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This is the note for Loops’ 26 summer school on effective quantum black hole. This note mainly
presents the detailed calculations underlying the following works of mine. For completeness, some
paragraphs are adapted from, or directly reproduced from, these works. This note consists of two
parts. The first part explains how general covariance constrains the form of the effective Hamiltonian
constraint. The second part discusses how to determine the coordinate system when a dust shell is
present in the dynamics.
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I. SPHERICALLY SYMMETRIC QUANTUM BLACK HOLE AND ITS GENERAL COVARIANCE
A. canonical formulation of classical spherically symmetric GR

Consider the spatial manifold ¥ satisfying ¥ = R x S? topologically. Let (z,0, ) be the coordinate compatible to
the topology. Then the spherically symmetric Ashtekar variables (A%, E¢) takes the form [R. Gambini, J. Olmedo,
and J. Pullin, CQG 31, 095009 (2014)]

Afld.’L'aTi :Angdl' + (A2’7'1 + Ang)da + Sin(o)(A27—2 - ASTl)d(P + 005(0)7_3(:190,

ag i _pl 2 3\ 2 _ 3 (1.1)
Ej0,1" =E" sin(0)130, + (E“11 + E°12) sin(0)0p + (E*m2 — E°71)0,.

In our course, we adopt the convention 7; = —i/20; with o; being the Pauli matrix. These spherically symmetric
Ashtekar variables form a sub-space of the entire phase space of GR. The symplectic form on the symmetry-reduced
phase space is thus given by the restriction of the complete one, denoted by 2, on this subspace. Let §; and o be
two vector tangent to the symmetry-reduced phase space at some (A%, E?) given in 1. We have

1
81Gry

:% /R (61141(1‘) A (52E1($) + 251A2(x) A 52E2(1‘) + 261143(33) A 62E3(J})) dz

Q(d1,92) =

/ Pody Al () A S E%(0)
b (1.3)

where «y is the Immirzi Barbaro parameter, and we defined §1 F A §oG = 01 F05G — 2 F01G. This result implies the
following Poisson bracket

{A1(2), E'(y)} = 2Gd(x,y), {Aax(z), E*(y)} = Gyé(x,y) = {As(x), E*(y)}. (1.4)

With the Ashtekar variables, we can now calculate the spin connection I and thus the extrinsic curvature 1-form
K} . To begin with, we have the triad e, and the metric given by

el = ——= b = €L0;5€), (1.5)

VdetE’

1 More precisely, a vector on the phase space is defined as follows: Let p = (Afl7 Ejb.) be a point on the phase space. Consider a curve

t — (A% (x;t), E¢(z;t)) on the phase space which passes through p at t = 0. We will use 6§ to denote the tangent vector 8/0; to the
curve at p, i.e.,

I d )
Jy — . bo..

(6[>F)(Azl17Eb)7 a t:OF(A(Zz('vt)ij(Vt))? (12)
for any phase space dependent function F'. Here § > F' denotes the action of the vector ¢ on the function F', which will map the function
to a number according to the definition of a vector [C. Liang, B. Zhou and W. Jia, Differential Geometry and General Relativity:
Volume 1]



where E! is the inverse of E? and det(E) is the determinant of E¢. We assumed that we have already fixed the
orientation so that we only consider the triad with det(E) > 0. We have

(E2)2 + (E3)2

= dz? + E*dQ? (1.6)

Gapdztda? =

with dQ? = d#? + sin® #d¢?. With the expression of g, we can calculate the connection I'g. as

1
be = igad (Obgde + Ocgbd — Oagbe) - (1.7)
Then, T';; is defined by
D} + Thaef = Ti¢) (1.8)
Then, we have I'; given by
i Lo
i = ZFGkaT : (1.9)

A straightforward calculation shows

Do - BPOE - B0, B E39,E E29,E W
T T EE @ T\ A@E @ A+ (] (1.10)
rsin) (DB EOE di + cos(6)ryd '
in - -
T\ eEE (B Ay (] ) T IR
Then, we can obtain
K=~ (A, ~T}) (1.11)
Y
Substituting the result into the full expression of the Gauss constraint, we get
A 1 a a d3i : :
G; = e (0.E! + eq"ALE}) = e (0.E" + 245 E° — 2A3E?) sin 6. (1.12)
Then, we define G as
~ 1
G= [ G3d0d¢ = —— (9, E' +24,E° — 243E?), (1.13)
§2 2G’y

which will be the remaining Gauss constraint in the spherically symmetric model. Now let us investigate the gauge
transformation generated by G. We have to following Poisson bracket

(A1), G} = ~ -0, {E'(2), GIA} =0,
! i\ iA (1.14)
[Aae) +ids(), OIN} = G (Aa +ids), {B” +iB% GIA} = o (B +iF%).

This results imply the following gauge transformation generated by G[A] (Homework)

Ay — Ay — G%@m E' - E', Ay +iAz— exp(g}y)(Az +id3), E?+iE®— exp(éf}y) (E? +iE3) (1.15)

Here, the definition of the gauge transformation generated by a constraint G is

Lo(F) = elPENE =1 4 f: % {--{F,GIN},GN}-- -}, G[A]}, (1.16)

n=1

n folds



where F' is any phase space dependent function and A is any smearing function. The above gauge transformation
implies that A; performs as the U(1) gauge field, and Ay + A3 perform as the U(1) complex scalar field. E' and
E? 4+ {E3, as their conjugate momentum, are transformed accordingly.

In loop quantum BH model, at this stage, we usually solve the Gauss constraint classically by introducing a gauge
fixing condition. Here we impose the condition

E3=0 (1.17)
so that the Gauss constraint G = 0 lead to
190,E"
Az = 5 ”E2 : (1.18)

Substituting these results into (1.10) and (L.11)), we finally get

. 1
K!dz7;, = = (A173da + As71df + sin(0) Aarady) (1.19)
Y
Moreover, the triad EF becomes
E0,m" = E'sin(0)730, + E*7 sin(0)9p + E*190,,. (1.20)
Let us define
Ky= LA, vI=12 (1.21)
'Y
We then get
{Ki(z), E'(y)} = 2Gd(x,y), {Ks(z),E*(y)} = Go(x,y). (1.22)

In what follows, rather than the variables A, we prefer to using K as our canonical variables.

B. The dynamics and classical constraint algebra

Substituting the expressions ([1.19) and (|1.20) into the full expression of the diffeomorphism and Hamiltonian
constraint, we get the diffeomorphism constraint as

1

(=K1 (2)0, E* (z) + 2E° ()9, Ka()) (1.23)

and the Hamiltonian constraint as

()2 L(2)0, B (z
H(x) (—Ez(x) —2F! (2)K1(x)Ka(x) — Ez(x)Kg(w)2 — M + 0, <E()8E()>> . (1.24)

1E2(z) E2(z)

1
- 2G\/E'(x)
The constraint algebra is

{H.[NT], Hy[N5]} = H [Ny 0Ny — N30, N7,
{H[NLHQJ[MT]} = _H[MmawN]’ (1'25)
{H[N1], H[N2]} = H,[E(E®)72(N10; No — Na0, N1)].

1. Gauge transformation by the Hy[N7]

To check the gauge transformation generated by the H,[N?], we calculate the Poisson bracket as follows,
{E'(2), Hy[N®]} = N*(2)0, B () (1.26)
Let

ts (B (x,t), Ki(x,t), B*(z,t), Ko(x,t)) (1.27)



be the gauge transformation orbit generated by H,[N?], passing through the initial point
(El(w)a f(l(m)v EOQ(‘T)v 10(2(33))
in the phase space. We have the equation
0 FE (z,t) = N*(2)0, E' (z,1), E'(z,0) = E}(x).

whose solution is

Blwn =0 (i / o)

for a general function C' on R. The initial condition needs us to have

([ )10

. S|
C=F'oX ! with X(z :/ —dy.
=], M)

leading to

By definition of X (x), its inverse function satisfies

dX_1<t) _ 1 _ x -1
& Xy &)

Thus t — X ~1(t) is just the integration curve of the vector field N*d,. Moreover, we have

X(z,) =0= X"1(0) = 2, = the curve X! passes through z, at t = 0.

Then, we get
. o1
El(z,t)=FE'o X! t+/ ——dy
(2,t) ( e )
where by (T37),
o1
t— XYt + / NT()dy) is the curve passing through z at ¢t = 0.

T, Y

Therefore,

E(x,t) = [(6{"))* BY](2)

where qbgz) denotes the diffeomorphism transformation generated by the vector field N*0,, i.e.,

x - vl
o (@) = X 1(t+/xo NT(y)dy)
Computing the Poisson bracket between K; and H,[N*], we get
{Ki(z), H,[N*]} = N*(2)0, K1(z) + K1(x)0; N”.
leading to
O K1 (z,t) = N®(2)0, K1 (x,t) + Kq1(z,t)0,N”.

Its solution reads

1 |
(0 = gy Cle+ | g™

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)



for some function C' on R. The initial condition K;(z,0) = Ki () implies

C=(KioX ) x(N"oX1), (1.41)
_ N @) g @)
Ki(z,t) = Wm(@ (2)). (1.42)

To see what is the meaning of W let us consider the coordinate transformation

z s ¢ (2) / R (1.43)
Then, we have
g (@) _ 1 1 L N (g (@)
=00 [ S e = e [ iody) V@ N (4
Therefore, we get
z) .
K1) = o (60 (), (1.45)

If we regard K (x,t) for each fix ¢t as a one-form K;(z,t)dz, the above equation tells us
Ky (z,t)dz = ((¢\))*[K1da])(z). (1.46)
Similarly, we get that
E2(z,t)dz = (&) [E*dal)(2),  Ka(z,t) = ((&") K2)(@). (1.47)
Indeed, if we treat N® as the vector field N®9,, K; as K;(z)dx and E?(x) as E?(x)dz, we get

} = Ln=o, (K1dz)(z),
} = Lo, (EY)(2),
} = Lwo, (K2)(2),
} = L=, (B*dx)(2).

{K)(x)dx, H,[N®
{E'(z), H,[N"
{K2(x), Ho[N*

{F*(z)dx, H,[N*

(1.48)

. (K1
. (E
. (
. (
which explain the push-forwards in the gauge transformation generated by H,[N*].

C. construct spacetime from a physical state

Let us return to the full theory where the phase space contains (gqs, P??) to illustrate how to construct the spacetime
from the Hamiltonian theory.

Solving the diffeomorphism and Hamiltonian constraints, we get the space of physical states I'pp,. Fach element I'yp,y
is an equivalence class with the equivalence relation given by the gauge transformation generated by the constraints.
Given a state [gap, ped | € T'pny, the corresponding spacetime (M, gqp) can be constructed as follows.

Choose a lapse function N and a shift vector N%, with which we have a Hamiltonian

H = H[N| + H[N]. (1.49)
Taking ¢ and P as the initial data, we solve the Hamilton equation
q.ab = {Qab>H}7 Pab {Pab H} ng(t = 0; 33) = (jab(x)7 Pab(t = 07$) = ﬁab(w)’ (150)

to get the solve qu(t, ) and P®(t,x).



We now consider a 4-manifold M = R x ¥, with the diffeomorphism
U:RxX¥X— M.

Applying ¥(t,-) = ¥, : ¥ — M, we push forward q,;(¢), N(t), N(t) from X to the slice ¥;[¥] C M. Note that N®
and N could depend on ¢ because one can choose them to be phase space dependent. Since the push forward Wi.qqp
at this moment can only act on vector tangent to VU.[X], it is not a 4-dimensional tensor field on M. To promote
Uy, qqp to an 4-D tensor field, we need to fix once for all a vector fields 9; on M satisfying

(0)*(dt), = 1. (1.51)
With 9; we define
Ui qab(0r)" = (U7 qap) (YENY). (1.52)
Then, we can define
gab = —N*(dt)o(dt)s + 2¢c( N (dt)s) + Gab (1.53)

as the 4-D metric on M, where N, N¢ and g, are abbreviations for Uy N, U7 N¢ and ¥} ¢,p, and g, has been promoted
as a 4-dimensional tensor.

D. Spacetime construction in the classical model

With the procedure introduce in the above section Sec. [[C] we get the 4—D metric in the BH model as

ds? = —N2%dt? + @(dx + N*¥dt)? + E'dQ%. (1.54)
£l
We choose a lapse function N and a shift vector N*0,,, with which we have a Hamiltonian
H = H[N] + H[N]. (1.55)
Taking (K 1s E‘l, Io(z, Ez) € I'phy as the initial data, we solve the Hamilton equation

oK, ={K;H}, 8E’ ={E’ H}), K;t=021)=K/(z), E(t=02z)=E (), (1.56)

to get the solution of K;(t,z) and E”(t,z), whith which we can rewrite down the metric (1.54) on the 4-manifold M.
The Hamilton equation leads to

O E" = {E', H[N] + H,[N”]} = 2NVE'K, + N0, E",

O E* = {E* H[N]+ H,[N"]} = NVE'K, + NE*Ky
,/El

1 N, E! 0, N
_ x _ x 1 x
8K, = {K;, HN] + H,[N*]} = 2@@6 < = > +VE, < = )
N 9,EN?  E2(K,)? E?
NG (( ) (K>) + = = K1K2> + N®9, K, + K,0,N®
_ 0,NVE'9,E" N

SEVE? 2ET 2ET
0¢Ko> = {Ka, H[N| + H,[N"]} = +
2(E?)? 2WET

Now let us treat E7 and K as 4-dimensional object. According these equations, if we treat the fields E'(t, z) and
Ks(t,x) as scalar field on M, but treat the fields E?(¢,z) and Ki(t,2) as two forms E2dz A dt and K;dx A dt on M,

+ N%9,E* + 9, N*E?,

(1.57)

+

(0 E")
4(E2)2

— (Ky)? — 1) + N9, K,



we could rewrite the above equations as
LnE! = 2NVE'K,,

E?K.
2 _ 1 2
Lo(E dgc/\dt)—N(\/E K+ F)dx/\dt’

1
ﬁm(Kl dx Adt) = 1 0 (NawE ) + VEO, (8$N)

2V/ET “\  E? E? (1.58)
N (0.EY)?  E?(K,)? E?
— — — K1 K
VR ( sEiE? T am  Tagt Kl jdeads
0, NVE19, E! N 0, E")?
Lok = 2)2 + ( 2)2 — (K2)* =1
2(E?) 2WET \ 4(E?)
where
N = (0)* = N* ()" (1.59)
is a vector field we introduced on M. Here, we used the fact
Lyf =v"0uf,
Ly(g(dt)a A (dz)s) = (v°Deg)(dt)a A (dz) + 9(dt)adsv” + g(dz)pdav’ — a ¢ b (1.60)

= (v°0.g)(dt)q A (dx)p + g(Ocv°)(dt)g A (da)y

We now solve the dynamics concretely. Precisely, we need to solve the constraint equation and with a fixed
lapse function and shift vector. However, in practice, we usually do not do like that. The point is that, since N and
N?® are freely chosen, we could get any E!(t,r) we want by suitable choosing N and N®. Thus, we could solve the
dynamics by specifying for instance E' = z? and E? = z, which will be called the gauge conditoin. Then, we must
choose N and N* such that they satisfy the EOMs; i.e,

0= E' ={E', H[N] + H,[N®]} = N®9,E' + 2NVE'K,,
NE?K.
> + NVE'K,.

1/lgl

To solve these two equations for N and N*, we have to know K; and K. We choose the constraints to solve them.
Substituting the gauge condition, we have

(1.61)

0= E? ={E? H[N| + H,[N*|} = 0,(N*E?) +

—x K1+ 20,K5 =0

X (1.62)
2$K1K2 + (KQ) =0

leading to

c

0= 2200, KoKy + (K2)? = 0y (2(K2)?) = Ko = —, Ky = ——.
2x3/2

Jz

Substituting the gauge condition and the results of K into (L.61)), we get a differential equation for N and N*, which
finally leads to

(1.63)

Nod, Nt o (1.64)
, 7 .

