole response function
computed at � = 10 MeV. The NQS calculations (orange cir-
cles) are compared to the numerically exact results (solid blue
line). (Lower panel) The statistical (blue circles), systematic
(orange circles), and total (green circles) errors of the NQS
calculations are shown alongside the di↵erence between the
numerically exact and NQS results (solid red line).

� → 0, !0 ≈ !, and L → (⇡��)R, we may conclude that
�L�L ∝�(1 −F)��. Implying that smaller values of �
not only lead to a more complicated wave function, but
also demand higher accuracy in solving the LIT equation.

Once the values of the LIT and its uncertainties are
estimated on a grid of N discrete values of !0, we need
to invert the integral transform to retrieve the response
function. To this aim, we employ two inversion methods.
The first is a regularized version of the standard inversion
procedure introduced in Ref. [38], which relies on a suit-
able basis expansion of the response function. The second
is an improved version of the so-called Bryan’s version of
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this simple system allows us to benchmark the NQS-
LIT method against a virtually exact numerical solution
of the ordinary di↵erential equation that determines the
ground-state and LIT wave functions. Since model “o”
does not include tensor or spin-orbit terms,  0 and  L

contain only the s-wave and p-wave contributions, re-
spectively, the di↵erential equations to be solved depend
only on the distance between the proton and the neutron.
As shown in the upper panel of Fig. 1, the NQS results
agree with the exact solution to an accuracy better than
1% — both are obtained with � = 10 MeV. This accuracy
is compared in the lower panel of Fig. 1 with the error
bound we determined, and is found to be much better
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we can recover the energy dependence of the response
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Fig. 2, we compare the NQS predictions with experimen-
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the basis size up to N = 16 did not a↵ect the results. The
inversion based on maximum-entropy also yields cross
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To obtain the parameters, we use an improved version of the maximum-entropy approach

I want to maximize the conditional probability
 P(R |ℒ) = P(ℒ |R)
P(R)
P(ℒ)

,

The likelihood function is P(ℒ |R) =
e−χ2/2

ZL

Entropic prior (Skilling) P(R |m, α) =
eαS

ZS
≃

1
ZS

exp α
Nω

∑
i=1

Ri − mi − Ri log ( Ri

mi ) ,

New techniques to invert the LIT
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FIG. 2. Posterior distribution of ↵ corresponding to three di↵erent prior models: basis function (upper panel), LIT (middle
panel), and flat (lower panel).
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MCMC “with swap” used to sample the posterior: no need to fix α
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FIG. 1. (Upper panel) LIT of the 2H dipole response function
computed at � = 10 MeV. The NQS calculations (orange cir-
cles) are compared to the numerically exact results (solid blue
line). (Lower panel) The statistical (blue circles), systematic
(orange circles), and total (green circles) errors of the NQS
calculations are shown alongside the di↵erence between the
numerically exact and NQS results (solid red line).
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spectively, the di↵erential equations to be solved depend
only on the distance between the proton and the neutron.
As shown in the upper panel of Fig. 1, the NQS results
agree with the exact solution to an accuracy better than
1% — both are obtained with � = 10 MeV. This accuracy
is compared in the lower panel of Fig. 1 with the error
bound we determined, and is found to be much better
for all values of !.

Inverting the LIT using the basis expansion proce-
dure and maximum-entropy algorithms discussed earlier,
we can recover the energy dependence of the response
functions and the associated uncertainties. The total
photoabsorption cross section is then given by ��(!) =
4⇡2↵!R(!), where ↵ is the fine-structure constant. In
Fig. 2, we compare the NQS predictions with experimen-
tal data from Ref. [49]. The basis expansion inversion
method shows excellent agreement with the experimen-
tal data, regardless of the numberNmax of basis functions
used to expand the response—we verified that increasing
the basis size up to N = 16 did not a↵ect the results. The
inversion based on maximum-entropy also yields cross
sections that agree well with the data, within uncertain-
ties. This agreement is particularly remarkable given the
simplicity of the input Hamiltonian. In this regard, we
note that two-body currents are implicitly accounted for

FIG. 2. Deuteron photo-disintegration cross section as a func-
tion of photon energy, obtained from NQS calculations of the
LIT. The basis function results (solid orange lines) and the
Maximum Entropy reconstruction (blue histogram with er-
ror bars) show good agreement with experimental data from
Ref. [49].
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FIG. 3. (Upper panel) LIT of the 4He dipole response function
computed at � = 10 MeV. The NQS calculations (orange cir-
cles) are compared to the highly-accurate EIHH results (solid
blue line). (Lower panel) The statistical (blue circles), sys-
tematic (orange circles), and total (green circles) errors of the
NQS calculations are shown alongside the di↵erence between
the EIHH and NQS results (solid red line).

by means of the Siegert theorem [50].

In Fig. 3, we compare the LITs of 4He computed
using the NQS approach with those obtained via the
e↵ective interaction hyperspherical harmonics (EIHH)
method [51], which provides extremely accurate solutions
for A ≤ 4 nuclei. Similar to the deuteron case, excellent
agreement is also achieved for 4He. A detailed analysis
of the errors, shown in the lower panel of Fig. 3, reveals
that the maximum discrepancy between NQS and EIHH
remains at the percent level, except in the high-energy
region of the spectrum, where the LIT is already small.
Our theoretical error bound is significantly looser, ex-
ceeding 20% for certain ! � 75 MeV, indicating the need
for refined error estimates.

Finally, in Fig.4, we present the photodisintegration
cross section of 4He, obtained by inverting the LIT com-
puted within the NQS framework, and compare it with
experimental data from Ref.[6]. Similar to the deuteron
case, both the basis-expansion inversion method and the
maximum entropy approach yield results that agree re-
markably well with experiment, especially considering
the simplicity of the input Hamiltonian. In fact, the
agreement appears even better than that achieved in
Refs. [23, 52], which used higher-resolution chiral Hamil-
tonians. Notably, the position of the peak is accurately
reproduced without the need to shift the theoretical

curves to match the experimental threshold. We note
that these cross sections were obtained with � = 10 MeV;
however, we explicitly verified that using � = 5 MeV pro-
duces fully compatible results, with the basis-expansion
inversion curves overlapping.

Conclusions.— In this work, we introduced a com-
putational protocol that combines variational Monte
Carlo methods based on NQS with the LIT technique
to address the challenging problem of computing dy-
namical properties of self-bound systems in continuous
spaces. While this framework is applicable to quan-
tum many-body systems spanning a wide range of energy
scales—including atoms and molecules—our initial focus
is on applications in nuclear physics. Our approach ex-
tends the reach of high-resolution continuum QMCmeth-
ods to low-energy response functions, including those rel-
evant for photodisintegration cross sections, which un-
til now have only been computed using basis-expansion
methods [21, 23, 26, 27].

In addition to providing accurate estimates of the re-
sponse functions, our protocol enables a reliable assess-
ment of both statistical and systematic uncertainties.
The statistical uncertainties can be readily estimated
through Monte Carlo sampling. To address the system-
atic component, we derived a general error-bound lemma
applicable to all LIT-based methods. We validated this
bound numerically through comparisons with highly ac-
curate few-body calculations. This analysis revealed that
the upper bound on the error can occasionally be overly
conservative, underscoring the need for further refine-
ment of the theoretical estimates.

Both the statistical and systematic uncertainties of the
LIT are propagated to the response function by lever-
aging an advanced version of the Maximum Entropy

FIG. 4. Photo-disintegration cross section of 4He as a func-
tion of photon energy, obtained from NQS calculations of the
LIT. The basis function results (solid orange lines) and the
Maximum Entropy reconstruction (blue histogram with er-
ror bars) show good agreement with experimental data from
Ref. [6].

Computed the photo-absorption cross section with quantified uncertainties

First usage of NQS to compute dynamical observables

Extend this formalism to perform real-time dynamics which will be used for neutrino responses

E. Parnes, NR, et al., Phys.Rev.Lett. 136 (2026) 3, 032501

Nuclear Responses with Neural Quantum States
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Address new experimental capabilities
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• Excellent spatial resolution

• Precise calorimetric information

• Powerful particle identification

Motivation:  
long-baseline oscillation experiment

Erice 09/2017

DUNE, 1300 km HyperK (T2K) 295 km

From:
Diwan et al,
Ann. Rev.
Nucl. Part. Sci 66 
(2016)

Energies have to be known within 100 MeV (DUNE) or 50 MeV (T2K)
Ratios of event rates to about 10%
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1 LECTURE 2: NEUTRINO SOURCES AND NEUTRINO DETECTORS

fragments in the fission of uranium and plutonium.

