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Witten (1998) used Type IIA string theory on 


,  are polar coordinates on  ( , ). 


A gauge field  is added in the bulk to get  angle
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Holographic Origin of  angle θ
10D AdS/CFT

wishes to probe issues in which the invariance under θ → θ + 2π is important. Another

possibility is to consider the realization of four-dimensional gauge theory via M -theory

fivebranes [11], where again, at the cost of replacing the theory of interest by a simplified

version that is hopefully in the same universality class, one can demonstrate the mass gap

and confinement. We will instead study the problem in yet a third framework in which

one can exhibit the mass gap and confinement in the context of a simplified version of

four-dimensional gauge theory. This involves a circle of ideas connected with the

correspondence between conformal field theory and quantum gravity on Anti-de Sitter

space [12-14].

To get to the specific issues of interest here as quickly as possible, we will begin as in

section 4 of [15] with Type IIA superstring theory on M = R4 ×S1 ×R5, with N parallel

fourbranes whose worldvolume is V = R4×S1×x; here x is a point in R5. We assume that

the “spin structure” is such that fermions change sign in going around the S1. Then the

theory on the branes is at low energies a pure U(N) gauge theory in four dimensions. It

follows from the general AdS/CFT correspondence that the large N behavior of the SU(N)

part of this gauge theory can be studied by studying weakly coupled string theory on the

supergravity solution X which these branes generate. Topologically X = R4 × D × S4,

where D is a two-dimensional disc. The change in topology from M to X is crucial (along

with the fact that X is a smooth manifold without branes), both in the explanations of

confinement and the mass gap in [15] and in the discussion below of the θ dependence.

The metric of X is

ds2 =
8π

3
ηλ3

4
∑

i=1

(dxi)2 +
8

27
ηλπ

(

λ2 − 1

λ4

)

dψ2 +
8π

3
ηλ

dλ2

λ2 − 1

λ4

+
2π

3
ηλdΩ2

4. (2.1)

Here xi are coordinates on R4, λ and ψ (with 1 ≤ λ ≤ ∞, 0 ≤ ψ ≤ 2π) are polar

coordinates on D (note that λ = 1 is the origin of the polar coordinates, the “center” of

D), and dΩ2
4 is the metric of a unit four-sphere. η is a parameter which determines how far

one is from conventional four-dimensional gauge theory; for η >> 1, the string theory on

X can be studied via long wavelength supergravity, while asymptotically-free gauge theory

is expected to emerge in the opposite limit η → 0. In the present paper, we work in an

approximation of long wavelength supergravity, so to compare with gauge theory, we must

assume that the system has no phase transition as a function of η.

How can we include θ in the formulation of gauge theory via fourbranes? This can be

done quite simply by including the U(1) gauge field that arises in Type IIA superstring

4

theory from the Ramond-Ramond sector. We will in this paper denote that field as a,

and its field strength as fij = ∂iaj − ∂jai. Let us reconsider Type IIA superstring theory

on M = R4 × S1 × R5 with the wrapped fourbranes of worldvolume V . The low energy

worldvolume effective Lagrangian of the fourbranes has a term

∆L =

∫

V

a ∧ TrF ∧ F

8π2
. (2.2)

(The most familiar manifestation of this term is that instantons on the fourbrane are

charged with respect to a – they carry zerobrane charge.) Here F is the U(N) field

strength. We now modify the Type IIA vacuum so that f = 0, but
∫

S1

a = θa (2.3)

is possibly non-zero. (The left hand side is gauge-invariant modulo 2πZ, so we interpret

θa as an angle.) At low energies in four dimensions, (2.2) reduces to a theta term in the

gauge theory action, and the four-dimensional Yang-Mills theta angle is

θ = θa. (2.4)

What we have done so far is just to learn how to include θ in the fourbrane description

of four-dimensional gauge theory. Now, we go over to the dual description by supergravity

(or string theory) on X . In doing so, we must bear in mind that the parameters of the

theory are determined by specifying the Type IIA vacuum far away from the branes, that

is at large λ, and then the behavior at small λ is determined by the supergravity equations

on X (or, if η is small, the full string theory on X) and encodes the behavior of the gauge

theory. For example, in the original description with branes on M we assumed that f = 0.

In the dual description on X , the analogous statement is that f = 0 for λ→ ∞. Likewise,

(2.3) should be interpreted to mean that
∫

S1 a = θa = θ if the integral is taken at large

λ. If we combine these conditions (plus Stokes’ theorem
∫

D
f = limλ→∞

∫

S1 a),4 we learn

that
∫

D
f = θa = θ mod 2πZ. The 2πZ indeterminacy arises because the left hand side is

a well-defined real number, but θ is an angle. Hence
∫

D

f = θ + 2πk (2.5)

for some integer k.

4
∫

D
f is of course defined as

∫

D
dλdψfλψ.
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We would like to reproduce this in a simple 5D model


First we see that  played no role — just look at simple AdS6 on a circle with 
coordinate 


A gauge field  is added in the bulk to get  angle


Witten had a DISC, not a circle. For most cases it will not make a difference 
whether disc or cylinder. However, the BC for  on the IR brane will be 
different

S4

y

A θ

θ
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1 6D origin of ✓

Let the 6D action be

S6D =

Z
�

1

2g26
F ^ ⇤F. (1.1)

Take the AdS6 metric with a circular y:

ds
2
6 =

L
2

z2
(dx2

� dz
2
� dy

2), (1.2)

so g
µ⌫ = z2

L2⌘
µ⌫
, g

zz = g
yy = �

z2

L2 ,
p
�g6 =

L6

z6 .