Substituting the result into the definition of metric, we get

, 2
ds? = —(c')2de? + (d:z: _ \C/%dt> T 2202, (1.65)

¢’ is a rescaling of the time coordinate and thus can be chosen as ¢/ = 1. Comparing it with the Schwarzschild metric
in PG coordinates, we get that ¢ = £v/2M so that the metric becomes

2
oM
ds? = —d? + (dx +4/ xdt) + 22d0?. (1.66)



Another gauge can be chose such that E' = 22 and K5 = 0. Under this gauge condition, we can solve the constraints
to get

B I 2230, E? 7 32 22 7 a3
Ki=0, 0=(F9) ((E2)3 +1 7(E2)2 = (E*)0: |z 7(E2)2 (1.67)
leading to
3/2
E?=+ 2 (1.68)

VI +c

Substituting all the above results into the evolution equation of E' and K, we have

cOyN ¢cN d\z +c
N* =0, 0.N — =0=>N=—r1—. 1.69
; + +53 NG (1.69)
Substituting the results into the expression of the metric, we get
2 CN (2342 T o 2102
ds? == (14 ) (a2 + (1+2)  da® + 2202 (1.70)
x x
We again choose ¢’ = 1 and choose ¢ = 2M. Then we obtain the standard Schwarzshild metric
2M oM\
ds? = — (1 + x) dt? + (1 + m) dz? 4+ 22d0% (1.71)

According to the above discussion, we choose two different gauges, but get the same metric up to diffeomorphism
transformation. This result shows that the two different choices of gauge can get the metric up to a diffeomorphism
transformation. Then, a nature question results, is this generally true? Equivalently, does the metric depend
on the choice of N and N* or not? The theory is general covariance if the answer is negative. ~
_To examine this issue, one direct strategy is to choose another lapse function and shift vector, denoted by N and
N7, solve the equations of motion again to get the variation of K; and E’, and then show that the resulting metric
g is related to the original metric g by a coordinate transformation. However, in practice, we adopt an alternative
approach. We first prescribe variations of K and E’, and then determine the corresponding lapse and shift, N and
NZ. The reason is that any variation of K; and ET must be generated by the constraints.

E. Variation of K;, Ff, N and N°

To investigate the general covariance of the model, we do not restrict ourselves to the classical theory. Instead,
we consider a more general model whose phase space is still coordinatized by K; and E’, as in the classical case.
Moreover, the diffeomorphism constraint is kept in its classical form , since it generates spatial diffeomorphisms.
The generalization is introduced through the Hamiltonian constraint. We assume that the Hamiltonian constraint is
no longer given by its classical expression, but is replaced by an effective constraint, denoted by Heg. The constraint
algebra becomes

{HGH[NLHJU[MQC}} = - EH[an$N]a (1.72)
{Hot[N1], Hegt [No]} = —H, [uE' (E*)" (N9, N1 — N10,No)].
with the modification factor u(K;, E) which is a general function of K; and EX.
This is still a first class constraint system, so we can solve the constraints with the procedure introduced above to
get the physical phase space I'pny. Then, given a physical state [K7, E e I'phy, we solve the Hamilton equations
K = {K1, Hg [N} + {K1, H.[N"]}

. (1.73)
B! = {B', Ha[N} + {E', H,[N"]}

with taking (K7, ET) as the initial data. Then, we push-forward (K (t), EL(t), N[t], N=[t]) from % to U,[%] € M as
did in Sec. Treating K7, EY, N® and N as 4-D fields on M, as did in (1.58)), we can rewrite the Hamilton equation
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(L.73) as
LnE' = {E', Hg[N]},
Ly (E?dz A dt) = {E?, Hg[N]}dz A dt, (L.74)
Lo(Kidz Adt) = {K;, H, Mz A dt, '
H,

eff [N ]
LnKy = {Kz, Hg[N]}.
Here the EOM can still be written in terms of the Lie derivative since we did not change the diffeomorphism constraint.
Let o be a scalar and 8% be a vector. As mentioned before, a general variation of K; and ET must be generated

by the constraints. We thus have
6K = {K;, Heg[aN] + H,[3"]}, O0E' ={E', Heg[aN]+ H,[3"]}. (1.75)

Here we add an addition factor N in H.g for further convenience. After transformation, X = E’, K; becomes X +¢e5X
with X given above. As the variation generated by the constraint, they still satisfies the constraints. Then, if they
are still solutions to the EOMs (1.74]), with respect to some new lapse function and shift vector, we should be

EW+E5W<X + 65X) = {X7 H[N]} Ki—Ki+esK; + 0(62)' (176)
E'E'tes B!
N—N+eSN
For the left hand side, it can be expand easily. Let us see how to calculate the right hand side. Since we are only
concerned with the terms up to O(€?), we have

{X, Hegt [N} ;> K tesk; ={X, Hegt [N} k;» K, + €{X, Heg[0N]}

El B fesk! E B! o S
N> N+esN NSN BB
1 (1.77)
+ Ed*‘ {X, Het [N} i, K, +esic, | +O(€).
€le=0 El B fesk!
N—N
For the last term, we have
il
de {X, Het [N} Ky K +eok,
€le=0 BB tesKk!
N—N
) (1.78)
= Y +5{X, Hs[N]}O
00
Oe{K1,E}
={{X, He[N]}, Hegt[aN] + H.[B"]}.
where (1.75]) is considered. Combining all the results, (1.76]) can be simplified up to O(€?) as
LimX + LndX = {X, Hg[ON]} + {{X, Heg [N}, Heg[aN] + H,[5"]}. (1.79)
namely,
LsnB' + LodE" ={E', Heg[0N]} + {{E', He[N]}, Hegr[aN] + H.[5]}, (1.80)

Lsn Ky + L6 K ={K, Heg[ON]} + {{K7, Heg[N]}, Hegr[oN] + Ho[57]}.
For X = ET, K;, we have
[:m(SX :ﬁm{X, Heff[aN] + ]{3,j [6m]}
={X, Her[aN] + Ho[3*}, Het [N]} + {X, Hegr[Lon (V) — {aV, Her[N]}]}
+{X, Ho [(Ln )" — {8, Hea [N} } (1.81)
= — {{Heg|aN]| + H.[37], Heat[N]}, X} + {{ X, He[N]}, Hegr[@N] + Ho[6"}
+{X, Heg[Ln(aN) — {aN, Heg[N]}]} + {X, H, [(LnB)” — {87, Hea[N]}]}
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where we consider the general case with o and 8 being phase space-dependent. In the second equality, {{X, Hegt[aN]+
H,[6"}, Heg[N]} contains the Lie derivatives for all phase space variables, and the other terms include the Lie
derivatives for those phase-space-independent variable. Since o and f can be in general phase space dependent, we
get

{Heg[aN] + H,[5], Hege[N]}

= — H,[uE"(E*) 2 N?0,0] + Heg [{aN, Heg[N]}] + He 870, N] + H, [{8", He[N]}] (52

Thus, we get

L6 X ={H,[nE" (E*) > N?0y0], X} —{Heg [{ N, Hg[N]}]. X} — {Heg[8"0: N, X} —{H, [{8”, Heg[N]}], X }
+ {{X, Hett [N}, Hegt[aN] + Hy[8%} + { X, Het [Con(aN) — {aN, Hg[N]}] }
+{X, H, [(LnB)"—{B", Hert[N]}] }
={H,[uE"(E*)"2N?0,a], X} — {Heg[8"0: N, X} + {{X, Heg[N]}, Hegt[aN] + H,[3"}
+ {X, Heg [Ln(aN)] } + { X, H. [(LnB)*] } .

(1.83)
With this result, can be simplified as
LonX + {Hy[pB* (B%) > N?0,0], X} — {Hegl°0uN), X} + {{X, Hog[ N1}, HolaN) + H,[57) w50
+{X, Hegt [Lon(aN)] } + {X, Hy [(LnB)*] } = {X, Heat[SN]} + {{X, Hex[N]}, Herr[aN] + H,[5"]}, ’
LsmX + {Ho[uE" (E*) > N?0,0], X} — {Hea[3%0.N], X}
(1.85)
+{X, Hest [Lon(aN)] } + { X, Ho [(LneS)*] } = {X, Hert[IN]}.
Since N* = (9;)* — N*(9,)*, we get 091*(dt), = 0, leading to
LemX ={X, H,[0N"]} — H, [{X, 5‘)?"”}} (1.86)
Thus (1.85)) can be simplified as
{X, Hy [090°)} — H, [{X,00°}] + {H, [pE" (E?)"*N?0,0], X} — {Heg[570, N, X}
(1.87)
+ {X, Heg [Em(aN)] } + {X, H, [(‘C‘ﬂﬁ)x] } = {X7 Heff[aN}}
ie.,
— H[{X, 60"} + {X, H, [&W — uENE?)"2N29,a + (Lmﬁ)’“'] }
(1.88)
- {X, Heog [6N — 8°9,N — ,cm(aN)} } .
This equation lead to
IN® =N?uEH(E?) 20,0 — (L B)” (1.89)

SN =B%0,N + Ly(aN) = Loms s N + NN"9,q,

where we used = %0,



F. general covariance of the model

Now let us calculate the variation of the metric g. Since Heg could depend on 07 K, we have

(B o) = — eVl G0 = 35 (o) 5, o)

)
— — a(@)N() a;j;f(g o) Y () (N( ) %HK<8 >
. n n . o 8He

2 LZ_l (o) O (Vo)

=a(z){E"(z), Hex[N]} — Z(_l)n [Z (m) (0 )833”*’” <N(I)(m

n m=1

Then, we have

SE' =~ LomipE' = (-1)" [Z (:) (0"a) ax?:m 553[;;?}](\2))]

n m=1

where &~ means “equal on the constraint surface”.

Moreover, we have for E?

{E?(2), Heg[aN]} =a(2){E*(x), Heg[N]} + A

where we define A as
A = {B(2), HoloN]} 0 (o) (B(2), HaaN]} = = Y2 (-1)" [Z (1) era) s (V) o

Therefore, we have

SE% = LomysE? — E*N0,0 + A.

With this result, we have

S(E?(dz)a A (d)pN?) =Lom i p[E?(dz)o A (d1),N°] — N2pEY(E?)710,a(dt), + A(dx), A (dt),N

Let us define Qg as

Qap = (E*(dx), A (dt) M) (E2(dz)p A (dt)eN9).

We get

5Qab = Ea‘ﬁJrﬁQab - QNQ[LElazOc(dt) (a[(dx>b) A (dt)dmd]
+ 2E%A[(dz)q A (dt) M) [(dx)p A (dt)gNY

2A
=Lont5Qab — 2N?UE 0pa(dt) (o [(dx)py A (dE)aN?] + ﬁQab

Moreover, according to ((1.89)), we get

SN?(dt)q(dt)y, =2NIN(dt)o(dt)y = (Lagn+sN?)(dt)a(dt)y + 2N*N*D,x(dt) 4 (dt)y

=Lom+s(N?(dt)o(dt)p) — N2 Lamip[(dt)o(dt)y] + 2N2ND,0u(dt) 4 (dt)s
=Lamn+s(N?(dt)a(dt)s) — 2N?(dt) (o0 + 2N*N*Dpa(dt) o (dt)s
=Lan+s(N?(dt)a(dt)s) — 2N20,0(dt) (o (dx)p) — 2NN Opar(dt) o (dt)s
=Lamnts(N?(dt)a(dt)s) — 2N?0,0(dt) (o (dx + N*dt)y).

12

(1.90)

(1.91)

(1.92)

(1.93)

(1.94)

(1.95)

(1.96)

(1.97)

(1.98)
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With these result, we have

8gap = —ON?(dt)q(dt), + 523;“’ (Q“;’ SE' + 6E'dQy
= — (Lamis(N?(dt)q(dt)y) — QNQOIa(dt)(a(dx + N*dt)y))
1 2A
i o LonsQab — 2N pdya(dt) o [(dz)y) A (dt)d‘ﬁd] TiE? =5 Qab
Qab 1 1 o < OHg (2) >
SEY + | Lo pE' — N(2) mrp e dQup
(B’ ( e Z: g \ N a@p K (@) " (1.99)
~ n am 5Hcff[ ] 2A
a

anb

m=1

_ Z(,

+2(1 — p)N20,0(dt) (o (dz + det)b)

According to this result, we can see why the classical theory is generally covariant. In the classical theory, we have

Heg is independent of derivatives of Ky, implying A =0 = > (=1)" {Zz (M) (07 a )Winn (N( )8(88%%)}

Moreover, we have p = 1 in the classical theory, leading to

09ab = Lamt(gab)- (1.100)

The right hand side is the infinitesimal transformation of diffeomorphisms. Thus, the resulting metrics for different N
and N* will be the same up to a diffeomorphism transformation. For general case with p # 1, the most problematic
term in the above result is the one proportional to (1 — u). If we want dgap = Lam+5(gas), this term cannot be 0,
even we given any requirements on Heg. This motivates us to change the definition of the metric. We define the new
metric g via the line element

E2 2
d&® = —N2d#2 + E) E)l (dz 4+ N*dt)? + E'dQ2. (1.101)
I

Then, we get
6Qab Qab

pEt (pET)?
= — (Lamys(N?(dt)a(dt)y) — 2N?0y(dt) (o (dz + N*dt)y))

6Gab = —ON?(dt)o(dt), + S(WEY) + 6E A,

1 2A
+ mﬁam_;,_gQab — 2N26$Oé(dt)(a[(d$)b) A (dt)d‘ﬂd] + WQQIJ
Qap 1 1 " /n o" OHoi ()
— o(uE o E— -1)" "¢ N(x)———— dQup
(,UEl)Q (/IJ ) +( £ N+B8 ;( ) mzzl m (81 (]() Hxpn—m ('T) 0(0;}[(1 (CC)) b
Lo 1(a8) + o (Lo (UE") = S(uE)) + —r )
aN+pGab ( ) an+p 1 ,uElEQ ab
- om 8Hcﬁ(m)
— m N(x) =" | | dQqup.
2.0 2 ( ) (02"0) g ( (l)awg;rm(x))) b
(1.102)
According to this result, to have §gop = Lom+s(Gap), We need i) Heg is independent of 97K and ii)
2u
Lontpp — 6+ ﬁA =0 (1.103)

Because p is a spacetime scalar, we have

Lomipp = alomp + Lop = afp, Heg[N]} + {p, Ha[B*]}- (1.104)
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Using (|1.104)), we finally have

o Hen[NT} — {11, HonlaNT} + 24 (E(2), HealoN]) — a(a) 75 (B (@), Haal N} =0 (1.105)
leading to
1 24 2 _ 1 2p 2
o (e HonVT) = o (B(0), Ha M} ) = (s s HelaN]) = (s (B%(0). HoalaN ) ) o
pE! pE! '
o { g 1] = { g At

where in the last step, we used

o{FE', Hg[N]} = {E', Heg[aN]} (1.107)

resulting from the requirement i) that Heg is independent of 07 K.
In summary, we conclude that

Theorem I.1. In the Hamiltonian framework for spherically symmetric gravity, where Hog denotes the Hamiltonian
constraint, suppose the following conditions hold:

(1) the constraint algebra is given by (1.72) for some phase space function .

The theory is general covariant, i.e., §gq = Lam+ts9ab, With gap given by

gan = —N2(dt) o (dt), + (f;f«dx)a + N*(de)a)(da)y + N* (D)) + E'du, (1.108)

if and only if i) Heg is independent of 00 Ky for all n > 1 and ii) for all phase space independent smeared functions
a, the following equation is satisfied:

{n(2)E* (2)/ E*(2)?, Her[oN]} = o(a){p(@) E' (2)/E*(2)*, Hou[N]}. (1.109)

This result will also be true once matter fields are included. In such cases, Heg becomes the total Hamiltonian
constraint including the matter part.