235U+ n ! X1 +X2 + 2n (5)

In average, 6 ⌫e are emitted per fission from the decay of X1 and X2.

• Neutrinos from accelerators: in particle accelerators typically protons are

collided into a target (Be, Al, graphite, carbon). In these reactions ⇡’s and K’s

are emitted and neutrinos appear in their corresponding decays.

1.2. Neutrino detection

Neutrinos can be identified by measuring charged particles produced in their interactions

with matter. These interactions can be classified into neutral current and charged

current.

• Charged current: in these interactions, the lepton partner of the neutrino

appears, as for instance in:

⌫e + n ! e� + p (6)

⌫e + p ! e+ + n. (7)

The reactions happen over the exchange of W± bosons of m(W ) ⇠ 80GeV mass.

Figure 2. Diagrams for the muon decay (left), the muon scattering on electrons
(middle) and the neutral current scattering of ⌫µ on electrons (right).

• Neutral current: The electroweak theory from Glashow, Weinberg & Salam

predicted the existence of neutral current interaction. In 1973, those reactions

were discovered in the Gargamelle experiment (bubble chamber) at CERN.

⌫µ +N ! ⌫µ + hadrons. (8)

Neutral current reactions take place over the exchange of Z0 bosons of m(Z) ⇠
90GeV mass (see figure 2).
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From theory to measurement
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From theory to measurement

See G. D. Megias’s talk 
“Extension of superscaling 

approaches…”

See R. Gonzalez 
Jimenez’s talk 

“Neutrino Scattering: 
Connections Across 

Theory and Experiment”

See J. González Rosa’s 
talk 

“Study of inelastic 
neutrino-nucleus 

scattering using the 
superscaling approach”

See A. 
Nikolakopoulos’s talk 
“Neutrino-induced pion 

production…”
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Spectral function approach 
The response tensor is given by

Rμν(q, ω) = ∫ d3kdE Ph(k, E)
m2

N

e(k)e(k + q) ∑
i

⟨k | jμ
i

† |p⟩⟨p | jν
i |k⟩δ(ω + E − e(k + q)) 4

Σ
i

2 2
q,ν q,ν

i

FIG. 2 Schematic representation of the IA regime, in which
the nuclear cross section is replaced by the incoherent sum
of cross sections describing scattering off individual nucleons,
the recoiling (A − 1)-nucleon system acting as a spectator.

px (in order to simplify the notation, spin indices will be
omitted)

|X⟩ → |x,px⟩ ⊗ |R,pR⟩ . (11)

Using Eq. (11) we can replace

∑

X

|X⟩⟨X | →
∑

x

∫
d3px|x,px⟩⟨px, x|

×
∑

R

d3pR|R,pR⟩⟨pR,R| . (12)

Substitution of Eqs. (10)-(12) into Eq. (4) and insertion
of a complete set of free nucleon states, satisfying

∫
d3k |N,k⟩⟨k, N| = 1 , (13)

then leads to the factorization of the nuclear current ma-
trix element according to

⟨0|Jµ|X⟩ =

(
m

√
|pR|2 + m2

)1/2

⟨0|R,pR; N,−pR⟩

×
∑

i

⟨−pR, N |jµ
i |x,px⟩ , (14)

where the factor (m/
√
|pR|2 + m2)1/2 takes into account

the implicit covariant normalization of ⟨−pR, N | in the
matrix element of jµ

i .
As a result, the incoherent contribution to Eq. (4) can

be rewritten in the form

Wµν =
∑

x,R

∫
d3pR d3px|⟨0|R,pR; N,−pR⟩|2

×
m

ER

∑

i

⟨−pR, N|jµ
i |x,px⟩⟨px, x|jν

i |N,−pR⟩

× δ(3)(q − pR − px)δ(ω + E0 − ER − Ex), (15)

where E0 is the target ground state energy and ER =√
|pR|2 + M2

R, MR being the mass of the recoiling sys-
tem and Ex the energy of the final state X.

Finally, using the identity

δ(ω + E0 − ER − Ex) =

∫
dE δ(E − m + E0 − ER)

× δ(ω − E + m − Ex) , (16)

and defining the nucleon spectral function as

SN (k, E) =
∑

R

|⟨0|R,−k; N,k⟩|2

× δ(E − m + E0 − ER) , (17)

where the index N = p, n labels either a proton or a
neutron, we can cast Eq. (4) in the form

Wµν(q,ω) =

∫
d3k dE

(
m

Ek

)[
ZSp(k, E)wµν

p

+ (A − Z)Sn(k, E)wµν
n ] , (18)

A and Z being the target mass number and number of
protons, respectively. In Eq. (18), Ek =

√
|k2| + m2 and

wµν
N =

∑

x

⟨k, N|jµ
N |x,k + q⟩⟨k + q, x|jν

N |N,k⟩

× δ(ω̃ + Ek − Ex) . (19)

with (see Eqs. (15) and (17))

ω̃ = Ex−Ek = E0+ω−ER−Ek = ω−E+m−Ek . (20)

The above equations show that within the IA scheme the
definition of the electron-nucleus cross section involves
two important elements: i) the tensor wµν

N , defined by
Eq. (19), describing the electromagnetic interactions of
a bound nucleon carrying momentum k and ii) the spec-
tral function, defined by Eq. (17), yielding its momentum
and removal energy distribution. These quantities will be
further discussed in the following sections.

B. Electron scattering off a bound nucleon

While in electron-nucleon scattering in free space the
struck particle is given the entire four momentum transfer
q ≡ (ω,q), in a scattering process involving a bound
nucleon a fraction δω of the energy loss goes into the
spectator system. This mechanism emerges in a most
natural fashion from the IA formalism.

Assuming that the current operators are not modi-
fied by the nuclear environment, the quantity defined
by Eq. (19) can be identified with the tensor describing
electron scattering off a free nucleon at four momentum
transfer q̃ ≡ (q, ω̃). Hence, Eq. (19) shows that within IA
binding is taken into account through the replacement

q ≡ (ω,q) → q̃ ≡ (ω̃,q) . (21)

The interpretation of δω = ω − ω̃ as the amount of
energy going into the recoiling spectator system becomes
particularly transparent in the limit |k|/m ≪ 1, in which
Eq. (20) yields δω = E.

In the case of quasielastic scattering, to be discussed
in this review, wµν

N of Eq. (19) can be obtained from the
general expression (compare to Eq. (5))

wµν
N = wN

1

(
−gµν +

q̃µq̃ν

q̃2

)

+
wN

2

m2

(
kµ −

(kq̃)

q̃2
q̃µ

)(
kν −

(kq̃)

q̃2
q̃ν

)
, (22)

The nuclear cross section is replaced by the incoherent sum of cross sections describing scattering off 
individual nucleons, the recoiling (A − 1)-nucleon system acting as a spectator.


The spectral function gives the probability density of finding nucleon (k, E) in ground state nucleus
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Spectral function from Quantum Monte Carlo

J. W. VAN ORDEN AND T. W. DONNELLY PHYSICAL REVIEW C 100, 044620 (2019)

reproduced by means of an IPSM approximation with the in-
dividual shells artificially widened using Lorentzians, together
with a representation of contributions from correlations which
in the model of the Rome group are calculated in nuclear
matter. These are then produced for finite nuclei by means of
the LDA. The resulting spectral function is of the form,

SRome(pm, Em) = SIPSM(pm,Em ) + Scorr (pm, Em). (56)

Any constants need to combine the two combinations are
adjusted so that the total satisfies the normalization condition
in Eq. (3). This, and similar approaches, represent the current
state of the art. We will use this spectral function, which we
will refer to as the Rome spectral function, as a benchmark
against which the other models used here will be compared.

