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field theories (the theory of interacting fields in curved spacetime is not
fully understood yet). But in spite of the limitations of this framework,
many fascinating physical predictions have come out form it, such as the
Hawking and Unruh e↵ects, or the generation of the primordial density
fluctuations in the early universe.

Students should keep in mind that every-time we try to extend a theory
(in this case quantum field theory to include the e↵ects of gravity) we
learn many aspects fo the theory we want to generalized. A good example
is the transition from special to general relativity, which forced Einstein to
understand that the crucial aspect of his new ideas of space and time where
not in the Lorentz transformations between time and space-like intervals,
on which he initially formulated his theory in 1905. But rather in the
existence of four-dimensional continuum spacetime and an invariant flat
line element of it. Similarly, in introducing gravity in quantum field theory
one must realize that many of the features on which quantum field theory
is presented in elementary course are an accident of working in Minkowski
spacetime, and do not generalized to other situations. This is the case
for the notion of particles in quantum field theory and the existence of a
preferred vacuum state. One of the main lessons to be lear in this notes is
that the particle interpretation of a quantum field theory is only available
in very specific circumstances, and that is better to understand the theory
as a what it really is, a field theory.

Conventions: We will use the (� + ++) signature for the metric. We
will set c = 1 and ~ = 1, and hence all dimension-full quantities will have
units of some power of energy.
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Stephen W. Hawking, 1942-2018
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Have you read 
Hawking’s article?I did not know it 

was required! Obviously!
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1. Classical Preliminaries
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The Hawking effect occurs in the spacetime produced by the formation of  a BH by gravitational 
collapse: time-dependent geometry  no global time-like Killing vector field⟹
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The Hawking effect does not depend on the details of  the process of  collapse. It only depend on 
the total mass, angular momentum and electric charge of  the collapsing body.  
We will focus on J=0, Q=0, and consider a very simple model which permits an analytical 
treatment: Vaidya spacetime 

Vaidya spacetime= BH produced by the collapse of  
an infinitely thin, spherical symmetric shell of  
radiation

Line element:

ds2 =
−dt2

in + dx2 + dy2 + dz2 = − duindv + r2
in d2Ω , for v ≤ v0

−(1 − 2M
rout ) duoutdv + r2

out d2Ω , for v ≥ v0

uin = tin − rin

uout = tout − r*out

r*out := rout + 2M ln
|rout − 2M |

2M

v = {tin + rin, v < v0

tout + r*out, v ≥ v0

Double null-coordinates (u,v) 

where:
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A relation between  and  can be obtained by demanding continuity of  the metric at :uin uout v0

ds2 =
−duindv + r2

in d2Ω , for v ≤ v0

−(1 − 2M
rout ) duoutdv + r2

out d2Ω , for v ≥ v0

rout |v0
= rin |v0

⟹
v0 − uout

2
+ 2M ln

|rout − 2M |
2M

=
v0 − uin

2

where κ :=
1

4M

Continuity of  the angular part implies:

⟹ uout = uin +
1
κ

ln(κ |v0 − uin − 1/κ | )

A null ray departing from  at , will get reflected at , and subsequently 
travel at constant . It will reach  at :  

ℐ− v r = 0
uin = v ℐ+ uout = uout(uin = v)

uout(v) = v +
1
κ

ln(κ |vH − v | )

uout ∼ vH +
1
κ

ln(κ |vH − v | )

uout ∼ v
uout → − ∞

uout → + ∞

“Late-time” null ray tracing relationI’ve used vH = v0 − 1/κ

vH
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2. Quantum Theory
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The space time is asymptotically flat as we approach ast null infinity  preferred representation ⟹

In-representation:

Physical interpretation: the in-vacuum is the ground state at  ℐ−

We want to calculate the quantum evolution from past to future of  a massless real scalar field.  
Because the field is massless, we can use null hyper-surfaces as initial and final Cauchy hyper-surfaces