II. GENERAL FORM OF THE COVARIANT HAMILTONIAN CONSTRAINT

A. Poisson bracket between the Hamiltonian constraints

Since the Hamiltonian constraint is a scalar with density weight 1, it in general can be rewritten as E?F with
F being a scalar. Since F is a scalar, it can be rewritten as a general function of basic scalars given by K, E!
and their derivatives. Due to the condition (i), the derivatives of K; will be excluded. Similarly, it is natural to
omit the derivatives of K5 as K; and K> play analogous roles in the model. This ansatz aligns with the cases in
classical GR and several widely studied quantum BH models. Furthermore, derivatives of E! higher than the second
order are not allowed, since the third equation in is expected to hold with the right-hand side proportional
to N19,Ns — No0, N1 while K; must be involved in Heg. Suppose that QZEI is included in F'. Then the result of
{Heost[N1], Her[N2]} will contain terms of the form f da f(N107 Ny — NoO" Ny ) with f depending on K7 and E!. These
terms are proportional to (N9, No — N9, Ny) for n < 2, but not for n > 2. For n = 2, the integration by parts can
be used to simplify the expression to [ dz(d, f)(N19; N2 — N2d,Ny1). With these considerations, the only remaining
fundamental scalars are as follows:

K 0, E1 0, F1 1 0, E1 1 0, Bl
81:E1,82:K2,83: L = S5 = S6 81,( )787:8 ( ) (21)

BT g K, T ;%\ TR K\ E2
Then, H can be written as

H = E?F(s,) (2.2)
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with a general function F'(sy,--- ,s7). Now let us consider the Poisson bracket { Hog[N1], Hesr[N2]},

{Heg[N1], Hot[No]} = {/N1 VE?(x /N1 VE?(y )}
:/ (N1(2) Na(y) F(5a(2))E* (y) { E*(2), F(54(y)) } — N1(2)Na(y) F (sa(y)) E*(z) {E*(y), F(sa(@))})
+ [ M@)o B2 @ B2 ) F (502 F (50 ) (23
— [ [ i@Na0) - M) Nala)) Flsala) B w) {E (@), Flsa0)
+ [ M@ Mo B @ B2 ) (502, F (50 )

Since 9, K are not involved in s,, we get

{E*(2), F(saly))} o< 8(,y), (2.4)
leading to that the first term in (2.3]) vanishes. Thus, we have
(il Hnlelt = { [ M 220 Plsu), | M) B2 Plsal0)

_ // Ny (2)Na () E2(2) E2 () { F (sa(2)), F(5a(v))}

B 2 g2 () OE @) OF (5(y) -y o
Z //N1 N2 E )E ( ) 88a<.’17) aSb(y) { a( )a b(y)}

a,b=1

)
OF(s(x)) OF (5(y)) n OF(8(x)) OF (5(y))
0sq(x)  Osp(y) Osp(x)  0saly)

OF (5(x)) OF (5(y))

(or(o). 500}

{sa(2),50(y)}

z)  Osa(y)
2y 2y OF (8(x)) OF (5(y))
+a§1// N1 )Na(y (y) N2 ( ))E @B ) Gat) Tmty) oe@) )
(2.5)
To simplify the first term, we observe
{sa(2),84(y)} =0, Va=1,2,34,6. (2.6)

To calculate {s,(x),sq(y)} for a = 5,7, we consider a general case with s = G(9,F',02E")/K; and calculate
{s(x), s(y)}. We have

G(0,E* (), 02E (z)) G(0,E(y),02E(y))
K (z) ’ Ki(y)

_G(azEl(x),agEl(x)) 1 1 2 1 Az
OB BP0, 0. 828 ) | - @ o)
- COLDEEW) L (K@), GO, E (). B W)} + o ) 21)
L COE@.2E@) 1 (o
= 26— s (G0, (1), 0 ()20, v)
+ G0N0, (y), 02E (1)920(2,) ) + (2 > )
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Then, we get
(s5(e):55(0)} = ~26 72T 0,8(.0) + (& ), (2.8
and
—0,E? 1

{or(0), 5200} = 26 e (P06 + 0ol ) + (o ) (29)
With these results, we have

Z [ M@ @5 TR T e, 00}

/ [ W@V 5@ Wgsgg S R

{s

2 2, OF(5(z)) OF (5(y))
+ / N ()N () 2% (@) B2 () =5 "0 5 0 s ) 1)
)

IF(5(2) OF () 5@ s
- [[ e Ew) i) et (2GK1( G >8‘5( Vo)
+/ leNgyExE()aS7 8587(?’ {-2¢ =

(2 20,50.0) + o8 >)+<my)}

:_QG// [N1(x)N2(y) — N1(y)Na(z )]E (z)E ( )8(‘1;9(55((5))) 855(5((5))) K1(j)(?1(y)896($7y)
o / / N1 (@)Na(y) = N (y)Na(@)] B () B (y) ags(i(f))) 855(7<(y))) .

x) —0y E? (y) 25
Kl >K1<>< B )+ 0y )>

_ " 2) — 2 No(2)] E2(2)E2 (2 OF (5(z)) 0F(5(z))  ss(x)
e / (N1 ()0, Na ) = 0.3, () Na)) B2 (@) B () 5 S E5 00 0

OF (3(z)) OF(5(x))  s7(z)  0,E*(x) (2.10)

-2G / [N1(2)8z N2 (z) — 8, N1 () No ()] B> (z) E* (x)

E*(x)s7(z) OF (5(x))
K1 (JJ) 637(x)
1

- QG/ [V1 ()02 No(x) — 8§N1(x)N2(m)] E?(z)s7(x) <

e / [N1 (2) Na(z) — 02 N1 () Na ()]

:Qg/ [N1(2)02 N2 (z) — Oz N1 () Na(z)] s5(x) (Kl(:v) Dss

e / [N1(2)05 Na () — 8o N1 () No ()] < =

+ ZG/ [Nl(m)azNz(l‘) — 6ZN1(1')N2(CL‘)] <

:2G/ [N1(2)02Na(z) — O N1 () Na(z)] s5(z)

9F (5(2))\?
Ki () 8s7( )

+2G/[N1(I)81N2(:L‘) —6IN1(1')N2(CL‘)] (

e / (N1 (2)05 Na () — 82 Ny (2) Na ()] 55(2) ( (””) )

+ ZG/ [Nl(m)azNg(.’L‘) — BIN1(1')N2(:L‘)] (



Now, let us go to the Poisson bracket for a # b. For a # b, each term in the result (2.5 takes the form

Buy = / (N1 (2) Na () — N1 (4) Na ()Y Pa (@) Pol(y) {5 (), 56(1)}-

with

Let us use Sqp(x,y) to denote {sq(z), sp(y)}. Then we have
Sap(z,y) o< d(2,y),  (a,b) € {(1,2),(1,3), (1,4),(1,5),(1,6), (1,7),(2,3),(2,4),(2,5), (4,6)} =V
leading to
Buy, =0,Y(a,b) € V.

For (a,b) ¢ V, let us rewrite By as

ab—/ N (2) Na()Pa(2) Py (y) {3a(2), 56(4)} — //N2 YN (1) Pa () Py(y) {50 (2), 55(1))

{/Nl )sa(® /N2 sv(y } N (@) (P (0 — (N1 e Ny)
y)—=N2(y)Ps(y)

Then, a straightforward calculation gives

(1) For (a,b) = (2,6), we have

. x ) — No(z 2P () OF (5(x)) 0, E' ()
B26—2G/(N1( )aﬂcNQ( ) NZ( )aﬂle( )) 882(33) 886(33) 2E2(1‘)

(2) For (a,b) = (2,7), we have

OF (5(x)) OF (5(x)) 0. E* (x)
0so(x)  Osq7(z) 2K (x)

B27 = QG/(Nl(JI)axNQ(LE) - Ng(x)ale(I))

(3) For (a,b) = (3,4), we have

(4) For (a,b) = (3,5), we have

—E*(x) OF (3(x)) OF (5(x))
Ki(x) Oss(x) 0Oss(x)

Bg5 = QG/(Nl(SL')azNQ(SC) - Ng(x)ale(.’E))
(4) For (a,b) = (3,6), we have

Bas = 2G / (N1 ()0 No () — Na) 00N ()

17

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

2(x) 0s3(x) 0s6(x) 0ss(x)

(5) For (a,b) = (3,7), we have

B37—QG/N1 )0 Na(x) — ()8N1(){a

~ OF(3(x)) EQ(x)a 1
Os7(x) Ki(x) E2 853

) <6F(§(x))8m <8F(§’(x))> B 8F(§(x))am (8275(;(5)))))

(2.21)
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(6) For (a,b) = (4,5), we have

Bus = 2G / (N1 (2)0; Na(z) — No(2)0, Ny () ags(j(j))) ag;j(j))) E igza)E : (2.22)

(7) For (a,b) = (4,7), we have
Bir = 2G / (N1(2)0s Na(z) — Nz(x)ale(x))agsi(Q ) ags(i(j)))am <aEE2 Z;;”) 1?12((5))2 (2.23)

(8) For (a,b) = (5,6), we have
Bss =2G / (N1 ()9, No() - Nz<x>3xN1<x>>{8§s(i(§))) a§;§(§>))a @cilx()?) (2.24)
2.24

_ Ez(fg)la&]g(x) 3§s(i(j))) o, (E21(x) 35’ S(j((;f)))) . 3;527;(03;) 358(5((;))) 9 ( 0;(5(;)))) }

(9) For (a,b) = (5,7), we have

2.25

2(x) 0P () <awE1<z> o)) | 0.FM @) OF(3()) o (£ 2(2) aF(s(m)))
Ki(z)?2 0ss(x) “\ Ki(z) 3Jss(x) Ki(z)?2 0Oss(z) "\ Ki(x) Os(z)

(10) For (a,b) = (6,7), we have

B s W OFG@) oF () 1 E2(2)02E () — 0, E2(2)0, E ()
Pir =26 (52120 0) = N0 i ”{ i) e 7" ( P @)K () )

E()02E" (2) - 0, B (0)0, B\ ) [ 0F(3(w)) , (0F(5(x)\ OF(l@), (OF(G()
B2 ()P K: (@)? e ™ ()~ Bair ™ (ot )}}

(2.26)
Combining all the contribution together, we get
{Heg[N1], Heg[N2]}

{ (EQ(:L’) 8F(§(1:)))2 4 8F(§'(93)))2 E?(z) Ops7(x)  OF(5(x)) OF(5(x)) 0, E'(x) . OF (5(z)) OF (5(x)) 0, E*(x)
K T

% Ki(x) 0Oss(z) 0s7(x) 1(z) Ki(x) Os2(x)  Ose(z) 2E2?(x) Os2(z) Os7(z) 2Ki(z)
_ OF(5(2)) OF(S()) _ E’(z) OF(5(2)) OF(S(@) . 1 (0F(5()), 3F(§(ﬂf))) _9F((@) (aF(*(x)))
ds3(z)  Osa(x)  Ki(z) Oss(z) 0Oss(x) E2(z)\ Os3(z) *\ Ose(x) Ose(x) =\ Osz(z)
OF(3(2)) , ( 2 5F(§(x))> _ OF(S@) E*(x) < 1 3F(§(w))> 4 F(3(w)) OF (5(x)) E* ()0, E”

833(m) Ki(z) 0s7(x) ds7(z) Ki(z) “ \ E2(z) Os3(z) Os4(x) Oss(z)  Ki(z)?
OF (3(z)) OF (3(x)) ( El(l‘)) E*(z) | OF(5(x)) OF(5()) <3xE1(iv))
Os4(x) 837( ) O 2(z) ) Ki(z)? Oss(z)  Ose(x) ~ \ Ki(z)?
E*(x )5zEl( ) OF (5()) 1 OF((@)) | 0:E'(z) OF (5(x)) , (OF(5(x))
B ot (2 s )+ R ot o)
OF (5(x ))3 (5(z)) EQ( ) 0: ' (x) B?(x) OF(5(x)) , (0=E'(z) OF (5(x))
e o or® (R )+ e e (o) o) )

_ 0B () OF (3(x)) ( *(z) OF (8 x))) L OFP(E@) OF(S(x) 1, (E*(2)0:E'(x) — 0, E*(x)0. E'( ))
Ki(x)? Oss(x) Ki(x) 0Os7(x) ds7(x)  Ose(x) E2(x) * E?(z)K;(x)?
E*(2)0; ( ) = 0:E*(2)0: E' (z) [OF(5(x)) , (9F(3(x)) _ 0F(3(x)) , (OF(5(x))

" B2 @)K (2)? g (i)~ e (e )}}

(2.27)
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The classical Hamiltonian constraint can be written in terms of s, as
E2 2
Hy=— -2 2.28
cl 2G < \/; \/>5253 \/* 4\/* ]) ( )
2.27)), because H.; does not contain them. Moreover, in s5 and
ike. Then, we have

At first, let us omit the terms involving s5 and s7 in
s7, K1 appears in the denominator, which we do not

(Hop[N1], Hor[No]} =2G / (N1 ()0 Na (2) — B Ny (2) Na ()] %

OF (5(x ))3F( 5(2)) 0, E*(z) _ OF(5(x)) OF (5(x))
Osa(x) s¢(xz) 2E?(x) Oss(x)  Osa(x)
1

L OF(e) ) (OF(@) 1 9FGw), (9F()
"B (@) Dsala) ( 9so(2) ) E2(z) Oso(x) a““( Dss(x) )}

=26 [ INi(@)0.No(s) = 2N (0)Na(o)] 5

OF (5(z)) OF (5(x)) O E' (2)E®(x) _ OF(5(x)) OF (5(x)) E*(x)
0so(x)  Osg(x) 2E1(x 0s3(x) 654() El(x)

) s (5 e o)

)
E*(z) 0F (5(x)) 92F(
T E(@) 0ss(0) (Z Ds6(2)

0so(x)  Osg(x) 2FE1(x) Os3(x)  Os4(z) El(x)

{ OF (5(z)) OF (5(x)) 0. E' (2)E*(x) _ OF(5(x)) OF (5(x)) E*(x)

E2(x) OF P () - £ 90 PRE)

El(z) 0 ( o D5g (x)az al )) El(z) 0sg(x) (be;\:{Q} 853(1:)8%(@31 b

) L 0FG) PFGE)

o) 7 0D ~ B 5 Bt (””)GIKZ(”C)}
(2.29)

L1 OF(G() 9*F(5(x)
El(xz) Os3(z) 0Os¢(x)0s

with A = {1,2,3,4,6}. Notice that
E?(2)0,Ka(z) Ki(2)0.E'(z)

Ha(z) = G - 2G
and that all of the terms but the last two in do not contain 0, K5. Thus, if we want
(Hoa Ml HenVa]) = [ (8000, Na(0) — 00 N (o) Va(o)] 5 (o) o). (2.30)
we have
= 2G? <6F(§( x)) 0?°F(5(x)) 6F(§'( ) 0?F(5(x)) >
El(x) \ 0s3(z) 0se(x)0sa2(x) 0sg(x) 853(35)852(37 (2.31)
72G2 <5F( §(x)) 0?F(5(x)) 8F ) 0?F (5(x) > ’
~si(x) \ Os3(x) Osg(w)dsa(x) 0s¢(x) 0s3(x)dsa(
and
—p(x) Ky (2)0, B (z) _ OF(5(@ ))3F( 5(2)) 0, B (2) E*(x) ( 5(x)) OF (5 (96)) E*(x )
0s4 El(x

4G? Osa(z)  Ose(w) 28! (z) s3(2)
EQ(%)M Z M@ o() (z) OF (5(x)) 82F z)) ————"0.5 | - .
6(2)0s4(x) E1 (x) 836 (x) beA\{Z} sp()

+
El(aj) 883($) ueA\{Q}
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B. Poisson bracket between ;. and Heg

Under our assumption on Heg, (1.109)) becomes

{1(e), HoalaNT} = a@){u(@). Hoa[ N}, (233
Then, we have
0 =0u{u) 1) (1), Harfo 1)
(o ) ) oue) [ 2 OPW),
-3 (o0l g2 [ NGB0 5o Esalo)snl)} = 9 [ N )20 G (sale), ) )
+;(av<x> L [ NF W (sa(o) B2} = §40 [ 0N () oale). B2} (2:34)
_ (o) 242) 2, OFW) (o _ Oulz) [ 2 IEW) (o
3 (el 22 [N @B G Dol n)} - 520 [0 NGB )G (so(0). 50} )

where we used the fact s, does not involve 9, K>, implying

{sa(2), E*(y)} o 8(z,y). (2.35)