IV. RESULTS

A. Spectral functions

We now proceed with a discussion of several types of
spectral functions of varying degrees of sophistication—all
of the spectral functions and cross sections shown here are
for 16O. We consider four models for the spectral functions
beginning with a simple independent-particle shell model with
relativistic mean-field single-particle wave functions (IPSM-
RMF) which captures the basic essentials of the nuclear shell
structure of a nucleus such as 16O. This is followed by going
to the other extreme and discussing the relativistic Fermi gas
model which is designed to contain only the basic properties
of infinite nuclear matter; it is, in fact, a model where A → ∞
and the only aspect of finite nuclei it contains is a scale,
the Fermi momentum kF . This is included here despite its
simplicity (as we shall see, too simple for semi-inclusive
studies) because it forms the basis for many of the event
generators currently being employed. Attempts have been
made to improve on the extreme RFG model by incorporat-
ing a density-dependent Fermi momentum that follows the
ground-state density of a given nucleus, the so-called local

FIG. 6. Independent-particle shell-model spectral function for
16O using RMF wave functions [8] for the hole states.

FIG. 7. Relativistic Fermi gas spectral function for 16O using
kF = 230 MeV/c.

density approximation, and this provides the third model
in the present study. These simplified approaches are then
compared with a state of the art spectral function obtained
by the Rome group. In the following sections we proceed to
obtain the inclusive and semi-inclusive cross sections using
the four models, and there we find that the former do not
differ significantly, although when a nucleon is presumed
to be detected (semi-inclusive reactions), the resulting cross
sections are strongly dependent on the level of sophistication
contained in the various models.

1. IPSM-RMF spectral function

An example of IPSM spectral functions is presented in
Fig. 6. This uses the relativistic mean-field model (RMF) of
Horowitz and Serot [8] for 16O to obtain the wave functions
for the shells occupied by neutrons. In the case of a model
such as this, that produces wave functions in the form of

FIG. 8. Spectral function in the local density approximation. The
coordinate space ρ(r) is obtained from a three-parameter Fermi
function fit to the proton distribution for 16O.

044620-8

The nucleon spectral function describe intrinsic properties of the initial nucleus:

Pp,n(k, E) =
X

n

���h A
0 |[|ki ⌦ | A�1

n i]
���
2
�(E + EA

0 � EA�1
n ) = PMF (k, E) + P corr(k, E)

Wiringa, et al., Phys. Rev. C 89, 024305 (2014)

Single-nucleon overlaps Two-body momentum distributions

CLAS collaboration NR et al, PRC 107 (2023) 6, L061301
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Spectral function: from ab-initio techniques
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Figure 7. Comparison with T2K data, adapted from Ref. [37]. Breakdown into one- and two-body
current contributions of the νµ flux-averaged differential cross sections for T2K: 1b and 2b denotes
one- and two-body current contributions while 12b denotes the total sum of these contributions. The
top panel shows QMC SF predictions in three bins of cos θµ with the one-body contributions in orange,
two-body contributions in red, and the total in blue. The lower panel shows GFMC predictions
with the same breakdown between one- and two-body current contributions, although the two-body
results include interference effects only in the GFMC case. The D2 Meyer et al. z expansion results for
FA are used in both cases [69].

behavior. The emergence of high-p→ (i.e., high-q) tails can be understood as the response’s
narrowing in terms of energy transfer compared to nonrelativistic outcomes, resulting in
strength redistribution within the available phase space at large-q.
Given the inclusion of large q values in the MINERνA calculations and the substantial
impact of relativistic corrections, a consistency check is warranted. In Ref. [34], the GFMC
results for MINERνA kinematics obtained including only the one-body current contribution
have been compared to other approaches that are either manifestly relativistic [138] or
include relativistic corrections [13,139–141] and found to agree with the theoretical curves.
Here, Fig. 8 compares the GFMC results to the SF calculations including both the one-
and two-body contributions in Fig. 8. The agreement between the one-body contribution
in the GFMC and SF approaches is evident when the former are computed in the ANB.
The total increase of the cross section due to two-body contributions is twice as large in
the SF calculations compared to the GFMC. This difference can be attributed to the same
motivations discussed for the T2K results.

Lastly, we note that the GFMC nonrelativistic calculations exhibit better conformity
with experimental data compared to those incorporating relativistic effects. However,
considering the energy distribution of the medium-energy NuMI beam in the MINERνA
experiment, it is expected that contributions beyond quasi-elastic scattering are significant,
even when events with detectable mesons are excluded from the experimental analysis.
Specifically, there are instances where pions produced at the interaction vertex are either
absorbed or remain undetected. Thus, theoretical calculations that neglect pion-production
mechanisms should yield results lower than experimental data. This aligns with the case
where relativistic effects are considered, while their omission leads to un-physically large
cross sections.

In this review, we also consider inclusive electron scattering data on 12C in Fig. 9 which
allows one to disentangle the different energy regions more clearly. The two kinematics
under consideration have been deliberately selected to include only responses with q < 700
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experiment, it is expected that contributions beyond quasi-elastic scattering are significant,
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Towards neutrino scattering: T2K data 
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With ab initio Spectral function

see talk by Immo Reis next week
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FSI for 16O from optical potential
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Event Generators

Submitted to the US Community Study
on the Future of Particle Physics (Snowmass 2021)

Event Generators for High-Energy Physics Experiments

We provide an overview of the status of Monte-Carlo event generators for high-energy particle
physics. Guided by the experimental needs and requirements, we highlight areas of active de-
velopment, and opportunities for future improvements. Particular emphasis is given to physics
models and algorithms that are employed across a variety of experiments. These common themes
in event generator development lead to a more comprehensive understanding of physics at the
highest energies and intensities, and allow models to be tested against a wealth of data that have
been accumulated over the past decades. A cohesive approach to event generator development will
allow these models to be further improved and systematic uncertainties to be reduced, directly
contributing to future experimental success. Event generators are part of a much larger ecosystem
of computational tools. They typically involve a number of unknown model parameters that must
be tuned to experimental data, while maintaining the integrity of the underlying physics models.
Making both these data, and the analyses with which they have been obtained accessible to future
users is an essential aspect of open science and data preservation. It ensures the consistency of
physics models across a variety of experiments.
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The propagation of hadrons through the nuclear medium is crucial in the 
analysis of neutrino oscillation experiments.


Event generators are also used to predict backgrounds and 
efficiency


Different generators currently available:


Event Generators for High-Energy Physics Experiments, 	
2022 Snowmass Summer Study 


See L. Munteanu’s talk 
“Characterising the role of final state 

Interactions…”

See S. Abe’s talk 
“Simulation of single-pion production…in 

NEUT"

https://indico.global/event/15528/contributions/160857/attachments/75881/147276/Munteanu_FSI_NSTAR.pdf
https://indico.global/event/15528/contributions/160848/attachments/75869/147294/NSTAR2026_260909.pdf
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Achilles: A CHIcagoLand Lepton Event Simulator
Achilles: A CHIcagoLand Lepton Event Simulator
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Achilles: Hard Interaction Vertex

• We use the SF formalism to describe QE + 
pion production

• Hadron momenta and isospins as well as 
momentum transfer provide inputs to DCC 
code

• Inclusive comparisons validate DCC model 
and its implementation in Achilles

Reproduces (e,e’) JLab data in the

Delta region

ANL and BNL comparison validate

DCC model’s axial current

included within the ANL-Osaka DCC model. In future
work, we plan to include the higher resonances to fully
handle the ANL-Osaka DCC model range of validity. The
difference between these two choices gives an estimate of
the uncertainty associated with modeling resonances during
the INC.