For the y-zero mode and y-independent fields, the only contribution involving

Ay is

S6D � �
1

2g26

Z
d6
x
p
�g6g

yy(gµ⌫@µAy@⌫Ay + g
zz
@zAy@zAy). (1.3)
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For theory on disc, the origin corresponds to the IR brane — it is like the 
origin of the polar coordinates. Angular variables must vanish at the origin, so 
the geometry implies 
θ(zIR) = 0

4
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This condition is NOT automatically present in the theory on the circle. To 
reproduce the effects of the true QCD dynamics, we simply impose 

 at the IR brane. θ(zIR) = 0

5
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Using the disc-like BC


Background solution of Maxwell equation gives


Wilson line 


The  fieldθ
6
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Using
p
�g6 g

yy = �(z/L)
p
�g5 and g

µ⌫ = g
µ⌫
5 for the induced AdS5 metric ds

2
5 =

L2

z2 (⌘µ⌫dx
µ
dx

⌫
� dz

2), and integrating over the circle of coordinate length 2⇡R, the

5D e↵ective action for the zero mode A6(xµ
, z) ⌘ A

(0)
y is

S5D[Ay] =
1

2g25

Z
d5
x
p
�g5

z

L
[gµ⌫5 @µAy@⌫Ay + g

zz
@zAy@zAy] (1.4)

with g
�2
5 ⌘ (2⇡R)/g�2

6 .

For the background profile with Ay(0) = A0 and Ay(zIR) = 0, the solution is

Ay(z) = A0

✓
1�

z
3

z
3
IR

◆
. (1.5)

From the large gauge transformation, the zero mode shifts by a constant

A6 ! A6 +
n

R
. (1.6)

So, the dimension angle ✓ = 2⇡RA6 ⇠ ✓ + 2⇡. In other words, ✓0 = 2⇡RA0 ⇠

✓0 + 2n⇡.

2 Eta Primer

2.1 One flavor

To describe the physics of the ⌘
0 meson and the U(1)A anomaly holographically, we

construct a 5D e↵ective action in an AdS5 background. The model requires two

distinct sectors to capture the relevant QCD dynamics: a gauge sector to describe

the anomaly and a scalar sector to describe chiral symmetry breaking.

We introduce a bulk U(1)A gauge field AM , which is holographically dual to the

quark axial current J5
µ. To realize the anomaly, we employ a Stueckelberg mechanism

involving a pseudoscalar field ✓, dual to the toplogoical density, coupled to the gauge

field via a covariant derivative. Additionally, we include a complex scalar field X =

⇢e
i�, which is dual to the quark bilinear operator q̄q. The background profile of the

modulus ⇢ will encode the spontaneous breaking of chiral symmetry.

Combining these elements, the full 5D bulk action is given by

S5D =

Z
g
2

2
(d✓ � A) ^ ⇤(d✓ � A)�

1

2e2
F ^ ⇤F +DX

†
^ ⇤DX �m

2
X |X|

2

�

Z
d5
x
p
�g


g
2

2
(@M✓ � AM)(@M

✓ � A
M) + ⇢

2(@M�� qAM)(@M
�� qA

M)

+(@M⇢)(@M
⇢)�m

2
X⇢

2
�

1

4e2
G

MN
GMN

�
.

(2.1)
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2e2
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�
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d5
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For the background profile with Ay(0) = AUV and Ay(zIR) = 0, the solution is

Ay(z)
(0) = AUV

✓
1�

z
3

z
3
IR

◆
. (1.7)

From the large gauge transformation, the zero mode shifts by a constant

Ay ! Ay +
n

R
. (1.8)

Since the y–direction is compact, the y–component of the 6D gauge field Ay defines

a Wilson line around the circle,

Wy = exp

✓
i

I

S1

Aydy

◆
= exp

�
iA

(0)
y · 2⇡R

�
= e

i✓ (1.9)

We thus identify the dimensionless angular field

✓(x, z) ⌘ 2⇡RA
(0)
y (x, z). (1.10)

This identification naturally enforces the periodicity ✓ ⇠= ✓ + 2⇡, as shifting the

Wilson line phase by 2⇡ leaves physical observables invariant.

Vacuum Energy and Branch Structure

Substituting Ay =
✓

2⇡R into the e↵ective action yields

S5D[✓] =
g
2

2

Z
d
5
x
p
�g5

z

L
g
MN

@M✓@N✓ (1.11)

with g
2 = 1

2⇡Rg26
. We calculate the energy density E (where S = �

R
d
4
xE) by

performing the z-integral from the UV (z = 0) to the IR (z = zIR):

E =
3g2L2

2z3IR
✓
2
UV . (1.12)

This result shows that the energy density of a single vacuum state depends quadrat-

ically on the vacuum angle, E(✓) ⇠ ✓
2. At first glance, this appears to violate the

required 2⇡ periodicity of the QCD ✓ angle, as the Wilson line Wy = e
i
H
Ay = e

i✓ is

manifestly periodic.

However, this quadratic behavior is a well-known feature of Large Nc QCD, often

referred to as the multi-branched vacuum structure. The periodicity is restored by

the large gauge transformations discussed in Eq. (1.8), which shift the field by an

integer winding number:

✓UV ! ✓UV + 2⇡n, n 2 Z (1.13)
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✓(x, z) ⌘ 2⇡RA
(0)
y (x, z). (1.10)

This identification naturally enforces the periodicity ✓ ⇠= ✓ + 2⇡, as shifting the

Wilson line phase by 2⇡ leaves physical observables invariant.

Vacuum Energy and Branch Structure

Substituting Ay =
✓

2⇡R into the e↵ective action yields

S5D[✓] =
g
2

2

Z
d
5
x
p
�g5

z

L
g
MN

@M✓@N✓ (1.11)

with g
2 = 1

2⇡Rg26
. We calculate the energy density E (where S = �

R
d
4
xE) by

performing the z-integral from the UV (z = 0) to the IR (z = zIR):

E =
3g2L2

2z3IR
✓
2
UV . (1.12)

This result shows that the energy density of a single vacuum state depends quadrat-

ically on the vacuum angle, E(✓) ⇠ ✓
2. At first glance, this appears to violate the

required 2⇡ periodicity of the QCD ✓ angle, as the Wilson line Wy = e
i
H
Ay = e

i✓ is

manifestly periodic.