Since p is a scalar, it is a function of basic scalars s,. According to (2.31), u is also a function of s1, s2, 83,84 and
sg¢ if we focus on the case where Hog is independent of s5 and s7. For further simplification, we need the following
trick. For any function X which could depend on phase space variable, we have

[ X s} = {sa). [ Ndsnt

where on the right hand A is treated as a function independent of phase space variable. Taking advantage of this
trick, we have

{n(@), Hest[aw N1} — a (2){ps(2), Herr [N]}

(2.36)

A=X

Optx Oy au
=GN 2 N2F684 —2GN 3F4
Oz 0ty 0, E? DOy 1 9 ) o,
— 6GN —=5- s Fe GO 4G 5113 (57 ox (NE?Fg) +2GN (EZ)QﬂgFﬁ (2.37)
o e}
—2GN EQU/,L 13
Oy OgCty 0, E? 3;5041} 1 9 9 0a,
GN ——pugF: 6GN F: — 4G NE“F. 2GN = F.
+ 2 “ e Fasy + 2 Hel'3 (E2)2 E2 (Eg) or ( 3) (E2)2'“6 3
where 1, denotes
o
W= 2.38
Ha = 5g (2.38)
Then, 0 = oy, (2){p(z), Heg[N]} — {p(z), Hegt [y, N|} for all o, leads to
psFe — pe ks =0
1 1 (2.39)
poFess — 2pusFy — 2pua F3 + peFasy + 4ﬂ3ﬁ8xF6 - 4/~L6ﬁ3xF3 =0
C. Solve the covariance conditions to get the covariant Hamiltonian constraint
To solve the covariance equation, let us introduce
F

F, = 0 (2.40)

0S4
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Then, (2.31)) can be rewritten as

Hs1
ocz = 130515 — Fs0s, F (2.41)
and (2.32) can be rewritten as
18384 54 1 OzSa
=F3Fs— — F3Fy— + — 0s, FoF3 — Fg0s, F:
102 38650 3451+31 Z (0s, Fo I3 — Fpg as)EQ
ac A\{2}
[S1838 1 o5 (2.42)
T o15394 Toa
Taaz §F3F654 — F3Fy + Z (05, FoF'5 — Fﬁasana)ﬁ
ac A\{2}
ie.
— 451538 1 B8
M4C1;23 4 :§F2F684 - F3F4 + (851F6F3 — F6851F3)84 + (853F6F3 — Fﬁangg)T;
o5 (2.43)
+ (854F6F3 — F6854F3)86 —|— (886F6F3 — F6856F3)E726

where we used 9,51 = E?s, and 0,54 = E?sg.
According to (2.41)), p can be a function of s, for a € A. In other words, there is no 9,s¢/E? and 9,.s3/E? contained
in . Therefore, (2.43)) can be simplified as

0 :F3856F6 - F6856F3
0 =F30,, Fs — Fs0s, F3

psissst 1 o (2.44)
iz —glefesa— F3Fy + (F30s, Fs — Fo0s, F3)s4 + (F30s, Fs — Fs0s,F3)s6
From the first two equations of , we get
Fs({sa}aea) = Cr({sataca\(3.61) Fs({Sa}taca)- (2.45)
Substituting into , we get
% = (F3)28,,C1. (2.46)
Equation implies that the function F' should take the form
F = X(s1, 82, 84, 83 + C1(81, 82, $4)S6), (2.47)
for arbitrary function X (x,y,w, z). Then, according to , we have
= fzaszcl(azX)?. (2.48)
With the expressions for F' and p, it can be checked that
psFe — peFs =0,  p30ssFs — pe0sg 3 =0,  p30s, Fs — pe0s, I3 = 0. (2.49)
Thus only the last equation in needs to be solved. The last equation in can be simplified as
p2Fesa — 2u3Fy — 2014 F3 + pieFosy + 4 (1305, Fo — pe0s, F3) sa + 4 (1305, Fo — 11605, F3) S6
0, Ko (2.50)

+4 (/Lgas,‘,Fﬁ - H6632F3) =0.

2
Except the last term, there is no other terms involving 9,K>. Thus, we expect that the last term should vanish.
It is noted that here one may want to applying the Diffeomorphism constraint to replace 0, Ko by 0, E*K,/(2E?).
However, this replacement is only valid in the vacuum case. If this replacement is applied, the resulting theory cannot
be coupled to matter fields. Then, we have

2 2 292

1305, Fg — 1605, I3 = S
1



leading to the non-trivial result
2?°X =0.
Therefore, we have
X (s1,82,84,2) = A(81, 82, 84) + B(s1, S2, 54)2.
Consequently, we have that F' takes the form
F = A(s1,82,84) + F5(s1, 82,584)83 + Fg(s1, $2,84)86, F3 = B,Fs= BCj.
Substituting into , we have

2G?
n= 5 (F30s, Fg — 05, F3Fg)

following which we obtain O, 0 = 0 = O, 4. Actually (2.55) is just (2.41)), the original covariant equation.
As a consequence of (2.54), we get

F2 = 63214 =+ 832F3$3 —+ 332F656, F4 = 83414 =+ 834F353 =+ 834F656.
Therefore, the last equation in (2.44)) becomes

—HS15354

1
W 25 (85214 + 852F383 + (952F686) F684 — F3 (85414 —+ 884F383 + 854F686)

+ (F3831F6 — F6851F3) S4 + (F3884F6 — F6854F3) S6
1 1 1

15(852A)F684 + 5852F3F65453 + 5(852F6)F68486 — F3(854A) — F3(854F3)83 — F3(354F6)86
+ F3<651F6)84 — F6(681F3)S4 + <F3854F6 — F6854F3) Sg

1 1
:5(65214)}’_‘684 — F3(854A) + <2(852F3)F684 — F3(854F3)> S3
1
+ F3(851F6)84 - F6(851F3)S4 + (2(352F6)F684 - F68S4F3> S6

i.e.

(45154
4G2

1 1
0 :5(352A)F684 — F3(854A) + ( + 5(852F3)F684 — F3(834F3)> S3

1
+ F3(0s, Fg)sa — F6(0s, F3)s4 + <2(682F6)F654 - F65S4F3> 56

Note that K; is only contained in s3, leading to

HUS154
4G?

1
+ 5(8S2F3)F684 — F3854 (Fg) = 0

O2E! is contained only in sg, resulting in

%(;@J@M_amgy>:o

With these two conditions, we get

1
§F684(852A) — F3(884A) + [Fg(ale(;) — F6(6§1F3)] Sq4 = 0

According to (2.41]), we get

HS1
F3852F6 = F6852F3 + ﬁ

22

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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With this equation, (2.60) can be simplified as

1 518 1
0=3 F3(0s,F5)s4 — F305,(F3) = M4524 §S4F6352F3 — F30,,F3 (2.63)

which is the same as (2.59)). That is to say, once (2.41) is satisfied, (2.59)) and (2.60|) are equivalent.
According to (2.60)), we get that there exist a function Q(s1, 2, 84) such that

_1oQ 100
Fy=gpo Fo=_ o~ (2.64)

In addition (2.61)) becomes

(63214)854@ ( ) Q-+ aSQQ(aSIaS4Q) - 54Q(851852Q) =0
:>884Q(852A asl QQ) = 852Q(854A 851854Q)7 (2'65)
:>as4 QaS’z (A - a ) 6 94 (A - 881 Q)v

This equation leads to
A—05,Q = Cs(s1,Q) = A= Ca(s1,Q) + 05, Q. (2.66)
Now we have the Hamiltonian H = E?F taking

7884 Q 86E2

S4
(2.67)
=Cy(s1,Q)E* + 05, QE* + %fﬁ + 824623184

4

H =Cs(s1,Q)E + 0,,QE> + %

53E2 +

Taking advantage of (2.64), (2.55) can be simplified as
2
= ¢ (832 Qasz 884Q - 854 Qa; Q) (2.68)

518

With u replaced by (2.68)) and applying (2.64), we can check that ( is satisfied automatically. Thus the only
remaining equation that is not satisfied is (2.50]). By (2 , we can 51mphfy - as

s, 1105, Q — 05, 1105,Q = 0= 1 =Y (51, Q). (2.69)

Considering the diffeomorphism constraint

1
GH, = E*0,K, — §K18xE1 (2.70)
we gave
Gasz@ 2 2 aszQ Q 332Q 2 1 1
H+ 0, B! Hy =Cs(s1,Q)E” + 0, QE" + Opsq + BB E°0. Ky — §K18xE
692 @4
:CQ(Sva)E2+aS1QE2 Q 3: 2+ Q w S4

(2.71)
1
- (02(817 Q)azsl + asl Qawsl + aSQQaa:SQ + 884Qaw84)
4

1 1
=—0C5%(s1,Q)0z51 + —0,Q
S4 S4

We thus get that for Ca(s1,Q) = 0, the theory carries a constant of motion which is just Q). In the classical theory,
the Hamiltonian constraint can be rewritten as

2Ga,, M 2

H = =y = = =0, M (2.72)
with
_ Vs _ (s0)?
M= Yo (14 (s2)” - - (2.73)

Thus, Q = —2M. We now arrive at the conclusion:
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Theorem I1.1. In the Hamiltonian framework for spherically symmetric gravity, the requirements for covariance and
the assumption on Heg imply that Heg = E%F can only depends on the following seven basic scalars

K 0. E! 0. E! 1 0. B! 1 0. E!
El , 82 = K2’53 E2784 - E2 , 85 = Kl , 86 = ﬁax F ,S7 = Eam F . (274)

Ezcluding ss5 and s7 from our consideration, we can solve the constraint algebra (1.72) and (| to get

Oy Mot O, Mo
2 Sa

H.g = —2E (aslMeﬁ + s6 + R(s1, eff)) (2.75)

where R(s1, Mogr) is an arbitrary function, and Mg (81, S2, 84) satisfies the following equations:

18154
1GE = Dy Mot 05,05, Mo — Os, Mot 02, Megs, (2.76a)
sy 1105, Mo — s, 1105, Mogt = 0. (2.76b)

The equation (2.76b)) implies that p depends only on s; and M. Additionally, in the vacuum case where Heg = 0
should be satisfied, Meg is a constant of motion, representing the BH mass, provided R = 0.

Equation (2.76a]) and (2.76a)) will be referred to as the covariance equations.

III. SPECIAL SOLUTIONS TO THE COVARIANCE EQUATIONS AND THEIR DYNAMICS

A. Get the classical theory

In the classical theory, we have

which satisfies

S1 -2 X 284 S184

852M01852854M01 — 854MC18§2M01 = —E 1 = ek (3.2)
This implies
p=1
Then, we have
2 2
1
g = Y5152 g g 2 () oM = Yo (3.3)
G 4G\/s1  16G\/s1  4G./s1 4G

leading to

2 1\ 2 1 1 1
H. — — 2E? 1 N (Kp)? 1 0.E N VE'K,K, VE' 1 5, 0, F (3.4)
AGVEY  AGVEY  16GVEY \ E? 2GE? 4G E2 E2

B. Solutions with polymerization

Another solution is obtained by considering the polymerization of M. Naively, we have

Mg = = (*F + Vi sin () — W) (3.5)

2 "¢ T ae NG 4G
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Then, we get the value of y associated with Mo being

= cos(%i;if) (3.6)

which is not a function of s; and Meff. Thus Meﬂ cannot leads a covariant theory with metric defined by (1.108]). To
get a covariant theory, let us define

Vs NG o Cs2 ) V/51(54)?
Meg = ETel + 26 sin 7\/5 —sc X (s2) (3.7)
Then, we have
V51X'(s2) sin (2%2) 25\ 1 1
_ ! . T2 " S 2y 2
"= 5 + X(s2) cos (\/a) 8$4X(82)X (s2) + 8S4X (s2) (3.8)

1. solution with p =1 and its dynamics

A solution for u =1 can be solved with

2i<82
X = )
(s2) eXp( \/§> (3.9)
ie.
V51 \/53 o (82 \/5(34)2 2i( s
Meg = <~ = 1
off bYe + 262 sin NG 5 exp NG (3.10)
Then, we get
i 2 S2 . 2(so
5 M 1 . 3,/51sin (f/a) S2 Sln<\§§) N (5257 . 2i(s2 53 . 2iCs9
51 4Vleff = — X _ <
TN 16 G 8Gs; P\ s ) 16GyE P\ s
: 2(so
S ( %) i¢sj 2i(sy (3.11)
Oy Meg =——F—5—- — ——exp
2(G 4G Nen
s (2is
856Meﬁ* e exXp \/a

Then, we have

.92 < : 2¢s

- - 1 N 3,/518in (f/lil) So sin (é;f) N (5982 o 2i(s9 52 o 2i(so
eff = — - X B X /
ff 4G\/81 4C2G 4<G 8G51 P \/S1 16G1/81 P S1

H 2482
s1sin | =2 -2 . .
(\/1) i(s; exp(2l<82>53 VoL (22(82)86}

+

G PTG N ac P\ mr
_ 3VEE? i (ng ) . KoB? (20@) _E'E (2@@) (3.12)
202G ver) e U\ V) T e U\ Ve

B2 (0, EY)? (2@@) VE! (arEl > (2@@)
- + exp + Oz 5 | €XpP
2GVE'  8GVE'E? VEL 2G E NG

iCE? (0,E'\° (K1 Ko 2iC Ko
+ —5 — &7 | eXp
4G \ B2 E2 E1 N

solve the dynamics
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To solve the dynamics, let us still choose the areal gauge

E'(z) = 2% (3.13)
Then, the diffeomorphism constraint leads to
0. Ky E?
K, = ; ) (3.14)

Substituting these equations into the effective Hamiltonian constraint, we get

3.Z‘E2 Sin2 (CKQ) + K2E2 sin <2CK2) . .’anKQEZ sin QCKQ
202G 2G¢ G¢

E? T 2iC Ko T T 2i(ss iCE? fx\2 (0, Ky K, 2iC Ko
T 3Gz | 2GE? exp( T ) +58x (ﬁ) exp( \/ﬁ) 7 a (ﬁ) ( r 562) exp( x

——E—Za z? sin? @ —&—i— v ex 2iCs
- v\ 2G¢2 z oG (222 “P\ 2G5

E2
= _78 Meff

Heff:_

) (3.15)

Vanishing the Hamiltonian constraint leads to

3 . 92 CKQ 2 CZIS 27€K2 2
x° sin (7) + 'z — (E2) = 2G0y¢* = 2G M g(?, (3.16)
leading to
3 2;(1(2 2iCKo 9 C2x3 21(1(2 9
(e : _2)+< ~mp ¢ - 200
2.3 24 2 i2CKo 3
=>< ixz)[ 2 ( +C$—2G02C) T
E?(z) 4 (3.17)
«? x3 2 3 2,43
e ( S+ (e - 2GCx(?) + \/(2 — o +2G0x2)" — 03 (5 + i )
—e =z .

