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Quantum Field Theory of Fields

@ QFT: Quantum theory of fields — fundamental theory for strong and electroweak
interactions.
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Quantum Field Theory of Fields

@ QFT: Quantum theory of fields — fundamental theory for strong and electroweak
interactions.

Dynamical variables: fields ¢(t, X) = ¢z(t) (giving up explicit Lorentz covariance for the
moment).

A field possesses an uncountably infinite number of degrees of freedom.
QFT is roughly quantum mechanics with infinitely many degrees of freedom.
Space discretization — countably infinite d.o.f.

Finite box of space — finite d.o.f.
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QFT as Limit of Quantum Mechanics

@ QFT can be viewed as the proper limit of quantum mechanics with finite d.o.f. when box
size — 00, cell size — 0.
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QFT as Limit of Quantum Mechanics

@ QFT can be viewed as the proper limit of quantum mechanics with finite d.o.f. when box
size — 00, cell size — 0.

o Field value at each spatial point <> one harmonic oscillator (coupled by spatial
derivatives).

@ For interacting fields, the limit is physically meaningful only under certain conditions.

@ Validity of the vanishing cell size limit — renormalization.
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Three Pictures of QFT

@ Schrodinger picture: Dynamics via evolution of state vector V[t, ¢], satisfying
ihatw[ta ¢>] = H[(ZS, 7,-\r]\lj[ta ¢]
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@ Schrodinger picture: Dynamics via evolution of state vector V[t, ¢], satisfying
ihatw[ta ¢>] = H[(ZS, 7,-\r]\lj[ta ¢]
@ Heisenberg picture: Dynamics via evolution of observables. %AH = %AH + %[AH, H].
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Three Pictures of QFT

@ Schrodinger picture: Dynamics via evolution of state vector V[t, ¢], satisfying
ihatw[ta ¢] = H[¢, 7,-\r]\lj[ta ¢]
@ Heisenberg picture: Dynamics via evolution of observables. %AH = %AH + %[AH, H].

@ Interaction picture (mostly used): “Free part” in Heisenberg picture for operators;
“non-free part” in Schrodinger picture for states. A;(t) = eHot AgeHot,

[1(t)) = e [ihs(t)).
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Action Formalism for Fields

e Action functional: S[¢] = [ dPxL(pa, Duda, x*).
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Action Formalism for Fields

e Action functional: S[¢] = [ dPxL(pa, Duda, x*).

@ Lagrangian density £: local function of ¢ and its derivatives.

e Variation: 6S = [ dPx [% — 8#%] Joyy
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Action Formalism for Fields

e Action functional: S[¢] = [ dPxL(pa, Duda, x*).

@ Lagrangian density £: local function of ¢ and its derivatives.

e Variation: 6S = [ dPx [% — 8#%] Joyy

o Euler—Lagrange equation: (%EA — Ma(f98f¢>A) =0
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Example: Free Real Scalar Field

o Lagrangian density: £ = —%8,@8‘% — %m2¢2, (n=0,1,...,d, h=1=c¢,
n= dlag(_a +yey +))

Canonical & Path Integral Quantization of Field Theory . 8/37



Example: Free Real Scalar Field

o Lagrangian density: £ = —% L POH ) — %m2¢2, (n=0,1,...,d, h=1=c¢,
n= diag(_a T +))
e Equation of motion (Klein—-Gordon): (O — m?)¢ = 0 (Exercise).
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Hamilton Formalism

@ Canonical momentum: m4(X) = 9(00da)"
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Hamilton Formalism

@ Canonical momentum: m4(X) = %.

e Hamiltonian: H[¢, 7] = fddi(wAaoqﬁA —L).
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Hamilton Formalism

@ Canonical momentum: m4(X) = %.

o Hamiltonian: H[p, 7] = [ d9% (madopa — L).
@ Hamilton's canonical equations: dppa = %, Oop = —%.
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Hamilton Formalism

Canonical momentum: m4(X) = %.

Hamiltonian: H[¢, 7] = [ d¥% (7aloda — L).

Hamilton's canonical equations: dgpa = %, OoTrp = —%.

Poisson bracket: {F, G} = fd‘%?(ﬁﬁ - ﬁﬁ)_

0pa Oma  OTa O
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Hamilton Formalism

@ Canonical momentum: m4(X) = a(g()%A).

e Hamiltonian: H[¢, 7] = fddi(wAaoqﬁA —L).

