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Aim : Brief introduction to
canonical formulation
of Loop Quantum Gravity

Plan of the lectures

1)Motivation for quantum gravity
2) The formulation of general relativity&

in terms of Ashtekar-Barbero variables

3) Reduced phasespace quatisation
of LQG : Step 1 : Reduced phasespace
in terms of Brown-Kuehadust

4) Reduced phase space quantisation
· of 19G: Step 2 : Kinematics

5% Reduced phase spacequantisation
of LQG : Step3 : Dynamics



Part 1 : Motivation-



1. Motivation

· Let us startwith non-relativistic quantum mecha-
nics -

· Canonical quantisation :

· Classicalstarting point :
NR Hamiltonian system (qi ,Pi)ETQ

· 'Kinematics

(qPi) <qqy= 0 .PP]= 0 ,
59P] =di

· Dynamics
#(piq)=
Canonical quartisation :

Representation on some Hilbot space +dynamics
/Lecture Madhavan Varadarajan)

· Kinematics

(t = (13dx) . [ik] =0, [Pic]=0 .Ei
(Heisenberg)

· Dynamics d
F=H() in 4 = #4

(Schrödinger) di=[ ]



· Situation :

. We only consider non-relativisticmodels

· Global time parameter t , external not
part of TAQ
· We only consider point-like particles
· we only consider finitely many degrees
of freedom

· Unique step to go from
classical model

to corresponding quantum model
( Stone- von Neumann Theorem (
A

rather mild assumptions on representation

· Although foundational aspects of NR
QM still part of modern research , how to

apply quantisation step well understood

· Generalising models at the classical &
quantum level :



1.Motivation
-

· Situation in theoretical physics

Two succesfull theoretical models

Standard Model General

·QFT
, I Cullsq)

· background
· dynamics involve

dependent q
· only matter

·classical
quantised theory

Particle Physics Relativity
Both involves singularities -
Big bong ; black holes renormali·

sation

· In general relativity dynamics
couples geometry and matter

Einstein's
RMu-EGMwR = KTru equations

geometry matter

· tim of loop quartum gravity
\

-
-

Quartum

RMv-EmuR = KFur Einstein's

equation

· physical properties of quartum cosmology
quartum black holes ?
· quartum geometry in general new effects,
emerging spacetimes...

· Situation in theoretical physics-

essfultrati
model

&

General⑤ QFT ·

QFT
,

G
non-

dyn .

on curved

Yu Tian spacetime

ga)onggeMahang)

Paramprect-SinghApplications in cosmology (LQC &Baofeili· (Cong thang)>lication in blackholesD Covaniant formulation of dynamics
Spin foams (Muxin Han)





-

Part 2 :

Formulation of general
relativity in terms of
Ashtekar-Barbero variables

2. 1. Brief recap on Hamiltonian
formulation of constrained
Systems (Lecture YonggeMa)

2. 1 . 1
. Classification of constraints

2.2. Quartisation of constraint
Systems (general remarks)

2 .3
. Summary main results
GR in terms of ADM variables
ClectureYonggeMa)

2.4 Hamiltonian formulation
of GB in terms of Ashrekar-
Barbero variables



2

.Hamiltonian formulation
of constrained systems

· Before we apply this to GR
consider the situation in class.
mechanics

starting point :
Action

S[q] = Solt L(giqut)
L : Lagrangian q=(q ...., qf) E Q

configuration variablesf = dim (G)
Q : configuration

Space
q = (q ...., qf)(generalized) velocities

· In order to obtain the Hamiltonian

formalism we need to apply a
Legendre transformation

T -D T
*
Q (phaeaceH

(q 1 q) (q- P)

· Canonical momenta Ps= jen



· to perform the Legendre transformation
we need to solve the velocities

for the momenta

·Condition that this can be done :

det (k) = det() + 0
-
Hessian
matrix
-

if given : regular Lagrangian
if not given : Singular Lagrangian

· If the Lagrangian is singular solving
velocities for momenta does not work

↳ Legendre transformation
needs

to be adapted

Reason : system has constraints
often occur in case of symme-
tries (particularly

· Apply Dirac algorithm to

(i) perform generalised Legendre transf

(ii) determine the final setof constraints

Lecture by YonggeMa



·One simple example to pick
everybody up :

lagragian(=2x +Xy - E(x- y)z is singular,
no involved

· 1 primary constraint
: Gi =Pyzo

·

primary Hamiltonian :

Hpr = E(px -y(2+ E(x-y) +vI
VV Lagrange multiplier
· stabilityof: = [Hpr] to

Case 2 : k= px +X -2y=0

· stabilityof: Stpryo
Case 3 : fixes Lagrange multiplier
V"= (Px-X)

· final set of constraints: 2



2. 1
.
2. Classification of constraints

Aim : Introduce the notion of first
and second class constraints

as well as Dirac bracket

· Dirac algorithm determines all
constraints

of a given system
· Once the set of constraints is

known

↳ classification into two types

Def.

A constraint is called first class

if its Poisson bracket with all
con-

straints varishes creakly .
· Hence : given a set of constraints

↳Jef then for 1st class constraint

we have 9 E , ] = fix
*

k

for all Je I this is equivalent to

9 . ]20 for all JEI

the remaining constraints
are

called second class.

· for weak equalities , first compute Poisson
brackets , then apply10 .

Zo



Example : from earlier example

= Py20 ,
= Px +X-Zyo

↳ E2] = [Py , - 2y) = 2 70

↳ 2 are both
second class

constraints

· Consider the general case agai
:

Assume given set of
constraints :

N

41 =1 An = 1 , ....,N are 1st class

B2= 1 ...., Ne are 2nd
class

with N = ArtB2

Notation: 1st class constraints

# 2nd class constraints

we assume that the second class
constraints

are irreducible

↳ no linear combination of 2nd class
constraints is 1st class

Question : How can we test whether

a set of 2nd class
constraints

is irreducible ?

We define the matrix MacBz

MAzB2 : = (4, 23)



· A set of 2nd class constraints is

irreducible if det (M) # O

· If det (M) = 0 then

VAz ] o

has a non-trivial solution for VAz

↳ more linear combinations of 2nd

class constraints which are 1st class

exist.

Def

A set [Jel of constraints is 2nd
class if

and only if the matrix

Mij : = ((I , +3)
is invertible on T

*Q/=0
· In order to define the

notion of

observables later on we introduce

notion of a 1st class function

↑he classification into 1stf 2ndertet·class constraint will be impWhen detining Diracobserables

·With Mit and cef (Mis) to given we
can introduce the notion of theDirac
bracket:

& figy := (fig)
- If, y (M-1559]



· Diracbracket modified Poisson
bracket

· encodes dependenciesof variables
due to second classconstraints

-

· by construction [f. 0

* if we useDirac brackets we can
implement second class constraints

strongly =0 also inside 41A
· Following Dirac theset is called
the set of generators of garge-trafos

J

· With this we can introduce the notion

of weakDirac observables

Def
.

A smooth function is called weak Dirac
observable provided that

& f.I] 0 for all I

↓ is called strong Dirac observable if
the condition above holds withoutacreak

but strong equality, that is everywhere
on phase space.
· ForI we have f. [ ]



3. Canonical Quantisation of con-
strained systems

* Let us consider canonical quartisation
in systems without constraints

first

3 . Quantum mechanics in D
=3 :

· Step 1: Given a
classical phase space

with elementary variables
(qu Pi) we consider the corres-

Pondling Heisenberg algebra
4q5 , Pkb = Gin 49 , qky = 0 4Pj , Pk ) = 0

↳ choice of suitable algebra at
the classical level.