23 2.3
-2 (T + Ez(l)z)
Since we are interested in the stationary metric, we need to choose the lapse function N(z) and the shift vector
N?(z) such that
(' (2), Hor[N] + H,IN"]} 1)
{E*(2), He[N] + Hy[N"]} =0. '

As a consequence of the first equation, we get

N i RS0 B xsin(lgf(;(r)) o 510
o\ ER(2)? 2¢ ' '
Substituting this result into the second equation, we have
Cl.’B
N(x) = ——. 2
@)= Fas (3:20)
Combing (3.19) with -, we get
iC

Ny(z) = ;m\/(m(x)?(x — 2GCY) (2% + 2?2 — 2GCy(?) — ab (3.21)

Then, we get the metric, with only the minus sign considered,

2 x ’ 2, EB*(2)° iCh : ’ 2102
ds® = — (E%x)) de” + - (dx - W\/(EQ(xﬁ(x —2GCy) (2 + (% — 2GCL¢?) — x6dt> + z=dQ=.
(3.22)
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FIG. 1: The Penrose diagram of the spacetime given by (3.25)

(1) Consider the PG gauge where we choose E?(z) = x. Then, we get the metic with Cy = M
2

2
- 1) dt | +2%dQ? (3.23)

2GM 2 (2GM

2 x

(2) Consider the Schwarzschild gauge with N, (z) = 0. Solving N*(x) = 0, we get

1
E?(z) = £2° . 3.24
(z) = %2 \/ (x — 2GCs)(a + 2C2 — 2GC2Cy) (3.24)
Substituting this result into the metric, we get with Cy = M
-1
) oM (% (2M 2\, oM (% [(2M 2 0 g

The spacetime structure is shown as in Fig. .
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2. solution with =1+ O({) and its dynamics

Another solution is obtained by setting

X = cos® <CSQ) , 3.26
e (3.26)
leading to
<2
pw=1+—"=(y/s1 — 2GMeg) (3.27)
Var
with
M 3:1)’/2 sin? (\C/i%) /5153 cos? (f/‘iil) N 49
offt = 202G a 8G icTel (3:28)
Then, we have
5 AL 3/s1 sin’ ( Co2 ) Sg sin (2\5;12) 53 cos? (f;%) (s2(s4)? sin (%5}?) 1
sMell =———ymg T 4G 16GyE 16Gs; MNTeNG
2(s 2 .- 2( s<
o AL 8151n<\/—f) . §s4sm(\/£) (3.29)
s2ateft =G 8G
/5154 cos? ( CZ)
a56]\4’01? -
4G
Then, we get
3,/51sin? (L2 S9 8in 24552 57 cos? % (5257 sin 24;2
() () v () cutin(sE)
4¢2G 4G 16G/s1 16Gsy 4G\ /51
slsin(QjSif) (sisin(fﬁ}f) /5156 cos? (f/si)
tTre Bt 1 BT e, }
3WVE'E?  , [((K, KyE? | (2K, E'Ky . (2(K, (3.30)
=— —(——% s + sin — sin
20°G VE! 2G VE! 2G VE!

E? (0.EY° L[ CKy\ VEL. (8,E" o ( CKy
- + cos + Oy 5 | cos
2GVE'  8GVE'E? VE! 2G E JET

CE? (0,F"\° (K, K'Y\ . (20K
+ — — — —5 | sin
8G \ E2 Bl E? VEL

Solving the dynamics

We still choose the areal gauge to get
E?(2)0,K
E'(z) =2% Ki(z)= M (3.31)

Then, we have

a aacMeff (332)

Vanishing the Hamiltonian constraint leads to
r 3 20 K5 () 3 CKs(x)
Mg ==+-—5— — — 2 =
G Mg 5 + 12 i cos( - > 27 (2)? cos < . > GC,

2Ky (x)\  —AGC,CPE?(2)? + 2*E?(2)? + 2C%aE? (x)? — (P
ﬁm% r )‘ (B ()? + ()

(3.33)
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Since we are interested in the stationary metric, we need to choose the lapse function N(x) and the shift vector
N?(z) such that

(E' (@), HualN] + Ho[N?]} =0 -
{Ez(x)aHeff[N]‘i’Hr[NI]}: .
As a consequence of the first equation, we get
. (12°¢2 + 40 B2 ()?) [ 20K(a)
N*(z) = — IEIOE Sin 2 N(x). (3.35)
Substituting this result into the second equation, we have
Cizx
N(z) = E%(m) (3.36)
Substituting (3.33) into (3.35), we get
" C1/(23 + 22 — 2GC2(?) (23 — (z — 2GCo) E%(x)2)
N¥(x) =+ TE2(2)? (3.37)
Moreover, we have
¢ ¢ 2¢°C
u=1+ﬁ(\/§+GMeﬁ):1+ﬁ— x32 (3.38)
We thus have the metric, with the minus sign in N* considered,
2 50, (E?)? T 142 13102
ds® =— N=dt“ + (dx + N*dt)* + E*dQ
pE
LG, B OVE TR0 0006 @ GEEEP) s | g
T (E2)2 22680, o 2 E%(x)?
1+ Rk
(3.39)
In the Schwarzschild gauge with go1 = 0 = g10, we have with Cy = M,
2GM 2 2GMcA\ ! 2GM\ !
ds2_—<1—G)dt2+<1+C2— GSC) <1— ¢ ) dz? + 22d0% (3.40)
x x x x

In the PG gauge, we have

2

2 9ge2M\ ! OGM  2GM(? 2G M
d52:—dt2+(1+i2— & > (dx+\/i+ GM¢ (1— ¢ )dt) + 22d0? (3.41)

3 3 T
It can be checked that, under the coordinate transformation

GM
dipe s di V2 aain d dzp — d (3.42)
PG sch 2GM — Tsch TPG Tsch, .

the metric dsp can be transformed into dsZ,

Then spacetime structure of the spacetime is shown in Fig. In this diagram, there exist those homogeneous
region BUW. In what follows, we will show how to solve the dynamics in these region by choosing the homogeneous
gauge.

Solving the dynamics: homogeneous gauge
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\¢ T@=n) NG

w

/\ T (1 =n/2) /\

FIG. 2: The Penrose diagram of the metric given in ([3.40]).

Let us consider the homogeneous solution, where consider the solution such that
OBl =0=08,K;. (3.43)

Then, the diffeomorphism constraint is solve automatically. For the Hamiltonian constraint, we have

SVE'E? 5 [ (K KyFE? . (20K, E'K, . (20K, E?
Hep = — ——5~—sin + in — in — (3.44)
206G VE! 220G VE! G VE! 2GVE1
The constant of motion Mg becomes
JEL SR
Mg = b + B e (2 (3.45)
2G 2G¢? VL

The first solution is obtained by choosing E! = t2

‘We have

_ _ ¢ 35 (K, . o [ CK> 7GC2 t
M—Meﬁ‘—%‘i’msﬂn <t> = Sln T = —F 2M7* (346)

On the other hand, we have

o2t = B = {E', Hg[N]} = ELN sin (25;2) = izElcN\/G;gQ (2M— é) \/1 _G& <2M— é) (3.47)

leading to

1
N=x+ (3.48)

2 .
\/QC;M — 1\/1+ C(1— 26M)




To get E2, we need to consider

—ch{z ) K5 cos <2<th

¢ t

. sin( )
E?=N|FE? — +tchos<

and the constraint Heg = 0 to get

Ky =—

E? (3152 sin (CKZ) csc (2(;{2) + (2 esc (2

2

)
) -

3¢

Combining (3.49), (3.50)), (3.48) and the gauge fixing condition E' = ¢2, we finally get

In this case,

<2

p=1+ 3(\/E1—2GM)—1—|-
VBT

We finally have the metric

ds?

The second solution is obtained by choosing

We have

leading to

VET = R(t) = — (CQ—

sin(®) \ B0

On the other hands, we have

To get N, let is consider

V2GM —t\/—2C2GM + 13 + (2t
p .

E? =

CQ

= (t—-2GM) =

2GM

3

1
- A+ < _ 1) da? + 12402,
n(2EM —1) t

VET VET
M = Mg = el +2G<25n(t)
B(t)
3
R N .
R(t) = {\/Ei‘lv HCH[N}} - iR(t) SIH(Qt).

CKy _

==

—2GM¢% + Pt + 13

t.

) , B(t)? = 3¢2 (—QGM sin(t) + \/ 3¢2 + 81G2 M2 sin2(t)> )

0= 3R(t)?sin®(t)R(t)  R(t) 2R(t)*sin(t) cos(t) (R R(t) + 3R(t)%sin?(t)R(t) + R(t)3 sin(2t)
Mesr = - G G G N G
leading to
R(t) = 2R(t)’sin(t) cos(t)’ N = 2CR(t)?

C2+3R(t)? sin® (t)

Now let us consider E2. To this end, we need

" ((E1K1 — E?K5) cos (2\5%) E2Sin(
E* =N

N + 3R(t)2sin?(t)

VET T
N(E?(sin(2t) — t cos(2t)) + (K1 R cos(2t))
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(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)



and Heg = 0 leading to

E? ((2 csc (25%) — ¢(VEK, + 3E'sin? (f/%) csc (%))

fa=- (BT

We thus get

ﬁ N _ Ceot(2t)  (sin(3t) — 5sin(t)) sec(t)
B2 R(1)? i
According to , we get

2(R(t)

N = R sm@n

resulting in

E?  2CR(t) <_Cc0t(2t) (sin(3t)—5sin(t))sec(t))

E2  R(t)sin(2t) R(t)? 4

Moreover, (3.54)) leads to

sin?(t)

_ G¢? R(t)\  2GM¢? ¢2
mw(”fc>mw TR

Substituting this result into (3.61)), we get

E?  R(t) (4C2GM? — 2(3GMR(t) + GMR(t)> — R(t)*)
E?2 " R(t)(2GM — R(t)) (—2C2GM + C2R(t) + R(t)3)

leading to

_ V2GM — R(t)\/—2¢*GM + (*R(t) + R(t)?

B R(0)

In this case, we have

_ —2GM(* + C2R(t) + R(t)?
; R(t)? '

Thus, we have the metric

2GM

ACR(t)! 2(t))2dt2 + ( = 1> da? + R(t)*d0*.

(¢2 + 3R(t)?sin

ds? = —

R(t)

The transition surface is located at t = 7.
To see that (3.68) is the same as the one under PG coordinate, let us rewrite (3.68)) as

4C?R(T)*
(¢2 4+ 3R(T)2sin*(T))

ds? = —

R(T)
Then, we consider the coordinate transformation (¢,z) — (T, X) so that

x=R(T), dt=dX +odT

SdT? + <2GM - 1) dX? + R(T)*dQ2.
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(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)
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To rewrite the metric under PG coordinate as

(3.71)

— (—a2 +ut <R(T) +ay ”“‘1%) ) ar? + (15(]\1{) — 1) dx?

+2 (a +put (R(T) + oz\/u;(]\;)

In order to get the metric (3.69), we need

0 —at ! (R(T) WR(;%)) Wﬂf»

=0=—a+p 'R(T) u% + a% (3.72)

N Y, oM \
=a==xu" R(T) MR(T) (1 a R(T)>

Then, we get the value of the coefficient of d72 in (3.71)),

2 —1( 7 2M ’ B R(T)4R(T)2
S <R(T) - am> ~ (R(T) —2M) (=2¢2M + (*R(T) + R(T)3)

_ R(T)™ sin?(27) (3.73)
(R(T) — 2M) (=2¢2M + C2R(T) + R(T)?) (¢? + 3R(T)? sin*(T))”
4C2R(T)*

(¢? + 3R(T)2sin*(T))*

where(3.58)) is applied and we used (3.54)) to get

2 4C(2M — R(T)) (2¢*M — R(T) (¢* + R(T)?))
- R(T)S

sin(27)

(3.74)

C. New solution without Cauchy horizon

The new solution is given by

M) =h(s1) + M sin <)\(81) {1 + (s2)? — (Sfl) + w(SI)D (3.75)

for arbitrary functions F, h, A and 9. Plugging M e(g’f) into Egs. (2.76a)) and (2.76b), we get

2GA(s1) (MY — h(sl)]] 2} . (3.76)

uEpng(sl)Q{l— Vot
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The resulting effective Hamiltonian constraint reads

VELE? VE'K| K VE! Bt
He(?f) =-F(E") 03 + —2 Oy 0 cos (§)
GA(E') OE! G 2G E?
) ) (3.77)
E* 0 VEIF(EY Y . 5 [ Oh 1 ()
- — 3 E* | — E-,
G OF! ( NEY > sin (§) + £7{ 51 +R( i)
where
) E1)2
ZAEY |14 (Ko =GB :
5= aE) 1+ (2 - 2l o). (3.78)
and hence
83 / (awEl)Q 1 / 1 1
14+ (K9)° — E EDANEY). .
1. The spacetime metric from H(H) with R =0
To get the metric, it is convenient to choose the areal gauge
El(z) = 2°. (3.80)
Then, solving the diffeomorphism constraint, we get
E?(2)0,Ks(x
Ki(z) = % (3.81)
By the gauge fixing conditions and , the effective Hamiltonian constraint H'2 becomes
E%(z -
HE (z) = —7; )%Me(f%)(x), (3.82)
where
(3) o aF(z?)sin(A(x?)F(x))
Meff( ) h(l’ )+ 2G)\($2) ’
with
22
F(z) =1+ Ky(x)* - EQ( E + 9(2?) (3.83)
is just the value of M (H under the gauge fixing conditions and ( -
Taking account of the stationary condition
0 ={E"(z), HY [N] + H,[N"]}, )
0 ={E*(2), Hg [N] + Ho[N"]}, ’
we have
x
N =
= ey
N (z) , ) (3.85)
=— F K
N (o) cos (A(z*)F(z)) Ka(z)F(z?)
In addition, the vanishing of H ylelds
2 2
sin(\(22) F(x)) = GAT) (0r — a2y, (3.86)

xF(x2)
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To get the metric in the Schwarzschild-like coordinate, we choose Ko(xz) = 0 so that N*(x) = 0. Then, we have

L _ (")(z) L nmw+ (—1)" arcsim(%) o) (387
E2(z)2 3 A(z2) ;
where n € Z is an arbitrary integer. We can also get
s = F(a?)? — ‘%#2)2 (M — h(z?))*. (3.88)
Thus, line element in this case reads
dstyy) = —f§dt? + gt (£4V) 7 da? + 2202, (3.89)

To get the line element of the metric in the Painlevé-Gullstrand-like coordinates, one needs to choose the gauge
fixing condition N(z) = 1, i.e., E?(z) = x. This condition, together with the constraint equation of He(?f), leads to

N™ = +/ps(1 - £i). (3.90)

Thus, the line element in the Painlevé-Gullstrand-like coordinates, denoted by (t4,z, 0, ¢), reads

2
]' n
dstyy = —dtd + ™ (dx + /s (1 - f ))dti) + 22d02. (3.91)
3

where the sign of + corresponds to the ingoing Painlevé-Gullstrand-like coordinates and the sign of — corresponds
to the outgoing Painlevé-Gullstrand-like coordinates. It is easy to check that the metric (3.89)) is the same as that
of Eq. (3.91)) up to a coordinate transformation, as a consequence of the fact that the theory described by H, é?f) is

covariant.

2. Spacetime structure of dsé) in a concrete example

It should be noted that the arguments of the sine function in H, C(ff) involve Ky(z)2. Inspired by the effective loop

quantum black hole models, where the arguments of the sine function typically include K(x), we set A(s1) as the
square of the corresponding term in the fi-scheme of those models. Thus, we will consider the spacetime structure of

dsﬁg) with A and 1 chosen as

2
A(s1) = % ¥(s1) = 0. (3.92)
1
For simplicity, the other two free functions are chosen as

F(s1) =1, h(s1)=0. (3.93)
Substituting Egs. (3.92) and (3.93) into Eq. (3.77)), we get the specific expression of H C(?f) as

E? ,  (0,EY)? VE'K\K, VE!'_ [0,E'
G¢ﬁ<l“f{2) Ay ) ’ -~ (%)

3) _
Heg = - G 2G

coon (G0 [ e - QBN BB G, (- OB

The line element of the metric in the Schwarzschild-like coordinates becomes

dstyy = —f§at? + gt (F4Y) 7 da? + 22402, (3.94)
with
#n , T2 . [(2GM? nnz?
f§ )(x) =1—(-1) <2arcsln( - > e
I (3.95)
fis(z) =1 — :
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The metric can return to the Schwarzschild metric as x approaches oo only if n = 0. Hence we set n = 0 initially to
analyze the metric.

