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Gravitational form factors

® Electro-magnetic form factors: matrix elements of em current R Hofstadter, R. McAllister (1955); R. Hofstadter (1956)

[ Probes distributions of electric charge, magnetic moment densities, etc.

® Gravitational form factors: matrix elements of energy-momentum tensor

T (0)| N = o) [AOPP + (1) (iP#a 90 ,) + D(6) (A*A” ~ tg")] u(p)

<N (")

[ Trace anomaly: origin of mass

0 Fundamental properties of the nucleon

» Energy/mass:
my = /d3rTOO(T), A0) =1
» Spin: . g .
g J' = e“Jk/d3rr3T0k(r), J(0)=1/2
» D-term: my 5 PP R
= d°r | r'rd — §(5 71T (r), D(0): “lastglobal unknown property”

M. Polyakov, PLB 555 (2003) 57;

Forces inside hadron, mechanical picture of quark confinement? M. Polyakov, P.Schweitzer, UIMPA 33 (2018) 1830025
X.Ji, G.A. Miller, C. Yang, Research 9 (2026) 1369




‘Remarks on J /W photoproduction and J /YN scattering

® Near-threshold / /1 photoprod. was proposed to probe nucleon GFFs. Main mechanism for this reaction?

O Gluon exchange?

[ Coupled-channel mechanism?

» hinder extraction of gluonic matrix element in the regime

» if open-charm channels are produced with larger rates
<> Thresholds close to / /YN threshold
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Naive estimate:

a(AcD) » a(J/yYp)

For J/psi near-threshold production,
the A.D channel is expected to be
important!

Consequence: a cusp at the A.D

threshold

My talk, 2019 EicC discussion @PKU




Remarks on J /¥ photoproduction and J /YN scattering

® Coupled-channel mechanism -1 buetal, EPIC 80 (2020) 1053
O Unitarity: J/Yp = ] /}p enters coupled-channel scattering (J /¥p, A;D™, Zg*)ﬁ(*)) w/o VMD, but
cannot be singled out

O Simple model estimate: consider A.D™ channels

> Charmed meson/baryon exchanges at 1-loop Measure the open-charm production!

14 : :
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» Threshold cusps (1-loop result is not robust) 2 9 A +t
<> Needs to be analyzed with unitarity = e 5
For such analyses, see, JPAC, PRD 108 (2023) 054018; X. Zhang, EPJC 85 (2025) 1120 %
11 GlueX, PRC 108 (2023) 025201

<> Nontrivial cusp only for attractive interaction
X.-K. Dong, FKG, B.-S. Zou, PRL 126 (2021) 152001

—o— G\

—A— Cornell
------ M.-L.Duetal (g, =1.0GeV)
--- M-L.Duetal (g,, =12 GeV)

VMD questionable for heavy quarkonium 102 P )
Y-Z. Xu et al., EPJC 81 (2021) 895; ... El




Remarks on J /1 photoproduction and J /YN scattering

® Production rates of open-charm v.s. charmonium channels in electron-positron collisions (units: nb)

4000 |
3000 |
2000 |

1000 |

2000 |
1500 [
1000 |

500 |

800 -

600

400

200

100

500

Lt PHEM.

AR,

8 4 42 4
7\

4 46

— 6000
{ 5000

4000

1 3000
1 2000
41000 |- ¢

[ T

4 4.2 4.4 4.6
I, I B
) DD,
4.4 4.6
1 T 1 11
() Jtwn

3.8 4 4.2 4.4

4000 —
13000 |
2000 |

1000 |

600

400

200

600

500
400
300
200
100

0

800

600

400

200

100

4.2 4.6 4.6
FTET & T U 6 — & 1] T
5 | (N JWK'K, Jly KKy ]
4l
3W
2_
1 H l
oh.l"‘L.JA .lJL
4.2 4.4 4.6 4.4
Vs (GeV) Vs (GeV)

Plot taken from
S.X. Nakamura et al.,
PRD 112 (2025) 054027



Remarks on J /1 photoproduction and J /YN scattering

.]/l/)N Scattering |ength mechanisms B. Wu et al., Fund. Res. 5 (2025) 2531
O Open-charm coupled channels (J /YN — ACE(*)/ZE*)E(*) — JJYN)
» Based on solution of coupled-channel LSE fitted to P. data (direct J /YN scattering neglected, only via

coupled channels) cC M.-L. Du et al., PRL 124 (2020) 072001; JHEP 08 (2021) 157
> Result: 0(—(0.1...10)x1073 fm) <y = o] s T
b LHCD: cos&p.—~weighted
O Soft-gluon exchange Cu I~ S 10000 et psnon li
» Based on dispersion relation ~d 3% so0l M ,
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Y. Lyu et al. [HALQCD], PLB 860 (2024) 139178
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GFFs