· Step 2 : Given the classical choice-

we construct an abstract -Algebra
of operators

AlgebraA : vector space equipped with
a bilinear product
-xd -A

A-algebra has in
addition an involution

map :AA a #a
* with

(oa+ c'a)
*
= Ca* + C'(a*) CiC'e C

I 2 I 2

an192EA#
(aa2* = a*An

(a*)* = a

2

·



· Since weaim at plating commutators
and Poisson brackets are consider the

*- algebra generated by

q , Pic Ha
and set

[q0 , P27=it3 Pk3(qj)*=q5(Pj)*= Pj

· Step 3:
Given the abstract A-algebra we look

for representations thereof that is
a map ↓linear operators
T : A -b 2((t) on Hilbert space

It

with the following properties
π(can + C'z) = Cπ() +C'π(z)

π(nz) =π(n)π(r)
π(π) = (π(a))t adjoint in I

an are elements of the algebra

generated by (qip , HA)
We further require

[π(q% ) , π(P)) = iππ(11) = ih1t

· Lecture Madhavan Varadarajan :
Method to constructI: GNS constructio



· In the case of QM the representation

normally used is the schrodinger
representation
Hilbert space It

= (2 (IR3
,
dix)

(π(qj)Y)(x) = x4(x)

(π(pj)4)(x) = - in8xj4(x)

· final quartum theory depends
on

choice of classical algebra + choice
of representation
· Ingeneralevenfaragivenclassica tion
exist - QM Stone von Neumann

theore

· Physically equivalence
: if representations

are unitary equivalent ,
that is

(11π1 ,
(lt2uT2)

unitary operator
8 : <1 -> Itz

1

s . t. Ut, ) = T2() for all
EA.

·vonNeumann Thin

· There is noStone - von Neumann

Theorem in care of field theory



3. Reduced and Dirac quartisation

For systems with constraints
we have two options:

1) Reduced phase space quartisation
:

·i) Reduce the constraints at the

classical level.

a) for 2nd class constraints:

Construct the corresponding
Dirac

bracket.
↳ in general yields more complicated
algebra

b) for remaining system
with 1st-

class constraints :

-

(ii)Find a suitable set of Dirac
observables 30f) s. t.
9 Of, ] =0 for all 1st class I

· Given the set 4Of] derive their

Poisson algebra
4 Of .Of =....

↳ usually more complicated
than

original kinematical algebra

·

↑

Osfigy*



(iii) Derive the Homietonian
that generates

the EOM 4 Of]
↳ so-called physical Hanietonian

Then dynamics wit physical time

④Of = Of = 4 Of , Hphysy

(iv) Quartisation :

·Find a representation of the
observable atgebra :

Itphys : Physical Hilbert space

of : operators for observables

· Dynamics :
Only those representations

where

M

Hphys can be implemented , then

4
f
= Th[Of , Apnys] Heidelbergs

ot

↳ quartum dynamics directly
formulated in <phys .

T

Heisenberg·equations



2 .)Dirac quantisation
· solve the constraints in the quartum

theory.
) Quantise the unconstrained

(kinematical)

phase space (GT,PT)

Han Kinematical Hilbert space
1

Q
· elementary operators

-5 Pj

· classical constraints (GTIP)
= 0

become operators
A choose operator
= (c

, 5) ordering
· Select physical states :

/Mphys) =o for all I
1

Yields Aphys

· Quantum Dirac
observable

[ , oE] 20 for all I

· Remarki
Dirac quantisation can only

be applied
to 1st class constraints

Given /Pony)=0 D /Manys) = 0
for all I

-I)/Pinys) = G
-[. ] /4p4Xs) = 0

·



· Now if the classical constraints are

first class :

& E,E = fi
* To e

in QT : -
-

[ = f IE

then consistent quartisation.
However for second class constraints

3 +fi
thus contradiction

[EC, * ] (Pinys) O

· Way out:
(i Consider Dirac bracket for

2nd

class constraints in kinematical

phase space

(ii) Weak implementation of the
constraints for all

<4/4/4') = 0 (2), 14K E Htweak

&

a 127
,

"



· As we will discuss reduced quantitation
in case of LGG for most of the constraints

Example: Dirac quantisation
2 dimensional classical system
ExYPk ) = &k jxK= 112

primary
Hamiltonian : H = P+

*= Pr O
· ObviouslyI stable
final set of constraints &

=Pro.

· Kinematical Hilbert space

(t = L2CIR2)

elements 4(x,y) with 11411 < a

<4 , 4) = 114112= Sexualx2 1412(xi
· Constraint operator
& = j = - itex

. physical states

(P2P) (x> x 2) = DE -ih8xP(XYxY) = O

Solution : Physical states do not depend
on X1 4phys = P(x2)



· with respect to kinematical inner product
↑phys is not square-integrable

IUPhysIlitin= SalxvSox 14 12(x

IR

= (6dx))fdx /+ 12(x2)
~

· these physical states are
no elements

of Itkin
· can be understood as linear functionals
on It kin (generalisedeigenvectors)
· Consider linear functional

ephys : D() - C
-

dense
domain i
↳Ekin here&(112) (Schwartz space)

+ E D(& ) + Iphys (4) E &

To construct phys explicitly , we consider

family of unitary operators
Under = 4 eidPreir-Reidrya

and can define for any 4-0 (f)

epts : = Sda < Y(6) 41 · bitkinn



· then

- + lins(t) = Sp < uk) 424)stain
here we consider not infinitesimal
but finite action of constraint operator
· infinitesimali

(Tinys) (x1,X2)=O
· finite : (B) = eiBE
Action on linear functionals

R

(Y(B)() (t) : = (PIP)
· condition on linys reads :

JU(B) linys) (4) = Phys (UTB) 9) = &Thys(t)

· Explicitly we obtain
:

((BleBuys) (t) = [d2 >(2) 4 , (B)T -kin

=Sd < (B) [K)4 , 4) It kin

= Spd <U(B+2)4 ,4 Atkin
E : = B+2

= Spd < [ (5 14 ,T7 <-kin = lenys (4)



2 .2. Hamiltonian formulation of
General Relativity in terms of ADM
-variables

-

· We want to apply the
Dirac algorithm

to GR now

Plan :

1) application of Dirac

m in ADM variables

2.) Afterwards
introduce Ashlekar-

Barberovariables

2 .2 . 1 . Brief discussion
on ADM formalism

in general relativity
· Starting pointisEinstein Hilberimplicity

S[8]=dxg)R
k= 16 πGN

M spacetime coord .
XM , M= 0 ..., 3

@

Consider globally hyperbolic manifolds

then M = 12 x 6 topologically
equivalent

6 : 3-dim marifold ,
Xa a = 1 , 2, 3 coord . 6

·

(Summary (

&



Foliation of 4DM into three-dim .

slices
!

th

xxo

-
X
+(6)I tNMG

.

>XEG
a

-
+-(6)

xNamst TMft Ez

*ed=xix, &
<E
,
(6)

· 3-dim spatial salices Xt(6) ,
t E 12

· S : subsets of
M

;
6 is mapped to 8t

via the enbedding map
Xt

· The evolution is described along
a time-like vector field TM

· We decompose TM into
normal and

tagential components

TM = NnM + NM = dzXME

· N lapse function 3
NM shift vector

NMM = - 1
with NMHM = O

· embedding map x9> XE(X) Coord.