To ensure that the argument of the arcsine function remains within its valid domain, one needs to impose the
condition

x> (2GM) " = 2. (3.96)

For x within this range, we get

0<fis < 1. (3.97)

The number of horizons in the spacetime of dsé) is determined by the number of real roots of féo). Observing that

as r — 0o, féo) approaches 1, a positive number, the number of roots of féo) is therefore determined by the sign of
its value at z = (2GMC2)1/3, which reads

20) T (2GM\*?
f3 =1~ 5 (C) . (3.98)

Let us introduce

my = g <2>3/2. (3.99)

™

It is easy to see from Eq. (3.98]) that there is no real root of féo) for GM < m,, while there is one real root of féo) for
GM > m,. Now we can explore the spacetime structure of ds%g) case by case.

Spacetime structure for GM < m,

In the case of GM < m,, the coordinates employed in Eq. (3.94) are well-defined for the region of > zy,. To
extend the spacetime beyond 2 = i, we introduce a new coordinate z(x), as suggested in [? | for a similar context,
defined by

dz\? 3
<dx> =H3 . (3.100)
In the coordinates (t, z, 0, ¢), the metric reads
dsty) = =37 (2)de? + (F7(2)) ' d2? + w(2) A0, (3.101)

where féo)(z) = féo)(ac(z)) and z(z) denotes the inverse function of z(z) determined by Eq. (3.100). The metric
(3.101) is well defined at (z) = Xmin. Since & = Ty, is a root of us(z), the function x(z) exhibits a turning point at
2(2) = Zmin. This implies that the extension beyond & = Xy, turns back to z > ;. However, it should be noted

that, due to the arcsine function in fén), after the turning point, the line element should transition to the branch of
the arcsine function corresponding to n = 1. Then the metric, after the turning point, becomes

ds?yy = — FiV(2)a? + (F1V () 7' de? + x(2)%d02 (3.102)

The choice in Eq. (3.102) ensures the smoothness of the metric, i.e.,

n n

. 0 . d 1
lim fe(ff),IH = lim o féﬁ‘%IH- (3.103)
2=z,

2=z dzm

It is obvious that, for GM < m,, fél) has a real root, denoted by xj,, satisfying the inequality xj > xpn;n. Hence,
there is a horizon in the spacetime region associated with fél). The expression of fél) in Eq. (3.95)) indicates that,
as x — 00, the spacetime region associated with fél) asymptotically approaches to a de-Sitter spacetime. Thus, by

gluing the spacetime regions associated with féo) and fél), we get the Penrose diagram of the spacetime dsé) as

shown in Fig. |3] where A is the region associated with féo), and A’ U B and A’ UW are those associated with fél).
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FIG. 3: The Penrose diagram of the spacetime ds?3> for GM < m,. The diagram contains the wormhole region A U A’ with
throat occurring at * = Tmin, the BH region B and the WH region W.

X =0

B

FIG. 4: The Penrose diagram of the spacetime ds?3) for GM = m,. The diagram contains the asymptotically flat regions A,
the BH region B and the WH region W.

FIG. 5: The Penrose diagram of the spacetime ds?3) for GM > m,. In our convention, the shaded regions S are not considered
as part of either B or W. The diagram contains asymptotically flat regions A, the BH region B, the WH region W, and the
Schwarzschild-de Sitter-like regions S.

For the region BU A’ or WU A’, the Painlevé-Gullstrand-like coordinates, denoted by (t+, z, 0, ¢), can be employed
to cover it. The line element in the region BU A’ is

2
dslyy = — dtd + p3 " (dx +/ps(1 - fél))dt+> +22d02. (3.104)



38

and in the region W U A’ is

2
ds?y) = —dt* + 3! (dx —\Jus(1 - f§1>)dt) + 2202, (3.105)

Besides the coordinates (¢, z, 6, ¢) introduced in Eq. (3.102)), to cover the entire wormhole region A U A’, we can
also introduce the new coordinates (¢, X, 0, ¢) as follows:

2G M (?
3 _
z° = Sn(X) (3.106)
and hence
6¢C2GM dx
VT ( )
Thus the metric in the new coordinates becomes
= X)2
ds%, = — &(X)de? (—dX2 2(X)%d0?, 3.108
with
2GM¢2]?
E(X) =
=]
2/3 (3.109)
2GM
d(X)=1—|—— X
=1~ )

The wormhole throat is located at X = /2, and the horizon appears at X = X,,, where X,, greater than 7/2, is the
root of ®(X). The range of X reads 0 < X < X,.

For the cases of GM > m,, the procedure to construct the Penrose diagram of the corresponding metrics is similar
to the case of GM < m,. Hence, in the following cases, we will introduce the results directly.

Spacetime structure for GM = m,

In the case of GM = m,, © = Tmin = (4/2/7 becomes a horizon in the spacetime of d523 . The Penrose diagram, as
shown in Fig. [] includes the asymptotically flat regions A, the BH region B and the WH region W. It is convenient
to choose the Painlevé-Gullstrand-like coordinates (t+,x, 6, ¢) to cover any of the regions A, B and W individually.
Then the line element in the regions A reads

2
1 -
ds, = —dt? + — (da + \/fiz(1 — fO)dt

+ 22d0?,

and the line element in the regions B and W reads
2
1 -
sy = — dtZ + T (dx + /(1 — §°))dti> + z2d0?, (3.111)

where t4 and t_ are the time coordinate in the region B and W respectively.

Due to the vanishing of p at & = Tyin, the Painlevé-Gullstrand-like coordinates (¢4, x, 0, ¢) cannot cross the horizon.
To avoid the coordinate singularity, we can introduce the coordinate z defined by Eq. or the coordinate X
defined by Eq. to replace the = coordinate in the Painlevé-Gullstrand-like coordinates. With the coordinates
(tx, 2,0, ¢) covering AU B or AU W, the line elements respectively read

2
ds?y) = — dt2 + (dz + \/ fis(z) (1 — ¥ (z))dti)

(3.112)
+ x(2)2dQ%
With the coordinates (t+, X, 0, ¢), the line elements become
2
dX VX
dstyy = — dtd + E(X)? | s + ——dt E(X)2d02% 3.113
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Spacetime structure for GM > m,

In this case, féo) has a real root denoted by x; where the horizons form. The Penrose diagram, as shown in Fig.
consists of the asymptotically flat regions A, the BH region B, the WH region W and the Schwarzschild-de Sitter-like
region S. In the current scenario, the surface © = x,;, occurs inside the horizon and is spacelike.

In either the region AU B or the region AU W one can choose the Painlevé-Gullstrand-like coordinates (t+, z, 0, @)
to cover it. Then, the line element reads

1 — 2
dsfy) = =t} + = <d3: +4/fis(1 - éo))dti> +22d0?, (3.114)
3

where as in Eqgs. (3.104) and (3.105)), the signs & correspond to the regions A U B and A U W respectively.
In the shadow region S, the Schwarzschild-like coordinate can be chosen, in which the line element reads

ds?y) = —f3dt? + i3 (F5)) 7 da? + 22dQ2. (3.115)

It is easy to see that fél) < 0 for all x > xpy;, in the current case. Moreover, the metric in region S asymptotically
approaches the Schwarzschild-de Sitter one with negative mass in the far future.
To define the coordinates covering the entire region AUBUS or AUW US, we again use the coordinates (¢, z, 0, @)

with z define by Eq. (3.100)), or the coordinates (t+, X, 0, ¢) with X given by Eq. (3.106). Then, the metric in these
two coordinate systems will take the same forms as those in Eq. (3.112)) and Eq. (3.113]) respectively.

IV. GENERAL SOLUTION OF THE COVARIANCE EQUATION

Now let us consider the general solution to the covariance equation (2.76a)) and (2.76b)).
(2.76b) implies that y is a function of Meg and s;. To solve (2.76al), let us introduce 34 = (s4)?. Then, we have

OM.g _ OMeg % _ iaMeH (4 1)
8§4 o (984 d§4 - 284 884 ' .
Therefore (2.76a) can be simplified to
(Ontee )™ = 05y Mo Os, 05, Mot — 05, Mg 02, Mogr (4.2)
where F(s1, Mog) is defined by
1 s
(8MeffF) t= ?1 (43)
Let us introduce @ = 05, Meg. Then, (4.2) leads to
0s, F' 05, F
1= 8MeffF852Meﬁ8§4Q — 8MeffF8§4MeffaS2Q = 852F8§4Q — 8§4F852Q = det 9 2@ an . (4.4)
As we know,
852F 854F (9F82 8@82 _ 10 (4 5)
05,Q 05,Q) \Or34 0054) \0 1 ’
ie.,
0, F 95, F\ " _ (OFs2 0gs2 (4.6)
0s,Q 05,Q " \OF3s 0g34 ’
According to (4.4),

-1
(852F 8%4}7) _ ( 95,Q —8§4F> (4.7)
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Therefore, we have

aFSQ 8@82 _ 6§4Q —8§4F (4 8)
Ord4 0054) \—0s,Q 05, F )
Then, we have
034
% = 852F = 6MeffFaszMeff = QaMeffF (49)
leading to
_ 1
= §Q28MeffF — Z(s1, Mer) (4.10)
for arbitrary function Z. By definition of @ and F', we finally obtain
S1 .
“41 (34 + Z(s1, Mogt)) = (95, Mogt)*. (4.11)
This equation lead to
Dy Mot = \F\/u (51, Megr) (84 + Z (51, Mest)) \F\/u (81, Mest) ((54)% + Z(s1, Megr)) (4.12)

Substltutmg this result back into (2.76a)), we can prove that (| is satisfied. Thus, is equivalent to ([2.76al).
Solving ([2.76al , we get

Megr d
i\éjsz + Z(s1,84) = $ (4.13)
\/:u 817 2+ Z(Sh )]

for arbitrary function =.

A. General dynamics of the covariant model

To determine the metric, we need to solve for the lapse function N and the shift vector N* from the following
equations:

E'={E'Heg[N] + H,[N"]} = =2 (N~ + N* — | = = + N"9,E'
(B, HaalN)+ 1)) = -2 (N0 e ) SO0
OH H OH, (4.14)
E? = {E? He[N) + H,[N"]} = — Mg (N =2 ) ) = =N 4 5, (N*E?
(B, HalN] + £, 13°]) = = (V5 e L4 0, (NE?)
By the relation between Heg and Mg given by (2.75)), we have
OH,
T = _E20,, Moy (4.15)
883
and
OH, 02, Mg 05,05, M,
83825 = _92F2 {aslaszMeH + 22 s3 + 2 84 off S5 + 8MeffRaS2Meff] (4'16)
Applying (4.15) and , we have
E'' = 2Nd,,M.g + N0, E*
.2 22 ) ) (4.17)
E? = N 255.00(90, Merr) + 2N E*Or1,, RO, Mert + 0:(N"E?)
According to following relation
GOs, Mg 2 2
Hyg— 22—y 2 Ro.s — =8, Mg, 4.18
ff ﬁzEl S4 51 Sq ft ( )
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we could have that Heg = 0 leads to

OxMeg + 0, B'R = 0. (4.19)
Moreover, we have
Mg + 2Ny, Mg R = N0, Mg (4.20)
Applying , we have
Mo + E'R = N* (0, Mot + 0, E'R) =0 (4.21)

where we used H, = 0 for the first equality and (4.19) for the last equality. According to the last equation, the
integration constant in (4.19) must be time independent which can be seen as follows: according to (4.19) and (4.21)),
we have Mg (t,z) = M(E"(t,2)) with

dM
15 —R(E*, M). (4.22)

1. dynamics for arbitrary gauge with Os, Meg 7 0

Considering an arbitrary gauge by Ef = E!(t,z), we have according to (4.17)),
E' —2N8,, Meg

N* = 4.2
and N satisfy the equation
0. E" 1 O,FE'0’E'  9,E'0,E? 0O,E?0,E!
9:N = N (0 ROE + 9, In( == 0,0 E' — = ¢ L Rl 4.24
( Mot * n( E? )) 20, Mg ( ‘ 0.BT B B2 (4.24)
whose solution is
0, B!
N=C xEQ exp (/ 8MeffR8xE1dx) (4.25)
with C(z) satisfying
exp(— [ O RO, Edx) ) . E?0,E'0’FE! Lo 1o S
8370 == 28mE1852Meﬂ E (%@E - T_E‘lx + 8tE 833E - 8tE BxE (426)
2. dynamics for arbitrary gauge with Os, Meg = 0
Now let us consider the case where we choose a gauge such that dy, Mg = 0. In this case, (4.17)) becomes
E' = N*9,E* (427
E? = §,(N"E?) '
from which we cannot solve N. To get the result of N, we need to consider
0 :815 (aSQMeff) = {as'zMeff,Heff[N] + HL[N:E }
uB (0N = N (0,E' 00 R + 0. n(%E)))  No, [(@, Mer)?]
- 2(E2) * 9, BT + N70z05, Mes (4.28)
pE! (axzv _N (awElaMeffR + o, 1n(aa;;§1 )))
= 2(E2)3
where we used the constraint equations Heg = 0 = H, and the covariance equation. This result leads to
0. F!
N = C—5exp ( / aMeffRazEldx) (4.29)

with 0,C = 0.
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3. Metric in Schwarzschild coordinates

On any open coordinate patch where the gauge choice E' = 22 and 9, Mg = 0 is admissible, the line element
reads

1 4
ds? = ZNfzclt2 - —deQ + 22d0?, (4.30)
i

where N, is
N, = exp (2/9&(8Meff72)dx>. (4.31)

Here we used (E?)? = —422/Z obtained by evaluating Eq. (4.11)) in the gauge. In addition, since E' in the gauge is
time independent, the line element (4.30) is static.

B. Reconstruction algorithm

Let us consider BH with metric of the form
ds? = —F(x;m)dt* + H(z;m) *da? + 22dQ2. (4.32)
In our covariant model, the constant m entering the metric as the integration constant of
0 M +R(E', M)0,E* =0 (4.33)

where the result should be identified with Mg on shell. More precisely, Mcg = M solves the constraints. Comparing
(4.30) with (4.32)), we get the if the model takes the given metric (4.32)) as its vacuum solution, we should have

1 Z

SN2z=-F K- g (4.34)
4 4

where we need to substitute the evaluation E' = 22 and Mg = M (x,m) to the LHSs so that both sides of the
equations take z and m and their argument. In (4.33]), we have relate R to the mass function M (z,m). To further
express the function Z and p in terms of M (z,m), let us consider the derivative of (4.33)) with respect to m, leading
to

OO M + 22(9p1., R)Om M = 0 (4.35)

where we have evaluated E! = z2. In addition, by the expression of N, in (4.31)), it also satisfies the equation

1 1
0sNo — 22(Op.sR)No =0 = 0, (N) + 2x(6MeffR)F =0. (4.36)
Combining (4.36)) with (4.35]), we find that
OmMN, = C(m) (4.37)

for some function C(m). This function is convention-dependent and can therefore be fixed, for convenience, by
choosing

C(m) = 1. (4.38)

Thus, we have

(4.39)
Then, by defining

(4.40)
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we can relate all the function R, u and Z to M(x,m) as

_%M ! il z-_4H _ —4F(0,, M)? (4.41)

R=="00" M= Q@nd? ~ F@n 2 [

where R, p, and Z are first expressed in terms of  and m, and then reinterpreted as functions of (s1, Meg) using
51 = 2% and Mg = M(x,m).
As the first, we consider the loop quantum black hole spacetime with

H:F:1—2m<1—2<2m>. (4.42)

x 3

Note that this metric was previously derived in various works on loop quantum black hole, using different approaches,
but always in the absence of a covariant dynamical framework. Choosing M (xz,m) = 1, we finally get

3 — s14/(84)%? — 4sin (2<52 + 4CE)

\ 2 [t 1 4 S S

Mg = 51 sin? ﬁ + L F Ve 1/,
2¢2 VTR 4

To ensure the correct classical limit, i.e., that Mg returns to the expression in Einstein’s GR as ¢ approaches 0, we
should choose Z = \/s1(s4)? — 451 /4.
For the Hayward metric, we have

2ma?