Initial hyper-surface:  (past null infinity) 

Final hyper-surface:  (union of  future null infinity and the horizon)

ℐ−

ℐ+ ∪ H

Basis of  positive-norm modes:  such that , for v(in)
ω̃,ℓ,m(x) v(in)

ω̃,ℓ,m |ℐ− ∼ i
e−iω̃v

r 4πω̃
Yℓ,m(ϕ, θ) ω̃ > 0

 in-vacuum⟹ ̂a(in)
ω̃,ℓ,m = − i ⟨v(in)

ω̃,ℓ,m, ̂ϕ⟩ ⟹ |0⟩in
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Out-representation:

Basis of  positive-norm modes at :  such that , for ℐ+ v(out)
ω,ℓ,m(x) v(out)

ω,ℓ,m |ℐ+ ∼ i
e−iω uout

r 4πω
Yℓ,m(ϕ, θ) ω > 0

 in-vacuum⟹ ̂a(out)
ω,ℓ,m = − i ⟨v(out)

ω,ℓ,m, ̂ϕ⟩

Basis of  positive-norm modes at  (horizon): . No preferred choice. Let’s wait a second.H v(H)
I (x)
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Evolution: Bogoluibov coefficients:

Question of  interest: If  the field is prepared in  at  how is the state perceived at ?|0⟩in ℐ− ℐ+ ∪ H

To answer this question, we need to compute Bogoluibov coefficients between  and  and 
also between  and .

vin
ω̃,ℓ,m(x) vout

ω,ℓ,m(x)
vin

ω̃,ℓ,m(x) vH
I (x)

Calculation of  Bogoluibov coefficients between  and :vin
ω̃,ℓ,m(x) vout

ω,ℓ,m(x)

We need to bring the two modes to the same Cauchy hyper-surface. Let’s bring  to : vout
ω,ℓ,m(x) ℐ−

v(out)
ω,ℓ,m(x) |ℐ+ ∼ − i

e−iω uout(v)

r 4πω
Yℓ,m(ϕ, θ)

−i
e−iω v

r 4πω
Yℓ,m(ϕ, θ)

To do this calculation accurately, we need to introduce wave-packets  in order to 

localize the out-modes around some value of   . For the sake of  time, I’ll not write the wave-packet 
integrals (which nevertheless “factorize” and do not change the calculation) and pretend they are there.

∫
j( j+1)

j
dω ei 2πωn/ϵ vout

ω,ℓ,m(x)

uout

−i
e−iω [vH− 1

κ ln(κ(vH−v)]

r 4πω
Yℓ,m(ϕ, θ) × Θ(vH − v)

Propagation  
 to ℐ−

for early time modes

for late-time modes
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Early-time modes : By inspection,   no particle creation(uout → − ∞) βin,out = 0 ⟹

Late-time modes : By inspection,   particle creation(uout → + ∞) βin,out ≠ 0 ⟹

Late-time wavepacket 
built from v(out)

ω,ℓ,m = i
e−iω uout

r 4πω
Yℓ,m(ϕ, θ)

v(out)
ω,ℓ,m |ℐ−
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The Bogoliubov coefficients can be obtained by using a smart trick proposed in [Wald 1975]. The 
trick consist in making a smart choice of  basis modes at the Horizon, and also at .ℐ−

 Step 1: Define Horizon negative-norm modes by “reflecting”  about : ∙ vout
ω,ℓ,m(x) |ℐ− vH

v̄(H)
ω,ℓ,m(x) |ℐ− ∼ − i

e−iω [vH− 1
κ ln(κ(v−vH)]

r 4πω
Yℓ,m(ϕ, θ) × Θ(v − vH)

v(out)
ω,ℓ,m |ℐ−

v̄(H)
ω,ℓ,m |ℐ−

(the corresponding positive-norm modes are obtained by complex conjugation)
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 Step 2: Write the following trivial equalities:∙

v(H)
ω,ℓ,m(x) = αω [αω v(H)

