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GeometryFeaturesof quantumgravitationalfield
Gravitationalfield spacetime geometry is formedby quanta
quantaof geometry elementary buildingblocksof quantumgonetry

a Quantum
geometrybuiltbyblocks relates to fundamental discreteness

of quantumgeometry
if we zoom in Planckscale our 3d spacelooks like

time

3dspace

OuenviewofQuantumGeometry
Exampleofbuild'gblock Quantumtetrahedron

classical tetrahedron large3dgeometry canbetriangulated
buildblock is tetrahedron

triangulation is hefled thetetrahedronis flat

uparrowoverrightarrowA

6DOF 6 edgelengths fix
geometryEquivalentdescription 4 faces 4orientedarea vectors overrightarrowAi1ldots4

leftoverrightarrowAirightAi face area fracoverrightarrowAleftoverrightarrowArightnormalof face



DOF.si 4times312 morethan6 thereis
redundancyiclosure condition sum_i14overrightarrowAi0

2 gangetrans fn 3d rotations
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FsQuantumgeouetvy fromLQG
commutationrelation lefthatAiahatAjbrightigammalprdeltaijSigmaabchatAic

overrightarrowAimhatoverrightarrowAi14 fluxoperator

B I parameter

a123i1ldots4lefthatJahatJbrightihslashvarepsilonabchatJc
Thequantumtetrahedroncarries quantum numberofarea

area operator hatAisqrthatAiahatAiasimsqrtJ2
lefthatAihatAjright0

discretespectrum i Ai8pigammalp2sqrtleft1i1right

i14
area quantum

humber

spinjinmathbbN02
Hilbertspacefixedquantum area HkilHj1otimesHj2otimesHj3otimesHj4
leftHjipijiright soleft2right irrepwithspinjprofline

overrightarrowA acts on Hji as angularmomentum
frac1J

quantum closure condition

sum_i14overrightarrowAi0rightarrowsum_i14hatoverrightarrowJi4rangle0
solution of quantum closureconstraint

Hphys tau hUSD2 leftHj1otimesHj2otimesHj1otimesHj4right
thespaceof zero totalangularmomentum states
thespaceof intertwiners invarianttensors

gESU 2 otimesi14piTileftgrightleft4rangle4rightLeftrightarrowsum_i14hatoverrightarrowJleft4right0
geoverrightarrowalphacdotoverrightarrowJ



orthonormalbasis in Hpays li i1n dineHphys
intertwiners

Easy to generalize to quantumpolyhedron

Build quantumgeometry bygluingbuilding
blocks
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l inn
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dualgraphQuantumpolyhedron

P a graph of links land nodes

npolyhedronface
shared

byapainof
polyhedronlinkell i carry quantum area quantumnumber jl
noden

carry quantum
tetrahedron polyhedron quantumnumber

inspnnetworkstateatriple leftGammaleftjlrightleftinrightrightrangle
intertwiners on allnodesspinsonall

linksconsiderallgraphs uparrow all spin jlneq0 all intertwiners in

H
LQG LQGHilhtspse.is spannedby all spinnetwork

states

spin_wetwork state form a complete orthonormal basis

leftlangleGammaleftjlrightleftinrightGammaleftjlrightleftinrightrightrangledeltaGammaGammadeltaleftjlrightleftjlrightdeltaleftin2leftinrightright
Remarks 1 thetheoryof quantum geometry is background indep

i.e the quantumstatesare not on spacetime



butwather quantum states of
spacetimeSpacetines are emergent from quantumstates

2 geometrical quantities lg area volume normals are operators
on theHilbertspare HCQG

spectraof area andvolumeare discrete
ingeneral geometrical operator are non commutative

Heisenberg uncertainty of quantum geometry
quantum fluctuation

CovariantdynamicsofLQGΣ0ᵗʰ
2dfindsurfacecont

hab M4 4d

manifoldi9mi2 3d initialsurfacein1h

an3dmetrics hableftinright initial 3 metric

hcbleftoutright i final 3

metric4dmetric gmunu evolutionof 3 geometry fron hableftinright to 4ableftOHright
history of 3_geometries

pathintegralof ledgravity ZlefthableftQ4trighthablefti4rightright

int_gmSigmaiiyhabli4g1uSigmaouhcuput1efracilp2intRldots
Sumover 4dmetric wl bdgcondition gnfrac2thereforehcsleftisright

gn zowt 4cblefto4tright
sum our histories of 3d

geometriesLQG3d geometry is quantized



3dquantum geometry splunetworkstates Gammaoverrightarrowjoverrightarrowirangle
leftj1rightlefti4right4d quantum geometry historyof3d guantungeocetnies

historyof spin

networkssimpleexamples
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interaction among edges and
facescolored

by
jf

colored

by

iespinfoommodelof BFtheory
classical BF theory i G i matrix lie group MD D一manifold

