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 is analytic in the 
UHP

GR(ω, x)
Simplest incarnation of causality

GR(t − t′￼, x) = 0 , t − t′￼ < 0

uniform convergence
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ϕL(ω, x) = e−iωx +
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Ain
ω

θ+
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Im(eiθ−ω) > 0 ∩
Im(eiθ+ω) < 0

Using this split integral representation we may now plug the explicit expressions (2.45),
(2.46) and (2.47) into (2.44). So we find

ω̃
(n)
L (ε, y) =
n∑

j=0

∫

y>y1>···>yj>0

e
iω+j

G0

(
ε, e

iω+(y → y1)
)
· · · G0

(
ε, e

iω+(yj→1 → yj)
)
V (eiω+y1) · · ·V (eiω+yj)

∫

0>yj+1>···>yn>→↑
e
iω→(n→j)

G0

(
ε, e

iω+yj → e
iω→yj+1

)

↑ G0

(
ε, e

iω→(yj+1 → yj+2)
)
· · · G0

(
ε, e

iω→(yn→1 → yn)
)
V (eiω→yj+1) · · ·V (eiω→yn).

(2.49)

Now we will bound this integral in the (shaded) region

Im(eiω→ε) > 0 ↓ Im(eiω+ε) < 0 :
→ω+

→ω→

ε

(2.50)

The motivation for choosing this region with Im(eiω+ε) < 0 is so that the exponential
e
→2iεx↑ in the integral in Aout(ε) (2.29) is suppressed for Re(x↓) > 0. Notice that if ϑ+ = ϑ→

this region is empty, hence the reason why we need to take these two angles to be di!erent.

To proceed we note the following bounds on the Green’s function G0 valid in this domain,

|G0

(
ε, e

iω+(y → y
↓)
)
| <

e
2|Im(eiω+ε)|(y→y↑)

|ε|
, (2.51)

|G0

(
ε, e

iω+y → e
iω→y

↓)
| <

e
2|Im(eiω+ε)|y

|ε|
, (2.52)

|G0

(
ε, e

iω→(y → y
↓)
)
| <

1

|ε|
. (2.53)
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Analyticity of the S-matrix

θmax

−θmax

V(x → ∞) ≲
1

|x |

θmax

−θmax

Meromorphic

Sℓ (ω) = −
Aout(ω)
Ain(ω)



Analyticity of the S-matrix

Sℓ (ω) = −
Aout(ω)
Ain(ω)

θmax

V(x → ∞) ≲
1

|x |

θmax

−θmax

Meromorphic Ain = 0
Quasi-normal  

modes (QNMs)
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The Schwarzschild potential

[ d2

dx2
+ ω2 − V(x)] ϕ(ω, x) = 0

Tortoise coordinates: Regge-Wheeler : ∂μ ( −g gμν∂νϕ) = 0 x = r + Rs log ( r
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r2

+
Rs
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(1 − s2))

Spin of the  
scattered wave

Angular momentum
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Proven analyticity of the Black Hole amplitude

V(x → ∞) ≲
1

|x |

θmax =
π
2

− ϵ

θmax =
π
2

− ϵ

θmax =
π
2

− ϵ

Sℓ (ω)

GR (ω, x, x′￼)



Proven analyticity of the Black Hole amplitude

θmax =
π
2

− ϵ

θmax =
π
2

− ϵ

Sℓ (ω)

GR (ω, x, x′￼)

Explore solvable regimes

Consistency with

-  Small frequency expansion

-  Coulomb potential
-  High frequencies limit

GR(ω, x, x′￼) ⟶ −
1

2iω [eiω(x−x′￼) − Sℓ (ω) eiω(x+x′￼)]
x, x′￼→ ∞
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Small frequency expansion
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Sℓ = e2iδℓ

ℓ = 0 [MST, 1976] 
[Dodelson,Grassi,Iossa,Lichtig,Zhiboedov, 2022]
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|Sℓ(ω) | ≤ 1

S*(ω) = S(−ω*)

Sℓ (ω)



Large frequency limit of Regge-Wheeler 
 gr-qc/9607064 [N. Andersson] 

̂uin = ( r
2GM )

1/2

( r
2GM

− 1)
−2iωGM

M (1/2 − 4iωGM,1 − 4iωGM, − 2iω(r − 2GM)) eiω(r−4GM)

̂uup = (−4iGMω)1/2−4iGMω( r
2M )

1/2

( r
2GM

− 1)
−4iGMω

U (1/2 − 4iGMω,1 − 4iGMω, − 2iω(r − 2GM)) eiωx

Sℓ (ω) = −
28iGMωe−4iGMω −iGMω(iGMω)−1/2+4iGMω Γ(1/2 − 4iGMω)

π
G ℓ

R (ω, x, x′￼)
x, x′￼ → ∞

|GMω | ≫ 1
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Large frequency limit of Regge-Wheeler 
 gr-qc/9607064 [N. Andersson] 

|GMω | ≫ 1

Retarded Green’s function S-matrix

Sℓ (ω)

UHP
UHP

Exponentially 
suppressed

G ℓ
R (ω, x, x′￼)

x, x′￼ → ∞



Newtonian potential

̂uin
ℓ ∼ ( r

GM )
ℓ+1

eiωrM (ℓ + 1 − 2iGMω,2ℓ + 2, − 2iωr)

̂uup
ℓ ∼ ( r

GM )
ℓ+1

eiωr U (ℓ + 1 − 2iGMω,2ℓ + 2, − 2iωr)

Sℓ (ω) = [(2GMω)2]2iGMω Γ (1 + ℓ − 2iGMω)
Γ (1 + ℓ + 2iGMω)

G ℓ
R (ω, x, x′￼)

x, x′￼ → ∞

G ℓ
R (x, x′￼, ω) = −

1
2iω Ain

̂u in
ℓ (x, ω) ̂u up

ℓ (x′￼, ω)

x > x′￼

V ∼
4GMω2

r

Confluent Hypergeometric functions



Newtonian potential V ∼
4GMω2

r

Retarded Green’s function S-matrix

G ℓ
R (ω, x, x′￼) Sℓ (ω)

UHP
UHP

x, x′￼ → ∞



So what is happening?

GR (ω, x, x′￼) Sℓ (ω)ω ω

Stokes phenomena

GR(ω, x, x′￼) ⟶ −
1

2iω [eiω(x−x′￼) − Sℓ (ω) eiω(x+x′￼)]
x, x′￼→ ∞



So what is happening?

GR (ω, x, x′￼) Sℓ (ω)ω ω

Stokes phenomena

GR(ω, x, x′￼) ⟶ −
1

2iω [eiω(x−x′￼) − Sℓ (ω) eiω(x+x′￼)]
x, x′￼→ ∞

Thank you!