· This allows to consider Hamiltonian

evolution along TM
· TM fixed by chosen N ,

NM -D deter-

mines slicing
· consider generic slicing do

not fix
N ,NM

· Strategy :
Rewrite integral in action SoX

in

e
terms of coordinates adapted to the

slicing SatSc
d

needed : metric gov
and derivatives

there of as tensors on6

· For this purposewe
consider the

first & second fundamental form
ADM metric gab , extrinsic curvature

Kab



· scondary Constraints : Hamiltonian and
spatial differmorphism constraint

Ca = -2 qacDopba
C = Gabedpapad-R
with q := defiq) , Gabed := gacqbb-Eqabfed

· Then weconsider the reduced ADM phase

spachry constraints are satisfied :

MO , Nazo

* consequence: N . Na become Lagrange
multipliers

hypersurface deformation algebra :

& ECN), (M)] = -(Inn)
& C(N , JCM] = - KC (frN)

& C (N) , ( (M)] = - 1J (f(q ,N ,M))

↓a(gN,M) : = gab (M.bN - MNib) structurefunctions
C(NI :=Scx(NC( I := JxCNaCax



· Reduction wit primary constraints
↳ can treat N ,

Na as Lagrange
multipliers

· Reduced ADM action

SEPM = FSclx (qabPab - (NaCa +NC)(*)
d

Canonical ADM Homietonian :

Hoan = ScPx (NC + Na(a)(x)

6

Question : How can we rediscover

Einstein's equations ?

Hamilton's equation of motion

qab (t(x) = 4 qab(tiX) , HaanY

pab (tx) = < pab (t(x) , Hcany

C(tix) to and Caltix) to

· these are equivalent to

RMu-EgurR = 0



· Remark : adding matter :

Row -Egmo = KTur

· then additional dof $( ,πp() etc

and constraints involve additional

contributions

Ctot-180+C4 ,
Catot= Case Cat etc

· ounting degrees of freedom
:

.
Started with 10 dof gar in D = 4

+ matter cof
· full ADM Setup : (GabN , N9) + matter dof

·Constraints : 4 primary + 4 secondary
all first class

· Each 1st class constraints Reduces 2dof
in phase space

(qab , Pab) ,
(N>H) , (Na,Ma) 20 dof

tmalter clof
8 x 2 = 16 reduced

↳ 4 physical dof in phase space

+ matter cof

↳ 2 physical dof for vacuum gravity



2 . 3. Formulation of GR in terms of
Ashtelar-Barberovariables

· Geometrodynamics : Applying a

Schrodinger quartisation to GR
in ADM variables

↳ Wheeler-DeWitt equ

open questions : underlying representation,
Hilbert space ; non-polynomial operators

· Idea: Consider a different choice of
variables at the classical level

↳Ashtekar-Barbero variables

· Recall in GR tetrads D =4

· For a givenMe at
each pall -DTpl

. If (th , g) is equipped
with a metric

we can choose a pseudo-orth . basis

of Tpl

Co(p) ......23(P) 301] I =0 -- ,
3

(

* choose one of the exs time-like,
others space like the

gleied = (or) = Dis

the vector fields3ef) I
= 0..... 3 are

denoted as tetrads

·



· Geometrical interpretation
Tell UXIRY

I
O

I Et I-x
xR"

<

x x

Tol X -

M

b
e p

· basis of section inMXIR4 : El

Eo(p) =(1 , 0 , 0 ,0)
+

En (p) =(0 ,
1 , 0 ,0

T

E (p) = (0 1 0 ,1 ,6)
T E (p) = (0 1 0 ,011)

T

then we can understand e as a map

e : MXI2" -> TM

with Elte(EI) = ef=&M

·ei are components of 21
curt coord.

basis Om

· e is uniquelydetermined
one 3e

and 3217
· Often one denotes not only 4eF] but
also the map e or em as tetracts

· Inverse map exists :

F internal
e-" : The -DMX 1124 indices

e-(OM) = ex = 2 Ef elef co-tetrads



· The co-tetrads define a spacetime
metric

g(2 t 225) = g(2(3=) , 2(Es) =y (E 1 .Ej)= It

written in more detail
· Given this

gro = g(bmdu) =Y(e (8m) ,
e

- (bul)

= y (emEy ,
25 Es

5)(EI ,Es= eTre
F

= em eTr DIT

· If we know eu(p) for each pEM
↳ determinedqme uniquely
· On the other hand :

Given a metric does not fix
tetrads :

Consider a Lorent-transformation

(P) = 1 =
=
&(P)

then gMu = e** y
F5

= 1 = 1 eM2YyF5
= (19- +)2Me = GM



· Hence
,
tetrad determines metric only

up to 50 (1 , 3) trafes.

· Going back to ADM phase space
(qab , Pab)

· strategy to introduce
new

variabtes
↑

(KacEg) 3.)
2 canonical

10) Ca ,
C + add. Trafog/cas(PEGjk

symplectic
extension reduction

2. GjkO Gj2G

/ Cab,pse
ADM Phase
space



1) First Step : Introduce in D =3

triads & co-triads

qab = laeb dij ea co-triad

isj internal indices isj = 1 , 21 3 (
a= 1 ,2,3

3 spatialIR indices

qleises) = dij
· here metric determined up to

80(3)-trafos Crotations)

= Ojea yields same qab
↳ 3 add . dof in a not encoded

in gab

· co-triads are SUR-valued
one-forms

· Use map between IR and Lie (SU()

V > Vit ; ↑ i basis of Lik (SU()

e = eia ; dx* 1-form with values
in Lie(SU(2)

· spatial indices are pulled with gab
internal indices are pulled with dij

-valued



· to have a canonical pair need add.

indep. Phose space variable Ka

Kab = Klb"Gjk Kat indep
Lie(SU(z)-valued
1- form

· We know Kab is symmetric :

j

Kab = Ke Gjk + Kae djk
-
needs to vanish

· Hence constraint:

Gab := Ke = O for all aub
(3 conditions)

· We consider densitized' triads

-e det(q) fothEg = Vdet(q)j of coitriads

· for triads we have
a j

ege*= and 2j 20 = da

usingEat a E:



· Thus we can rewrite the rotational
constraint

Gabo GabE;EP = O

a,b = 12,3 j/k= 1, 2 ,3

· Then easy to show

GabEgEb,= KatkEj

equivalent form :

Gjk : = KatjEi o

· Extended phase space

· elementary variables (K . Egg)
· Poisson algebra

3 Ka(x , Eix(y))= (x ,y)di

3 K:(x) ,
K (y) = 0 <Eg(X , E((y)) = 0

· Constraints :

Ca = - 2 Db(KEBj - GEjKc)
c= (KaK-Kak) EEe

-R

in addition to Gjk:



· here R and ra are understood

as a function of (K , E)

Gab = EED det (Ei) Sij
def (q) = det (Ei) using detEa

2) Symplectic reduction
curt Gjk20

Strategy : express Gab ,
Pab in terms

of CKE) variables

then compute their Poisson brackets
and show that same result as ADM

phase space on Gjk = o hypersurface

qab (E) = det (Ei) EaE Ojk

pab (KiE)=et(ea(EE
Eb KM)

·

using the elementary Poisson brackets
of (Ka, E. ) compute those of qab (E)
and Pab(K , E)



· Result:

(i) Since qab(E) only a Soth of EQ :

4 qab(E)(X) , qcd(E)(y)) = 0

(ii) Not hard to compute

4qab(E)(X) ,
PCd(KE) (y)] = 1&add (x ,y)

(iii) A bit more complicated to compute

3 pab(k, E)(X), PCd(kE)(y))
--Voil (qbcgad + gbdGac + qaeGbd ,gadb4

where Gab := qqbdGcd = q
*qbdGikeaek

· Thus Gab are combinations of the

rotational constraints

↳ rediscover standard PB on

Gjk 2 0
.