However, this quadratic behavior is a well-known feature of Large Nc QCD, often

referred to as the multi-branched vacuum structure. The periodicity is restored by

the large gauge transformations discussed in Eq. (1.8), which shift the field by an

integer winding number:

✓UV ! ✓UV + 2⇡n, n 2 Z (1.13)

– 3 –

θ(x, z) → GG̃
θUV → θQCD



The vacuum energy density


Wilson line gives  periodicity from large gauge transformation


If we shrink the 6th dimension to 0, the effective 5D Lagrangian for  will be

2πn

θ
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Holographic Origin of  angle θ
5D AdS/CFT
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2. At first glance, this appears to violate the

required 2⇡ periodicity of the QCD ✓ angle, as the Wilson line Wy = e
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H
Ay = e

i✓ is

manifestly periodic.

However, this quadratic behavior is a well-known feature of Large Nc QCD, often

referred to as the multi-branched vacuum structure. The periodicity is restored by

the large gauge transformations discussed in Eq. (1.8), which shift the field by an

integer winding number:

✓UV ! ✓UV + 2⇡n, n 2 Z (1.13)
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Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
g
2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =

Z ✓
g
2

2

z

L
F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z

L
⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –

Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
g
2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =

Z ✓
g
2

2

z

L
F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z

L
⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –



The holographic pure QCD theory does’t have much structure: only glueballs 


We now introduce flavors and see the effects of anomaly


It is useful to dualize the  field (Hodge dual)


Treat  as an independent field, and impose  via Lagrange multiplier 
 3-form gauge field 


θ

F1 dF1 = 0
C3 H = dC
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Holographic Origin of Anomaly
Dualize

Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
g
2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =
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2

z
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F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z

L
⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –

Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
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2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =

Z ✓
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2

2
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F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z
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⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –



Integrating out , we obtain the equivalent action


Dualize back, but in the presence of the bulk Chern-Simons term


 is the  gauge field


Now  is the Lagrange multiplier enforcing the Bianchi identity on 

F1

A U(1)A

θ H
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Holographic Origin of Anomaly
Dualize

Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
g
2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =

Z ✓
g
2

2

z

L
F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z

L
⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –

Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
g
2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =

Z ✓
g
2

2

z

L
F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z

L
⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –



The action must be bulk gauge invariant under 


If , the Chern-Simons term is bulk gauge invariant. However,  is 
unconstrained with the Lagrange multiplier 


 is only cancelled out with 


 picks up a shift symmetry under 

A → A + dλ

H = dC3 H
θ

A → A + dλ θ → θ + κ λ

θ U(1)A
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Holographic Origin of Anomaly
Shift Symmetry

Each integer n corresponds to a distinct metastable vacuum branch. While the

energy of any single branch is not periodic, the physical vacuum energy is defined as

the minimum over all branches:

Ephys(✓) = min
n

C(✓ + 2⇡n)2 (1.14)

Thus, the holographic model derived from the 6D origin naturally reproduces the

cusp-like, periodic potential expected from Witten’s analysis of Large Nc dynamics,

where the topological susceptibility is non-vanishing despite the large Nc limit.

Dualizing Cherm-Simons to Stueckelberg

In the language of di↵erential forms, using the Hodge star operator (⇤) and the

exterior derivative (d), the ✓ action becomes

S5D[✓] =
g
2

2

Z
z

L
d✓ ^ ⇤d✓. (1.15)

To dualize, we treat the field strength F1 = d✓ as an independent 1-form field and

enforce the Bianchi identity dF1 = 0 using a Lagrange multiplier. In 5 dimensions, the

Lagrange multiplier for a closed 1-form is a 3-form potential C3, with a corresponding

4-form field strength H = dC3. The parent action is

Sparent =

Z ✓
g
2

2

z

L
F1 ^ ⇤F1 �H ^ F1

◆
(1.16)

Varying with respect to F1 gives the duality relation

H = g
2 z

L
⇤ F1 =) F1 =

L

g2z
(�1)s ⇤H (1.17)

Note that the sign factor depends on the metric signature convention. In our con-

vention, s = 1. Substituting the duality relation back into the action yields the dual

action for the 4-form H

Sdual[H] =
1

2

Z
L

g2z
H ^ ⇤H. (1.18)

To describe the physics of the U(1)A anomaly holographically, we introduce a

bulk gauge field A, which is dual to the quark axial current J
5
µ (do not confused

with the 6D gauge field A). This field couples to the 4-form field strength H via a

topological Chern-Simons term. The parent action, treating H and A as independent

fields and enforcing the Bianchi identity dH = 0 via the Lagrange multiplier ✓, is

given by

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H + A ^H + ✓ dH

◆
. (1.19)

– 4 –



After integration by parts


Solving the EOM for  gives


The resulting action is


Holographic dual of anomaly is just 5D Stückelberg term! 

H
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Holographic Origin of Anomaly
Dualize Back

Integrating the constraint term by parts (ignoring boundary terms) yields
R
✓ dH =

�
R
d✓ ^H. The action can then be grouped as

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H � (d✓ � A) ^H

◆
. (1.20)

Note that this interaction term requires the scalar ✓ to transform non-trivially to

maintain gauge invariance because H is no longer the field strength that satisfies the

Bianchi identity by itself. Under a bulk gauge transformation A ! A+d⇤, the term

(d✓� A) remains invariant only if the scalar shifts as ✓ ! ✓+ ⇤. This identifies ✓

as the Stueckelberg field absorbed by the gauge field. Let us remark on the boundary

terms. The integration by parts for
R
@M5

✓H gives rise to
Z

@M5

✓H (1.21)

The gauge transformation generates ⇤H at the boundaries. Therefore you need

appropriate boundary conditions on ✓/H or ⇤ to erase the boundary terms.