F(z;m) = H(z;m) = Fy(z;m) =1 — e T

(4.43)

With choosing M (z,m) = m, we finally have

5 ¢\/(54)2—4Fx (/51;Megr)
(2C2Meff + \/§3> \/(34)2 — 4FH(\/§, Meff) 2\/§ arctanh ( \/451+§2((54)2—4)

)
_ 8s1 + 2C2 ((34)2 _ 4) - <[431 + <-2 ((54)2 — 4)]3/2 + 5\/552,

which defines Mg as a function of s1, so and s4 implicitly. In the Hayward case, we have chosen = = 0 to ensure the
classical limit.

V. FORMATION OF BH BY DUST COLLAPSE
A. Quantum OS model

In LQC, we have the spacetime M which is diffeomorphism to R*. The metric is given by
ds? = —df? + a(t)*(dF? + r2dQ?). (5.1)
A geodesic in this spacetime is
7 (£(r), 7 (7),6(7), $(7)) = (7,70, 00, b0)- (5.2)

Then, we have the second spacetime Moy with a chart ¢ : U — R* which endows U with a coordinate (t,7,b, ¢)
with » € I C R. With this coordinate, the metric takes the form

ds? = —(1— F(r)dt* + (1 — F(r))"'dr? + r2d0%. (53)
Let I > 7+ (¢(7),7(7), b0, d0) € U be a geodesic of a freely falling ball. We have
N/ 9\" N2 —1.(-\2
o (aT) <57> = (1~ F(r(n)i(r)? + [1 — F(r(r)] 7 #(r)? = -1

Jab (;T)a (;)b = —[1— F(r(r)))i(r) = —E



44

which leads to
. E
UT) = —————,
7= TE ) 5:5)
7(1)2 = B> — 1 + F(r(1)).
Consider the sphere S; = {(0,7,0,¢),0 € (0,7),¢ € (0,2m)} in M;. Its freely falling forms a hypersurface
Hy C My, ie.,
Hy ={(7,70,0,6) € M1,7 €R,0 € (0,m),6 € (0,2m)}. (5.6)

Similarly, we consider the sphere Sy = {(¢(70),7(70), b, ¢), b € (0,¢), ¢ € (0,27)} whose freely falling forms a hyper-
surface Hy C U C Mo, i.e.,

Hy ={(t(1),r(1),b,0) e U,T € I',0 € (0,0),¢ € (0,2m)}. (5.7)

We want to glue U with a subset of M; via identifying Hs with a subset of Hy, such that the extrinsic curvature and
the reduced metric change continuously cross the gluing surface. We do the identification

(77,60, 60) ~ (t(7),7(7), ho, b0), V7 € L. (5.8)
We first take into account the reduced metric. We have, on H;

ds?| = —dr? +a(7)*FadQ>. (5.9)

Hy

On H,, one has, taking advantage of (5.5)),

s2 =—[1 = F(r(r))]i(r)?*dr? — F(r(™)]7 7 (1)2dr? + r(1)%d0?
ds|, (L= F(r(r)]t(r)"dr” + [L = F(r(7))]” #(7)°d7" + r(7)7dQ (5.10)

= —dr? +r(r)?dQ%

Thus, the continuity of the reduced metric leads to
a(r)*7y = r(1)*. (5.11)

r(7) is a solution to the geodesic equation (5.5)). Thus, we need to choose F(r) which results in r(7) such that (5.11))
is satisfied. Rather than solving (5.5)) to get r(7), let us take the derivative of (5.11) to get

a(r)a(r)g

=7(7). 5.12
N (5.12)
Substituting this equation into (5.5)), we have
(V2 ()24
E* =1+ F(r(r)) = a(ﬂr(i(;) 0 = a(r)2r2 (5.13)

where the second equaility uses (5.11). Since df/dr = 1, a(7)? can solved from the Friedmann equation, i.e., By the
Friedmann equation, we have

a(r)? = H(1)%a(r)? = f(p)a(r)? (5.14)
For the APS-LQC case, we have

Y[ Y5 2
a(r)? =H(r)a(r)? = T p(1 = Lya(ry? = T ( S — )am?
3

3 c 3\ ma(r)3/ (47 4(r)373) % pe
p. (T)°75  (4za(r)373)" P (5.15)
<2GM 2aM? 1)
S \a(n)ig AFa(r)ii pe
Thus, we have, by (5.13))
2GM 2GM? 1 2GM  6GM? 1
F(r(r)) =1-E>+ —— — += =1-F? - (5.16)

a(t)fo  a(r)47d pe r(r)  4mr(t)t pe
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0.4

0.2

0.0

FIG. 6: Shock wave (red curve).

where (5.11]) is used again.

Choose the conormal of H; to be n, = (d7)./+/g%*(d7),(d7)p. Considering the extrinsic curvature of Hy, we have

Kab(T)

= 7oa(7)(d0) o (d8)y + Foa(r) sin? 0(d¢)q (de)s. (5.17)

1
On H,, we choose the co-normal vector to be

2

ne (1) = (—7(7)(dt), + t'(T)(dr)a)/\/g“”(dt)a(dt)bi"(T)2 + gob(dr) o (dr)pt(T) - (5.18)

We get

Kap(7) = Er(7)(d6).(d9), + Er(r) sin? 0(de)a(d)s. (5.19)

H>

Thus, the continuity of the extrinsic curvature gives
E=1. (5.20)
We therefore obtain from ([5.16) that

2 2 2
_2GM _ 6GM? _ 2GM _ 4¢*M (5.21)

F(r) 1

r A pert r r

B. Inhomogeneous dust profile and shock waves

As shown by Francesco, Vigar and Edward’s work [see e.g. Phys.Rev.D 109 (2024) 8, 084052], when the dust
profile is inhomogeneous, there will be shell crossing singularity appear, as illustrated in Fig. [0}

C. Dust shell in Einstein theory

Let ¥ be a 3-D Lorentzian manifold. In ¥, we assume the existence of a dust field described by the energy momentum
tensor (3 S,;,. We now embed ¥ into the a 4-D Lorentzian manifold M such that ¥ is a time-like hypersurface. Let
gap denote the metric on M. We will still use ¥ to denote the image of ¥ embedded into M. As a hypersurface, 2
can always be given by

£=0, (5.22)



for certain function £ on M.
Let n, be the normalized conomal vector of ¥, i.e.

na = (d€)a N,
with
N =1/ g"(d&)p(dE)..
The 4-D correspondence of S, in M is given by

Sap(z)n%(z) =0,  Sep(x)vw® = @ Suvtuw®  for all v, w? tangent to ¥, Vz € %,
Sap(y) =0, Vy &3
The metric g,p gives a reduced metric 3)h,p on . The 4-D correspondence to by, is given by
Dab = Gab — Nallp,
as it can be verified that
b

hapn® =0,  hapvw® = Ppv®w®, Vo, w tangent to .

On M we define the d¢-function as

/M v —det(g) foed e = /E \/ —det(®)p) f|,d*z, V test function f.

Then, the energy moment tensor of the dust field confined on ¥ is given by
Oab = 0¢Sab-
The Einstein equation becomes
Gy = 87Goyp.
To see the influence of o, we observed that o,,n® = 0, leading to
Gan™n’ = 0 = Gupn®h’y
Moreover, according to the Einstein equation, we have
Gapg®® = —R = 81Go

leading to

1
Rap = 81G(0ap — igaba).

Therefore, we have
a b 1
Rabh ch d — 87TG(UCd - ihcdg)-
By definition of R, (see ((5.35)), we have

1
Raph®chby = PRy — RReq — h7h0anV Koy — ~ DeDaN

where ®)R., is the Racci curvature of (3)hab, K, is the extrinsic curvature of ¥ and N is given by ([5.24)

that both h¢.hb eV Ry and %DCDdN in the right hand side of ([5.35)) depend on the choice of €. For
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(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

. It is noted
~DcDgN it is

easy to see this because N is defined via &. For the term h®.h? neV Rap, it is E-dependence because n°V, Ry, depends
on the extrinsic curvature of the slice in a neighbor of . The slice in a neighbor of ¥ is defined by £ =constant, and

thus ¢ dependent.
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Substituting this result into (5.34)), we have
1 1
GINReg — ARea — h%h anV Ry — 7 DeDaN = 87G(0ci = 5heao)- (5.36)

The right-hand-side involve distribution. Therefore, the above equation is interpreted in the sense of distribution, i.e.,
the following equation is true for all f°¢ satisfying f¢n. =0 = fng,:

. 1
V=9 { (“)m ~ Rflca — NDchN> £+ ve<n6f‘“’>ﬁab}
M

1
+ [ V=g { (<3)mcd — R — NDCDdN> fed+ ve<n@f“b)ﬁab} (5.37)
M_

1
_ _ 3 cd _ =
e /E V= et (99) FUSoa = S0eaS).
Because in M4 we have
1
DR — Afea = e’ a0 VeRap — - DeDaN =0 (5.38)
(5.37) gives
1
V=gV fPRep) + / V=gV f?®R,) = 87G / —det(®h) £U(Seq — =bheaS). 5.39
. ( b) " ( b) E\/ ()(d2d) (5.39)

Applying the Gaussian law, we have
a . 1
/Z \/— det(3)h) f2[Rep) = st/E \/— det(®h) £US.q — 5r)cdS) (5.40)
where [Rq) := &), — &,,. We thus get
1
[ﬁab] = _SWG(Sab - §hcds) (541)

It is noted that the normal vector n® in (5.37) point in the "future" direction, i.e., from M_ to M, resulting in the

— sign in (5.41)).

D. Dust shell in spherically symmetric Einstein theory

Now let us consider a dust shell embedded into a spherically symmetric vacuum model. In this case, the metric
inside and outside the dust shell read

2M 2M.
dsi=—<1—ri)dt2+<1— Ti

with M, = M and M_ = 0. Let the world line of each point in the dust shell be given by 7 — (¢(7), z(7), 0, ) with
7 being the proper time. We have

-1
) dr? + r2dQ2. (5.42)

M. ; oM.\
- (1— i)t2+ (1— i) 2= 1. (5.43)
T r
A unit conormal vector of the hypersurface is
ng = #(dt)g — £(dr)q. (5.44)

It is conormal vector because 0 = n,(9/07)% = n,(0/00)* = 1,(9/0¢)®. It is normalized because its norm is

oML\ ! oMy \
||n|2:—<1—ri> ¢2+<1— Ti>t:1. (5.45)




As ds? they are solution to the Einstein equation, we get
Ghnin% =0=G n"n"

Moreover, we have the fomulation

1 1 1
Gapn®n® = Rypnn® — §R = Racbdn“nbg“i — §Racbdg“bgc‘i — §Racbdnanbn0nd
1 1 1
=— §Racbd (g“b — n“nb) (ng — n“nd) = —§Rabcdh“bh6d =-3 ((3)9‘{ - 82+ ﬁacﬁc“)

According to (5.47)), we have
0=2(Ghnin% — G n"n") = &2 — &2 — [R,“R.)4 + [R.“R)
(5, ) [(R00% — 82) — (8% — 820
According to (5.41]), we have
1 1
[Rh?® — g9 = —87 G (—2513‘1” — 8% 4 25r;@‘?> = 81G S,

We thus get
(&5, + &) S =o0.

By definition of G, we have

Gt = Run®dlc — 3 Rgaon®t’e = Rupn'p'
=h"cRaayn’ = —h%:(VoVan? = VgVan?) = —h%(Va(9™Vane) — Va(g%Vane))
=~ %[ Va(§7Van.) = Va(hVane)| = =5 Valkla + b Va(Ra? + h%nan/ V)
=— 0%Vl +5"Vaka’ + (0 Vi )R = =D 8% + Do
where we used
n°Vane =0, §*VaRe? = §%g™VaRae = DaRe® — ReenVan®.
Moreover, we have
Ganib’e =0=Gonth’,

According to (5.51]), we have

1 1
Ghnibb. — Gon®hb. = D[R] — D[R] = —87G | D, (S, — 5r;acS) + 5Dcs = —81GD,S%.

We thus get
D,S% =0
To get the junction surface, we need to compute the acceleration
(07)°Va(0r)° = (D7) Da(,)° + 114 (0:)"Va(0)% = (9,)" Da(0r)° — 1K (97) (7).
Let us consider the presureless dust, i.e.,
S = p(87)(9)".

Then, (5.55]) leads to
0= Da(p(a‘r)a)(a‘r)b + p(a'r)aDa(a‘r)b = Du(p(07)*) = 0 and (aT)aDa(af)b =0
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(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)
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where we reach the conclusion by using (dr), to contract both sides of the equation. With this conclusion, we have

10(0,) "V 0 (02)° = —Rup(8,)2(0,) = —%RabS“b.

According to (5.50]), we have
0 (07)"V (0-)" + 1, (0-)"V, (9,)° = 0.
In the Schwarzschild metric, we have

(0,)794(0,)° = (ait 4 fé‘ff;%) (0)° + (air y M= 200t T](‘f(_a;%) (8,)°.

Since ||0,|> = —1, we get
MY oM\ ",
(- =) 2 (1) 2=
r r

-1
d((lfz‘M)m(lQM) )0
dr T T

from which we can solve 9%t and 9,t > 0. Substituting the results into (5.61), we have

, M + 1292
00(0,) V0 (8,)° = — o
72 /1 — 2 4§ 2
Therefore, (5.60) gives us
M +r29%r r29%r

+ =0
2M
i ( e W) —MVTE
T

M
=1+ (0:r)2=a+ 2ar for some constant a.
ar

According to (5.41), we have

— 4nGp = [Rap](8:)*(87)" = =S (97)*Va(8r)° + 0 (87)*Va(8;)¢
M +r202r r20Zr M

r2\[1- 22 4 2 VIO ar?
T

namely

4nGrip = M/a.

VI. SOLVING THE TRAJECTORY OF DUST SHELL IN CANONICAL GRAVITY

A. Einstein tensor from the action

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

In this section, let us investigate how to get the Einstein tensor from the action. By definition of g, and g"”, we

have
1 N

uro_ T N2> N2
g =\ N*  _ab_ N°N®|>
N2y 4 N2

(6.1)



ie.,
1
9" (8,)7(8,)" = - <(at)b1 _ Nb1> ((&e)” _ NbQ) s
Therefore, we have
59/W<au)bl(au)b2
_ 2 by by bo _ Arb2
- ((a) N )((at) N >6N
1
+ ((@)"2 . N“) SN 4 ﬁ ((at) Nbl) SN2
+ 5qb1b2

2 2
:ﬁnblnb25N+ ﬁn(blcSsz) + 5qb1b2'

Thus, we get

2
68 = /\/?gGwagW = /\/?gﬁ (nbln"QGblb25N + Gblean(SNb?) +V/=9Gh15,00"2,

implying that

5S 2 5S
AR SNH

2 y 08
= N V _gG,UVn ) 5qab =V _gGab~
On the other hand, we know that

S = /d4 (—K1E1 - éKgEQ NH — NIH@) .

Thus, we get

b2 H H,

=, Guant =%
2vq " 2./q

To get what is §5/8¢??, let us introduce P, such that

{q°U(x), Puy(y)} = 26567 8(x, ).

G p,n

Then, we have
S = /d% (Pup0rq™ — HN — H,N") .