· Both formulations describe the
same physics general relativity



·Therefore choosing (KasE) we

can rewrite the action for vacuum

GR as:

S = FSaltSaRx (2KlaE?
- (nkGjk+NaCa+NC)

· Geometrical interpretation:
Ca ,C generate spatial differs with in

&-
and orthog .

to Et only if Gjko
· Extended constraint algebra :

· additional G(i) :=Sox( Gjk)(x)
d

· We have :
-

3 qab(E)(.GLN) = 0 ,
< Pab(KE) (x)

,
G(n)) = 0

thus mixed Poisson brackets with

C(N) , (N) & G(1) all varish

· Rotational constraints

4G(11) ,G(1)) = +G([11 , 12))

expected , infinitesimal 50(3)
rotations

· Hypersurface deformation algebra
stays the same up to term involving
Gjk

- 4-#



3.) From (Ka , EG) to Ashtekar-Barbero
variables

·To perform the two canonical trafos
we need notion ofa spin connection

· Discussed already tetrac basis[
= OM)

coord basis 30M]

· Consider a UF we can expand it
curt 90mY or 4Et

V = VMOM or V = VFEF
showed already
Ef = e

*
FOM and herce

VerFEF = V
I M dM TVMOM
I

-

VM

·we can extend this to tensor

TE = eTM
TM = FCC T I

j

· for tensors with spacetime indices:

·

Os
5.

& Christoffel
-du = Nu Pour symbols

·



Do
I

= OmF 5et· here e

WMFT spin connection coefficients
· then for tensors with internal indices

PMTFj =OM-F5tCorFI
and for mixed indices

WipeMmT Fo = OMTFo -N TF + #jT=

I S

· up to now Tu & WmFy are completely
independent.
· Using that

VF = eFaVM etc we
can compare

DV = (Prvy) dx dr

= (GMV + NSVP) dxMd

and

DV = (DMVF)dxMe
= (OMVF + WmFjV5)dx(vFetum
= (OpVS + e(Come) + Wu Fje5)VV)
dx Of

- b -·



· Comparing the two yields

Pimu = e (OneF + was Tu

and solving for
the spin connection

WmF+ = Narefes - 27 (OmeFr)

· Relation for spin connection can also

be obtained

DueF = o

carrying over metric compatibility
Angry = o to tetracks

· metric compatibility in tetrad basis:

Dmq(21 ,Ex) = DMD F5
= OMIT-WMK I YK5-CM

*
5 YIK

-
=C

= -WMTI
- WMIT G

↳ WME5 = -WMJF

thus (WM)Fy is antisymmetric
matrix

- 7 -

I

·



· Now back to D=3 and triads

WMF- 2 Ta"
;

a= 123

j= 1213

then we have

Pa"j = Mabeek-e (Omeal

here also Naij = -Maji
(Na)" ; is an antisymmetric matrix.

· We can associate to an enti-symmetric
matrix in D= 3 a vector

· Mij =-Mji ~D 4
*

= -Ekemmem*

Checki
k
= Eijkekem MemMij = -Sijkl

= E(didj -Sijdke)Mem = Mij
· for spin connection :

p = - 1gijk Najk ↳ Najl-Ejke Fa

and from this

pi = 1 gijk obin (Oblaj-dalpstejeabble
-8-

B

N N N

m A

N N

#



· Expressed in terms of densitized
triads:

↑"a= E gijkEl (Eab-EGa+ EgEQEGb)

· ↳
+ Egijk Eba))2Ejadet(Elb-E detLEab

det (E) (

* Ta(E)

· Now discuss two canonical trafos :

(i) Rescaling by pek
< K a

: = BK'a
B Immirzi

(p Ea : = &Ea parameter

obviously canonicaltransformation

(ii) Affine transformation

Introduce new connection

(Aa : = M* + (B)/ Ashtekar-
Barbero connection

here (B na = E) = N* (E) = Nja
invariant under rescaling.

-qu#



· Need to show that (A , EG
canonical conjugate pair

·(a) < (B) Eg(X) , (P'Ebp(y)) = O only
Brescaling

(b) 9 (PA* (x) , (B) EPK(y)

= Ra(E)(I + (B)Ka(x),EPk(y))
= 4(Pk (x) , (B) E((y)] = add (x ,y)
(non-trivial computation

g(yja(x) ,

(B)A (y)]

= 4Na(x) +(B) Ka(X)
,
(B)Nkb(x) + (B)kbk(y))
--

= O

· Constraints in terms of Ashtekar-
Barbero variables

First observation :

Rotational constraint can be

written as a standard SU12

Gaus constraint



· From Dali = 0 e DEg =0

DalPlEg = da(PEg - Ta"; Ea

= da(Eg
,

+ &jePk(B)E = 0

· thus we can recrite the rotational

constraint as

(P'Gj = Ejke((PK* )((BEG)
= Gj

= O + Ejke(BK"(B)[e

= DaEa + Ejke(P) KK(B)Ea

= daEg + Ejke (P + (*) K) E
-

=
(B)Aka

=:Dataj
· Thus are obtain a standard (B) jNA

50 (2) Gaup law with connection
-

Gj = DaE9 = 0



· Remaining constraints :

spatial diffeomorphism :

Ca =
(B)Fap()Eb - (PK'a

,Gj

· here(BF-b = daAb-ObAa-Ejke'A(PA

· Hamiltonian constraint

C = BeVoi)(Ejke (B)&(B) Eb (B)Fae
+ 2(EgDaGj(

+ (B2+1)

EB)())Eq(PK) (E(P Ka)
- ((B)k3(B)E 2)2)

here (B)Ka ==N* (E) + (AP
a

understood as a fath of Ashlekar-
Barberovariables

.

· One can neglect Gj-terms in C ,Ca

since thosemodified constraints

together with Gj define equivalent
constraint hypersurface



· The Einstein-Hilbert action in terms

of Ashtekar-Barberovariabtes

S= SaltSax (2(B)ACE e
- (15Gj +NC + N4(a))(x)

B Immirzi parameter Bt0EK
parametrises the canonical transf

· for B = 11 second part in C

vanishes

but

(Aa= Malika complex
connection

· can work with complex connection
but need to implement add reality
condition

!
(p Eg/p = (P'E, /p

((p)A"a-MS) ! (PASa- Noa
I

B B

· either complicated Ham .

Constraint

or complicated reality condition.



Part 3
Reduced phase space
Quantisation of LGG :

Step 1 : Reduced phase V

space using Brown-Kuchar
dust

Introduce dynamical reference
frames



3
.
3Reduced Phase space quartisation
for LQG

· GR in Ashlekar-Barbero variables

(B)(A*a(x) , Eg drop label (B) from
Now On

·Constraints

· Gj(AE) SUR)-Gaup constraint

·
Ca CAIE) spatial diffcom .

constraint

· CCAIE) Hamilton constraint

· Gj(A,E) will be solved via
Dirac

quatisation
· Ca(AiE) , CCAIE) via

reduced quantisa-
tion .

Relational formalism
· Idea : Formulate dynamics in

GR

in a relational way out
a

chosen dynamical reference
frame
· circumvents problem of timeLD

in GR

Hoar = SoPx (NC + NaCa + X'Gj)(X)

·



Dirac observables :Of :

& Of = 4 Of
,
Hcan] O

since they commute
at least creakly

with all constraints

· Relational formalism:
· choose a dynamical reference frame
· Construct Dirac observables

wit

dynamical reference frame

allows notion of physical temporal
& spatial coord .
· Given this one can

obtain true

Hamiltonian Aphys to that generates
the dynamics.