Varying the action with respect to H gives the equation of motion:

L

g2z
⇤H � (d✓ � A) = 0 =) ⇤H =

g
2
z

L
(d✓ � A). (1.22)

To isolate H, we apply the Hodge star operator again. Using the identity ⇤ ⇤ H =

(�1)sH = �H (where s = 1 for Lorentzian signature), we obtain the duality relation:

H = �
g
2
z

L
⇤ (d✓ � A). (1.23)

Substituting this solution back into the parent action (1.19) leads to the Stueckelberg

action for the axion-gauge sector:

S5D =

Z ✓
1

2

L

g2z


�
g
2
z

L
⇤ (d✓ � A)

�
^


g
2
z

L
(d✓ � A)

�
� (d✓ � A) ^


�
g
2
z

L
⇤ (d✓ � A)

�◆

=

Z ✓
�
1

2

g
2
z

L
⇤ (d✓ � A) ^ (d✓ � A) +

g
2
z

L
(d✓ � A) ^ ⇤(d✓ � A)

◆

=
g
2

2

Z
z

L
(d✓ � A) ^ ⇤(d✓ � A). (1.24)

This result reproduces the first term of the bulk action in Eq. (2.1) except for the

z/L geometric factor, demonstrating that the Stueckelberg mass term originates

holographically from the Chern-Simons coupling and itself represents the anomaly.

2 Eta Primer

2.1 One flavor

To describe the physics of the ⌘
0 meson and the U(1)A anomaly holographically, we

construct a 5D e↵ective action in an AdS5 background. The model requires two
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Integrating the constraint term by parts (ignoring boundary terms) yields
R
✓ dH =

�
R
d✓ ^H. The action can then be grouped as

Sparent =

Z ✓
1

2

L

g2z
H ^ ⇤H � (d✓ � A) ^H

◆
. (1.20)

Note that this interaction term requires the scalar ✓ to transform non-trivially to

maintain gauge invariance because H is no longer the field strength that satisfies the

Bianchi identity by itself. Under a bulk gauge transformation A ! A+d⇤, the term

(d✓� A) remains invariant only if the scalar shifts as ✓ ! ✓+ ⇤. This identifies ✓

as the Stueckelberg field absorbed by the gauge field. Let us remark on the boundary

terms. The integration by parts for
R
@M5

✓H gives rise to
Z

@M5

✓H (1.21)

The gauge transformation generates ⇤H at the boundaries. Therefore you need

appropriate boundary conditions on ✓/H or ⇤ to erase the boundary terms.

Varying the action with respect to H gives the equation of motion:

L

g2z
⇤H � (d✓ � A) = 0 =) ⇤H =

g
2
z

L
(d✓ � A). (1.22)

To isolate H, we apply the Hodge star operator again. Using the identity ⇤ ⇤ H =

(�1)sH = �H (where s = 1 for Lorentzian signature), we obtain the duality relation:

H = �
g
2
z

L
⇤ (d✓ � A). (1.23)

Substituting this solution back into the parent action (1.19) leads to the Stueckelberg

action for the axion-gauge sector:

S5D =

Z ✓
1

2

L

g2z


�
g
2
z

L
⇤ (d✓ � A)

�
^


g
2
z

L
(d✓ � A)

�
� (d✓ � A) ^


�
g
2
z

L
⇤ (d✓ � A)

�◆

=

Z ✓
�
1

2

g
2
z

L
⇤ (d✓ � A) ^ (d✓ � A) +

g
2
z

L
(d✓ � A) ^ ⇤(d✓ � A)

◆

=
g
2

2

Z
z

L
(d✓ � A) ^ ⇤(d✓ � A). (1.24)

This result reproduces the first term of the bulk action in Eq. (2.1) except for the

z/L geometric factor, demonstrating that the Stueckelberg mass term originates
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Here, � and p represent the couplings of the PQ field to the topological density and
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Background EOMs and Momentum Constraints

With the constraints vanishing (FA,B ! 0) and considering the static limit (m2
n ! 0),

the coupled bulk equations decouple into independent conservation equations for the
gauge-invariant variables! , " , and A

! z

!
L3

z3
g2!

"
= 0, ! z

!
L3

z3
2" 2"

"
= 0, ! z

!
L3

z3
2#2A

"
= 0 (4.11)

Crucially, the bulk equations of motion for the radial gauge ÞeldsAz and Bz impose
algebraic constraints on the system. The variation with respect toAz and Bz enforce
the momentum relations:

$# ! + q# " = 0 and %# ! + p# a = 0. (4.12)

Integration of Background ProÞles

Integrating the conservation equations with respect toz yields the background pro-
Þles for the individual sectors

! (z) = "
# !

g2L3
z3 =# &!(z) " $Az " %Bz = "

# !

g2L3
z3, (4.13)

" (z) = "
# "

2" 2L3
z3 =# ' !(z) " qAz = "

# "

2" 2L3
z3, (4.14)

A(z) = "
# a

2#2L3
z3 =# a!(z) " pBz = "

# a

2#2L3
z3. (4.15)

Di ! erential Evolution of the Physical Angle

To determine the proÞle of the physical angle$ (z), we di%erentiate it with respect to
z. The unphysical bulk gauge ÞeldsAz and Bz cancel out in the linear combination.
Using the momentum constraints to express all momenta in terms of# ! , we Þnd:

d$
dz

= "
z3

L3
# !

#
1
g2

+
$2

q22" 2
+

%2

p22#2

$
(4.16)

Note that the axion term (containing #) contributes only in the regionz < zP Q where
the Þeld exists.

Continuity and the Master Equation

We determine the vacuum structure by integrating$ (z) from the UV boundary to
the IR boundary. We impose two physical conditions:

¥ IR Alignment: The QCD angle must vanish at the IR wall where the axion
is absent: $ (zIR ) =

%
%
%&" #

q '
%
%
%
IR

= 0.

¥ Continuity at PQ: The physical angle$ (z) must be continuous across the
PQ brane. Since the axion Þelda(z) ceases to exist forz > zP Q, continuity
requiresa(zP Q) = 0.
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the Þeld exists.