@ Hamilton's canonical equations: Jgpa = %, OoTra = —%.
e Poisson bracket: {F, G} = fd‘%?(%% - %%).

o {¢(X),n(¥)} = 69(X — ¥), others vanish.
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Hamilton Formalism

Canonical momentum: ma(X) = 25—~

9(D0da)”
o Hamiltonian: H[p, 7] = [ d9% (madopa — L).
@ Hamilton's canonical equations: dppa = %, Oop = —%.

Poisson bracket: {F, G} = [ d?% (%;& - gi%)

{$(X), 7(¥)} = 89(X — ¥), others vanish.
Evolution: F = d;F + {F, H} (Heisenberg equation).
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Noether's Theorem (1918)

@ A n-parameter continuous symmetry leads to n conserved charges.
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Noether's Theorem (1918)

@ A n-parameter continuous symmetry leads to n conserved charges.
e Symmetry transformation: x* — x'¥ = x* 4 0x*, pa(x) = P4(x) = pa(x) + dpa(x).

Canonical & Path Integral Quantization of Field Theory .
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@ A n-parameter continuous symmetry leads to n conserved charges.
e Symmetry transformation: x* — x'¥ = x* 4 0x*, pa(x) = P4(x) = pa(x) + dpa(x).
o Invariant action: [, L(¢4,-..)dPx" — [ L(da,...)dPx =0.
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Noether's Theorem (1918)

@ A n-parameter continuous symmetry leads to n conserved charges.
e Symmetry transformation: x* — x'¥ = x* 4 0x*, pa(x) = P4(x) = pa(x) + dpa(x).
o Invariant action: [, L(¢4,-..)dPx" — [ L(da,...)dPx =0.

@ Variation of Lagrangian: 6L = 0, (%MM) (on shell).
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Conserved Current

@ Using Lie derivative: 6x* = ¥, 0pa = edp — eLeda.
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Conserved Current

@ Using Lie derivative: 6x* = ¥, 0pa = edp — eLeda.
e Conserved current: jg = %(ﬁgm\ — ®y) — LEF, a;dg =0.
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Conserved Current

@ Using Lie derivative: 6x* = ¥, 0pa = edp — eLeda.
@ Conserved current: jg = %(ﬁgm\ — ®,u) — LEF Bujg =

@ In flat space: @,Jé‘ =0 = %Q =0 Q= fjgddf(’ (assuming fast decay at spatial
infinity).
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Outline

@ Canonical Quantization of Fields
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Canonical Quantization

o Quantum mechanics: {F, G} — L[F, G], [, pj] = ind.
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Canonical Quantization

o Quantum mechanics: {F, G} — L[F, G], [, pj] = ihd.
o Free real scalar: [¢p(X), 7(y)] = i69(X — ¥), [#, ¢] = [r, 7] = 0.
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Canonical Quantization

o Quantum mechanics: {F, G} — L[F, G], [, pj] = ihd.
e Free real scalar: [¢(xX), 7(¥)] = i09(X — ¥), [¢, 9] = [, 7] = 0.
o Evolution: ¢(x) = —i[¢(X), H], 7(X) = —i[x(X), H].
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Canonical Quantization

Quantum mechanics: {F, G} — L[F,G], [, pj] = ihd.

Free real scalar: [¢(X), 7(¥)] = i69(X — ¥), [¢, 8] = [x, 7] = 0.
Evolution: ¢(X) = —i[p(X), H], #(X) = —i[r(X), H].

Gives (O — m?)¢ = 0, same form as classical KG equation.
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Mode Expansion

o Field expansion: ¢(x) = (27T)d/2f [a(k) lkx+aT(k)e kx] wy = \/m
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Mode Expansion

e Field expansion: ¢(x) = (27r)d/2 [ \/;TE[Q(E)eik.x+3T(E)efik4x], Wi = VK2 + m2.
e Canonical momentum: 7(x) = ¢(x) = 27r)d/2 fddk\/m[a elkx _ (k)e*"k'x].
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Mode Expansion

e Field expansion: ¢(x) = (27r)d/2 [ \/;T’?[a(l;»)eikx_i_a'f(l?)effk%] Wi = VK2 + m2.
e Canonical momentum: 7(x) = ¢(x) = 27r)d/2 fddk\/m[a elkx _ (k)e*"k'x].

o Inverse: a(k, t) := a(k)e ikt = ﬁ [ d3x e’k‘Xath)(x), where fatg = fO;g — gO:f.
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Mode Expansion

e Field expansion: ¢(x) = (27r)d/2 [ \/;TE[Q(E)e”OX_i_aT(E)e*fk‘X] Wi = VK2 + m2.
Canonical momentum: 7(x) = ¢(x) = 27r)d/2 fddk\/m[a ekx _ at(K)e~ k.