III. VALIDATION

A. Hard scattering

The hard scattering model of Sec. II was validated
against ðe; e0Þ data on 12C at several beam energies and
scattering angles in Ref. [26]. For these comparisons the
authors of Ref. [26] used the spectral function of 12C
computed using correlated-basis function theory [52],
which is also used in Achilles [31]. Recently, high-precision
ðe; e0Þ and ðe; e0pÞ data were recorded at Thomas Jefferson
Lab (JLab) on 12C, 40Ar, and 48Ti [53–55]. These experi-
ments were intended to test the scaling behavior of the
ðe; e0Þ cross section and to study nuclear effects in ðe; e0pÞ
scattering on 40Ar and 48Ti, relevant for the next generation
of liquid-argon based neutrino experiments. To compare to
data taken on 40Ar, we have incorporated the proton and
neutron spectral function of 40Ar extracted from ðe; e0pÞ
data on 40Ar and 48Ti [27,54,55]. Figure 1 shows the Achilles

comparison to a selection of ðe; e0Þ data taken at Ebeam ¼
2.222 GeV and θe0 ¼ 15.541° on 12C and 40Ar including
contributions from quasielastic scattering and single pion
production.
The quasielastic (QE, orange) and Δ peaks (green) in

both nuclei are qualitatively reproduced. The significant
difference between the data and predictions in the dip

region between the QE and Δ peaks is due to the lack of
meson-exchange currents (MECs) in Achilles, known to fill
this region [26]. Similarly, the deficit at high energy
transfers beyond the Δ peak can be explained by the lack
of multipion production and DIS in Achilles. The inclusion of
these additional hard scattering processes will be the focus
of future efforts. The small shift in the QE peak relative to
the data is due to neglected final-state interactions in the
hard scattering matrix elements. The effect of final-state
interactions is twofold: the dispersion relation of outgoing
hadrons is modified,5 and strength is redistributed over
asymptotic final-state channels. The INC takes care of the
latter; crucially it goes beyond the optical-potential
approach by explicitly populating accessible final states
[27,56]. The former affects the nuclear response integrated
over final states, and hence the hard scattering matrix
element of Eq. (1). This can be incorporated within the
factorized picture via a folding function approach [26,57],
by treating the outgoing particles as scattering states in a
suitable real potential [58] or through the (relativistic)
Green function approach of Refs. [59–61]. The effect in
this kinematic region is a slight shift toward lower energy
transfers and reduction of the height of the quasielastic
peak [62]. Implementing this in a manner that is consistent
with the INC exceeds the scope of the present work. We
also compare the Achilles predictions for the total cross

FIG. 1. Achilles comparison to inclusive electron scattering data on 40Ar (left) and 12C (right) from JLab at Ebeam ¼ 2.222 GeV and
θe0 ¼ 15.541° [53] as a function of energy transfer (ω). The data and predictions have been normalized to the number of nucleons in each
respective nucleus. The total prediction from Achilles is in blue, while the quasielastic component is in orange and the pion production
component is in green. Gaps between the data and Achilles ’ prediction for the differential cross section are expected to be largely filled by
the eventual inclusion of contributions from meson-exchange currents and deep inelastic scattering.

5The full final-state system is an eigenstate of the interacting
many-body Hamiltonian. The momentum of any single nucleon
is not a conserved quantum number: essentially the nucleon and
residual system may exchange momentum, and jpi ⊗ jΨA−1

f i
only asymptotically resembles a free nucleon with fixed mo-
mentum and an (A − 1) system.

JOSHUA ISAACSON et al. PHYS. REV. D 113, 036005 (2026)
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included within the ANL-Osaka DCC model. In future
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handle the ANL-Osaka DCC model range of validity. The
difference between these two choices gives an estimate of
the uncertainty associated with modeling resonances during
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difference between the data and predictions in the dip
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meson-exchange currents (MECs) in Achilles, known to fill
this region [26]. Similarly, the deficit at high energy
transfers beyond the Δ peak can be explained by the lack
of multipion production and DIS in Achilles. The inclusion of
these additional hard scattering processes will be the focus
of future efforts. The small shift in the QE peak relative to
the data is due to neglected final-state interactions in the
hard scattering matrix elements. The effect of final-state
interactions is twofold: the dispersion relation of outgoing
hadrons is modified,5 and strength is redistributed over
asymptotic final-state channels. The INC takes care of the
latter; crucially it goes beyond the optical-potential
approach by explicitly populating accessible final states
[27,56]. The former affects the nuclear response integrated
over final states, and hence the hard scattering matrix
element of Eq. (1). This can be incorporated within the
factorized picture via a folding function approach [26,57],
by treating the outgoing particles as scattering states in a
suitable real potential [58] or through the (relativistic)
Green function approach of Refs. [59–61]. The effect in
this kinematic region is a slight shift toward lower energy
transfers and reduction of the height of the quasielastic
peak [62]. Implementing this in a manner that is consistent
with the INC exceeds the scope of the present work. We
also compare the Achilles predictions for the total cross
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θe0 ¼ 15.541° [53] as a function of energy transfer (ω). The data and predictions have been normalized to the number of nucleons in each
respective nucleus. The total prediction from Achilles is in blue, while the quasielastic component is in orange and the pion production
component is in green. Gaps between the data and Achilles ’ prediction for the differential cross section are expected to be largely filled by
the eventual inclusion of contributions from meson-exchange currents and deep inelastic scattering.
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DCC Model: Pion Production Amplitudes

● DCC model is interfaced to Achilles using 
general purpose Fortran wrapper

● Hadron momenta and isospins as well as 
momentum transfer provide inputs to 
DCC code

● Generates required matrix elements of 
current operator 

● Inclusive comparisons validate DCC 
model and its implementation in Achilles

○ Reproduces (e,e’) JLab data in the 
Delta region

○ ANL and BNL comparison validate 
DCC model’s axial current 

Noah Steinberg             Achilles: NuSTEC Joint Working Group            16

J. Isaacson, NR, et al, Phys.Rev.D 113 (2026) 3, 036005

See T. Sato’s talk 
“ANL-Osaka Model for extracting 

nucleon resonances”

https://journals.aps.org/prd/abstract/10.1103/13bh-22lm
https://indico.global/event/15528/contributions/149041/attachments/70224/146914/tsato2026nstar.pdf
https://indico.global/event/15528/contributions/149041/attachments/70224/146914/tsato2026nstar.pdf
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Intranuclear cascade: Pions

Simulate pion physics in the nucleus requires evaluation of a number of processes. 
Intranuclear Cascade: Pions

● Virtual Resonances model predicts 
larger absorption cross section as well 
as reaction cross section

● Propagating Resonances model is 
missing direct NNΔ -> NNN strength 
which can be significant 

● Both models over predict the reaction 
cross section in the resonance region

○ Additional medium 
modifications necessary

Noah Steinberg             Achilles: NuSTEC Joint Working Group            26

Quantum mechanical effects that are relevant:

Interference between resonant and non resonant terms

Long lifetime of resonances

Impossible combine all the requirements with one model. Use the differences 
between models as an uncertainty estimate

J. Isaacson, NR, et al, Phys.Rev.D 113 (2026) 3, 036005

https://journals.aps.org/prd/abstract/10.1103/13bh-22lm
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T2K CC0π

● Low energy beam that 
peaks at 600 MeV

● CC0π dominated by QE 
with only a small 
contribution from 
Resonance events

● Shape and normalization 
are consistent

● MEC are expected to 
contribute mostly in the 
tail of dpT and at high dɑT

 

 Phys. Rev. D 98, 032003 (2018)
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T2K CC1π+

● Hydrogen contribution 
contributes at low pN

● Well described by the 
DCC model

● CC1π+ dominated by the 
Delta resonance

○ Tiny QE 
contribution from 
NN -> NNπ

● Virtual resonance model 
predicts a smaller cross 
section, consistent with 
larger absorption in 
CC0π

 

 Phys. Rev. D 103, 112009 (2021)
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• Comparison with T2K data including π absorption and re-scattering

section for pion production on nucleons against the
reanalyzed bubble chamber data from ANL and BNL
[16]. These include νμp → μ−pπþ, νμn → μ−nπþ, and
νμn → μ−pπ0, the latter being extracted from data on
deuterium instead of free neutrons. Figure 2 shows that

the implementation of the ANL-Osaka DCC model in
Achilles reproduces the neutrino energy dependence of these
elementary cross sections very well.

B. Pion-nucleus scattering

We compute the πþ-carbon, and πþ-argon reaction, and
absorption cross sections. The results for the reaction cross
sections, using both the virtual and propagating resonances
model are shown in Fig. 3. We remind the reader that the
DCC piece of the virtual resonances model uses only the
contribution from explicit final-state meson-baryon chan-
nels ðπN; ηN;KΛ; KΣÞ without in-medium modification
of the cross sections. Both models undershoot the data
for the reaction cross section on carbon in the high-pπ tail.
This is to be expected since two-pion production and
other channels are not included. Surprisingly, both model
predictions exceed the data near the Δ peak, around
pπ ¼ 300 MeV, which could point to the need to incor-
porate in-medium modifications of the πN cross sections in
both models. Other explanations are also possible. For
instance, the present treatment describes the nucleon
momentum distribution using a local Fermi gas. A more
realistic distribution would include some high-momentum

FIG. 2. Comparison of total pion production cross sections for
νμ scattering on nucleons. The data are from measurements at
ANL and Brookhaven National Laboratory (BNL) reanalyzed
in Ref. [16].