Continuity and the Master Equation

We determine the vacuum structure by integrating$ (z) from the UV boundary to
the IR boundary. We impose two physical conditions:
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4.1.1 Boundary Conditions

The full UV boundary terms are
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L
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1
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L
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! z'"' + "U(Y) + h.c.

+
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1
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L
z
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(A ! z
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L
z
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"
+

L3
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"
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"
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L3

z3
(B g2* $

"
"Bz = 0.

(4.5)

and the PQ ones are

1
#2

L
z

(! zBµ ! ! µBz)"B µ + ! ! "$ + ! " "%+ ! a"a !
L3

z3
! z'"' + "U(Y)

+
!
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! µB µ !
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L
z

Bz

"
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L3

z3
(B ' 2p a+

L3

z3
(B g2* $

"
"Bz = 0.

(4.6)

Then the angular boundary terms at the UV brane are

(! " + V" ) "%+ ! ! "$ + ( Ua + ! a) "a = 0, (4.7)

whereV" = ! " V(X ), Ua = ! aU(Y). The UV boundary conditions become

! " |UV = ! V" , ! a|UV = ! Ua, "$|UV = 0. (4.8)

4.1.2 E ! ective Potential

The variation of the action on the boundaries dictates the physics of the axion. The
energy can be easily written as the boundary terms as before:

E " ! V(X UV ) ! U(YUV ) +
1
2

|! ! $ + ! " %+ ! a a|PQ
UV +

1
2

|! ! $ + ! " %|IRPQ . (4.9)

However, varyingAz and Az gives

) ! ! + q! " = 0, ) ! ! + p! a = 0, (4.10)

which leads toqV" = p Ua and
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q
2

! "

#
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$
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+
%
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+
a
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+
q
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#
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$
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+
%
q

$IR

PQ

= ! V(X UV ) ! U(YUV ) +
q
2

! "

%
%
%
%
$
)

!
%
q

!
a
p

%
%
%
%
UV

.

(4.11)

For the strong CP problem to be solved, the axion Þelda must relax the vacuum
energy to its minimum. This requires that

V" = Ua = ! ! = ! " = ! a = 0 (4.12)
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Background EOMs and Momentum Constraints

With the constraints vanishing (FA,B ! 0) and considering the static limit (m2
n ! 0),

the coupled bulk equations decouple into independent conservation equations for the
gauge-invariant variables! , " , and A
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Crucially, the bulk equations of motion for the radial gauge ÞeldsAz and Bz impose
algebraic constraints on the system. The variation with respect toAz and Bz enforce
the momentum relations:

$# ! + q# " = 0 and %# ! + p# a = 0. (4.12)

Integration of Background ProÞles

Integrating the conservation equations with respect toz yields the background pro-
Þles for the individual sectors
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A(z) = "
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# a

2#2L3
z3. (4.15)

Di ! erential Evolution of the Physical Angle

To determine the proÞle of the physical angle$ (z), we di%erentiate it with respect to
z. The unphysical bulk gauge ÞeldsAz and Bz cancel out in the linear combination.
Using the momentum constraints to express all momenta in terms of# ! , we Þnd:

d$
dz
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z3
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p22#2
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(4.16)

Note that the axion term (containing #) contributes only in the regionz < zP Q where
the Þeld exists.

Continuity and the Master Equation

We determine the vacuum structure by integrating$ (z) from the UV boundary to
the IR boundary. We impose two physical conditions:

¥ IR Alignment: The QCD angle must vanish at the IR wall where the axion
is absent: $ (zIR ) =

%
%
%&" #

q '
%
%
%
IR

= 0.

¥ Continuity at PQ: The physical angle$ (z) must be continuous across the
PQ brane. Since the axion Þelda(z) ceases to exist forz > zP Q, continuity
requiresa(zP Q) = 0.
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Then the angular boundary terms at the UV brane are

(! " + V" ) "%+ ! ! "$ + ( Ua + ! a) "a = 0, (4.7)

whereV" = ! " V(X ), Ua = ! aU(Y). The UV boundary conditions then become

! " |UV = ! V" , ! a|UV = ! Ua, "$|UV = 0. (4.8)

4.1.2 Background Solution

To resolve the strong CP problem holographically, the vacuum structure of the bulk
theory must ensure that the physical CP-violating angle relaxes to zero. We identify
this physical angle as the gauge-invariant combination of the topological angle$, the
chiral phase%, and the axiona:

" (z) " $(z) !
)
q

%(z) !
*
p

a(z) (4.9)

Vanishing of Constraint Fields

Before determining the proÞles of the angular Þelds, we must address the constraint
ÞeldsFA and FB , which arise from the variation of the radial gauge ÞeldsAz and
Bz. Analogous to the analysis in the previous section, the background equations of
motion for these constraints, we simply have the trivial solution:

FA (z) = 0 , FB (z) = 0 (4.10)
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Then the angular boundary terms at the UV brane are

(! " + V" ) "%+ ! ! "$ + ( Ua + ! a) "a = 0, (4.7)

whereV" = ! " V(X ), Ua = ! aU(Y). The UV boundary conditions become

! " |UV = ! V" , ! a|UV = ! Ua, "$|UV = 0. (4.8)

4.1.2 E ! ective Potential

The variation of the action on the boundaries dictates the physics of the axion. The
energy can be easily written as the boundary terms as before:
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For the strong CP problem to be solved, the axion Þelda must relax the vacuum
energy to its minimum. This requires that

V" = Ua = ! ! = ! " = ! a = 0 (4.12)
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Background EOMs and Momentum Constraints

With the constraints vanishing (FA,B ! 0) and considering the static limit (m2
n ! 0),

the coupled bulk equations decouple into independent conservation equations for the
gauge-invariant variables! , " , and A

! z
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Crucially, the bulk equations of motion for the radial gauge ÞeldsAz and Bz impose
algebraic constraints on the system. The variation with respect toAz and Bz enforce
the momentum relations:

$# ! + q# " = 0 and %# ! + p# a = 0. (4.12)

Integration of Background ProÞles

Integrating the conservation equations with respect toz yields the background pro-
Þles for the individual sectors
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Di ! erential Evolution of the Physical Angle

To determine the proÞle of the physical angle$ (z), we di%erentiate it with respect to
z. The unphysical bulk gauge ÞeldsAz and Bz cancel out in the linear combination.
Using the momentum constraints to express all momenta in terms of# ! , we Þnd:
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Note that the axion term (containing #) contributes only in the regionz < zP Q where
the Þeld exists.