® Definitions

[ Gravitational form factors (GFFs) for spin-0 particles, e.g., for pion:

5ab
<7r“( ’ (0)\ vr”(p)) 5 [AT()PPY + D7 (t) (A*A” — tg"”)]
PH = p't 4 pht AH = p'H — ph ‘ Crossing, for constructing dispersion relations P
- 5ab e
(m* )" (0) [T (0)| 0) = Z- [A™ () A#AY + D™ (1) (P*P” — tg™)] St ,,
P N
PN

0 Nucleon GFFs

1
4mN

(N@)N @) |[T(0)]0) = ——a() [A)Ara” + (1) (i6o*¥ P, ) + D(t) (PP — tg") | u(p)



Unitarity relation for the pion GFFs
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® Discontinuity of A” and D™ A - -
Disc <7ra (p')7° (p) )T”W(o)) o> - %ab [Disc A™(£)AFAY + Disc D (t) (PHPY — tgh)]
= 20222 O [ (o)  55p20800) — (0 (PHP* — 1) + (DA ) + (D7) 8(0) (PP — 1)
1 A7(1) = T ()" 47(0). \
I D7(0) = 22 | 22 (1(0) — ()" A7) + (1) D" () mmh Im©7 (1) = X (15(1)" ©° (1)
k i :J K. Raman (1971) )

® Decomposition into JF¢ = 07, 27" matrix elements (conserved separately)
. 1 PHPY A?
(x (@) (o) [T#(0)| 0) = 5% {5 (gw = ) 7?( )+ [Aw + o (PP —tg‘“’)] A”(t)}

@:e part: <7r“(p')7rb (p) ’T’L(O)‘ o> = 6%Q™ (1), OT(t) = —% (4p2A™(t) + 3tD”(t>)]




ntt-KK coupled channels

® 111t phase shifts known precisely from Roy(-like) equation analyses Bern group; Madrid-Krakow group

® Generalization to coupled channels: isoscalar, scalar nr-K K; f5(500), f,(980) mesons

p
[ Unitarity relation for ®™(t) =| matrix relation for coupled channels (both pion and kaon trace GFFs):

2Dr
Im©7(t) = =~ (t5(t))” ©7(t) ™
vi me(r) = [TH(0)" Z5) (1), ©() = (3 ox(y )

phase-space factor

30 (t) = diag(o0(t — tr),ox0(t — tx))

with o (¢ \/1—4m2/t (i =m, K)

n-KK T-matrix

0t 2158(1&)_1 Sl
e [ 98(2)| "

g0(1)|i¥8(D)  mE@eHTEOTHN g

2iO'K

1(t) = /1 — dorox |96 (t — tx) )

J. Donoghue, J. Gasser, H. Leutwyler, NPB 343 (1991) 341 9




Muskhelishvili-Omnes representation

® Single-channel: Watson’s theorem = phase of FF = scattering phase shift

disc A™ () = 2iA™ (£)0(t — t) sin 63 (¢)e 2

K.M. Watson (1952)

gt T 1
0 Omnés solution ? 20
0 - 0
t 4t ¢O (t’) &, replaced by the phase of T partial wave ¢, to
0 0 — 2
Aw(t) — P27r(t) Q2 (t) ) Q2 (t) = exp {_ / 7 i _ ¢ account for inelasticity
T Jt M. Hoferichter et al., Phys. Rept. 625 (2016) 1

> 62,19 up to Ey = 2 GeV from latest dispersive analysis P Bydzovsky et al,, PRD 94 (2016) 116013

> Beyond matching point EO, B. Moussallam, EPJC 14 (2000) 111 f 67‘ | Y . )
) i
50 t - (SO E2 - \‘
2O =m0 00 =) Ty :
2 = Y
0 t =1 0 E2 _ o™ R
M2 (t) + (772 ( 0) ”) 1+ (Vt/Ep)3 7 e ]
0 g
» Polynomial: PJ'(t) = 1 + at matched to NLO ChPT ol \/
2L'I" L. . . . . . | . . . ! . . . ]
ARE () =1 ;275 J. Donoghue, H. Leutwyler, ZPC 52 (1991) 343 0-5 1.0 15 2.0
}717T 0 Vt [GeV]
Fﬂ. \ y,
tensor-meson dominance estimate: Liy; = 92 PDG average: mg, = (1275.4 + 0.8) MeV PDG2026
1 . J2 We take mg, = (1275 £ 20) MeV for a conservative
PI(t) =1+ (m_2 — 93(0)> t~1—(0.01 GeV~?)t error estimate
f2