FIG. 3. Validation of the pion modes in Achilles INC against experimental data. Achilles results are shown using both the propagating
resonances model (solid line) and the virtual resonances model (dotted line). Left: absorption cross section for πþ on carbon (top) and πþ

on argon (bottom). Experimental data are for πþ absorption measurements on carbon (DUET [63] and Ashery [64]) and on argon
(LADS [65]). Right: total reaction cross section for πþ on carbon (top) and πþ on argon (bottom). Data for carbon are from Ref. [66].
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Achilles: incorporating pion degrees of freedom

https://journals.aps.org/prd/abstract/10.1103/13bh-22lm
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Conclusions and outlook

✓Continuum QMC methods allow for a multi-scale description of atomic nuclei, including:

✓Factorized approaches extend to high energies and exclusive channels

✤  Response functions: studies of relativity and form factors
✤  Wigner quasi-probability distributions.
✤  Spectral functions 

✓ Neural Quantum States: first applications to dipole responses and future directions

✓Event generators are implementing new models and improving π physics

✓Oscillation experiments are entering a precision era: need for neutrino-nucleus interactions 

Thank you for your attention
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Neural Network Quantum States up to A=20

A. Gnech, et al., Phys. Rev. Lett. 133 (2024) 14, 142501 
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Virtual Resonances model

Parametrize  transitions using 
partial waves amplitudes from DCC model

πN → MB

Accounts for interference between resonant and 
non-resonant amps in angular distributions

Use the Oset-Salcedo prescription for pion-absorption using pion-nucleus optical potential 

σabs = −
1
q

ℑΠabs(q0, q)

Modify  to the delta self energy due to P.B. and quasielastic scattering

Virtual Resonances Model: MB -> M’B’

● Parameterize the πN -> MB scattering amplitude in 
terms of partial wave amplitudes (PWA)

○ Completely model independent

● In this work for consistency we take the PWAs from 
the DCC model (same as used in the hard 
interaction)

○ Handles zero-strangeness MB states

● Interference between different PWA cancels in the 
total cross sections but not the angular distributions

● Resonant and non-resonant contributions 
consistently handled

Noah Steinberg             Achilles: NuSTEC Joint Working Group            23

Virtual Resonances Model: Pion Absorption

● Oset-Salcedo give a prescription for computing pion 
absorption in the nucleus via the pion-nucleus optical 
potential

● Compute this within a Delta-hole model in infinite 
nuclear matter

○ Modification to the delta self energy due to P.B. 
and quasielastic scattering

● When a πN are chosen to possibly interact, a 2nd 
nucleon is searched for close to the 1st

○ Isospin dependent cross sections computed
○ Two and three nucleon absorption strength but 

only 2N final states

 Oset, Salcedo et al. Nucl.Phys.A 484 (1988) 557-592
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Oset, Salcedo et al. Nucl.Phys.A 484 (1988) 557-592
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Propagating Resonances model

Propagates and decay resonances following 
model implemented in GiBUU and INCL

Propagating Resonances Model

● An alternative approach is to allow for the formation, 
propagating, and decay of resonances

○ Follows GiBUU and INCL cascade closely

● Pion-nucleon interactions are mediated by Delta’s in 
a two step process

○ Asdf

■                            

■ Asdf

■ Asdf

● Decays are handled probabilistically and incorporate 
pauli blocking

● Amplitudes taken from O.Buss & M. Effenberger 
theses

● Detailed balance relates ΔN -> NN to NN -> NΔ, 
allows for pion production

 Buss, “Photon- and Pion-induced Reactions in a Transport Approach, 2008
 Effenberger, “Eigenschaften von Hadronen in Kernmaterie in einem vereinheitlichten Transportmodel”, 1999
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 interactions are always mediated by a  in 
a two-step process
πN Δ

πN → Δ

๏  ΔN → ΔN

๏  ΔN → NN

๏  Δ → πN

At each step the decay probability is evaluated

P(t) = 1 − eδt/τ

Detailed balance is used to relate the channels

ΔN → NN , NN → NΔ

Buss, “Photon- and Pion-induced Reactions in a Transport Approach, 2008

Effenberger, “Eigenschaften von Hadronen in Kernmaterie in einem vereinheitlichten Transportmodel”, 1999



Stochastic Reconfiguration
The ANN is trained by minimizing the energy expectation 
value

<latexit sha1_base64="mxSfpOXWpjFotNXUlYxYxv/yl5I="></latexit>
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= EV � E0

We supplement the gradient of the energy using a quantum Fisher information 
pre-conditioner 
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During the optimization, then parameters at step s are updated 
as
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Imaginary-time evolution in the 
variational manifold

 Natural Gradient descent
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Relevant Inputs from AFDMC

36

This allows us to use QMC techniques to describe16O relevant for T2K and Hyper-K

AFDMC point nucleon density of 4He 
compared with the VMC method

GFMC: many-body basis

AFDMC: single-spinor basis

<latexit sha1_base64="HIHzVs6ssFvI/btvru+VR8wlIZU="></latexit>
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Figure 3. Momentum distribution of spin-up protons in 4He
from the VMC (blue solid) and AFDMC (orange dash-dot)
Wigner distributions.

Strength localized at small r and large k reflects short-
range dynamics induced by the repulsive core and tensor
components of the nuclear interaction, whereas strength
persisting at larger radii and finite-to-large momenta sig-
nals long-range correlations and shell structure e!ects.
The appearance of these characteristic patterns in 16O
further demonstrates that the qualitative phase-space
signatures identified in lighter nuclei persist in medium-
mass systems.

Figure 4. Wigner distribution of 16O obtained withing
AFDMC. The color scheme is described is the same of Fig. 1.

VMC calculations of W (k, r) for a number of other
A → 12 nuclei are illustrated in Fig. 5 with the proton
spin-up distributions. For spin-0 nuclei, the nucleon spin-
up and spin-down distributions are identical, while for
isospin-0 nuclei the proton and neutron distributions are
the same. An example where neither case holds is shown
in Fig. 6 for 3He, where all the nucleon spin distributions
are compared. The Wigner distribution for nucleons in
3He is generally very similar to 4He, the sole exception
being for spin-down neutrons as we have elected to show
the MS = +1/2 case.

For the A ↑ 6 nuclei a much broader range of r val-
ues is accessed as nucleons begin to fill the p-shell. A
negative region persists for all these nuclei at very small
k out to about 1 fm in r. The moderate-to-large values
of k and r are remarkably uniform. The corresponding
momentum distributions obtained by integration over r
are illustrated in Fig. 1 of Ref. [14] where the shift from
s-shell to p-shell nuclei is also quite noticeable.

IV. CONCLUSIONS
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AFDMC momentum distribution of 4He 
compared with the VMC method

5

Figure 1. Wigner distributions for protons in 4He comparing AFDMC (left) and VMC (right). The color scale is diverging:
red (blue) regions correspond to positive (negative) values of W. The intensity reflects the magnitude of W using a symmetric
logarithmic normalization, which enhances small-amplitude structures while preserving the sign. The black contour indicates
the nodal line W(r,k)=0.

these features systematically and compare their behavior
across di!erent nuclei and interaction models.