Continuity and the Master Equation

We determine the vacuum structure by integrating$ (z) from the UV boundary to
the IR boundary. We impose two physical conditions:

¥ IR Alignment: The QCD angle must vanish at the IR wall where the axion
is absent: $ (zIR ) =

%
%
%&" #

q '
%
%
%
IR

= 0.

¥ Continuity at PQ: The physical angle$ (z) must be continuous across the
PQ brane. Since the axion Þelda(z) ceases to exist forz > zP Q, continuity
requiresa(zP Q) = 0.
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4.1.1 Boundary Conditions

The full UV boundary terms are
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Then the angular boundary terms at the UV brane are

(! " + V" ) "%+ ! ! "$ + ( Ua + ! a) "a = 0, (4.7)

whereV" = ! " V(X ), Ua = ! aU(Y). The UV boundary conditions then become

! " |UV = ! V" , ! a|UV = ! Ua, "$|UV = 0. (4.8)

4.1.2 Background Solution

To resolve the strong CP problem holographically, the vacuum structure of the bulk
theory must ensure that the physical CP-violating angle relaxes to zero. We identify
this physical angle as the gauge-invariant combination of the topological angle$, the
chiral phase%, and the axiona:

" (z) " $(z) !
)
q
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*
p

a(z) (4.9)

Vanishing of Constraint Fields

Before determining the proÞles of the angular Þelds, we must address the constraint
ÞeldsFA and FB , which arise from the variation of the radial gauge ÞeldsAz and
Bz. Analogous to the analysis in the previous section, the background equations of
motion for these constraints, we simply have the trivial solution:

FA (z) = 0 , FB (z) = 0 (4.10)

Ð 32 Ð

: ,  breaking UV potential V, U U(1)A U(1)PQ

Ua = 0 ⟹ Πa = 0 ⟹ Πθ,ϕ = 0 ⟹ Vϕ = 0



The value of the axion will slide to satisfy equation
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Then the angular boundary terms at the UV brane are

(! " + V" ) "%+ ! ! "$ + ( Ua + ! a) "a = 0, (4.7)

whereV" = ! " V(X ), Ua = ! aU(Y). The UV boundary conditions become

! " |UV = ! V" , ! a|UV = ! Ua, "$|UV = 0. (4.8)

4.1.2 E ! ective Potential
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energy can be easily written as the boundary terms as before:

E " ! V(X UV ) ! U(YUV ) +
1
2

|! ! $ + ! " %+ ! a a|PQ
UV +

1
2

|! ! $ + ! " %|IRPQ . (4.9)

However, varyingAz and Az gives

) ! ! + q! " = 0, ) ! ! + p! a = 0, (4.10)

which leads toqV" = p Ua and

E " ! V(X UV ) ! U(YUV ) +
q
2

! "

#
!

$
)

+
%
q

+
a
p

$PQ

UV

+
q
2

! "

#
!

$
)

+
%
q

$IR

PQ

= ! V(X UV ) ! U(YUV ) +
q
2

! "

%
%
%
%
$
)

!
%
q

!
a
p

%
%
%
%
UV

.

(4.11)

For the strong CP problem to be solved, the axion Þelda must relax the vacuum
energy to its minimum. This requires that

V" = Ua = ! ! = ! " = ! a = 0 (4.12)
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Background EOMs and Momentum Constraints

With the constraints vanishing (FA,B ! 0) and considering the static limit (m2
n ! 0),

the coupled bulk equations decouple into independent conservation equations for the
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Crucially, the bulk equations of motion for the radial gauge ÞeldsAz and Bz impose
algebraic constraints on the system. The variation with respect toAz and Bz enforce
the momentum relations:

$# ! + q# " = 0 and %# ! + p# a = 0. (4.12)

Integration of Background ProÞles

Integrating the conservation equations with respect toz yields the background pro-
Þles for the individual sectors
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Di ! erential Evolution of the Physical Angle

To determine the proÞle of the physical angle$ (z), we di%erentiate it with respect to
z. The unphysical bulk gauge ÞeldsAz and Bz cancel out in the linear combination.
Using the momentum constraints to express all momenta in terms of# ! , we Þnd:
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Note that the axion term (containing #) contributes only in the regionz < zP Q where
the Þeld exists.

Continuity and the Master Equation

We determine the vacuum structure by integrating$ (z) from the UV boundary to
the IR boundary. We impose two physical conditions:

¥ IR Alignment: The QCD angle must vanish at the IR wall where the axion
is absent: $ (zIR ) =
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= 0.

¥ Continuity at PQ: The physical angle$ (z) must be continuous across the
PQ brane. Since the axion Þelda(z) ceases to exist forz > zP Q, continuity
requiresa(zP Q) = 0.

Ð 33 Ð

4.1.1 Boundary Conditions

The full UV boundary terms are

1
e2

L
z

(! zAµ ! ! µAz)"Aµ +
1
#2

L
z

(! zBµ ! ! µBz)"B µ

+ ! ! "$ + ! " "%+ ! a "a !
L3

z3
! z&"&+ "V(X ) !

L3

z3
! z'"' + "U(Y) + h.c.

+
!

1
e2

L
z

! µAµ !
1
e2

(A ! z

!
L
z

Az

"
+

L3

z3
(A &2q%+

L3

z3
(A g2) $

"
"Az

+
!