SEFint_MDtrleftBwedgeFleftArightright
cuuvatme 2 form
of a G Countion Ag valued

D 2

formBFtheory的 a topological fieldtheory i deltaSBF0RightarrowdAB0 FcAl 0

BrightarrowgBg1ArightarrowgAg1g1dggleftxrightinG
flat.connBrightarrowBdAfgaugeinv

D 3 form
ArightarrowA

fortopologicaltrivialmanifold ecdotg MDmathbbRD FleftAright0RightarrowA0 ceptoga.ge

MDmathbbRD0dABdB i B 的closed B Isexact
Bdf

B0 upto gaugetrans

f.sthere的 no local propagating DOF in BF theory
onlyDoFs are topologiesofMD

quantization zint DBDA eiint_muBtrleftBwedgeFright intDAdeltaleftFleftArightright
curvatureconsiderloopholowowyof A

hlleftArightPeoint_lAPseint_SgFg1l i loopin muDwedgeS
l s i 2 surface partialSlxinMD

nosabilanstoles thm

FleftAright0LeftrightarrowhlleftAright1foralll



ZintDApi_ldeltaGlefthlright
D4 GSUleft2right Oogurimodel Oogurt 1992

spinfoammodel tomakesense BFpath

integralsimplicialcomplexn 4d triangulationof 4 manifold
z31

elementarycell in ltd triangulation 4

simplex4bdyof 4simplex 5 tetrahedra C545
to triangles c5310E4dsimplicial complex 1

515 2

3glue 4 simplices by sharing

tetrahedraAnys'mpicicilcomplex associates a unique dual 2 complex

dual 2complexsinpiciclcomplex

4 simplexvertexˇ4do

dtetrahedron3d
i

deedgetriangleface
f2d 2d

代

facewith

N vertices
aleung capf

triangle
shared的
N4 shplic.es

f



Example

f4f3

f1
f1

K

I edgecowneting 2 vertices a tetrahedronsharedby 24 sglk.es

4 fares cownetm totheedge 4 triangle onthebellyof the

tetrahedronDiscreteBF pathintegral zintDApi_1deltaGlefth1leftArightright
rightarrowintDAprod_fdeltaGlefthrfleftArightright

faces is 2 Complex

DAprod_edmuHleftheleftArightright
edgesin 2 complex

he1e1
e2 uparrowe6L
fU 1e5e3 Chaactor

of irrep je4
forthisface deltaGlefthsfrightsum_j0inftydimleftjrightXjlefthofright

2j1

chijlefthofrighttrjlefthpartialfrightpimkjlefthenrightpikljlefthen1rightldotspipmjlefthe1rightpimnilefthrightleftlanglejmlefthrightjnrightrangleZintprod_edmuHleftherightprod_fsum_jf0inftydinleftjfrightpimfkkfjflefthe2rightldotspipfmfjflefthe1right

insingleedge
f3f4 the integral to thisedge
he

intdmuHleftLerightpim1n1j1L ˊ lefterightldotspim4n4i4leftherightl

f2f1



ˇ
Pm1ldotsm4n1ldotsn4j1ldotsj4sum_iim1ldotsm4in1ldotsn4sum_iiranglelanglei
basisof intertwiners

projection0h Iuv sun leftHj1otimesldotsHj4right
we associate to eachedge a projection leftPej1ldotsj4rightoverrightarrowmoverrightarrown

Zsum_leftjfrightprod_fdimleftjfrighttrleftprod_ePeright
contractionofindices accordingto

facesHowindices are contracted

i associate i to theend point
i to thebegin pointePesum_iii

i2
11therefore contrantapcivof i in according to theorientationof face

apairofedges a face
5 edges lo faces 100 Contractions

i2

i3 angle

i5iPsi

i1
j2j1 10j 彡J2i j3equivij1ldotsj4 thecontraction i1 i3

i3 5 i s
j4

i5 i4 equivleft15jright

Zsum_leftjfierightprod_fdimleftjfrightprod_vleft15jright
vertexamplitudefare

amplitudeEPRLmodelof 311dLQGEngle Pereira Rovelli Liviu
2007classicalgravity Plebanski formulation

Splint_M4leftBIrightfrac12gammaBkLvarepsilonIJkLwedgeFIJleftArightvarphiIJkLBZJwedgeBkLB I paraneter



LagrangianmultipliersLL 24
curuationSLL2.41valued

2

form42JKL
antisgwn in I了 KL

varphiIJkLvarphikleftlfloor2rightrfloor traceless Sigma

zjucvarphi2leftkright0

deltaSpl0 Einstein efn

Zplint DADBD4 efracilp2Spl

intDADB deltasimplicityconstraint e fracilP2int_M4leftBfrac1gammaBright2jwedgeFtauj
gravity is a constrained BF theory