In Fig. 1, we compare the Wigner function of 4He ob-
tained from AFDMC and VMC calculations. In the for-
mer case, the Wigner distribution includes perturbative
corrections, as described at the end of the AFDMC sec-
tion, and is constructed using the pertubatively corrected
estimate. For momenta k ↭ 1, fm→1, the two calcula-
tions yield very similar results over the full range of ra-
dial distances considered. At larger momenta, however,
noticeable di!erences emerge. For k → 2, fm→1 and small
r, the VMC calculation exhibits a pronounced negative
region. In the AFDMC result, this negative structure
is significantly reduced in magnitude and shifted toward
higher momenta, around k → 3, fm→1. Another notable
di!erence is the appearance, in the AFDMC calculation,
of a negative region at larger radii (r ↫ 2, fm) and for
momenta in the range 0 ↭ k ↭ 2, fm→1. These di!er-
ences can be attributed to the distinct nuclear interac-
tions employed in the two calculations, which a!ect both
the short-range correlations and the long-range structure
of the wave function. Interestingly, the presence and re-
distribution of negative regions in the Wigner function
are reflected in the corresponding density and momen-
tum distributions discussed below, highlighting the con-
nection between phase-space structure and observable
coordinate- and momentum-space quantities.

Figure 2 shows the di!erences in the one-nucleon den-
sities of 4He obtained with the VMC and AFDMC ap-
proaches. The AFDMC results are represented by orange
dots, and the uncertainty—propagated from the Wigner
function—is indicated by the shaded band. Noticeable
di!erences are observed in the radial region 0 ↭ r ↭
1.5, fm. The negative region present in the VMC Wigner
function at small r leads to a corresponding depletion in
the one-body momentum distribution. Using the same
color scheme, Fig. 3 displays the momentum distribu-
tions. We observe that the AFDMC results lie below the

Figure 2. Density of spin-up protons in 4He from the VMC
(blue solid) and AFDMC (orange dash-dot) Wigner distribu-
tions.

VMC ones for momenta k ↫ 2, fm→1. This behavior can
be traced back to the negative structures of the Wigner
function at k → 2, fm→1 and moderate radii, which are
more pronounced in the AFDMC calculation than in the
VMC one. These phase-space di!erences translate di-
rectly into modifications of the high-momentum compo-
nents of the one-body distribution.

Figure 4 shows the Wigner distribution of 16O ob-
tained within the AFDMC framework. The calculation
of this medium-mass nucleus is only accessible through
many-body methods whose computational cost scales
polynomially with the number of particles. In this re-
spect, AFDMC enables a quantitative exploration of
phase-space structure in nuclei well beyond the reach of
exponential-scaling approaches. The Wigner distribution
of 16O displays clear and structured negative regions,
including a pronounced depletion at small r and mo-
menta around k → 2, fm→1, as well as additional negative
structures extending to larger radii and higher momenta.

NR, A. Lovato, R. Wiringa, et al, in preparation
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Exclusive events with two-nucleon emission

Two-body spectral function: PST(k, k′￼, cos θkk′￼, E) = ρST(q, Q)δ(E − B0 + BA−2 −
Q2

2mA−2
)

Wiringa, et al., Phys. Rev. C 89, 024305 (2014)

pp back-to-back pairs are in S states, have a knot at q= 2 fm-1

pn are in deuteron-like waves, where the D wave fills in the S-wave node 
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FIG. 2: Ratio of normalized two-body momentum
distributions for np and pp pairs as a function of q and

Q. Both distributions have been normalized to 1.

B. Spectral Function

Contributions arising either from squared amplitudes
of one-body currents or from the interference between
one- and two-body current operators can be expressed in
terms of the one-nucleon spectral function, which encodes
the properties of the nuclear ground state and of the spec-
tator system. In the present work, we employ a general-
ization of this formalism based on the two-nucleon spec-
tral function. Unlike previous studies, we explicitly incor-
porate, for the first time, the angular dependence of the
correlations between the two struck nucleons. In our ear-
lier works, in close analogy with the one-body case, the
two-body spectral function was written as the product of
a momentum distribution and an energy-conserving delta
function. In this approximation, the residual (A⌐2) sys-
tem is assumed to be left in a bound state with a fixed
binding energy B̄A⌐2, leading to

SS,T (h1, h2,E) = ωS,T (h1, h2) ε⌜E ⌐B0 + B̄A⌐2 ⌐ Q2

2mA⌐2 ⌜ ,
(23)

where Q = h1 + h2 is the center-of-mass momentum of
the struck pair, B0 is the binding energy of the nuclear
ground state, and mA⌐2 denotes the mass of the specta-
tor system. The subscript (S,T ) labels the spin–isospin
channel of the nucleon pair, and ωS,T denotes the corre-
sponding two-nucleon momentum distribution, which in
this approximation depends only on the magnitudes of
h1 and h2.

A key improvement of the present work consists in re-
lating the spectral function to the probability of finding
two nucleons inside the nucleus with a given relative mo-
mentum

q = h1 ⌐ h2

2
(24)

and center-of-mass momentum

Q = h1 + h2, (25)

thereby retaining the full angular dependence of the two-
body correlations. The corresponding two-nucleon mo-
mentum distribution is defined as

ωST (q,Q) = ⩀ dr′1 dr1 dr′2 dr2 dr3⋯drA
⋊!†

0(r′1, r′2, r3, . . . , rA) e⌐iq⋊(r12⌐r⌐12) e⌐iQ⋊(R12⌐R⌐12)
⋊ PST (12)!0(r1, r2, r3, . . . , rA), (26)

where r12 = r1 ⌐ r2 and R12 = (r1 + r2)⌝2 are the relative
and center-of-mass coordinates of the pair, respectively.
The operator PST (12) projects the nucleon pair (12) onto
definite spin S = 0,1 and isospin T = 0,1. Alternative
choices of projectors allow one to isolate contributions
from di”erent pair channels.
The normalization

NST = ⩀ dq

(2ϑ)3
dQ

(2ϑ)3 ωST (q,Q) (27)

gives the total number of nucleon pairs in the spin–isospin
channel (S,T ).
The VMC results used here are obtained with the

AV18 two-nucleon interaction and the UIX three-nucleon
force [45]. In the S = 1, T = 0 (np) channel, the tensor
operator S12 ω 1⋅ω 2 redistributes probability from low rel-
ative momentum to q ≃ 2 fm⌐1, generating the character-
istic deuteron-like short-range–correlation (SRC) ridge.
This can be seen in Fig. 2 where we have plotted the ra-
tio ωnp⌝ωpp where each momentum distribution has been
normalized to one. At larger momenta, the tail is dom-
inated by central short-range repulsion and spin–isospin
correlations, which contribute in all (S,T ) channels but
do not produce the same strong np dominance. There-
fore, to construct the two-body momentum distribution
with the angular dependence between q andQ integrated
out, we define the two-body spectral function for a given
isospin channel T as

SST (h1, h2, cos ϖh1h2 ,E) = ωST (q,Q)
⋊ ε⌜E ⌐B0 +BA⌐2 ⌐ Q2

2mA⌐2 ⌜ . (28)

In the equation above, the relative and center-of-mass
momenta q and Q are understood to be the functions of
h1, h2, and cos ϖh1h2 obtained from the transformation
between single-particle and pair variables.
From q and Q one may reconstruct the scalar product

of the single-particle momenta:

h1 ⋅h2 = Q2

4
⌐ q2. (29)

Thus, knowing the magnitudes ⌝q⌝ and ⌝Q⌝ already de-
termines whether the two nucleons tend to be parallel

NR, N. Steinberg, 2602.02231 

mailto:nrocco@fnal.gov
https://arxiv.org/abs/2602.02231
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In the electromagnetic case RT ⌐ = 0.
In this work we forgo this simplification with the aim to

incorporate this work into neutrino event generators in a
fully exclusive fashion. As such, the basic building block
of our calculation will be Jµ

2b. An advantage of working
with the full two-body current matrix element instead of
nuclear response functions is that our calculation is man-
ifestly Lorentz invariant — the matrix element being the
contraction between the hadronic and leptonic currents.
More complicated cross sections which depend upon the
hadronic final state will entail more responses than those
in Eq. (9). Thus the full contraction in Eq. (4) ensures
that the results of our calculation include all tensor ele-
ments of Wµω , valid for arbitrary observables and in any
reference frame.

Throughout this paper, we follow the de Forest pre-
scription of using the shifted momentum transfer q̃µ =(ω̃, ⌜q) in the calculation of the currents and the energy
conserving ε-function, while using qµ computed from the
leptonic system to compute form factors at the gauge
boson-nucleon vertices [34]. Current conservation is re-
stored by rotating the system so that ⌜q is along ẑ and
enforcing that (JV

2b)z = ε
q (JV

2b)0, where (JV )µ is the vec-
tor piece of the current. We then rotate the system back
to the lab frame. This procedure, while arbitrary, is
widely adopted and ensures that gauge-invariance is re-
stored [26, 35].