Inverse: a(k,t) := a(k)e /Kt = ﬁ [ d3x e’k‘Xath)(x), where fatg = fO;g — gO:f.
o Similar for af(k).
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Creation /Annihilation Algebra

o Commutation: [a(k),al(k")] = 6(k — k'), [a, a] = [a, aT] = 0.

Canonical & Path Integral Quantization of Field Theory . 15 /37



Creation /Annihilation Algebra

o Commutation: [a(k),al(K')] = 6(k — /?') [a,a] = [af,al] = 0.
o Hamiltonian: H = [ d%kwyaf(k)a(k) + 3 [ d¥kwid(0).
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Creation /Annihilation Algebra

o Commutation: [a(k),a(K')] = 6(k — k'), [a,a] = [a,a'] = 0.
o Hamiltonian: H = [ d¥k wal(k)a(k) —l—%fddl?wké(O).

o Compare: Hyp = Z,-w,-a?a,-.
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Creation /Annihilation Algebra

o Commutation: [a(k),al(k")] = 6(k — k'), [a, a] = [a, aT] = 0.
o Hamiltonian: H = [ d¥k wal(k)a(k) —l—%fddl?wké(O).
o Compare: Hyp = Z,-w,-a?a,-.

—

e Vacuum: a(k)|0) = 0 for any k. Multi-particle states: af(ky)---af(ky,)|0).
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Creation /Annihilation Algebra

Commutation: [a(k), al(K')] = 6(k — k'), [a, a] = [a, al] = 0.
Hamiltonian: H = [ d?k wia'(k)a(k) —l—%fddl?wké(O).

Compare: Hyo = Z,-w,-a?a,-.

—

Vacuum: a(k)|0) = 0 for any k. Multi-particle states: af(ky)---af(ky)|0).

Bosons: creation operators commute — Bose—Einstein statistics.
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Vacuum Energy and Normal Ordering

@ Vacuum energy divergent: Ey = %f ddEwké(O).
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Vacuum Energy and Normal Ordering

@ Vacuum energy divergent: Ey = %f ddEwké(O).
@ Normal product (: :): move all annihilation operators to the right of creation operators.
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Vacuum Energy and Normal Ordering

@ Vacuum energy divergent: Ey = %f ddEwké(O).
@ Normal product (: :): move all annihilation operators to the right of creation operators.
) Sp||t ¢ — ¢(7) + ¢(+) where ¢(7) ~ aTef"kX' ¢(+) ~ aeikX-
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Vacuum Energy and Normal Ordering

@ Vacuum energy divergent: Ey = %f ddEwké(O).

@ Normal product (: :): move all annihilation operators to the right of creation operators.
o Split ¢ = ¢(7) + ¢(F) where ¢(7) ~ afekx, () ~ geikx,

o p(x)¢(y) == d(x)¢(y) — (0[o(x)¢(y)[0).
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Vacuum Energy and Normal Ordering

Vacuum energy divergent: Eg = %f ddEwké(O).

Normal product (: :): move all annihilation operators to the right of creation operators.
Split ¢ = () 4+ ¢(F) where ¢(7) ~ afe=kx, p(+) ~ geikx.

L 9(x)¢(y) = ¢(x)d(y) — (0[¢(x)d(y)[0).

Observable energy defined as normal product: : H : finite.
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Microscopic Causality

e Commutator: [¢(x), d(y)] = iA(x — y).
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Microscopic Causality

e Commutator: [¢(x), d(y)] = iA(x — y).

e A(x — y): Pauli-Jordan function, vanishes for spacelike separations — microscopic
causality.
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Spinor and Gauge Fields

@ Dirac field: anti-commutation relations — Fermi—Dirac statistics.
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Spinor and Gauge Fields

@ Dirac field: anti-commutation relations — Fermi—Dirac statistics.

o Maxwell field: gauge symmetry — redundant (non-physical) degrees of freedom.
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Spinor and Gauge Fields

@ Dirac field: anti-commutation relations — Fermi—Dirac statistics.
o Maxwell field: gauge symmetry — redundant (non-physical) degrees of freedom.
@ Both require careful handling.
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Outline

© Interactions and Perturbation Theory
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Interactions

@ Possible forms of interactions determined by symmetries (gauge interactions).
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Interactions

@ Possible forms of interactions determined by symmetries (gauge interactions).