Meson dominance picture for GFFs, W. Broniowski, E. Ruiz Arriola, PRD 112 (2025) 054028



Muskhelishvili-Omnes representation

® Coupled-channel: solution known as the Muskhelishvili-Omnées (MO) representation

O The above can be generalized to nt-K K coupled channels (matching point: ~ 1.3 GeV)

O Take isoscalar scalar tm-KK as example 15 2
o0 / —Re 1
1 dt 1.0 S - Im :
0 _ 0 0 O/y/\y — . — —
W) = [ o mer e = < o
T Je, V1 = 05 ! =
5 [ ‘l‘:' oo _1
0.0: l‘:l _2f
Y1 S — - | |
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it phase shifts: Roy equation of
|. Caprini et al. (2012); =
i — KK: Roy-Steiner equation 2
P. Buttiker et al. (2004); =

M. Hoferichter et al., JHEP 06 (2012) 063 ~3L[ . R 7‘
oferichter et al., (2012) 0.0 0.5 10 15 20 00 0.5 1.0 15 2.0
Vi [GeV] Vit [GeV]
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Muskhelishvili-Omnes representation

® Pion and kaon trace GFFs:

2m2 + Bt
T T ~0 _ Q 4
©@)] =[Po(®)]” @), P(t)= ( 2 (2m% + Brct) )
. : Am?2. /.
AT . 2 0 . K 0
br = 67(0) 22 (96) | (0) — =7 (98) ,(0),
—_ oK) _ 2 (OO _ 2 (OY
o 050V ()0~ 20 () 0
® Matching to NLO ChPT J. Donoghue, H. Leutwyler, ZPC 52 (1991) 343
‘o 777,72T r r TrL72T 3 mw 77172T
_ m2 2 2 1 2
O (0) = 1~ 4L, T — 24 (L1, — Lig) T — 1, = 0.94(14) enatops: 1= gz () 1)

® Similar coupled-channel analysis for D-wave -KK = coupled-channel results for A", AX and DT, DX

Earlier work on dispersive studies of pion GFFs:
J.F. Donoghue, J. Gasser, H. Leutwyler, NPB 343 (1990) 341; W. Broniowski, E. Ruiz Arriola, PLB 859 (2024) 139138 12



Pion and kaon GFFs

Prediction, NOT fit

LQCD (m,; = 170 MeV): D.C. Hackett et al., PRL 132 (2024) 251904

I
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I —— Coupled-channel I
0.8~ ; —
i N 8- LQCD,m, =170 MeV | L7 -0.2° } ]
. - ChPT ] )
> 0.6j g
< = -04 ]
04~ D » . .
I . —— This work —— This work
02 —0.6 --- cupT --- ChPT 1
I [ -®- LQCD,m, = 170 MeV -@- LQCD, m, = 170 MeV
0.0 S0.8-
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 1.0 1.5 2.0
—t [GeV?] —t [GeV? —t [GeV?]
\

05 10 15

—t [GeV?]

oK (1) [Gev?

0 05 10 15
—t [GeV?]

10 15
—t [GeV?]

20

13




Pion GFFs: pion mass dependence

® Using the mm scattering phase shifts at unphysical pion masses (239 MeV, 283 MeV, 391 MeV) obtained
from Roy equation analyses X.-H. Cao et al., PRD 108 (2023) 034009; A. Rodas et al., PRD 109 (2024) 034513

0.2

00"
g 02 =
— L & &
= ‘0'4: — m, = 140 MeV S 1 -
@ 06 —— mx=239MeV \\\\\\ ]

 — m, =283 MeV N

—0.8 =301 MoV 3 : ‘
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
—t |GeV?] —t [GeV?]
Fast change before m; = 391 MeV.: > Singularity in quark-mass dependence at such critical
» 0 meson becomes a  bound state point:
from lattice HadSpec, PRL 118 (2017) 022002 FKG, C. Hanhart, F. Llanes-Estrada, U.-G. MeilBner, PLB 703 (2011) 510;

