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Introduction

Two 511 keV photons from the
para-positronium annihilation (ground
state, at rest) are known to be emitted
in a maximally entangled (Bell) state of
orthogonal polarizations:

o) = ;5(|m>_|y>+ ~ lyy—|a)y)

|z)+,|y)+: single-photon sates of orth.
linear polarizations, propagating in the
opposite (£) directions
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Imagine a subsequent Compton
scattering of both entangled
photons.
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The cross section for this joint
scattering has been known since
1947, due to Pryce and Ward.

T
= 70[F1F2 — Gle COSs 2(502 — 501)]

Pryce, Ward, Angular Correlation Effects with Annihilation Radiation, Nature 160 (1947) 435
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Introduction

Pryce-Ward cross section

d*opw _
d2Q.d2Q,
o

16 [F1F> — G1G2 cos2(p2 — ¢1)]

Kinematic factors F;,G; (i = 1,2 for
two 511 keV photons) appear as
functions of the scattering angles 6;:
o sin? 0;

2+ (1 —cost;)? _
’ ' (2 —cosh;)?

F; = -
(2 — cos ;)3

with the differential cross section form
expressed over the solid angles:

d2Q; = d(cos6;)dep;

dependent on the azimuthal angles ;
in the fixed coordinate frame.
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Klein-Nishina cross section

Alternatively, an independent scattering
of disentangled 511 keV photons is
described by the Klein-Nishina cross
section (for each photon separately):

dQO'KN
dZUJi

= g(ﬂ — G cos2¢;)
expressed over the solid angles:

d%w; = d(cos 6;)de;
dependent on the azimuthal angles ¢;

relative to the initial (pre-scattering)
photon polarizations.
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Scattering geometry

. 0, = <[(k1;, k:)

k; — momenta before the scattering ® = (&, &)

k; — momenta after the scattering . . .
€; — polarizations before the scattering pi = <&, k; X (k: X k;)]

b = <[, ki X (K] X K;)]
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Semi-classical simulations

Entanglement-induced correlations (but not the entanglement itself) can
be implemented in the classical simulations (treating the two photons as
separate entities) by sampling the Pryce-Ward angular distribution. We call
these the semi-classical simulations. The procedure has recently been
implemented in Geant4 by Watts et al. (2021) and Bata et al. (2025). The
basic steps are:

e let Geant4 scatter the two photons independently, according to the
Klein-Nishina statistics;

e intercept the tracking of the second photon and manually reassign its
scattering parameters according to the Pryce-Ward statistics.

By construction, the initial-polarization-relative distribution of scattering
angles for the first photon (its Klein-Nishina statistics) remains untouched.

The Klein-Nishina statistics for the second photon is violated!
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Semi-classical simulations (continued)

R(¢2) — a reduced (marginalized over 65) distribution of the initial-
polarization-relative azimuthal ¢, for the second photon

14
131 — Klein-Nishina
— Pryce-Ward

0 /2 i 37/2 27

In case of the Pryce-Ward reassignment of scattering angles, the azimuthal
modulation is suppressed by a factor of ~0.08457.
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However!

Let us return to the initially entangled (singlet!) state of orthogonal polarizations:

0y = %(W\yn — Jy)-[2)+)

Consider a single-photon state of a specific polarization (in a ®-direction):
|®) = cos @|z) + sin P|y)

Attempting to construct a singlet state from the rotated basis states |®) and |®+ 7))
(i.e. assuming a specific direction for the pair of single-photon polarizations):

@) -[®+ 5)+ — |2+ 5)-[D)+ = |&)-[y)+ —[y)-]2)+
we get exactly the same entangled state.

The singlet state |W) is rotationally invariant. It carries no information
about the single-photon polarizations. Therefore, it leaves the
single-photon polarizations entirely undefined.

Since the angular origin for the initial-polarization-relative ¢; is
physically undefined, the Klein-Nishina statistics does not apply!
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e double-slit experime

Pryce-Ward analogy

When electrons pass through both slits,
a quantum interference pattern appears
on screen. No-specific-slit for electrons
is analogous to no-specific-polarization
for photons, leading to the Pryce-Ward
interference term cos 2(yps — 7).