A. Meson Exchange current operator

The MEC operators contain both non-resonant contri-
butions with a pion exchange as well as the excitation of
the ! resonance and non-resonant background, required
by chiral symmetry. The operators used in this work
follow those of Ref. [36] updating the structure of the !-
propagator, some of the form factors and using consistent
couplings as it will be discussed in the text. Note that,
in the original model of Ref. [37], the weak excitation of
the D13 N⌐(1520) resonance is included. Following the
argument of Ref. [32], this contribution is assumed to be
negligible for the kinematics considered and therefore,
has been neglected.

The MEC are written as the sum of four di”erent con-
tributions

jµ2b = jµϑ + jµsea + jµpole + jµ! , (10)

A subset of these diagrams is is shown in Fig. 1 not dis-
playing the contributions where particle 1 and 2 are ex-
changed. The diagrams which only include nucleon and
pion degrees of freedom comprise the seagull, pion-in-
flight, and pion-pole contribution. The expressions used
for these terms can be found in Ref. [38]. The electromag-
netic counterparts of the EW currents can be obtained
by setting the axial pieces of each current to zero and
modifying their isospin dependence.

The operator containing the !-excitation is

(a)
h1

p1

q

h2

p2

k2

(b)
h1

p1

q

h2

p2

k1 k2

(c)
h1
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q
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p2

k2

(d)
h1

p1

q
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(e)
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q

h2

p2

k2

FIG. 1: Subset of MEC diagrams contributing to jµ2b.
Lines represent nucleons (solid), pions (dashed), !s

(thick solid), gauge bosons (wavy lines). Diagrams (a),
(b), and (c) are respectively the Seagull, Pion-in-flight,
and Pion-pole diagrams, while diagrams (d) and (e) are
the forwards and backwards ! diagrams. Filled circles
at vertices represent the insertion of strong form factors

which modify the ϑNN and ϑN! vertices.

parametrized as

jµ! = 3

2

fϑNNf⌐
m2

ϑ

⌜#(k2)(2)⌝⌝23ϖ (2) ⌐
IV
3
⌝±

× FϑNN(k2)FϑN!(k2)(Jµ
a )(1) + ⌝23ϖ (2) +

IV
3
⌝±

× FϑNN(k2)FϑN!(k2)(Jµ
b )(1)⌝ + (1↔ 2)⌝ . (11)

Note that, as detailed in the expressions below, for the
! contribution we adopt the sign convention used in
Refs. [39, 40], which di”ers by an overall minus sign from
that of Ref. [38]. In Eq. (11) the operator responsible for
pion propagation and absorption, #(ki), is given by

#(ki) = ϱ5 ⌞ki
k2i ⌐m2

ϑ

, (12)

with ki = pi ⌐ hi. The isospin dependence of jµ! is con-
tained in the Pauli matrices ϖ (i) acting on the ith nucleon
and the raising-lowering operator

IV = (ϖ (1) × ϖ (2)) , (13)

with ± ↢ x ± iy. We use f2
ϑNN ⌞4ϑ = 0.08, and updated

the value of f⌐= 2.15 and

FϑN!(k) = $2
ϑN!

$2
ϑN! ⌐ k2 , (14)

• Diagrams contain -resonance and background 
terms required by chiral symmetry

Δ

• For the -propagator we removed the spurious 1/2 
contribution

Δ

• We use updated couplings and consistent form factors

G̃αβ =
P̃αβ

p2
Δ − M2

Δ + iΓMΔ

we now replace 

P̃αβ =
p2

Δ

M2
Δ

P̃
3
2
μν
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• Analysis for 12C(e,e’p) scattering

Comparison  with NIKHEF data for 
Ee=478 MeV,

q= 303 MeV,  MeV,  
(a),  (b)

ω = 263 θp = 38∘

θp = 113∘

6

(Q2⌜4 > q2) or back-to-back (Q2⌜4 < q2). The distribu-
tion ωST (q,Q) therefore encodes both the sign and the
strength of their mutual correlation.

Finally, we emphasize that, unlike in some previous
works, the isospin summation is treated consistently by
isolating each pair’s isospin channel both in the spectral
function and in the current operator. One can see from
Fig. 2 that dependence of ω(q,Q) on the isospin of the
pair is quite large at high relative momenta, whereas in
the Fermi-Gas case the corresponding ratio would be one
uniformly. This consistent treatment is essential for ob-
taining realistic predictions in exclusive channels and for
identifying the characteristic angular patterns associated
with di!erent nucleon-pair types. In the next section, we
assess the role of correlation e!ects on a variety of ob-
servables relevant to electron and neutrino scattering ex-
periments by comparing our results with those obtained
within a Fermi-gas calculation.

III. RESULTS

In this section, we apply the theoretical framework dis-
cussed above to compute a variety of semi-exclusive dis-
tributions. In order to do it e”ciently, we developed a
Monte Carlo generator which samples the full kinematics
of the initial nuclear constituents as well as of the leptonic
and hadronic particles in the final state. Event genera-
tion is based on an importance-sampling strategy guided
by the two-nucleon spectral function, which ensures ef-
ficient exploration of the relevant regions of phase space
and avoids spending computational e!ort on configura-
tions with negligible weight [33]. For a given incoming
flux, either mono-energetic or energy-distributed, a pre-
liminary (warm-up) run is performed to compute the to-
tal cross section—flux-averaged when appropriate—and
to build the cross-section distribution required for the un-
weighting procedure. A second run then generates phys-
ical events using the chosen unweighting scheme. Dif-
ferential distributions are then obtained by binning the
(un)weighted events in the kinematic variables of inter-
est. These results are compared with available electron-
scattering data, and we also present selected distributions
for neutrino scattering on the same target, for which ex-
perimental data are not currently available.

Figure 3 shows a comparison of the MEC contribu-
tion to the 12C(e, e⌐p) semi-exclusive cross section versus
missing energy, which is defined as

Em = ε ⌐ Tp , (30)

with ε the energy transfer, and Tp the kinetic energy
of the detected proton. We have neglected the kinetic
energy of the recoiling A ⌐ 2 nucleus, which is a good
approximation for medium-mass nuclei. The predictions
are compared to NIKHEF data at Ee = 478 MeV, q = 303
MeV, ε = 263 MeV and ϑp = 38○, 113○ [46]. All predic-
tions are computed using in-plane kinematics and with

(a)

(b)

FIG. 3: Meson-Exchange contribution to the 12C(e, e⌐p)
cross section vs. missing energy is compared to

NIKHEF data at Ee = 478 MeV, q = 303 MeV, ε = 263
MeV and ϑp = 38○ (left) and ϑp = 113○ (right). The total
contribution is split into np pairs (red) and pp pairs
(black) with the FG (solid) and SF (dashed). Also

shown as a vertical dashed line is the pion mass at ≈ 140
MeV.

ϖp = 0○. We follow Ref. [47] and use the symmetry prop-
erties of the 2p2h matrix element in Eq. (7) to compute
the (e, e⌐p) cross section assuming the detected particle
is particle 1. We sum over all isospin combinations that
yield at least one proton in the final state, even if particle
1 is not itself a proton. Here we use kF = 228 MeV, and
in the case of Fermi-gas use E2p2h = 40 MeV to compare
with previous Fermi-gas calculations.
The solid lines in Fig. 3 correctly reproduce the results

of Ref. [47] obtained within the Fermi-gas approximation,
using the same # propagator and the same choice for the
sign of the ϱ–# interference. This agreement validates
both our implementation and the Monte Carlo event gen-
erator developed in this work.
The dashed lines displays our results obtained using

the two-nucleon SF. Although the agreement with the
experimental data appears better for the FG calcula-
tion than for the SF result, we caution against draw-
ing strong conclusions from this comparison. The FG
model is based on an oversimplified framework with tun-

DISCLAIMER: Experimental data include 
contributions from additional reaction 
mechanisms that are not

incorporated in the theory

NR, N. Steinberg, 2602.02231 
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FIG. 5: Spectral Function di!erential cross section in the cosine of the outgoing nucleon angles for np (left) and pp
(right) pairs

smaller di!erences between the FG and SF results, as
the di!erences are smoothed out as one integrates over
the broad experimental neutrino flux. The results pre-
sented below focus mostly on distributions of the leading
proton, reflecting the experimental practice of reporting
cross sections for the Np0ω topology, in which, for events
with N > 1, only the kinematics of the leading proton are
used in the analysis. We focus here on the T2K exper-
iment as it’s beam peaks in a region where MEC inter-
actions still make up a substantial portion of the total
cross section.

