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Outline
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Background：Beyond Quark Model

Quark/Gluon

Hadron state：
meson，baryon//Exotic
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Background：Strong Interaction
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Introduction of NPHF

Lattice 

Spectrum
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(Phase Shifts, 

inelasticity)

Experimental Observable

(Differential Cross Sections)
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QCD theory
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Analysis
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Non-perturbative
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Hamiltonian 

Same Quality
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NPHF：bare state + hadron channel
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Introduction of HEFT 

Lattice 

Spectrum

Resonance 

(Mass , Width, Pole position, Coupling)

T matrix

(Phase Shifts, 

inelasticity)

Argonne-Osaka Model
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Introduction of NPHF 

Hamiltonian

Lattice 

Spectrum

Resonance 

(Mass , Width, Pole position, Coupling)

T matrix

(Phase Shifts, 

inelasticity)

J. M. M. Hall etc. PRD 87(2013), 094510

J.-j. Wu etc. PRC90 (2014), 055206

• Hamiltonian with discrete momentum
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Hamiltonian
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H=

|B> |αijβk> | β1 β2 β3>
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Li, Wu, Lee, Young JHEP08(2024), 178 



Reduce the dimensions of Hamiltonian 
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1. Find a complete set of 

reference momenta (Isospin)

2. Solve the I-matrix 

eigenvalue equation

3. Write the finite volume 

potential for specific irrep 

4. Solve the Hamiltonian 

eigenvalue problem

H=
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Rest Frame two body
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Boost Frame decay
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1. Find a complete set of reference momenta 

Two-body

Three-body

Helicity form

Here reference momentum 𝑛𝑜 is for (𝑛1, Ԧ𝑑 − 𝑛1) only 7 types with Ԧ𝑑 = 0, (000), (00a), (0aa), (aaa), (0ab), (aab), (abc)

Here reference momentum 𝑛𝑜 now is for (𝑛1, 𝑛2, Ԧ𝑑 − 𝑛1 − 𝑛2) which are 54 types when Ԧ𝑑 = 0

Therefore, instead of focusing on only few patterns as in the two-particle case, we must now perform 

calculation for each momentum.



1. Find a complete set of reference momenta 

Two-body

Three-body

+ Isospin space projection



2. Solve the I-matrix eigenvalue equation

Two-body

Three-body

If {|𝑛𝑖 >} are dependent, we can extract independent state from 𝐼𝑖𝑗 =< 𝑛𝑖|𝑛𝑗 >, by find eigenvector of I-

matrix of nonzero eigenvalue.



3. Write the finite volume potential for specific irrep

Two-body/ Three-body

I => eigen-vector => basis => potential

4. Solve the Hamiltonian eigenvalue problem

𝑉 𝜉,𝜉′
F →

𝑉 𝜉,𝜉
Γ 0

0 𝑉 𝜉,𝜉
Γ′

𝐼 𝑐𝑟 = 𝜆𝑟 𝑐𝑟



𝜔~𝜌𝜋~3𝜋 and 𝜌~2𝜋 

parameters :

𝑚𝜌, 𝑚𝜔 = 𝑚𝜌 + 𝛿𝑚

𝑔𝜌𝜋𝜋,  𝑔𝜔𝜌𝜋 , 𝑐1

HI
𝜔=

|𝜔> |𝜌𝜋> | 3𝜋>

| 𝜔 >

|𝜌𝜋>

|3𝜋>

0 𝜔 → 𝜌𝜋 0

𝜌𝜋 → 𝜌𝜋 𝜌 𝜋 → 𝜋𝜋 𝜋

0

HI
𝜌

=

| 𝜌 > |𝜋𝜋>

| 𝜌 >

|𝜋𝜋>

0

0

𝜌 → 𝜋𝜋

Scheme (MeV)
A:    𝛿𝑚 = 0,      𝑐1 ≠ 0
B1:  𝛿𝑚 = 0,  𝑐1 = 0
B1:  𝛿𝑚 = 15,   𝑐1 = 0
B1:  𝛿𝑚 = 30,   𝑐1 = 0

Λ𝜌𝜋𝜋, Λ𝜔𝜌𝜋, Λ𝜌𝜋𝜌𝜋

fixed as 1 GeV, 1 GeV ,0.5GeV



1.  𝑚𝜌, 𝑔𝜌𝜋𝜋

determined by 𝜌
spectrum

2.  𝑐1 and 𝛿𝑚 can be 
effectively 
absorbed by the 
coupling 𝑔𝜔𝜌𝜋, 

which mainly 
determined by the 
𝜔 spectrum.

Yan, Mai, Garofalo, 
Meißner, Liu, Liu, and 
Urbach, 
PRL 133, 211906(2024).

𝜔~𝜌𝜋~3𝜋 and 𝜌~2𝜋 



𝜔~𝜌𝜋~3𝜋 and 𝜌~2𝜋 

= + +



𝜔~𝜌𝜋~3𝜋 and 𝜌~2𝜋 

= + +
Lattice spacing dependence ？

Yan, Mai, Garofalo, Meißner, Liu, Liu, 
and Urbach, PRL 133, 211906(2024).

(3.57-i 0.26)𝑚𝜋 (2.59 - i 0.09)𝑚𝜋(3.73-i 0.0016)𝑚𝜋 (2.71)𝑚𝜋



𝜎~2𝜋~4𝜋

parameters :
Fit:  𝑚𝜎 = 798 MeV   

       𝑔𝜎𝜋𝜋=66.9
        Λ2𝜋=346 MeV

Fixed: 𝑔𝜎→4𝜋 by Γ4𝜋

            Λ4𝜋=300 MeV

𝐻𝐼
𝜎=

|𝜎> |2𝜋> | 4𝜋>

|𝜎>

|2𝜋>

|4𝜋 >

0 𝝈 → 2𝜋

0 0

0

𝝈 → 4𝜋

𝝈 → 𝟐𝝅

𝝈 → (𝝆𝝆 →)𝟒𝝅 In 𝑆4 group, only survive irrep is 
[2,2] which has two dimensions
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𝜎~2𝜋~4𝜋

parameters :
Fit:  𝑚𝜎 = 798 MeV   

       𝑔𝜎𝜋𝜋=66.9
        Λ2𝜋=346 MeV

Fixed: 𝒈𝝈→𝟒𝝅 by 𝚪𝟒𝝅

            𝚲𝟒𝝅=300 MeV



Summary
• We introduce the Non-Perturbative Hamiltonian Framework (NPHF) 

approach, which connects the quark-gluon level to the hadronic level via a 

bare state, establishing a coupled-channel model with varying numbers of 

hadrons to achieve a comprehensive understanding of hadron properties.

• We provide two examples:   three- and four- body case

 1. 𝜔~𝜌𝜋~3𝜋 and 𝜌~2𝜋, obtain the pole positions of 𝜔 and 𝜌 from the 

real lattice spectrum.

    2. 𝜎~2𝜋~4𝜋, by fitting the 𝜋𝜋 s-wave phase shifts and assuming Γ4𝜋, we 

provide the lattice spectrum of this four-body system. 
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This is N* conference !!!
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This is N* conference !!!

Argonne-Osaka  &&  Bonn-Jülich 

models as input to generate FV spectrum

Thank you for 
your attention!
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