· Step 1 : Choose dynamical reference
frame

Strategy : Choose reference filea
space

W

Ci = (CCM) , (NI) ↓ reference frame

(Aa) Eg) + (TF ,Pj) I
= 0 .... 3

s. +
. MFj(x ,y) = (TF (x) , Gj(y)y)
inverse (M-1)F5 exists

falz(M-

YFj(X ,z)M
-
k(z ,y) = G ,G

*
(x ,y)



· then one can define aequivalent
set of constraint

Cl() = Soly(M-v)= 5 (x,
, y)C+ (y)

that satisfy
4TF(x , ((y)) = F q()(x ,y)
· Reference fields and C are weakly
canonically conjugate
· further Cj are weakly Abelian

4C(X) , Cl(y)) = O

· General idea:

use combinations of
(A) E)

and TF's to construct Dirac
obser-

uables for (Aa , EG)
· Consider general formula for
generic phase space

fath f
introduce : GF =F-TE In=0, ....3

EF= (5 ,69)
↑ values
of TF1

Of,i (E ,b)= Saly
.....f een

&GFigu ..... GFN(yn) .... If , Cin(y)] ...... Cln(yel]



· Let us look at lowest orders

n= 0 OfiTif
n Of , T = f + Soy GF (3) Ef , CF(y))
Consider Poisson bracket

with G

< f + SoBy GF(z)4f , C#(3)) , 2j(x)
= 3 f , G(x)] + Soy(G F(y) , 2+ (x))4 f , Cl1y)]
-
- M.Fj(y,X)

+ SoBy GF(y)4f ,Cl()] ,Gj(x)]

= 4f , Cj(x)Y = C(y)
--

- SoPy Solz MFs (y,x) (M=)K(y ,z) f , C k(z)]I

-Jc3y(cl z MF- (y,x) (*) 9 f ,Mi
-O

+ SdbyGF(y)3f , Cl(y)3 , Gj(x)y
~ 3f , G(x)y - Salz dj

*
(X ,z)(f , Ck(z)y
-

3 f, C(x1y
+ Soy GF (y((f , CF(y) 3 , G5(x)]

E



· Realize : first two terms exactly
-

Cancel
term with 4 (f , CI(y)] ,G(x)]
survives would be cancelled

by high order n. .

·Need to construct Dirac
n=0

observable.

· Properties of Dirac
observables

·Commute with all constraints

weakly for which reference
frames

have been introduced

3 Of , C + Y O

·

· Algebra of Dirac
observables

30+. OgS = Osfigg* Dirac
bracket

3figY *: = 3 fig) - <f , C+Y (M--)F j 4+5, g)
+ 3g , CI](M-

1
F

jSTJ , fY

here slightly different since MF5
= (<TF , <53)

and not all comb. of second class
constraints

· Since 3 ... 3 ** 4 .. ] in general obser
rable algebra more complicated.



Question : what reference frame
to choose ?

· No preferred choice but some reference
frames might be technically simpler
in quantitation step (Algebra

!)

Example : Brown-Kuchar dust
Idea:Choose dust as dynonical refe-

rence frame

galust=- Sox g9(g(Pulp + 1)

U = - T
, a
+ WiSia j= 1, 2,3 internaldust field index

· Consider gravity coupled to dust

S = GEH + dust

· Edust involves 9 ,Wj ,T, Si
8 scalar fields

· system with second class
constraints

g : energy density of clust

Wj : related to momenta of
T,Ss

·(T , SJ) reference frame
To-T ,T =S

· Va satisfies geodesic equ
UPDBHx = 0 up freely falling observer



· Now idea of BK model :

(T> Pf) (S%, Pj)
Reduce art 2nd class constraints

remaining first
class constraints

tot

C = C + Cust
tot

Ca = Ca + Clust

colust=(P+T1a+PjS·a) (P+T,b+SibPj)
Cadust= PTia +PjSia

·Strategy : Solve C , Ca for
Pr andPj

obtain equivalent setof constraints

tot = P+ + h(AIE)

[tot = Pj + hj (A , E ,Sj,T)j

with
-

h = V 2
+ qabCaCh

ga sib= Gab
hj = 89) - hT, a + (a) ; j

· Now are have
*
= ([tt , <tot)

3 <tot , tot]-J

-



·Construction of Dirac observables

Reference frame TF= (TISY)
~tot

T : Hamiltonian constraint C
~ tot

·5 : Diffeomorphism constraint C

· Since of = (Etot , tot) linearly
in Pj = (P,Pj)

ETF(x) , G(y)y= GEG (x ,y)
-

thus MFf(x ,y) here

f(x) = Say
F

-
G(x (y)(y(y) = G(x)

↳ can replace CJ by C in observable

formula.

· Then Construct Dirac observables

(Ox (416) , Ozg(16)
· Observable algebra

4 Oa (16) , Oek(416) Y = OsAa , Ey*

= 04A
, Ebb = (d ,6)

↳ simple observable algebra.



· Construct observables of C , C;
and gik then the physical Hamil
tonian rads

IHphys = (c6 H(6) Hphys O

8
--

with H(6) = VO2 + (Oq)"OcaOco
↑ includesonlycontrite.

· Next Step :

Apply Loop quantum gravity quartisa-
tion.

=

· Question : What happens for other
IFChoices of referencematter?e-

· In general algebraof observables
&

physical Hamiltonian changes
· Other dust and scalar field models
have been considered in caseof
GR and contextof LQG

· In thesecases quantisation program
can be completed
· Reference frame dependent GFT

· Next Step :

Apply loop quartum gravity
quantisation



Part 4 :

Reduced phase space

quantisation of LQG
Step 2 : Kinematics

41. Choice of the classical
algebra (holonomy- flux algebra)

4.2. Representation of the
holonomy-flux algebran

4.3. Spin network functions



· 4. .Kinematics : Canonical quatisation
of (reduced) LQG

· 4 . 1
. Choice of the classical
algebra (Holonomy-flux

algeb ra)
· To simplify notation OA = Aa
cabuse of notation) Ozg = Ea
· keeping in mind (Ala , EG) are

&
<

elementary variables of the physical
phase space (still need

to solve

Gaup constraint later)
We have

3 A:(6) , Ex (6) = (6 ,6) di da

· introduce smeared quantities
· choice of smearing guided by
(i) background independence
(ii) observables (gange-inu . quantities)

variables should transform simple
under SU() gange trafos



· Configuration variables:

A a(x) ~ holonomies hc(A)

Given
Lie(SUK) valued

A = A"a Yadxa

1- form

· background indep . smearing along
1- dim carves

1

C

SA = Soz Aa(c(t))29(t) E,~ou*

C(0)
C o

· Holonomy hc(A) E SU(2) of the
connection A along c is defined

as the unique solution of
the

differential equ

Hog(t) - hos(A)A(c(s) = 0

ho(A) = 12chc(A) : = hc(A)

with Cs(t) : = C(st) with SE [OM]

and A(C(s) : = A a(c(s)[a(s)Ej

·



The solution can be expressed as the

path-ordered exponential

half=BexP)Screen A (a(tu) .....
All e

n=1 0

smallest parameter to the most left
position.