@ Interaction picture: operators evolve as free fields; perturbation theory for weak
interactions.
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Interactions

@ Possible forms of interactions determined by symmetries (gauge interactions).

@ Interaction picture: operators evolve as free fields; perturbation theory for weak
interactions.

e Time evolution operator U: [¢(t)) = U(t, to) | (to))-
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Interactions

Possible forms of interactions determined by symmetries (gauge interactions).

Interaction picture: operators evolve as free fields; perturbation theory for weak
interactions.

e Time evolution operator U: [¢(t)) = U(t, to) | (to))-
Dyson series: U(t, ty) = T exp [—iftz H/(T)dT:|.
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S-matrix

e S=U(co,—0) =T exp [—ifd4x I:I,}.
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e S=U(co,—0) =T exp [—ifd4x I:I,}.
e S=1+1iT, <f| T|i> = (27‘(‘)454(/3,6 — P,')Mf,‘.

Canonical & Path Integral Quantization of Field Theory . 21/37



e S=U(co,—0) =T exp [—ifd4x I:I,}.
e S=1+1iT, <f| T|i> = (27‘(‘)454(/3,6 — P,')Mf,‘.

H HR _ 1 12
@ Scattering cross section: do = SEA2Ea[va—va] Mg |°dP,.
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S = U(oo, —00) = T exp [—if d*x I:I,}.
S=1+IT, <f| T |I> = (27‘(‘)454(/3,6 — P,')Mf,‘.
Scattering cross section: do = m“\/’ﬁchbn.

Decay width: dl" = 2| Mg|2d®,.

Canonical & Path Integral Quantization of Field Theory . 21/37



S = U(oo, —00) = T exp [—if d*x I:I,}.

S=1+IT, <f| T |I> = (27‘(‘)454(/3,6 — P,')Mf,‘.
Scattering cross section: do = m“\/’ﬁchbn.
Decay width: dl" = 2| Mg|2d®,.

db, = (27)*5% (P — P[] (2;’ e
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Feynman Propagator and Wick's Theorem

e Contraction: M(y) = (0| Tp(x)o(y)]0).
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Feynman Propagator and Wick's Theorem

o Contraction: ¢(x)o(y) = (0|T¢( )6()[0).

@ Feynman propagator: Dg(x = (g:)/% k2+r—n:2_lee,k.(x—y)_
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Feynman Propagator and Wick's Theorem

o Contraction: ¢(x)o(y) = (0|T¢( )6()[0).

@ Feynman propagator: Dg(x = (g:)/% k2+r—n:2_lee,k.(x—y)_

@ Wick's theorem: T(¢q - - gb,,) = gbl - ¢, - +all possible contractions.
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Feynman Propagator and Wick's Theorem

—
e Contraction: ¢(x)¢(y) = (0|T¢(x) (v)|0).

@ Feynman propagator: Dg(x = (‘2’:)"5, k2+r_n’2_lee’k'(x_)’).

@ Wick's theorem: T(¢q - - gb,,) = gbl - ¢, - +all possible contractions.

e (f|S|i) reduces to sum of products of contractions — Feynman rules/diagrams.
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Example: A\¢* Theory

o[ = —%(8u¢)2—%m2(/>2— %¢4' H = %¢4.

Canonical & Path Integral Quantization of Field Theory . 23 /37



Example: A\¢* Theory

o [ =—3(0,0)2 — §m*¢? — 3% Hi = 36"
o First order 2-to-2 scattering: S = —2 [ d*x T[g(x)4].
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Example: A\¢* Theory

v

o [ =—3(0u9)* — 3m*¢? — 510*, Hi = 36"
o First order 2-to-2 scattering: S = —2 [ d*x T[g(x)4].
o (p3, pal S |py, po): products of four Feynman propagators.
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Example: A\¢* Theory

[ =—3(0u0)* — 3m*¢? — 51¢*, Hi = 36"

o First order 2-to-2 scattering: S = —2 [ d*x T[g(x)4].
(p3, pa| S |p1,p2> products of four Feynman propagators.
Result: (f| S |7}y = —i\(27)*6*(p3 + pa — p1 — p2).
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Example: A\¢* Theory

[ =—3(0u0)* — 3m*¢? — 51¢*, Hi = 36"

o First order 2-to-2 scattering: S = —2 [ d*x T[g(x)4].
(p3, pa| S |p1,p2> products of four Feynman propagators.
Result: (f| S |7}y = —i\(27)*6*(p3 + pa — p1 — p2).
External leg amputation and LSZ reduction formula.
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Outline

e Path Integral Quantization of Fields
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Path Integral in Quantum Mechanics

@ Equivalent formulation to Schrodinger and Heisenberg pictures.
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Path Integral in Quantum Mechanics

@ Equivalent formulation to Schrodinger and Heisenberg pictures.

e Point-to-point propagator: K(qr, tr; gi, ti) = [ Dq enSldl.