Thus, we have

08

o = ~0Pas - (Pay, HIN + HeN"]} = v =4C

where we need to relate P,;, with 0;q4, by the equations

O0tqap = {qava[N] + Hw[Nx]}

a0

(6.4)

(6.10)

(6.11)

It is noted that by calculating %, we need to write S as an function of g, and its derivatives. By doing this, 6.5/5¢q%®

gives the Euler-Lagrangian equation with respect to ¢**. However, we did not do this in (6.10). The reason why the

correct results can be obtained without rewriting S as an function of ¢, can be seen as follows.
Consider the mechanical system with L(q, ¢). Then, we have the Euler-Lagrangian equation

5 _oL_dor
¢ dq dtog’

(6.12)
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As we know, after the Legendre transformation, we have

OL  OH

oL _ oi . 6.13
dq dq lp=2L (6.13)

We thus have that the Euler-Lagrangian equation (6.12)) can be rewritten as
0S5 0H d d
o> _ (ot d - (-2 H ‘ . 6.14
oq ( 0q dtp) ‘p:%—g ( at? +ip }> p=3L (6.14)

The above results in the spherically symmetric model by using MMA codes. Moreover, in the spherically symmetric
model, we have

1

E 1 1
Py @ Oy = s Op @ O + — <3 Op+ —5—04® 0 ) . 6.15

The symplectic potential is

1 1
9=— —K|6E' — lK25E2 = —iKlé ( 1 ) — le(s <>

2G G 2G q99 G /q99qx;v
1 5q%? 1 1 00
— K K §q*% Tz § 00
26 K1 T e 5 (4”04 +¢""64")

q%? (6.16)

S (e LK PR N S
2G< 1(q99)2 2 /q99qwx3> 1 2G 2 /qGGqI7;3 1

1 Ko (E?)3 E' (K \E' 4+ KyE?
— 2( ) 5qx1’+ ( 1 2 )5(]09
2G B! 2G
1 KQ(E2)35qm N E' (KyE' + Ky E?) 5% + E' (K1 E' + K> E?) sin®(0) 5%
2G K1l 4G 4G
Thus, we have
1 Ky(E?)3 1
Papdz®da® = %%dﬁ + EE1 (K1E" + K2 E?) (d6” + sin®(0)d¢?) . (6.17)
Now, we can reconstruct the Einstein tensor as follows
b! : b, :
Gb1b2 :Gb’lb; (hbi - nblnbl) (h‘b; - nbgan)
by 7 b5 b b’ by b, by b
=Ghioyhyr b2 — Ghroy byt my,m%2 — Ghrpr by 2my 7t 4 Ghroyn”in’2n,, my, (6.18)
H H 1
= 72\/67%1”"2 + ﬁh‘{blnm + e ( — Ot Pap +{Pap, HIN] + H, [Nr]}) o hp.

B. Dust shell in classical model: dust shell as discontinuity

From now on, we will consider the geometrized unit with G = 1 = ¢. For the gravitational part, the phase space
contains two canonical pairs (K7, ET) with I = 1,2. The satisfies the Poisson-bracket relation

{Ki(2), B'(y)} = 20(z,y), {K2(2), E*(y)} = &(x,y). (6.19)

In the model, we have the constraints HY and HY, which read

HYI =— % (K10, B' — 2E%0,K>) ,

192 1 1 1 2 1\2 2 2 2
_VEIE! VE'OE'E®  (0.B)? EAKy)? B o
22 2(FE2)2 8VE'E?2  2VE'  2VE!

(6.20)
Hg
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1. Constraint of the dust shell part

Once the dust shell is considered, the dust-shell part of the Hamiltonian and diffeomorphism constraint of the model
is

El
HSh :(5(I—t) pQW—G—mQ, Hih = —pé(x—t) (621)
Then, we have the EOM
E' = N*9,E' + 2NVE'K,,
. 1 2
5 N(E'K, + F?K5) Lo, (NTER),
A /El
B—n- 0.E'0,E*  (0,B")* — 4E'02E" N E? (14 (K2)*) KK, N Gp25(x —t)
- 3 3 1
2VE'(E?)? 8VE! E? 2VE! VEL (B2, [0 e +m? (6.22)
1 192 1 2
0, E'0.N +2E'92N  VE'0,E%0.N oL (NI,
2V ETE? (E?)?
) 12 2 2771 - 19..E1H..
Ky =N (0.E')?*  (K2)*+1  Gp*E'S(z—x) N VEW,E'9,N N0 K,

8V EL(E?2)2 2VE1 (E2)3 /pQ% T+ m?2 2(E?)?

It is equivalent to the Einstein’s equation:
G = 8nGod(z — v)uyu, (6.23)

where t denotes the radial of the dust shell, u,, is the 4-velocity of the shell and o is the area density of the shell. We
have

w0y < O + t0,. (6.24)
Then, we define
nydat = tdt — dz, and m"0, = 0. (6.25)
We will have
Gun” =0=G,m". (6.26)

These are the equations do not contain J-function explicitly.
Now let us consider these two equations.

2. The FEinstein tensor from Hamiltonian formulation

According to (6.18]), we have

H H,
G datdr” = — ——=N?dt* — N—=(dz + N*dt)dt
2va V4

1 2
—— (=04 Ppy + {Pys, HIN] + H,[N®]|}) (dz + N*dt .
+N\/§( O Poz +{ [N]+ Hz[N*]}) (dz + ) (6.27)
1 .
+ Na (=01 Pyo + {Pyo, H[N] + H,[N"]}) (d6* + sin® 0d¢?)
where P,, and Pyy are defined in (6.17)). Then, we have

2 71 T . 1 T [
QG CPEYNT4+1) 2NVE9,K,  2N? (10, Ky + 0,K) o\
(E2)2 (E2)2 NVE
2 (£0, Ko + 0, K>) )
— +...]d
( NV E! v

(6.28)




93

where --- denote the terms involving N, N®, E!, and their first order derivatives so that they will not produce §
functions if we use the assumption that the metric is continuous. It will be useful to prove the following relation:

(1) Given any function f(x) which is discontinuous at x = 0, usually we have 9, f = (f(e) — f(—e))é(x) +--- where
-+ denotes some regular function. Mathematically, it actually means

/(“)xxf —|—/ Oxamf +/ Oxazf = —x(0) (f(e) — f(—€)) Vtest functions y. (6.29)
<< x>

(2) Now let us consider a function f(¢,x) which is discontinuous along ¢ — t(¢). We have, for any test function,

// dtdzd, x f + // dtdxx0, f + // dtdxx0, f
x<(t) x<e(t)

—//x<t(t) dtdz 0 x (—x[f,0) + //w<t(t) dtdz0 x (—xf,0) (6.30)
— /1 " x(x(t)) [f(t,t(t) —€) — f(t,x(t) + 6)]dt

where 9 = (8;,,), we used the Stokes’ theorem, and choose the orientation dt A dz: so that dI = —(dt, tdt) for
x < vand dl = (dt,tdt) for x > v, and

// dtdxoyx f + // dtdxxo f + // dtdxx o f
z<e(t) x<e(t)

) / /w<r<t> e )+ / /m(t) Atce0 > O ]) (6.31)
- / g iy SED T (E) = €) = £ (1 e(0) + )] e

We thus get
Qf=[flo(x—x)+-, Of =-[fltd0(z—1v)+" - (6.32)
According to (6.32]), we have
t0, K5 + 0; K5 = 0, in the sense of distribution (6.33)
Then, dz*G,,n" = 0 leads to
[0, EY) (N + %) + 2NV E1[K,) = 0 (6.34)

where we used the convention [f] = f(t,v(t) +€) — f(t,t(t) —€), and § = g(¢,¢(t)). Similarly, from G, m" = 0, we get

o VEU9,N]  (N*+ 1) E2Ky) | N[0, EY]
_<t—|—N )[Kl]_ [ = 7 +2\/EE2

(6.35)

8. How jump condition determines the trajectory of the dust shell

Now let us consider the how the equations and determine the dynamics.

The key point in the dynamics is that £, N and N¥, as components of the metric, are continuous. N* and N, as
Lagrangian multiplier, are chosen by hand in the dynamics. Thus, we keep the continuity of these variable, we must
require that E' are continuous in the evolution.

By the Hamilton’s equation , we have

EY(t + 8t v(t +6t)) — EX(t,v(t + 0t)) =(N*0, E' + 2NV ELKy + 0, E't)6t + O(5t%)

_((N* +§)0,E' + 2NVEK,)6t + O(51) (6.36)
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Thus, in order to keep the continuity of E! in the evolution, we must have
(N* 4+ 8)[0,EY] + 2NV E'[K,] = 0, (6.37)

which is actually just (6.34). Now let us consider the evolution equation for E? in (6.22). Similarly, to keep the
continuity for £?, we must have

N(E' K] + E?[Ka])
E1l
Now, we have the equations (6.34), (6.35)) and (6.38)). They comes from G, n* = 0 = G,,m” and requiring that ET

keep their continuity in the evolution. We should regard these equations as equation for N, N® + ¢, [0:N] and 9, N*
as other quantities involved in these equations are determined by the dynamics. Solving these equations, we have

Q@N[Kﬂ

— (N® 4 1)[0, E?] = [0, N*|E? (6.38)

N® ti=— 0B
[0.N°] :2@N[8rE2][K2] - @fv”‘” - mffﬂ (6.39)
E2[0,F1] E? VE!
_2EPN[K)|[Ky] | 2(E?)’N[Ky)* N[0, E]
10:N] = BB B [0, E1] 2F1

Dynamics under the gauge t =0

Now let us consider that the gauge is chosen such that ¢ = 0 leading to t(¢) = to. In this case, what we need to do
is to solve the following vacuum EOM for = < tg and = > vy respectively,

E' = N*9,E' + 2NVE'K,,
N(E'K, + E*K>)
VEU
o ( 0.E'0,E> (9, E') —4B'RE' | E*(1+(Ka)?) K1K2>

E? = + 0,(N*E?),

2VE(E?)? SVET E2 2VET VE! (6.40)
0,E'0,N +2E'9?N  VEY9,E?0,N
r — Iv) + 0, (N*Ky),
2VEE?2 (E2)

) 1\2 2 1 1
o N( (9, E") (K,)? + 1) VE'9,E'0,N e

SVEL(E2)?2  2VE! 2(E?)?
where the lapse function N and the shift vector N* must be chosen such that the jump condition (6.39) holds. In
this case, (6.39)) can be simplified as

- B 2](7\/5[[(2]

N® = ,
[0, £
oune) _2NVEIOE)Ks)  NVEK:] N[
T BB E? VE! (6.41)
0, :2E2N[Kl][K2] 2N(E?)?[K,y)*  N[0.E'] '
’ [0, B E'[0,E] 2E1
N gy - B gy - M ET
Bl I 2F

Due to these equations, we can choose the lapse function N and shift vector N* obeying

0.E? K, =

dyN* = — N* — — —
r B 2 (6.42)
N* 2 1 :
0, N =N [ — E K\E' + K,E?) — 0 E
3 1
VEL 2F
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with the boundary condition
N 2/ E(t,v)[K. N
N® = N*(t,¢) = —m, N=1. (6.43)

Here, we add an overall factor NV in the RHS of J,N to guarantee that N is positive definite.
It is worth noting that the gauge choice (6.42)) is not required to hold for all z. In fact, ensuring the jump condition
(6.41)) only demands that this gauge be imposed in a neighborhood of the dust shell. We require the gauge to become

a familiar one away from the shell. To this end, let us consider the gauge choice such that E'=0= E2 leading to

0= N*9,E' +2NVE'K,,
N(E'K, + F?K5)

— T 2
0= Nz + 0. (N"E?)
N*9, EY(E K, + E2K>)
- _ Oy (N®E?
KB + 0u( ) (6.44)
0.Ky = 0,E*
=-N"E*( = . O (N*E?
(%2 + 55 ) rovm
— _N®E29,In (‘KQ\/ D L (N®E?)
where we used H, = 0, leading to
K,0,FE' = 2F%0, K. (6.45)
According to (6.44)), we have
KyVE! 19,E"
N® = 2 , _ 10 , (6.46)
E? 2 E?
We therefore choose the gauge
adb (9 E o K2 V El
N=g,N+Z N? = g,N* — 6.47
+ 9 2’ g 9b 2 ( )
where N and N® are solutions to (6.42)), i.e.,
o 0, E? Ko K
8,N® = — N*® - ~VET—L
E? VE?T E?
NIE 5 Bl (6.48)
9N =N s (K B + KoB%) — 2 |,
VBT 2B
and g5 is such a function that gs(z) =1 for x around v and gs(x) = 0 for | — t| > 1, and
g =1—gs.
The full EOMs
Let us again define
K s OxS . 0N
Slela 82:K23 53:E7;7 - E217 5= E.24; 36:N E27 S7 = L2 \/5 (649)
Considering the equations of motion (6.40)), we have
NE?
E? =9,s6 + 7\/5 (s183 + $2),
875(E281) :836(5156) + QNEQ\/§52 =+ NEQ\/Q (8153 + 52) (650)

=0,(s186) + NEQ\/§(352 + s183),
8t(E284) :az(ﬁtsl) = 8I (8486 + QN\/§82) s
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and

2 2 (9mN o
0:(E%s) =0, (s652) NE (1 + (s2)% — (54) ) + 54 il + NE?s, (,/5133 + 52)
1

2/ 4 2 NG
NS4\/§ NE2 2 (54)2 8m84N\/§ 54N3x51 2
0z <5652 + 5 ) NG 52) 1 5 151 + 52+/5183
Nsy /51 NE? 5 (84)? E?(s4)?’N EQN\/§
- — 1— — — — -2 6.51
O (5652 t— ) NG ( (s2) 1 15 5 (85 — 25283) (6.51)
N NE? 2 E? 2N E?N 54)2
:aw S6S2 + 54\/§ _ 1— (82)2 _ (54) _ (54) _ 1+ (52)2 _ ( 4)
2 2,/51 4 4/s1 0 2y 4
N NE?
=0y (5632 + 54\/5) -
2 NG
where we used the Hamiltonian constraint leading to
2 2
1
S5 — 28283 = (82) - (84) + — (652)
S1 481 S1
and
2NE25283 NE2(82)2 NE2(54)2 NE285 NE2

8t(E253) :61-(8653 + 57) — — NE2\/§(33)2 +

NEN 2(s1)3/2 8(s1)3/2 2\/s1 2(s1)3/2
S
+ NE2s; (\/533 + \/;1)
E? 5 (84)? NE?
=0, (s683 + 87) + 251 )32 (1 + (s2)" — 1 )T 27\/5(85 — 25253) (6.53)
NE2 9 (84)2
:arz;(SGSg + 87) + W (1 + (82) — 4
2mNE?
:a:IZ < _—
(083 +57) + =0y
where in the last step we used (6.52)), and
2
S ET PRI Y (6.54)
2 4
Thus, define @ to be
i = (E® E’s1,E®sy, E®sy, E*s3) (6.55)
the equation of motions reads
Ol =0, F+J (6.56)
with
s6 ]\% (s153 + 52)
S1S6 NEQ\/§(382 +8183>
F =] 8486 + QN\/§$2 , J = 0 , (657)
2
S6S2 + 7]\,542‘/5 —71\\7/];%
8653 1 S7 2mNE?




By definition, we have

N:gsj\of+@54

5 54 56 = JsS6 — gpS24/S1

where we introduce
S = EQNI,
and N and §g satisfy according to (6.43)

056 2
E2 = - 7,5 - \/5337

61]\7 o §6 S4
=N|[ - —
2 ( \/53 (5351 + 52) 231> )

For the scalar s7, we have

0N
s7 =+/51 22

— N g <—;ig<83s1+32> >+f Gl v

1

_\ﬁ ””gs (N - 5) +g.N (—z(j (5351 + 82) — Q\ﬁ) + = ( + 2\78283>

with applying (6.52) leading to
2m

The above EOMs now can be solved numerically. We get the result as shown in .

S5 = + 28283.

o7

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)



98

400 |
300
]
200 |
100 |-
10.0 125 15.0 175 20.0 10.0 125 15.0 175 20.0
xT xT
0.05 -
0.300 -
/
—_—— /)
0.00 L0275 ¢ \\ /
S X /
\
0250 | \ 1
~0.05 [ v
\I\ /
0225 S
_0.10 Lt . , . . . . . . .
10.0 125 15.0 17.5 20.0 10.0 125 15.0 17.5 20.0
xT T
10 }
Initial N
Final \
08
1.02
06
Loo4r 1.00
= =z
02
00 L 0.98
o2k
0.96 |
. . . . . . . . . .
10.0 125 15.0 175 20.0 10.0 125 15.0 175 20.0

FIG. 7: Initial (solid blue) and evolved (dashed red) profiles of EY, K7, N, and N® for m; = 1/2 and m. = 1, shown at ¢t = 0.4.
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