· Properties of holonomies

Consider composition of two curves

OnC with f(n) = b((z) C10Cz-qu↑ final beginning ↑
22

·

then we have
qu
C1 f(c) = b(c)

hcnoca(A) = ha(t)hcz(A)

· Consider for a given curve c from
qu to qu its inverse then we have

Hc-1(A) = (hc(A))
-

· Given the trafo of connection A
under SU(2)-Trafo , ge SU(z)
Ag = gAg

-1 - g-1dq
them

ha(t) : = hc(Aq) = g(b(x))hc(A)g
-1(f(c)

--



· In particular this means so-called
Wilson loop is gange-invariant

·· Leta be a loop 2

tr(h(A) Clattice gange theory)
· Apply SU()-trafo

tr(ha(A)) = tr (ha(A8)
=> tr (g(b(x)) ha(A) q-v (f(x)8
-tr(g-r(f() g(b()) ha()) cyclic

permutation
= tr (ha(AL)

· Momenta variables
--

Eg(x) ~ flux variables En (8)

·
Given Lie-SU(2) valued

E = E. Da vector density
/ -

· Consider 2-dim surface.
in 6 and define

En ( .5) :=SH
· E: EabcdxPedx
,

ns Lie-algebra valued smearing
fath

E(S)

.



· En = EanOa is vector density of weight +1

· Sabc has density weight
- 1

↳ integrand in En (s) is a 2-form
f

· Eindaba xbidx : Ens Na
↑

is a 2-form co-normal

↳ can be integrated against 2-surfaces
in background indep . way.

How does the Poisson algebra
· Question

of 4c(A) & En(S) look like ?

Realise : hc(A) smeared in
1 dimension

En () smeared in 2 dimensions

4 hc (A) , En (5)) a priori ill-defined

· Explicit form
For this purpose chooseon embedding
of the surface ,S into6
I : [ (M10, U2d) , (Un , Mert] -DG/ L
S

(2n(z) + X(Knie)
co-normal n = Eabcdxxdx
choose ni = dik En(s)~ Ej(,5)

ess 221

Ej (5)=dan&de n (Xs(u>2 Y) E. (X,Hise



· holonomy
hc(A) = Pexp((t)

tr
=Pexp((dsA (c(s) <b(s)4)

· then we can compute the Poisson
bracket

2hc(A) , EjCS)
tr R11

= Sals/deSom(r*(Xs(2nd) casehc(tais)(A)Ejhc(st1)(A)
-(3)(C(s) , X, (un)(2)))m

↑ ↑ points on s
points
on C

· Problem : If curves C lies entirely
in ill-defined.

· To circumvent this are consider regularisa
-

tion .

· First introduce notion of path
:

equivalence class of
curves

cuch b(c) = b(c' and f(c)
= f(c)

Hc(A) = hc' (A) for all At A

- : set of smooth connections



· path consists of finite numberof

edges ⑨

23
e4

·4er ... 4] ez

at end and beginning of · 21
eC

.

· finite set of edges is independent
provided that ei

intersects in b(ek),

flex) at most.

· Aim : Compute [he(A) , Ej(51) 2E

&
-

1) Regularized holonomy -----he (A):=Pexp (ScPs ois)[e ↑
S

k
--

.. 3-dim-
tube

2) Regularised flux
-

E(- ) := (ds &(s) Ej(,5) -zi- ·----------------/
IR .

· Given regularized regularized
quantities wecan with 3din

map them
into a sub- smearing

algebra of C" (c) x Vo(n)
(smooth foths of connections
and vector fields thereon)
↳ then now action of VF on hi (A)



· Strategy : Compute the result of -

the regularized quantities
einY (5) [he(A)]:= She(A), EE(S))
E-DO

= Yn(s) [he(Al)

· Result can be formulated in terms of

four different type of edgescut surface

in out

.

#se m
licz(A)

~
upCz

example : *
split C= C10Cz Cy

downhai (A) is outgoing ( ha(t) = (Hc-1(A))-1since orientation of
G is inverted.

· sufficient to know the results of all

for basic edge types
Result :

Yn(.5) (he(A))

= 2(2 , )nj(b(e)The(A)
where Eleist = &If own

o fore outs in



· So far considered only action of
In (5) on holonomy at single edge

e

· Aim :

Generalise this to fatno of holonomies
of several edges
↳ notion of graphs
notion of cylindrical faths

· Consider oriented graphs :

defined by aset of independent
3

ez -k
Ve-edges Sens ..... Cn] - >

②
> ~for a given graph - Ledges

·
M T

Yi
Vn en ( 24

vertices

E(y) : set of edges y

V (y) : set of vertices
graph

· Each graph y depends on a finile
number of edges only
↳ need to consider foths not only on

oneybutonally's
thata De

· For a given graphy :
-

A : set of smooth connections

-Ay : Subset of
it with connections

associate d withgrapho witis
of 8.



· There exists amap

IE :Af -> 8U(2)" with

-Eny + Ie(A) : = (hen(A) ......
hen (A))

· We use It to define cylindrical
functionswit a given graph y
with E(f) = Sen ....en y

f : Ap -> C , Fy : 8012)-> K

A + fy(A) := T (IE(Al)
= Fy (her(A) ..... hen(Al)

· A foth is called Cylindrical foths
curt a given graph y if

it can be

written in the above form.

Notation : f E Cyly.
· Remark:

A given cylindrical fath is cylindrical
wit many graphs
Example :

fa(t) = Fy(he(A) E(y) = Sey

Consider y = Seilil] with e=Col!
and es indep . of e.



· then f is also cylindricalwrt y' since
·

fy(A) = Fy)(hei(t) . he(Al)

· A graph y' is larger than a graphy
if every edge in y can

bewritten as

a linear combination of ei's , that
iS

e = co lo ... en Si== 1

for some set hei .... Cel of E(7)

· Realize :

Anyf that is cylindrical cort y
will also be cylindricalwrt any
larger graphy

· This allows to define an equivalence
relation on UCyly

y

Given fif'e UCyly
we can find

y'y' such that fE Cyly , f'E Cyly

equivalence relation

fuf' if fif' agree on all larger
graphs y " yiy'



· We define the space of smooth

cylindrical foths

Cylit)= UCyly/v
y

abelian C*-algebra with pointwise
operations and supremum

norm.

· In order to work with
that algebra

need to extend the action of
flux

rector fields Yn(s) to cylindrical
fatn :

Yn(s)[fa)= NElec,5) [ni(blei)TheK (Al]As
&fi - Che (A) , .... MeN(A))
8(hek(A))AB

Here AlB are SUR) indices
and it is assumed

that any of edges e
can be classified

as being of type up ,
down , in or out.

· Starting point
for LGG :

The Lie-A-Subalgebra of Cyl8(a)xV
: (c)

generated by smooth cylindrical functions
Cyl"(1) and the flux

vector fields Y (15)

oncylP(it) ; called holonomy-flux algebra.
· Involution : complex conjugation
(He(A)) * = heTA) = (her(A))

T

Y (5) = Yn(,5) = Yn(s)



4 .2 : Representation of the holonomy
flux algebra

· Physical' Hilbert space

(tphys = L2(2F , &MAL)

here : space of generalized
connect

tions ; not necessarily smooth can
even

be distributional

· To briefly discuss the
construction

of Itphys we first
consider

Cty-tee Ity : Hilbert spaceassociated to

graph y
Ite : Hilbert space

for each edge :
for one edge in y

Ite = L (8W(2) , dMH)

· Su(2) compact group
Haar measure on

· There exist a unique
Su (2) with the following properties

(i)(dM+ (g) = 1
8U(2)

· invariantunder left-und night transe.