Canonical & Path Integral Quantization of Field Theory . 25 /37



Path Integral in Quantum Mechanics

@ Equivalent formulation to Schrodinger and Heisenberg pictures.
e Point-to-point propagator: K(qr, tr; gi, ti) = [ Dq endldl,
@ Huygens' principle, insertion of operators, time-ordering automatically.
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Path Integral in Quantum Mechanics

Equivalent formulation to Schrodinger and Heisenberg pictures.

Point-to-point propagator: K(qr, tr; qi, ti) = [ Dq erSlal

Huygens' principle, insertion of operators, time-ordering automatically.
Generating functional: Z[J] = [ Dgq er(Slal+[ ha)
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Path Integral in Quantum Mechanics

Equivalent formulation to Schrodinger and Heisenberg pictures.

Point-to-point propagator: K(qr, tr; qi, ti) = [ Dq erSlal

Huygens' principle, insertion of operators, time-ordering automatically.
Generating functional: Z[J] = [ Dgq er(Slal+[ ha)

Functional derivatives give correlation functions.
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Free Scalar Field Path Integral

o ZO[J] — fD¢ eidex[%qs(D_mZ)d)_'_J(b].
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Free Scalar Field Path Integral

o ZO[J] — fD¢ eidex[%qs(D_mZ)d)_‘_J(b].
o Gaussian integral: Zo[J] = Zo[0] exp [~ [ d®xd®yJ(x)Dr (x — y)J(y)].
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Free Scalar Field Path Integral

o ZO[J] — fD¢ eidex[%qs(D_mZ)d)_‘_J(b].
© Gaussian integral: ZolJ] = Zo[0] exp [~} [ dxd®yJ(x)Dr(x = ) ().
e Zy[0] = det(—0 + m2)_1/2_
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Free Scalar Field Path Integral

ZolJ] = [ Do &' [ d° X[z 8(0-m*)6+J0],

Gaussian integral: Zg[J] = Zg[0] exp [—3 [ dPxdPyJ(x)Dr(x — y)J(y)].
Zo[0] = det(—O 4 m?)~1/2,

Normalization (Zp[0] = 1): Zp[J] = exp [—% [ dPxdPyJ(x)De(x — y)J(y)].
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Free Scalar Field Path Integral

ZolJ] = [ Do &' [ d° X[z 8(0-m*)6+J0],

Gaussian integral: Zg[J] = Zg[0] exp [—3 [ dPxdPyJ(x)Dr(x — y)J(y)].
Zo[0] = det(—O 4 m?)~1/2,

Normalization (Zp[0] = 1): Zp[J] = exp [—% [ dPxdPyJ(x)De(x — y)J(y)].

Two-point function: (0| T¢(x)o(y)|0) = —% = De(x — y).

‘J:O
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Interacting Fields Path Integral

o Z[J] = ffDd) eiSo+iSi[¢]+i [ Jp — fD¢ eiSi[e] giSo+i [ Jo — eiS’[_ié/(SJ]Zo[J].
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Interacting Fields Path Integral

o Z[J] = ffDd) eiSo+iSi[¢]+i [ Jp — fD¢ eiSi[e] giSo+i [ Jo — eiS’[_ié/(SJ]Zo[J].
@ Perturbative expansion: Z[J] = Zo[J] + A4 [J] + - -.
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Interacting Fields Path Integral

o Z[J] = ffDd) eiSo+iSi[¢]+i [ Jp — fD¢ eiSi[e] giSo+i [ Jo — eiS’[_ié/(SJ]Zo[J].
@ Perturbative expansion: Z[J] = Zo[J] + A4 [J] + - -.

e Normalization (Z[0] = 1): Z[J] = %-
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Interacting Fields Path Integral