FKG, U.-G. Meiner, PRL 109 (2012) 062001
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Unitarity relation for nucleon GFFs

® Partial-wave amplitudes for mm — NN w. frazer, J. Fulco (1960); G. Hhler (1983)

8w 1 J cos0) £ (4) — mpy cosf cos0) £/
Allt,5) = — Z(J+2)<pﬁpN> {PJ< 0)51(0) ~ TP 9)f<t>},

J+ J—1 _ . |
t s) = 8 2 (p=PN) P (cos 6) ff(t) I =+ /— for even/odd J; —
Z VJ(J+1) ! fi]: nr — NN partial-wave amp. with -
o DISCOhtIhUIty of the nucleon GFFs + /— for parallel/antiparallel NN helicities
4 * )
Im A%(t) = 3P [f2 \[mN (mN\/7f2 2(t) ) A" (1)
3]9 2 ‘-)’pﬂ'
Im J%(t) = T t Im ©°%(t) = t t
() = 2= ()" 47(0), ) 10.0°() =~ 7 (720)" 070
s(p\ _ _ OMNPr dp2 0 * 2 (2 *\ gm 0 *
D) = - L2 ((R20)° - Geps)® (720)°) A7)+ (12(0)” D7) )
® Decomposition into JF¢ = 07F, 27F matrix elements coupled-channel
I\ N I — / v v s 3 * o 4 *
(N@)N @) [T (0)]0) = ap') (TE" + T4") v(p) me*(t) = - e (120)" ©"(8(¢ —t2) + gx (#,0) 0% (10t - t)|
T — % (guu _ P;f;”) O (t) | e°(t) = ﬁ [—4p% A% (t) + 2tJ°(t) — 3tD*(t)]
T = ﬁ [A“A” + ﬁ—; (PAPY — tg“”)} AS(H) + [’iA{“U”}pPp W (PAPY — )] T5(2) .




/KK — NN S-wave amplitudes

G.E. Hite, F. Steiner (1973)

® Inputs: tr/KK — NN S-wave amplitudes ff’z, hY from Roy-Steiner equation analyses
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Nucleon GFFs

G.E. Hite, F. Steiner (1973)

2 : .
® Inputs: tr/KK — NN S-wave amplitudes fo hY from Roy-Steiner equation analyses
M. Hoferichter et al., Phys. Rept. 625 (2016) 1; PLB 853 (2024) 138698; X.-H. Cao et al., JHEP 12 (2022) 073

® Dispersive relations for the nucleon GFFs (A J.0)(t) = 1/ Y ,Im(A, J,0)(t')
[0 Normalization = sum rules T Jam?2 t/—1

L[ a A (1)
T 4m2 t/ 2
2

O Introduce S-wave (0**) and D-wave (2**) poles to the spectral functions: 7tcs ,mé 6 (t - mS,D) to

satisfy the sum rules
>0+ mg € (1.5, 1.8) GeV to cover f,(1500) and f,(1710) ] ror estimate
> 2%t mp € (1.5,2.2) GeV to cover f,(1565), f,(1950) and £,(2010)

M.A. Belushkin et al., PRC 75 (2007) 035202; M. Hoferichter et al., EPJA 52 (2016) 331;
J.M. Alarcdn, C. Weiss, PLB 784 (2018) 373
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Nucleon GFFs: results Prediction, NOT fit

1.0 — This work * ]
i 8- LQCD,m, = 170 MeV LQCD (m; = 170 MeV):
0.8 D.C. Hackett et all, PRL 132 (2024) 251904
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O-O 7\ L L 1 1 | L L L 1 | L L L L 1 1 ! L L Il
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LQCD (m,; = 253 MeV), gluon part only:
B. Wang et al. [xQCD], PRD 109 (2024) 094504 18



Nucleon GFFs: results

o D-term: D = (0 Quantity | Result | Error budget

® Various radii in the Breit frame s +(0.18)chpr(0.12) pywa (0.26) ot
o) D-term —3.38%¢35
0 From the trace FF (scalar radius): —(0.16)cnpr(0.12) e (0.29) off
60(0 : 9D
(2 = 29 _ g4 (0) +(0.01)chpr(0.01)pua(0.03)er

- 2
o I (T@%) [fm] 0.97t8:8§ 0.02 0.01 0.02
O Radius of the energy density (mass radius): (0.02)cnpr(0.01)pwa(0-02)efr
3D +(O'OZ)ChPT(O-Ol)pwa(o-oz)eff