(ii)[dMH(g) f(hg)=(0lMH (g) f (g) CivilSalMH(gflghH(g)+(8)



·explicit form for SU(2) expressed in terms

spherical coord . IR
*

X = Sin4sin coso &.4 e [OTT] , GE [012T]

X = SinY sint sing

X= Sin4 cost
XY = COST

then

dMH (4 , G ,9)= Sin24 sined4dde

· Considering Cylindrical foths
out

a chosen graph y , E(7) = Se ... (CN]

↳ associate to each edge a copy
of He = (2 (SU12) , dMH)

Then we car define on inner product
on Cyly :

<fy , 98) := di (hei)F(hen(A) ....her(A))dusN G (her (A) , --.MeN(A))

here FIG : SULLIN -D &

Cauchy completion (ty : Cyly



· In case fy and gyz are cylindrical
curt different graphs ye and ye
↳ we can find always y3 s. t. fig
are cylindricalwot Ju
ex.: Y3 = y 182

Aim :
Inner product should not
depend on the

choice ofys
· this is an additional requirement
for measure.
· one construct a family of measures
that is Cylindrica

consistentMy
· means: Given fCylindricaora
Yes E(71) = Gen ...Con

82 : E(y2) = Gen -.., EN2]

then

SdMy, Fyr = [dMye Fye
GU(2)N1 SU(2)Ne

Fy1 : 86(2)
N - D ; Fy2 : SU(z)N2 - &

here normalisation as
well as

left- and right invariance
crucial.

· Given cylindrically consistent family
of measures & Myy then one can construct

MAL on it and get (Ephys = La(c, dMAL



· Action of basic operators

(π(fg) fy) [A] = fj [A] fa[A]
li

(π(En(s)) fg) [A] = (Yn(S) fy) [ 1]

with

(Yn(s) fg) [A]
= Be nick[2Ele ,5) J,

(vie) F] (hen (A), -.. hen(
VEV(y)

with j(ve) :_ idid ...[Jaid. .
when e is ingoingE

e is outgoing

·here Land Riderote the left/right
invariant vector fields on SU(2)

associated

with each edge
(Rif) : = fletts
(Ljf) := /e=of (hettj)

· more explicit formofactionfamultiplication
network basis



4
.3
.
Spin network functions :

an orthornormal basis of (Ephys

him , express (tinys as orthogonal
Sum over individual (ty's-

Spin network functions

·Denote by 4 π , j = E with > 0 E NNY

set of irred. Representation of
SUR)

· Given graph I
.

We associate to

each edge
ec E(y) : Tie e EπJ , j= E ,MofINY

notation := 4 Tje ,
ec E(y))

· (Gauge-variant) Spin network
functions

Tyi timin :-
&

-
A + M V2je+ 1 Tje(he(AL)]mene-

etE(y)

with in := 4 Me
,
e - E(y)] ,

: = 4 NeetE(z)]

where MeMe label the corresponding
matrix elements Meine e

31 ..., 2jet 1]



· In order to understand why SUFprovide
an ONB of (phys we consider the
matrix functions

Himn : 8U(2) - &

q(πmn(g) : = [πj(g)]mn
with min= 1 , .... 2jt 1.

· Emny build on ONB of (2 (SU12) ,Mit-
= Ste

in
, In

=SdMH(9 n (g) In e
= Gij , Amim'anin

1

2j+1

can be shown by Peter WeyThm for
compact Lie groups
· Given that we immediately obtain
that SNF are an ONB of <EphyS

· Action of flux & holonomy operators
-JenChet#jein , Che(A

&jejeke g(jejek
-Ken (hel e=> Cmmm"

C If

Keim"in"
-

(Yn).)Tje)(he(Al) =Benj(ble)[t,
(e)Tje(he(1))]m



j4 es
Vj

e4· Spin network Ve-4
55

A·Ty, im ,I ( ⑳

egsee so-en j6

Ve ju

· Now we want to proceed
to express (tphys in terms of Itys

.

· Problem :

Consider two graphs y,y that differ

only by one edge only

Let =GEtrivialrepresentationaee
·Ty,Timin ,T, ,min)

= 1

and thus T. m Ty iTimin

· We do not allow trivial representations
associated to edges.

Stphys = G(ty
y

· Hy are separable
Hilbert space

· Since we consider
direct sum over

all City , E phys non-separable



1

Part 5 :

Reduced phase space
quantisation of LGG
Step 3 : Dynamics

5. I. Brief discussion on Sul)
Gauß constraint operator

5.2
. Quantisation of the physical
Hamiltonian



5. 1 . Quantisation of the Gaup
constraint

Classical expression of Gamp constraint

G(1) = Sc6(1)DaE: )(6) = -SoBG (Da15)E
S

= ECDaN
· Aim : Want to compute [he (A) , G(1)]

againwe
introduce the regularized

holonomy he (A) smeared in 3 dimensions
·

Computing [he(A) , G(1)] and removing
the regulator yields:

Ehe(A) , G(n)
=- Pfdt(Da1j)(e(t)29(t)he(0 , t)(A) [jhe(t()(A)-

· Realise : (Pani) is phase space dep.
since it involves connection
Aa

One can show that the integrand
above can be written as atotal time
derivative.



· To do this we consider

(he(at)1he(t()
From the holonomy differential equare
have

(the(at) = he(ait) A(e(t)

He(t() = - A(e(tDhe(t ,1)

·Using this and the product
rulewe

geti

#(ne(a,+)14e(t ,1)=he(at)([,1])he(in

·Considering the explicit form of
the covariant derivative :

(Da1)e(t) = (da1 + EkeA 125j)ea(t)
= ! +A1[[k ,Ne)9(t) used

Ej = - iGj/2
=

+ [tj ><k) = Ejk te

I



· Combining these two results are obtain
for the Poisson bracket :

< he(A) , G(1)y = B(1(((0)he(A) - he(A)1(e(n)

· this can be extended to cylindrical
functions

2 ff(t) ,G(1)y
= & (1(ble)R? - 15 (f(e) (3) fy(A)

etE(z)

· We can rewrite the sum over all edges
as a sum overall vertices VEV(7) and
then sum at each vertex of all edges
that start or end there.

· Considering this (1) can be written
aS

(1) = in[fy(A) ,G(1))
=[P & 1(v)(2 R; -24i)fa(n)

veV(y) ecE(y) etEly)
v= b(e) V= f(e)



· Solutions to the Gaup constraint :

Dirac quantisation
~jo j

⑨(n)fy(A) O > jz55> ·N
isthose cylindrical ~

j4fatns where the
ingoing& outgoing
edges couple to same spir Jout=J

in

so that total coupledT at V is
jort Jin = 0I

↳ subspace of (phys

Hinys SU12) gange-inu. (tinys(Aphys
· For spin network function are can
obtain the gange-invariant set
by introducing so called intertainers
at each vertex

.



5. 2. Quartisation of the physical
Hamietonian Aphys

- Physical Hamiltonian Brown-Kuchar
model

Hpnys = Sad H(6)
H(b)= -qab(E)(afb(6)

· In order to quartile Aphys we need
operators corresponding to

-

-C(6) and qab(E)CaCO

· question : Why not f directly
↳ not possible in LGG representation
only finite differs

· Compare to Dirac quantisation
without dusti

physical states C(N)4 pays o
finite④ () Ponys= Ponys
differs

· techniques to quantise these
operators use full in both approaches.



· Start with quantisation of C (6) :
· For simplicity are restrict discussion
of the Eucedian part here

C(N)= )039 N(6) EjkeFab EEbe
S

L VIdef(E) I
+ (1+B2) ((kbE,)(KEY) - (KG Eq)t)V

=> Cerd (N) + (1+ B2)T (N)
u
Lorentian part

further Ka = A-N* understood as
Setns of A ,E

· Euclidian part depends non-polynomial-
on E and involves invose of Volet (E)

C

↳ problematic
· Idea:

Rewrite etEle by usinga
VIdef(E) I -

ClassicalidentitysuchthatVat
one

· We have in D= 1 class.mechanics

* =24q1V]
· Follow similar idea here.