The T2K experiment employs a relatively narrow neu-
trino beam with a mean energy peaked around 600 MeV.
The hard scattering processes most relevant for T2K
are quasi-elastic scattering and meson-exchange currents.
Figure 6 shows the momentum distribution of the lead-
ing proton, separated into contributions from pp and np
pairs. For pp pairs, both the FG and SF calculations peak
at momenta around 800 MeV, whereas protons originat-
ing from np pairs peak at 400 MeV.

In both pp and np channels, the SF calculation yields
an enhanced population of high-momentum protons, re-
flecting the high-momentum tail of the input spectral
function. Notably, the ratio between the FG and SF
results di!er for pp and np pairs: in the SF case, the
number of pp pairs at low leading proton momentum is
reduced by up to 20% relative to the FG prediction.

This di!erence has important implications for mea-
surements of the Np final-state topology, as pp pairs con-
stitute the dominant contribution to the meson-exchange
current cross section. As discussed below, a similar pat-
tern is observed for the other kinematic distributions.

Similar results can be drawn from Fig. 7 showing the
εpT of the leading proton-muon system. Here the dis-
tribution of εpT for np pairs in the SF and FG results
are very similar except for large values of εpT , while the

FIG. 6: Flux-folded di!erential cross section for ϑµ on
12C in pp of the leading proton at T2K for both

outgoing pp pairs (blue) and np pairs (red). The FG
results correspond to the solid lines, while those with

the SF are the dashed lines. The bottom plot shows the
ratio of the FG to SF prediction for both pp and np

pairs.

number of pp pairs in the peak for the FG case is 20%
larger than the SF case.

The final distribution of interest is the cosine of the
opening angle between the outgoing nucleons cos ϖp1p2

• T2K flux-folded cross section 9

FIG. 7: Flux-folded di!erential cross section for ωµ on
12C in εpT including only the leading proton at T2K for
both outgoing pp pairs (blue) and np pairs (red). The
FG results correspond to the solid lines, while those
with the SF are the dashed lines. The bottom plot

shows the ratio of the FG to SF prediction for both pp
and np pairs.

displayed in Fig. 8. Though T2K has not measured this
distribution for multi-nucleon events, experiments like
MicroBooNE, SBND, and Icarus have or are planning to
measure this quantity in two-proton knockout events [50].
For these pp events, the FG predicts more events at back-
wards angles while for np events the distribution of angles
between outgoing nucleons is very similar for the FG and
SF. This constitutes the first microscopic prediction of
this observable and is made possible by our fully exclu-
sive implementation of meson-exchange currents.

IV. CONCLUSIONS

In this work, we make several improvements to the SF
formalism to accurately model two-nucleon knockout re-
actions induced by MEC. We employ a two-nucleon SF
obtained from VMC calculations, retaining information
on the angular correlations between the nucleons. More-
over, we updated the current operators used to describe
the ” contribution by adopting updated axial and vector
form factors and an improved parameterization of the ”
propagator.

We compare our predictions with semi-exclusive
electron–carbon scattering data and validate our frame-
work by recovering the Fermi-gas results presented in
Ref. [47]. To obtain these results, we developed a Monte

FIG. 8: Flux-folded di!erential cross section for ωµ on
12C in the angle between outgoing nucleons at T2K for
both outgoing pp pairs (blue) and np pairs (red). The
FG results correspond to the solid lines, while those
with the SF are the dashed lines. The bottom plot

shows the ratio of the FG to SF prediction for both pp
and np pairs.

Carlo event generator that provides the complete kine-
matics of both outgoing nucleons and the outgoing lep-
ton on an event-by-event basis. This generator is ide-
ally suited for producing multidimensional distributions
of experimental interest. Moreover, after incorporating
intranuclear cascade e!ects, the generated events can be
directly interfaced with experimental simulation frame-
works to predict the full detector response to meson-
exchange current processes.
We consider the electroweak case and present results

for mono-energetic and flux-folded neutrino cross sections
on a carbon target. We observe that the cross sections
favor the emission of nucleons in predominantly back-to-
back configurations. In general, the Fermi-gas predic-
tions plotted as a function of the cosine of the outgoing
nucleons angle are more broadly distributed than those
obtained using the SF, reflecting the isotropic nature of
the Fermi-gas model and the correlations between qrel
and Qtot present in the spectral-function approach.
We also observe di!erences in the leading-proton mo-

mentum distributions for both np and pp emission chan-
nels when comparing the Fermi-gas and spectral-function
calculations, indicating that nucleon–nucleon correla-
tions play an important role in reproducing experimen-
tally measured distributions in neutrino scattering. Fo-
cusing on flux-folded cross sections using the T2K neu-
trino flux, we find that, in both pp and np channels, the

• Leading proton momentum • Angle between outgoing nucleons
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Inverse Problem: LIT - Synthetic case

We consider the Lorentz Kernel given by

Ansatz used to start the inversion:

Where  have the same cardinality of . ci ωi

R̃ (ωi) = (1 + ci)2 m(ωi) with {ωi}
Nω
i=1

We do not impose any information on the threshold. 

This multiplicative form guarantees  whenever

, without imposing additional constraints during the optimization.

R̃ (ωi) ≥ 0
m(ωi) ≥ 0

L(ω0, Γ, σ) = ∫ dω
1
π

Γ R(ω, q)
Γ2 + (ω − ω0)2

M. Batchy, F. Marino, NR, S.Bacca, A. Lovato, in preparation
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Hence, the prior is conditional on both the model and ⍺
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P (R |m,ω) =
eωS

ZS
,

• Different models used

The ⍺ - dependent normalization constant  can 
be estimated by approximating the exponential 
with a Gaussian centered at 

ZS

Ri = mi

<latexit sha1_base64="L9sjio2f59UbBT8i7Zg82aDZCQ8="></latexit>

ZS =

∫ Nω∏

i=1

dRi→
Ri

exp

{
ω

[
Ri ↑mi ↑Ri log

(
Ri

mi

)]
!ε

}
↓

(
2ϑ

ω

)Nω/2

.

Thus the posterior is given by

<latexit sha1_base64="jgSyHVA/yX6/zXZQkpD1GmU1yk8="></latexit>

P (R|L,m,ω) =
eωS→ε2/2

ZSZL

Inverse Problem: LIT - Synthetic case
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Large experimental error  the likelihood becomes 
less informative and the posterior shifts toward 
values of  for which the entropy term dominates.

→

α

The reconstructed response is progressively driven 
toward the default model (prior)

Inverse Problem: LIT - Synthetic case

M. El Batchy, F. Marino, NR, S.Bacca, A. Lovato, in preparation
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Inverse Problem: Lorentz Integral Transform

On the left, we analyze the dependence on the different priors chosen

On the right, we combine the three reconstructions by treating them as an equally weighted 
ensemble over priors

The final error envelope is therefore wide when either a given inversion is poorly constrained or the 
result is sensitive to the choice of prior.
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Inverse Problem: LIT - CC dipole response

45

We consider a dipole excitation operator:

Inversion algorithm generally starts from:
<latexit sha1_base64="rIvzdJfs/ddu/o4fvTqlAU00aws="></latexit>

R(ω) =
N∑

n=1

cn εn(ω
→,ϑ1,ϑ2,ϖ) ,
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ω→ = ω → ωth

Polynomials defined as 
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ω1(ε,ϑ1,ϑ2,ϖ) = εω1 exp (→ϑ2ε) ,

ωn→2(ε,ϑ1,ϑ2,ϖ) = εω1 exp

(
→ϑ2ε

ϖn

)

J =
A

∑
i=1

Pi (zi − Zcm)
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Preliminary results using Bayesian techniques
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