SigmamunurhosigmaBmunutausBrhosigmakLVSigma2jkLVfrac14Sigma 2JKL Bmunu23betarhosigmakc ΣMPT

classicalsoli existsemu1 s.t B23pme2re3 or B23pm ene 23
or V0 deg

spnfoam quantization on a simplicial complex is 4d
outline tl wedefhe Zpl on a single 4 simplex

theresult is the spinfoam vertexamplitude
2 first quantire BF theory ignoreconstraint

intDADB efracilpintleftBfraclrBright2jwedgeFtj
ZbetaFleftbdydataright

spans bdyHilbert

sparegauge

group
is SLleft24right

3 quantizethesimplicity constraint impose to BF bdyHilbertspine
restrictionof bdydata

4 vertexamplitude AnuZBFbdyd atcdot1 simplicity



i
j

SUleft2right BFtheory ha 4 simplex left5jright
ia1ldots5 on 5tetrahedrabdydata

Tas ab on lo triangle

bdy Hilbt space approxL2leftSUleft2righttimes10right gaugespanned by
spinnetworks

I jab arangle

as Lleft24right BFtheory bdy Hilbertspace simeqL2leftSLleft2arighttimes10right gauge

bdgdata SLleft24right intertwiner on 5tetrahedra

SLleft24right uniting iruep on io

trianglesquantnotion of B一 field i BmunutauJrightarrowhatBftauJ opercrern on L2leftSLleft24rightright
oneforeachtriangleof 4 simplex
tauJ0123hatJfIJlefthatBffrac1gammahatBfright2J

In theright inv vectorfield on SleftL24right

hatJfijvarepsilonijkequivLfk rotationgeneratorhatJfcirciequivKfi boost

generatorFor

eachtetrahedron exists internaltimelikehortaalNT
St f triangleofthetetrahedronlinearsimplicityconstraint

discretizationof Bleftereright
NIBfj0

A Bf0i0forallfctimegaye NIleft1000right
tetrahedron

Bt23 orientedareaof f in 4d
linearsimplicity ns f is spacelike tetrahedron s spaelite

quantumsimplicity constraint lefthatLfifrac1rhatKfrightPhi06



hatcf
However hatCfi contain 2nd class constraint lefthatCfihatCfjright non

vanishingon
constraint
surfacewe haveto impose hatCfi weakly

CffBfcdotBfJfcdotJfleft1frac1r2rightfrac2rJfcdotJf
diagonalsimplicityEP

RL'sproposal

i 1st

class.for
weakly impose the

2ndclass constraint
MfleftoverrightarrowLffrac1roverrightarrowkright2

XcdotYXIJYIJ
expresstheconstraints intermsof SLleft24right quadratic as imin

hatc2JcdotJ4hatLcdothatKhatC1hatJhatJ2lefthatL2hatk2right
hatc2left1frac1gamma2rightfrac2gammahatc10 quantumCorre ctionsleft1rightequivalentconstraint

leftarrow

hatC24gammahatL20 quantum

correctionsprincipalseries unitary inrepof SLleft24right

SLleft24right honcompact group unitary irrep iscarriedby infinite dim

Hilbert

spareprincipalseries rrep is labelledby leftpnrightrhoinmathbbRninmathbbN0
Hleftpnright

infty din Hilbert space

SUleft2rightSLleft24rightrightarrowHleftpnright is reduciblerep of SUleft2right
infty

l.e Hleftpuright H j
soleft2right iwep finsteelinifracn2fracn21

canonical basis in Hleftpnright leftpnrightjmrangle
fracn2fracn21ldots

quadratic Casinirs C1frac12leftn2p24right1
c2np1

jj1ldotsj

on Hleftpnright



ingert in 11 and 2 and use hatL2jleftj1right whenactingon leftpurightjn n

up to Oleftfrac1jrightcorrectionsRightarrowrho2gammajn2j
semiclassicallineit Lange iline.Statesatisfying

Constraintslowestlevel
is Hleftpnrightint_jfracn2inftyHj

leftpnrightjmrangleleftleft2gammaj2jrightjmrightrangleinHjfracn2

Asa wusult
a restrict principalseries inrep leftpnrightleft2gammaj2jright foreveryface

2 Y map YHjrightarrowHleft2rjirightopluskiinftyHk
by identifying the lowestLevel

Yijmrangleleftrightarrowleft2gammajrjrightjmrangle
the imageof Y_map is solution of quantumSimplicityconstraint