1
#2

L
z

! µB µ !
1
#2

(B ! z

!
L
z

Bz

"
+

L3

z3
(B ' 2p a+

L3

z3
(B g2* $

"
"Bz = 0.

(4.5)

and the PQ ones are

1
#2

L
z

(! zBµ ! ! µBz)"B µ + ! a"a !
L3

z3
! z'"' + "U(Y)

+
!

1
#2

L
z

! µB µ !
1
#2

(B ! z

!
L
z

Bz

"
+

L3

z3
(B ' 2p a+

L3

z3
(B g2* $

"
"Bz = 0.

(4.6)

Then the angular boundary terms at the UV brane are

(! " + V" ) "%+ ! ! "$ + ( Ua + ! a) "a = 0, (4.7)

whereV" = ! " V(X ), Ua = ! aU(Y). The UV boundary conditions then become

! " |UV = ! V" , ! a|UV = ! Ua, "$|UV = 0. (4.8)

4.1.2 Background Solution

To resolve the strong CP problem holographically, the vacuum structure of the bulk
theory must ensure that the physical CP-violating angle relaxes to zero. We identify
this physical angle as the gauge-invariant combination of the topological angle$, the
chiral phase%, and the axiona:
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Vanishing of Constraint Fields

Before determining the proÞles of the angular Þelds, we must address the constraint
ÞeldsFA and FB , which arise from the variation of the radial gauge ÞeldsAz and
Bz. Analogous to the analysis in the previous section, the background equations of
motion for these constraints, we simply have the trivial solution:

FA (z) = 0 , FB (z) = 0 (4.10)
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Integrating ! !(z) from the UV to the IR, we treat the QCD terms and the axion
term separately based on their domain of existence:
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DeÞning the geometric integrals

I g(z) =
! z

zUV

z!3

L3g2
dz!, I " (z) =

! z

zUV

z!3

L32%2
dz!, I #(z) =

! z

zUV

z!3

L32&2
dz!, (4.19)

we arrive at the master equation linking the UV angles to the vacuum momentum:
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In terms of ø! and ' , we have

ø! + Nf ' ! NPQ aUV = " ! [I g(zIR ) + Nf I " (zIR ) + NPQ I #(zPQ)] . (4.21)

4.1.3 E ! ective Potential

The variation of the action on the boundaries dictates the physics of the axion. The
energy can be easily written as the boundary terms as before:
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For the strong CP problem to be solved, the axion Þelda must relax the vacuum
energy to its minimum. This requires that

V$ = Ua = " ! = " $ = " a = 0, (4.24)

which also leads to
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from Eq. (4.21). Note that " a = 0 corresponds to the Neumann boundary condition,
so aUV can slide to satisfy the above relation.
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For the strong CP problem to be solved, the axion Þelda must relax the vacuum
energy to its minimum. This requires that

V$ = Ua = " ! = " $ = " a = 0, (4.24)

which also leads to
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from Eq. (4.21). Note that " a = 0 corresponds to the Neumann boundary condition,
so aUV can slide to satisfy the above relation.
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If  then we will have the axion quality problem


The magnitude of the quality problem strongly depends on the wave function of 
the PQ breaking scalar 


Ua ≠ 0

Y = ζeia

20

Holographic QCD Axion
Axion Quality Problem

1

UV brane IR brane

zUV zIR

PQ brane

zPQ

,  (Axion)BM Y ,  (QCD)AM X
: X = ρeiϕ ⟨q̄q⟩

: PQ breakingY = ζeia

:  gauge bosonAM U(1)A

:  gauge bosonBM U(1)PQ



If  then we will have the axion quality problem


The magnitude of the quality problem strongly depends on the wave function of 
the PQ breaking scalar 


If strongly peaked on the PQ brane - the effect of  will be tiny — no quality problem


If peaked on the UV brane - the effect of  will be big - large quality problem


The PQ wave function


 is dimension of PQ breaking operator: the bigger , the more peaked on the PQ brane

Ua ≠ 0

Y = ζeia

U

U

ΔY ΔY
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The Holographic Axion Quality Problem

The term U(YUV ) represents explicit breaking of the PQ symmetry at the UV scale
(Planck scale). If this term is not suppressed, it will displace the minimum of the po-
tential, failing to solve the strong CP problem. This is the holographic manifestation
of the Axion Quality Problem.

The magnitude of this breaking depends on the conformal dimension! Y of
the operator dual to the bulk ÞeldY. The mass of the bulk Þeld determines this
dimension via the relation

(! Y ! pY )(! Y + pY ! 4) = m2
Y L2 (4.26)

For a scalar operator (pY = 0), a quark bilinear øqqcorresponds to! Y = 3, mY = ! 3
and a 4D scalar! also corresponds to! Y = 1, mY = ! 3. Both proÞles take the form
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, (4.27)

wherevY denotes the VEV andsY the source. The background proÞle of the scalar
" near the UV boundary scales asz4! ! Y (for the source term) orz! Y (for the VEV).
Assume the explicit breaking potential has the form

U(Y) = #! !PQ" 3
UV

%
L

3
2 "

&n
(4.28)

and the proÞle is dominated by the VEV term (assuming the renormalization for
n = 1 and suppression ofsY for n > 1), so " " vY z! Y . Then the generic boundary
potential U(YUV ) roughly scales as
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To see the suppression ofsY for n > 1, use the UV BC condition on"
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which is consistent with" " vY z! assumption. Consequently one see that composite
axion (! Y = 3) has less sensitivity to the UV physics than a scalar axion (! Y = 1).
However, to solve the quality problem, we need

! ø%mqvz! 2
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. (4.32)
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Assume a PQ breaking potential on the UV brane


Using the wave function profile, this roughly contribute to the potential


This needs to be sub-leading to quark mass term with phase of order 10−10
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: effect of some discrete symmetry n

The Holographic Axion Quality Problem

The term U(YUV ) represents explicit breaking of the PQ symmetry at the UV scale
(Planck scale). If this term is not suppressed, it will displace the minimum of the po-
tential, failing to solve the strong CP problem. This is the holographic manifestation
of the Axion Quality Problem.