Z[J] = [ D SotiSilol+i[Je — [ Dg eiSilélgiSoti [ Ié — eiSil=id/o)) 7y ],

@ Perturbative expansion: Z[J] = Zo[J] + A4 [J] + - -.
e Normalization (Z[0] =1): Z[J] = %_

Full Green's functions from % repeatedly acting on Z[J].
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Connected Generating Functional W[J]

° Z[J] — WHI = eiS,[—i(S/(SJ]eiWO[J]7 Sl[¢] _ f)\f(d))dDX
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Connected Generating Functional W[J]

° Z[J] — WHI = eiS,[—i6/5J]eiWo[J] SI[Qb] f)‘f(d)

oW _ i 0ZU) _ i j
o = 20 an = e W] [ff 7)dPx ] WU
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Connected Generating Functional W[J]

° Z[J] — WHI = eiS,[—i6/5J]eiWo[J] SI[Qb] J‘)\f(d)

8WJ —l 82.’ —[ 1
aA[ I = = 7 ap Wil [ff dD ] WUl

@ It can be proved that only connected dlagrams contribute to W[J].
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Connected Generating Functional W[J]

° Z[J] — WHI = eiS,[—i6/5J]eiWo[J] SI[Qb] J‘)\f(qs
8W J — 82 J —[ 1
aA[ I = = 7 ap Wil [ff dD ] WUl
@ It can be proved that only connected dlagrams contribute to W[J].

PWI[J i 8Z[J] 86zZ[J] i 52Z[J]
° \p* example: 5002)0J(x1) — ZIJP 6J0xa) 0J(x) — Z[J18J(x2)8J(xa) "
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Connected Generating Functional W[J]

° Z[J] — WHI = eiS,[—i6/5J]eiWo[J] SI[Qb] J‘)\f(qs

8W J — 82 J —[ 1
o aA[ I = = 7 ap Wil [ff dD ] WUl
@ It can be proved that only connected dlagrams contribute to W[J].
52WI[J] i 6Z[J] 6Z[J] i 52Z[J]
° \p* example: 5002)0J(x1) — ZIJP 6J0xa) 0J(x) — Z[J18J(x2)8J(xa) "
o S WJ]

6J(xa)--0J(x ‘J 0=
IG(X3,X2)G(X4,X1) + iG(xa,x2) G(x3,x1) + iG(xa, x3) G(x2, x1) — iG(xa, X3, X2, X1)
(Exercise).
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Connected Generating Functional W[J]

° Z[J] — WHI = eiS,[—i6/5J]eiWo[J] SI[Qb] J‘)\f(qs

8W J — 82 J —[ 1
o aA[ I = = 7 ap Wil [ff dD ] WUl
@ It can be proved that only connected dlagrams contribute to W[J].
PWI[J i 8Z[J] 86zZ[J] i 52Z[J]
° \p* example: 5002)0J(x1) — ZIJP 6J0xa) 0J(x) — Z[J18J(x2)8J(xa) "

F*W(J] —
® §J0a)-5d0a) =0 =
iG(x3,%2)G(xa,x1) + iG(xa, x2) G(x3, x1) + iG (x4, x3) G(x2, x1) — iG(xXa,x3,%0,x1)
(Exercise).

@ To the 1st order in A, straightforward calculation gives %bzo = —A(x).
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Connected Generating Functional W[J]

@ Generally, Taylor expansion in A yields connected diagrams.
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Connected Generating Functional W[J]

o Generally, Taylor expansion in A yields connected diagrams.

e For f(%(x)) = —%%.
2 92
WI[J] = WolJ] + Aa‘évyllo + %8 gg\%[“l] lo
with
owl, 1 352W0[J] 52Wo[J] 6,62W0[J] SWolJ\? [ oWo[J]\*
0= @) | 350007 sz Ve <(5J(x)> (w(x))
(Exercise).

Canonical & Path Integral Quantization of Field Theory . 29/37



Quantum Effective Action I'[¢]

@ Ist-order functional derivative: (?%LJ)] = Z_[j] gf([ﬁ = <O|Zb0(|8‘JO>J =: ¢c(x).
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Quantum Effective Action I'[¢]

@ Ist-order functional derivative: ?%LJ)] = Z_[j] gf([ﬁ = <O|Zb0(|8‘JO>J =: ¢c(x).

o Legendre transform: T¢.] = W[J] — [ J(x)pc(x)dPx.