· For this purpose we consider the
classical volume fotnal of a region R

V(R) = Sale XE)/(6)
R

det (E) = Ejke &abc EgETE
↳ third order polynomial in Es
· The classical relation that we obtain

is

ec= sqn(dettel) EabaeEe
VIdet(e) /

= (Aa(6) , V(R)]

·Using this are obtain

nike ja Eb
= # gabc <Ac(s), VCR)Yk e

VIdet(E) I

· Volume operator (R) exists in LaG .

Now to be able to promote Cance(N) to
an operatorwre need to express
Fb() as well as A(d)

in terms of holonomies



Question : How can this be done 2
↑

1) We rewrite Conce (N) in term of a
trace

· We have ej =-idj then

Tr(tjtk) = - 28jk
· further Fab = Fab ,

Ac =A
then we have = N(5)
--

Cond(n) = C 1 [00 (Nsgn(dete)(6)
S gabcTr (Fab(Ac(6) ,V(R)y)

· Cr : includes all involved constants

2) Rewrite Fab in terms of holonomies
&

We have

Fab = DaAb-ObA* + [AasAb]j
· Consider a loop of edge length 1

V+EHjhais-heavhejivtHI ·Vtelf+ E1j
hi"

↑
Fi +EHF+EHj V + % N

es,V +&Hy 2IJ
· > ⑳

with V:=V+Hi+ Hy eI v+ EHF



↑
· We consider a Taylor expansion of the
holonomies up to theorder

hel(t) = 1 + fdtA(c(t)
+ E SdtndEz A(C(te)) A(C Itl)

2
= 1 + 2A(V + &Ht) +22 A( +&He)
+0(22)

· we do this for all edges involved and
then Taylor expand A (Ut ... ) around
VA =VH1 + Hy .

· We obtain

hals(A) = 1 + &2 FIj(A) + 0(22)

↳ has-h = 22 (FIj -Fjl) = 222Fes&

using FIG = - FJl

j
· Tab can be approximated by loops-

of holonomies .
· Next we need to express (A(6),V(R)]
in terms of holonomies

↳ Al ,VCR) y = her She ,V(R)]

where Al := Set



·to show this one expands the holonomies
up to linear order. in E .

· Given this we are able to express

Fab EEEjke in terms of holonomies
-

Vket(E)I and fluxes.

· As the next step arechoose regularisation
of cence(N)
· For this purpose we

choose a trian-

gulation of 6 in terms of
tetrahedra

T(E) , where E is a parameter of
the fineness of the triangulation.

. . Then a obtain
·

d =2SqB6 =hi 2
Rieman

ef ~ volA sum approximation
· AET(E)

E-DOAET(E)

· If we consider a function f(x) then
we can use

JaB6 f(6) =E Sad3x f(6),
E AGT(El

= liveno [Ca9 f(61) ,
61E A

vol(1)=E3I 1 eT(3)
ca=y

1 2



· Let exifie be sedges with a common
intersection point VCA

en
(1) 1k(A)-

.....ej(t)
E 72j(1)&.......In->E -men AIJ

·-> ⑦ >

I (a)V(1) I(1) VCA)

2I5(1)
tetrahedron

· Now are consider a loop LIT

Then the regularized expression of
Cand (N) can be written as

Cance (N)

=Ishim& N(V(A)) &3gabcTr (FabdAc ,V(Rv(a)])
-

E-DO AGT(El
- * ↑

29
-2

~E
-1

= lin& N(V(A1)&F
AGT(e)Tr(hcij(a) hekal(ka) ,V(Rucal)

· regularized expression of Cance (N)
which only involves holonomies

& fluxes

⑨ involves again all constants
involved.



· Strategy to quartie now is

(i) replace d by Is .] in regularized
expression and

he -Le and V(R) -> CR)

thus we obtain

Cince(N)
= 2 N(v(a)gF5KTr(get(ahecla

AGT(Es [hK(a) , (RUca)])

where the volume operator is given
by

-

=Eleieie")Ejke Refe Re
Verlan

diejenv

where Eleiele") is +1 -110

if the tangent vectors of ele"

positive, negative or vanishing
deter

mic art ,



· The final operator is then defined
as

1
= li

E
Cence(N) ence(N)

E - O

· We can rewrite the sum ove all

tetrahedra as a sum overall vertices

when applied to spin networks

Reason :

· Action of Cene(N) involves
combinations of operators of the
form

her [hei , (R)]= VCRL -hek(r)h

suppose it acts on
some interior oint

of some edgea

~
·
on2⑳-

newek
n

before action after action



· Thus those contribution valish as

the action of the holonomy operatorcreates a 4-valent vertex with at
least 2 planar edges
↳ Elecee") vanishes

· If acts directly on an interior
point of as edge Eleple") =0 Since
only 2-valent vertex
↳ that is whyEverly CR

· Action of the operator :

Graph-modifying operator it
creates new edges

alk ek

zej
7ej
- nea

B

e >
eF s

-2Fjedge
>OE

before action after action

· further it modifies the representations
at the already existing edges.



· Now going back to the physical
Hamiltonian

Tb
CoCh=SBSH(d) H(b) =Ve

8

· Also here we choose a regularisation
of the classical expression

· Here we choose a partition of 8 into
cubes then

Honys =&GcGabab e
= him [V(D). C) (GCD)ab

P-DS
JEG

· Also here we need to express -and

qjkC,Ck in terms of holonomies O fluxes
·For this purpose we use the following
classical identities

qab- Ba : = EgabaFi-

with Ba = Bats , a = Catj ,B =Bea



↓hen we obtain :

72=Er(B)]
>

qabCaCb = [Tr(BEj) : = &
2

↳ j
then we can express Aphys
in terms of C and C as

Hpnys=is&VLD)-cjkCD)Ckle

where

C(D) :=. [cB6C(6) 9 j(b) : =ScBGG
D

strategy to quartile Aphys :

#phys= him& V(B) (D) -GG(BCT)
8-DS DES

· CCD) < quartisation are alreadydiscussed

for Cj(D) similar procedure using
[p : = (12,*j)

SalaTr(BYm)=STr(F1eYm)
=YaSTr(F19V(D) ,AIM

↳ gualised as C(D) with additionally e



· hereitis quantizedingranawith
classical symmetries of Honys.

· Consequence theloopisonthingattached to

edges.

dis· Consider (tpays =G (
y
-

F ·
then define Mitio

> d

Emigio := Eucal & EFTK t
& Lav ,eliest

(exilzild
-Tv(y)

& Tr (imMaRek[T , ziw])
2 ELyiv,elilg

· Tr(y) : set of ordered triples at vertex o
Lav ,etil-i set of minimal loops↓

* then we can define tonys for each
graph y
1

Hinysig:= fie-jin jiv)fl
Veg

-

p :withD:StTnecessary
tosee



· lphys on (tphys is then given by

#phys = H"physiq
&

↳ which finalizes the quantitation
of the dynamics in the Brown-
Kuchar model .

Hence one arrives at a form
of the Quantum Einstein equations
of this model out to a chosen

dynamical reference frame. (dust)

· Full Quantum Einstein equations
technically challenging

↑ &
· However motivation for symmetryreduced models for in stance in
the context of cosmology & blackholes.
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