The magnitude of this breaking depends on the conformal dimension! Y of
the operator dual to the bulk ÞeldY. The mass of the bulk Þeld determines this
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and the proÞle is dominated by the VEV term (assuming the renormalization for
n = 1 and suppression ofsY for n > 1), so " " vY z! Y . Then the generic boundary
potential U(YUV ) roughly scales as
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To see the suppression ofsY for n > 1, use the UV BC condition on"
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which is consistent with" " vY z! assumption. Consequently one see that composite
axion (! Y = 3) has less sensitivity to the UV physics than a scalar axion (! Y = 1).
However, to solve the quality problem, we need
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IR > #! !PQ" 3
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. (4.32)
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The Holographic Axion Quality Problem

The term U(YUV ) represents explicit breaking of the PQ symmetry at the UV scale
(Planck scale). If this term is not suppressed, it will displace the minimum of the po-
tential, failing to solve the strong CP problem. This is the holographic manifestation
of the Axion Quality Problem.

The magnitude of this breaking depends on the conformal dimension! Y of
the operator dual to the bulk ÞeldY. The mass of the bulk Þeld determines this
dimension via the relation

(! Y ! pY )(! Y + pY ! 4) = m2
Y L2 (4.26)
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which is consistent with" " vY z! assumption. Consequently one see that composite
axion (! Y = 3) has less sensitivity to the UV physics than a scalar axion (! Y = 1).
However, to solve the quality problem, we need
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To suppress this potential su# ciently (! ø%< 10! 10), the dimension ! Y must be
large. For a standard scalar axion (! Y = 1), the suppression is negligible. Even
for a composite axion (! Y = 3), the suppression is insu# cient, requiring high-order
discrete symmetries to forbid low-order terms. Our estimates show that solving the
quality problem requires

n! Y ! 13 (#! !PQ = z! 1
UV ),

n! Y ! 12 (#! !PQ = z! 1
PQ),

n! Y ! 10 (#! !PQ = mq),

n! Y ! 9 (#! !PQ = 0.1 eV).

(4.34)
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To suppress this potential su! ciently (" ø! < 10! 10), the dimension " Y must be
large. For a standard scalar axion (" Y = 1), the suppression is negligible. Even
for a composite axion (" Y = 3), the suppression is insu! cient, requiring high-order
discrete symmetries to forbid low-order terms. Our estimates show that solving the
quality problem requires

n" Y ! 13 ("! !PQ = z! 1
UV ),

n" Y ! 12 ("! !PQ = z! 1
PQ),

n" Y ! 10 ("! !PQ = mq),

n" Y ! 9 ("! !PQ = 0.1 eV).

(4.33)

with mq = 3 MeV, v = 0.27 GeV,z! 1
PQ = 1012 GeV and # UV = z! 1

UV = Mpl . Having a
goodZN symmetry meansn ! N . So, " Y = 3 requires at leastZ5.

Figure 2 : n" Y required to address the axion quality problem

This motivates the ÓInÞnite" Y Ó limit. In the limit where the dimension be-
comes very large (" Y " # ), the scalar proÞleY becomes inÞnitely peaked at the
symmetry-breaking scale (zP Q), e$ectively decoupling the UV explicit breaking ef-
fects and protecting the axion potential.

Setting # = 0 and having only B with appropriate BCs is a special limit of
" Y " # , where theY proÞle is inÞnitely peaked at the PQ brane. As in$ case, the
bulk energy is identically 0 because%! = %" = 0 now. Also, the gauge symmetry
severely restricts the UV potential forBz.
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Same findings as Cox, Gherghetta, 
Nguyen (2019)

The Holographic Axion Quality Problem

The term U(YUV ) represents explicit breaking of the PQ symmetry at the UV scale
(Planck scale). If this term is not suppressed, it will displace the minimum of the po-
tential, failing to solve the strong CP problem. This is the holographic manifestation
of the Axion Quality Problem.

The magnitude of this breaking depends on the conformal dimension! Y of
the operator dual to the bulk ÞeldY. The mass of the bulk Þeld determines this
dimension via the relation

(! Y ! pY )(! Y + pY ! 4) = m2
Y L2 (4.26)

For a scalar operator (pY = 0), a quark bilinear øqqcorresponds to! Y = 3, mY = ! 3
and a 4D scalar! also corresponds to! Y = 1, mY = ! 3. Both proÞles take the form
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wherevY denotes the VEV andsY the source. The background proÞle of the scalar
" near the UV boundary scales asz4! ! Y (for the source term) orz! Y (for the VEV).
Assume the explicit breaking potential has the form
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and the proÞle is dominated by the VEV term (assuming the renormalization for
n = 1 and suppression ofsY for n > 1), so " " vY z! Y . Then the generic boundary
potential U(YUV ) roughly scales as
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To see the suppression ofsY for n > 1, use the UV BC condition on"
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which is consistent with" " vY z! assumption. Consequently one see that composite
axion (! Y = 3) has less sensitivity to the UV physics than a scalar axion (! Y = 1).
However, to solve the quality problem, we need
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We recover the Witten-Veneziano relation for  and axion masses
η′￼
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Mass Spectrum

m2
η′￼

=
2Nf

f 2
π

χYM + 𝒪(mq) + ⋯

m2
a =

λ
f 2

a
χQCD + 𝒪(ϵPQ) + ⋯



QCD  can be understood as a Wilson of disc / circle


Anomalies are realized via Stückelberg term(s) with shift symmetries


We found fully holographic QCD axion - double Stückelberg term reflecting 
the two anomalies


The axion quality problem is severe unless 


Large operator dimensions or high discrete symmetries


Open a window to so many applications: finite  effects for axion, phase 
transition, axion string / domain wall, etc. 

θ

nΔY ≳ 10

T
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