3 EPRL intertwiner Given 80 2 intertwiner quantumtetrahedron

iinI nusu127 leftHj1ldotsHj4right
Y4circi is SLleft2mathbbCright tensor

leftirightPcdotYotimes4cdoti is EPRL intertwiner boosted quantum
tetrahedron

projection onto SLleft24right hu tensors

Explicitly use SLleft24right wigner D matrix

forallginSLleft24rightrightarrowleftirightint_SLleft24rightdgprod_i14Djimvdotsjimileft2gammaji2jirightleftgrightDjwjmleftpnrightleftgrightleftlangleleftpnrightjmleftgrightleftpnrightjmrightranglej1ldotsj4m1ldotsm4
contraction YmapHaarmeasure



groupaverage projection

Edgeoperator i Pesum_ieIleftirightIleftiright
leftiierightIleftieright

e

Forany
2 complex EPRLspinfoam amplitude

ZEPRL sum_leftjrightprod_fdimleftjfrighttrleftprod_ePeright
tau I

IleftirightAvtrleftIlefti1rightotimesldotsotimesIlefti5rightrightQ

EPRLvertexamplitude

ZEPRL sum_leftjfierightprod_fdimleftjfrightprod_vAvleftoverrightarrowjoverrightarrowiright
Integralexpress'n of Av

I
2

5
B4

to face jab
5 edges Ileftiaright

ab1ldots5

Avint_SLleft24rightprod_a15dgaprod_ableftlanglejabmabYga1gbYjcbmbarightrangle
innerproductof Hczr jabzjab

intprod_a15dgaprod_ablangleleft2gammajb2jabrightjabwableftga1gbright 2 gammajab2jabjasubarangle
SLleft24right

SLleft2mathbbCright gauge redundancy garightarrowxgag9xinSLleft2mathbbCright
cause thedivergenceof Av



gaugefixing int_a15dgaldotsrightarrowintprod_a15dgdeltaleftg5right
resulting Av is finite leftbeginmatrix0805469610105384endmatrixright

Coherent streemp
SUL2 inrep Hj 750 2 highweight state jjrangle

Coherent state jgranglegleftgrightjjrangle
wormalized spinor

xileftbeginmatrixxi0xi1endmatrixright
leftlangle39rightrangleoverlinez0g0overrightarrowgg11

gleftfrightleftbeginmatrixf0overlinez1goverlinez0endmatrixrightinSUleftzright
hatz

Length jjjrangle i
hatz overrightarrownleftxirightleftlanglezoverrightarrowsigmarhorightrangle

overrightarrownleftxiright is the 3 normal of tetrahedronfree
j9rangle i hat4left9right

area g
lohenewt state rep of Av

AvleftoverrightarrowJoverrightarrowBrightintprod_a15dgadeltaleftg5rightprod_ableftlangleJabgabYga1gbYleftJabxibcrightright
it has a pathintegral rep AcleftoverrightarrowjoverrightarrowsrightintDmues spinfoan action

Hleftpnright c spaceofhomogeneousfunc of leftz0z1rightequivzinmathbbC2

fleftzoverlinezrightfleftlambdazlambdaoverlinezrightlambda1fracirho2fracn2fraclambda1fracirho2fracn2fleftzoverlinezright
L2 innerproduct on Hleftpnright

leftlangleffrightrangleint_mathbbCpOmegazoverlinezoverlinefleftzoverlinezrightfleftzoverlinezright



Omega2overlinezfraci2leftz0dz1z1dz0rightwedgeleftoverlinez0doverlinez1overlinez1doverlinez0right
Yjjrangleleft2rjzjrightjjrangleinHleft2rjzjright

sqrtfracdimleftjrightpileftlangleoverlinezoverlinezrightrangleigammaj1jleftz0right2j
Yleftjsrightleftleft2gammajzjrightrightrangle

一

9

sqrtfracdimleftjrightpileftlangleoverlinezoverlinezrightrangleigammaj1jleftlangleoverlinezzrightrangle2jequivfkleftzoverlinezright
leftlanglejabfcbY1ga1gbYjabfbarightrangle

int_mathbbCPdOmegazfrac2overlinefjan leftgaTzoverlinegaTzrightfzbcleftgbTzoverlinegbTzright

fracdimleftjabrightpiint_4PdzeSab
dzfracOmegazileftlangleZabZabrightrangleleftlangleZbcZnarightrangle
SabjcbFableft923right

Fab2lnfracleftlangleZcbZabrightrangleleftlangleZbabetabcrightrangleleftZabrightleftZbcright2igammalnfracleftZbarightleftZabright
Hermitian inner product on mathbbC2

leftzrightsqrtleftlanglezzrightrangle

Avfracprod_abdipi1
mcdotfrackjas int_apidgaprod_abdzabdeltaleftg5rightes

zcbgafraczzbagbfracz

Ssum_sbSab
key property S is linear in jab large j jabrightarrowinfty

stationary phase approx to compute Av
semiclassical analysis