2 A 0.03
<T1\/Iass> = 6A(O) - 5 ('rz ) [fm] 070t0 04
M 0
My ~(0.02)cnpr(0-01) puwa (0.03)efr
> ChPT: NLO ChPT inputs
> pwa:nt/KK - NN
Definition of various radii: > eff: effective poles mg, mp,

M. Polyakov, PLB 555 (2003) 57; M.
Polyakov, P. Schweitzer, JIMPA 33 (2018)
183005; C. Lorcé et al., EPJIC 79 (2019) 89

M. Polyakov, PLB 555 (2003) 57;
C. Lorcé et al., PLB 776 (2018) 38
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Nucleon GFFs: results

® Comparison with

Bag Model

Neubelt et al. '20
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Jung et al. '"14
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Fujita et al. '22

Guo et al. '23 -

Wang et al. '24
Faddeev Equation
Yao et al. '24
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Goeke et al. '07
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Wang et al. '22 -
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Duran et al. Il '23
Duranetal. 1'23+
Wang et al. '23 -
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Summary and outlook

® The pion, kaon and nucleon GFFs are precisely determined using dispersive method with inputs:
O Coupled-channel nr-KK, nm/KK — NN amplitudes
O Low energy: NLO ChPT with LECs estimated using resonance saturation, improvable with lattice
calculations

[ High energy: highly excited meson resonances

® DV = -338%83%, [(rd) = 0.971333 fm > /(rE%p) ~ 0.84 fm > /(@ass ) = 0.70+9:93 fm

proton charge radius

May be regarded as a
confinement radius

Bag radius in MIT bag model X. Ji, Front. Phys. (Beijing) 16 (2021) 64601
» Foundation for further analyses, interpretations, etc.
® More results to come. Outlook:
[ Pion mass dependence
[ Extension to hyperons; ...

Thank you for your attention! .



Nucleon GFFs: results

® Comparison with other results

Skyrme Model
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Unitarity relation for the pion GFFs

® Unitarity = discontinuity (imaginary part) of the pion GFFs

Disc <7Ta(p')7rb (p) ‘T“”(O)‘ o>

— 5;) [Disc A™(t)A* AY + Disc D™ (t) (P*P¥ — tgh")]
_ %( i) 77 | (@) ()] 7 (P - D){mem? (P 1|
— %( Z) 5 7 dﬂlé—ab BA(t,s,u) + A(s,t,u) + A(u, s, t)]
x [(A™(¥))" (20 — P)*(2l = P)" + (D" (t))" (P"P” — tg"")]
- s [ G R P o i)
S-, D-waves S-wave

Mandelstam variables: t = P2, s = (p’ — 1)?,u = (p — 1)?; only two independent, A'=°(¢t,s) = A'=°(¢, s, u)
Lorentz structures: /dQlAIZO(t, s)(20 — P)*(2l — P)” = A1 AFAY + Ay (PHPY — tgh)

Contract with A,A, and g, = A1, A, A'(t,s) =327 Z(2J + 1) Py (cos 0)th(t)
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Unitarity relation for nucleon GFFs

N, nt /KK — NN scattering D

® Discontinuity: Disc<N(p’)N ‘TW ‘0>

x 3 (NN ()] n) {n [T (©@)|0) 64+ — pn) e
® In the region t € (4M2,16M2), only m intermediate state RN

Disc <N(p’)]\_f(p) ‘T’“’(O)‘ 0>

- aw) [DiscA(t)Amv+Disc J(t) (z’A{“a”}pPp) + Disc D(¢) (P“P”—tg‘“’)] v(p)

dmpn
_ % (4;)2 % Au( N ()N ()| 7 ()7 (P = 1)) (x*@)x* (P 1) [T (0)] 0)
-2 (4;)2 Le. [ a0 ur) [5@61 <A+ + & - ) B+> + depacT® (A + 2 5 21)3) u(p)
. —__.___lsospin-even_ _ ___ _ - - e Isospin-odd_ _ _ _ _ _~
52 [(A™())" (2L = P)*(21 — P)” + (D™ (1))* (P*P¥ — tg"")]

'SP [aoy ) (A* 22 B*) o(p) [(A™(0)" (20 = PY“(2L = P)” + (D™())” (P*P" — tg"")

A* B*: Lorentz invariant T scattering amplitudes G. Hshler (1983) »