Canonical & Path Integral Quantization of Field Theory . 30/37



Quantum Effective Action I'[¢]

@ Ist-order functional derivative: ?%LJ)] = Z_[j] gf([ﬁ = <O|Zb0(|8‘JO>J =: pc(x).

o Legendre transform: T¢.] = W[J] — [ J(x)pc(x)dPx.

@ The quantum effective action [¢¢] generates one-particle-irreducible (1PI) diagrams
(generating 1Pl Green's functions from %).
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Quantum Effective Action I'[¢]

@ Ist-order functional derivative: ?%LJ)] = Z_[j] gf([ﬁ = <O|Zb0(|8‘JO>J =: pc(x).

o Legendre transform: T¢.] = W[J] — [ J(x)pc(x)dPx.

@ The quantum effective action [¢¢] generates one-particle-irreducible (1PI) diagrams
(generating 1Pl Green's functions from %).

o Key relations:
iSle] [Functional Fourier Z[J] = eiW[J]7

Functional Legendre

Mo < wiJl.
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Loop Expansion

@ Restore h: loop expansion <> semi-classical expansion.
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Loop Expansion

@ Restore h: loop expansion <> semi-classical expansion.

@ Tree diagrams — dynamics of classical fields.
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Loop Expansion

@ Restore h: loop expansion <> semi-classical expansion.
@ Tree diagrams — dynamics of classical fields.

@ Loop diagrams: contain momentum integration, may have UV divergences.
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Loop Expansion

Restore h: loop expansion <+ semi-classical expansion.
Tree diagrams — dynamics of classical fields.

Loop diagrams: contain momentum integration, may have UV divergences.

Quantum corrections shift ['[¢] from classical S[¢].
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Fermionic and Gauge Fields Path Integral

e Fermions: Grassmann variables (anti-commuting numbers).
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Fermionic and Gauge Fields Path Integral

e Fermions: Grassmann variables (anti-commuting numbers).

o Gauge fields: gauge volumes / Faddeev—Popov procedure.
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Outline

© Renormalization
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Ap* One-Loop Divergences

@ Propagator: , vertex: X — i\,

—i
p2+m2—ie
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Ap* One-Loop Divergences

@ Propagator: , vertex: X — i\,

e Concentrate on the 1P| diagrams at one loop: self-energy graph and (s,t,u) graphs
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Ap* One-Loop Divergences

o Propagator: vertex: X — I\

@ Concentrate on the 1Pl diagrams at one loop: self—energy graph and (s,t,u) graphs

o Self-energy (quadratically divergent): —i¥X(—p?) =2 [ (d4’ —i

2m)% 24+ m2-
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Ap* One-Loop Divergences

o Propagator: vertex: X — I\

—i
p2+m’—ie’

@ Concentrate on the 1Pl diagrams at one loop: self—energy graph and (s,t,u) graphs
o Self-energy (quadratically divergent): —i¥(—p?) = f (5’;’4 ,2;:"2
@ (s,t,u) graphs (logarithmically divergent): I'(s) = ’)‘ f (d4’ o= p;2’+m2 ,2+m2 with

s=-p>=—(pr+ ) t=—(p1—p3)% u= (p1 ps)? the Mandelstam variables.
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Coupling Constant Renormalization

o 1Pl vertex: [(p1, p2, p3, pa) =T (s,t,u) = —iX+T(s)+ T (t) + ' (v).
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Coupling Constant Renormalization

o 1Pl vertex: ['(p1, p2, p3,pa) = (s, t,u) = —iA+T(s)+T(t) +(v).
e Symmetric point (for Taylor expansion with respect to —p?):
s+t+u=4m? = sy = ty = ug = 4m?/3 (on-shell, ignoring mass ren.).
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Coupling Constant Renormalization

o 1Pl vertex: ['(p1, p2, p3,pa) = (s, t,u) = —iA+T(s)+T(t) +(v).
e Symmetric point (for Taylor expansion with respect to —p?):
s+t+u=4m? = sy = ty = ug = 4m?/3 (on-shell, ignoring mass ren.).
o Expand: T(s,t,u) = [—i\+ 3T (s)] + T (s) + [ (t) + [(u) with ['(s), '(t), [(u) finite.
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Coupling Constant Renormalization

1PI vertex: T(p1, p2, p3, pa) = (s, t,u) = —iA+T(s) + T (t) + ().
Symmetric point (for Taylor expansion with respect to —p?):
s+t+u=4m? = sy = ty = ug = 4m?/3 (on-shell, ignoring mass ren.).