Klein-Nishina analogy

When the passage of electrons through
a specific slit is detected, a classical
interference pattern appears. This is
analogous to spoiling the Pryce-Ward
correlations by detecting the photons'
polarizations.

Pryce-Ward and Klein-Nishina statistics are mutually exclusive!

N observed
N ,‘ ‘\y ‘/\ pattern

JAVAVAVAVA

screen
‘\ [ electrons

ﬁ source

Petar Zugec

slits

AVAT::
/ \J X

screen

electrons
detector~d Tivd ‘R [

I
B

Semi-classical simulations of annihilation photons correlations

slits




Analogy: the double-slit experiment
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In semi-classical simulations (treating the two photons as separate entities)
the information on initial photons' polarization is still fully available,
regardless of a posteriori implemented quantum correlations (that may in
principle be incompatible with this information).

Would it be possible to reconcile — even in only artificially,
for the sole purpose of semi-classical simulations — the
Klein-Nishina and Pryce-Ward statistics?

In other words, can we get the best from the two worlds: both the single-
photon Klein-Nishina statistics (as if they were separable) and their mutual
Pryce-Ward correlations (as if they were entangled)?

(The alternative is having an erroneous statistics for the second photon’s ¢,
without any possible practical use.)
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A solution from ansatz

On a level of probability distributions one can use a predetermined ansatz
for a sought distribution P (61, ¢1,02, ¢2), imposing that it:

e recovers the initial-polarization-relative Klein-Nishina distribution
x F; — G; cos 2¢; for each photon;

e recovers the Pryce-Ward distribution o< Fy Fy — G1G2 cos2(p2 — ¢1)
in the fixed coordinate frame;

e has the same form for both photons (61, ¢1 > 02, P2 symmetric);

e is everywhere non-negative.

A minimal physically motivated anzats:
P(01,01,02, ¢2) =

FiFy Arr Brr Crprp Drr 1

GG, Ace Bage Cac Dgaa cos 2¢1
G, Are¢ Bre Crc Drg cos 2¢
Gy Agr Bgr Cgr Dgr cos 2(¢p2 — ¢1)

The solution exists, but is not unique.
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A recommended distribution

The listed conditions admit two free parameters (e.g. Bpp, Baa)-
With F = [1, Fd(cos6;) and G = [, G d(cos 6;):
77(91, ¢1, 92, d)z) X
1 Fs + G1Gs cos 2(@52 — (,251) — (FQGl cos 2(;51 + 1G5 cos 2¢2)
+ (ng — ng)(BFF]:Fl — Bcchl) cos 2¢1
+ (GF1 — FG1)(BrrFFz2 — BaaGG2) cos 2¢2

Selecting Bpr = Bgg = 0 yields the simplest solution for the artificially
modified, initial-polarization-relative Pryce-Ward cross section:

dio re
— = — |} F: G1G5 cos 2 —
d2wld2w2 16 [ 142 + 1%2 (¢2 ¢’1)

—(F2G1 COS 2¢1 + F1G2 COSs 2¢2)}

which is, therefore, a recommended cross section to be used in the
semi-classical simulations of the anihhilation photons’ correlations.

The same recommended cross section can be obtained by some carefully
guided quantum-mechanical calculations (see: arXiv:2511.22630).
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A closing word

With shorthands:

d4UPW d40'
oop1:02) = pa g, N 96(61,82) = o

for the Pryce-Ward crosss section and its newly introduced modification,
the basic angular relations:

$") = (p1 — ®) mod 21
¢g1>,i) = (¢ — ® F 7/2) mod 27

provide a relationship between the two:

1 2 D) L (D,+
%(@1,802):%/0 d‘I"%( g )a é ' ))

revealing that the Pryce-Ward result acts as an angular average of the
newly introduced, artificial cross section over the classically-assumed
directions of orthogonal polarizations of the initial photon pairs.
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