ω,ℓ,m(x) + βω v̄(out)
ω,ℓ,m(x)] − βω [αω v̄(out)

ω,ℓ,m(x) + βω v(H)
ω,ℓ,m(x)]

v(out)
ω,ℓ,m(x) = αω [αω v(out)

ω,ℓ,m(x) + βω v̄(H)
ω,ℓ,m(x)] − βω [αω v̄(H)

ω,ℓ,m(x) + βω v(out)
ω,ℓ,m(x)]

With  and  . (Notice that )αω = (1 − e−2πω/κ)−1/2 βω = (e2πω/κ − 1)−1/2 |αω |2 − |βω |2 = 1

Let’s rename the combinations in the square brackets in the previous equations:

e(in,I)
ω,ℓ,m := αω v(out)

ω,ℓ,m(x) + βω v̄(H)
ω,ℓ,m(x)

e(in,II)
ω,ℓ,m := αω v(H)

ω,ℓ,m(x) + βω v̄(out)
ω,ℓ,m(x)

So the previous equations become:

v(H)
ω,ℓ,m(x) = αω e(in,II)

ω,ℓ,m + βω ē(in,I)
ω,ℓ,m

v(out)
ω,ℓ,m(x) = αω e(in,I)

ω,ℓ,m + βω ē(in,II)
ω,ℓ,m
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 Step 3: This is the key observation [Wald 1975]:∙

Using results from our previous lectures, this automatically imply that the in-vacuum is perceived in 
 as ℐ+ ∪ H

 and   are made exclusively if  positive frequency modes with respect to time e(in,I)
ω,ℓ,m e(in,II)

ω,ℓ,m v

This implies that their associated annihilation operators (call them  and ) kill the in-vacuum̂a(in,I)
ω,ℓ,m ̂a(in,II)

ω,ℓ,m

(Can be check directly by Fourier transform)

|0⟩in = N e[ 1
2 ∑ℓ,m ∫∞

0 dω e−πω/κ ̂a(out)†
ω,ℓ,m ̂a(H)†

ω,ℓ,m] |0⟩out ⊗ |0⟩in

This is a two-mode squeezed vacuum at  !!!ℐ+ ∪ H
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|0⟩in = N e[ 1
2 ∑ℓ,m ∫∞

0 dω e−πω/κ ̂a(out)†
ω,ℓ,m ̂a(H )†

ω,ℓ,m] |0⟩out ⊗ |0⟩H = N ⊗ω,ℓ,m

∞

∑
n=0

e−nπω/κ |nω,ℓ,m⟩out ⊗ |nω,ℓ,m⟩H

Two-mode squeezed vacuum in ℐ+ ∪ H

Entangled modes!

Entangled modes!
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Reduced state at :ℐ+

̂ρout
red = Tr |0⟩in⟨0 | = N2 ⊗ω,ℓ,m e−2πω/κ |nω,ℓ,m⟩out⟨nω,ℓ,m |

This is precisely the density operator of  a thermal state at temperature: T =
κ

2π
=

1
8πM

Restoring the constants: T =
ℏc3

8πMGkB

(We have neglected back-scattering for reasons of  time. If  included, the thermal spectrum is modified by 
some gray-body factors, which can be computed numerically and are small). 

(Hawking temperature). Inverse with !M



Black holes ain’t black. They are hot. Their color depends on their Mass!
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Observability?

Hawking radiation is over-shined  by the Cosmic Microwave Background

( So, astrophysical black holes do not evaporate; they grow)
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Primordial Black holes, if  exist, would have evaporated by now  

Smaller black holes are hotter!



Black holes “burn” all info that falls inside. They transforms everything into thermal radiation 
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Is information lost in Black Hole Evaporation?
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You will need to invite me again to hear about this part of  the history : - )  
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Thanks!