Expand: T(s, t,u) = [—iX + 3[(so)] + [ (s) + T (t) + [(u) with [(s), (), [(uv) finite.

Ignore wavefunction ren.: Tr(s, t,u) =T(s,t, u).
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Coupling Constant Renormalization

1PI vertex: T(p1, p2, p3, pa) = (s, t,u) = —iA+T(s) + T (t) + ().

Symmetric point (for Taylor expansion with respect to —p?):

s+t+u=4m? = sy = ty = ug = 4m?/3 (on-shell, ignoring mass ren.).

Expand: T(s, t,u) = [—iX + 3[(so)] + [ (s) + T (t) + [(u) with [(s), (), [(uv) finite.
Ignore wavefunction ren.: Tr(s, t,u) =T(s,t, u).

rR(So, to, Uo) = —IAR, AR = A+ 3ir(50) = ZA_I)\.
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Mass and Wavefunction Renormalization

o Self-energy expansion at —p? = m%: X(—p?) = Z(m%) — Z'(m%)(p? + m%) + X(—p?)
with & (—p?) finite.
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Mass and Wavefunction Renormalization

o Self-energy expansion at —p? = m%: X(—p?) = Z(m%) — Z'(m%)(p? + m%) + X(—p?)
with & (—p?) finite.
2

@ Mass renormalization: m% = m? + £(m%) = m? + §m?.
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Mass and Wavefunction Renormalization

o Self-energy expansion at —p? = m%: ¥(—p?) = Z(m%) — X'(m%)(p? + m%) + £(—p?)
with & (—p?) finite.
@ Mass renormalization: m% = m? + £(m%) = m? + §m?.

e Wavefunction renormalization: ¢g = /1 — X/(m%) ¢ = Z(;lqu.
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Mass and Wavefunction Renormalization

o Self-energy expansion at —p? = m%: ¥(—p?) = Z(m%) — X'(m%)(p? + m%) + £(—p?)
with & (—p?) finite.

@ Mass renormalization: m% = m? + £(m%) = m? + §m?.

e Wavefunction renormalization: ¢g = /1 — X/(m%) ¢ = Z(;lqu.

+ 0(\?).

@ Finite propagator: ﬁz()
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Mass and Wavefunction Renormalization

Self-energy expansion at —p? = m%: X(—p?) = Z(m%) — Z'(m%)(p? + m%) + X(—p?)
with & (—p?) finite.

@ Mass renormalization: m% = m? + £(m%) = m? + §m?.

e Wavefunction renormalization: ¢g = /1 — X/(m%) ¢ = Z(;lqu.
.. 2

@ Finite propagator: —2+ 257 + O(X19).

Finite 1Pl vertex: Tr(s, t,u) = —iXg + 1 (s) + T (t) + ['(v) + O(N\3).
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Power Counting and Renormalizability

o Again take \¢* as the example: 4n =2/ + E, L = | — n+ 1, superficial degree of
divergence D =4L — 2/ =4 — E.
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Power Counting and Renormalizability

o Again take \¢* as the example: 4n =2/ + E, L = | — n+ 1, superficial degree of
divergence D =4L — 2/ =4 — E.

o General: D=4 —Eg — %EF — > n;gi, gi: dimension of coupling in mass units.
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Power Counting and Renormalizability

o Again take \¢* as the example: 4n =2/ + E, L = | — n+ 1, superficial degree of
divergence D =4L — 2/ =4 — E.
o General: D=4 —Eg — %EF — > n;gi, gi: dimension of coupling in mass units.

@ g; > 0: super-renormalizable (e.g., A\¢3).
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Power Counting and Renormalizability

o Again take \¢* as the example: 4n =2/ + E, L = | — n+ 1, superficial degree of
divergence D =41 — 2/ =4 — E.

o General: D=4 —Eg — %EF — > n;gi, gi: dimension of coupling in mass units.

@ g; > 0: super-renormalizable (e.g., A\¢3).

e g; = 0: renormalizable (e.g., A\¢*).
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Power Counting and Renormalizability

o Again take \¢* as the example: 4n =2/ + E, L = | — n+ 1, superficial degree of
divergence D =4L — 2/ =4 — E.

o General: D=4 —Eg — %EF — > n;gi, gi: dimension of coupling in mass units.
@ g; > 0: super-renormalizable (e.g., A\¢3).

e g; = 0: renormalizable (e.g., A\¢*).

@ g; < 0: non-renormalizable (e.g., four-Fermion, perturbative quantum gravity).
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